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Translation with comment of
000000000 (Recognition)

by Shuhei Mano
Column in Institute of Statistical Mathematics News 129, 2015

The forth paragraph: Here, we see an example, in which updating of our recognition
by an experience does not always improve our understanding of the truth. Rather,
it may lead us “misunderstanding”. Assume the truth is the Bernoulli trial of
parameter 1/2, namely, the true law is a Dirac measure at 1/2. Let the prior law be
the symmetric beta distribution of parameter a > 1. The mode is the same as the
true law, and a quantifies magnitude of our belief of the prior law. When we have an
experience that the number of successes in n trials is ¢, the posterior law is updated
to be the beta distribution of parameter (a +t,a +n —t). A standard “distance”
of laws is the Kullback—Leibler (KL) divergence (a regularization is assumed). We
may say something after n = 10 trials. The plot shows how we get closer to the
true law by an experience for different magnitude of our belief. If our belief is
weak, we will be away from the true law by a rare experience. On the other hand,
if our belief is strong, we have a large probability that we will be away from the
true law. For a = 1,5, 10, the probability that we will be close to the true law is
57/64,21/32,21/32, respectively. The probability tends to 1 asymptotically in n,
but we cannot ignore this phenomenon when our experience is limited. It may not
be better to consider our experience. For simplicity, we compared the no sample
law and the law with the maximal information (sufficient statistics). The reality is

between the two.

Comment: Let the true law of the parameter p be f(p) = 1(|p — 1/2| < €/2) /e for a
small positive e, where 1 is the indicator function. The KL divergence between f and
the posterior law g is D(f]|g) = log B(a+t,a+n—t)+(2a+n—2)log2—loge+O(e),
where B is the beta function. The plot shows the improvement D(f||h) — D(f||g),
where h is the prior law. The improvement occurs when B(a,a)/B(a+t,a+n—t) >

2" where t follows the binomial distribution of parameter 1/2 and length n.



