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Abstract

Since the proposal of turbo codes in 1993, many studies have appeared on this simple and new type of codes
which give a powerful and practical performance of error correction. Although experimental results strongly support
the efficiency of turbo codes, further theoretical analysis is necessary, which is not straightforward. It is pointed out
that turbo codes share essentialy similar structure with low-density parity-check (LDPC) codes, with Pearl’s belief
propagation in a belief diagram, and with the Bethé approximation in statistical physics. Therefore, the mathematical
structure, which lies behind turbo codes, will reveal the mystery of those similar iterative methods. In this paper, we
recapture and extend the geometrical theory by Richardson in a more sophisticated framework of information geometry
of dual affine connections, focusing on turbo and LDPC decoding. It gives a new approach to further analysis, and
helps their intuitive understanding. We reveal some properties of these codes in the proposed framework, including
the stability and error analysis. Based on the error analysis, we finally propose a correction term for improving the
approximation.

Index Terms

turbo codes, low-density parity-check (LDPC) codes, information geometry, belief propagation

I. INTRODUCTION

The idea of turbo codes has been extensively studied since it was introduced in 1993[1]. The simple iterative
decoding agorithm of turbo codes performs close to the optimum theoretical bound of error correction. However,
the main properties so far obtained are mostly empirical, except for Richardson’s geometrical framework[2]. The
essence of turbo codes is not yet fully understood theoretically.

In addition to the experimental studies, clues to their essence have been sought in other methods. Since there are
some iterative methods, which are closely related to turbo codes, theoretical results of those methods were expected
to give further understanding of turbo codes. One of such methods is another class of error correcting codes called
the low-density parity-check (LDPC) codes, which was originally proposed by Gallager[3] and rediscovered by
MacKay[4]. Other methods related to turbo codes have been found in various fields, such as artificial intelligence and
statistical physics. McEliece et al. showed that the turbo decoding algorithm is equivalent to the belief propagation
algorithm[5], applied to a belief diagram with loopg[ 6], [7]. MacKay demonstrated that the LDPC decoding algorithm
is also equivalent to the belief propagation algorithm[4], while Kabashima and Saad pointed out that the iterative
process of Bethé approximation in statistical physics is the same as that of the belief propagation algorithm [8],
[9]. However, the efficacy of these methods is also a sort of mystery, and their findings do not help us clarify the
mathematical structure of turbo codes.

Richardson[2] initiated a geometrical theory of turbo decoding. In this framework, he proved the existence of a
fixed point by utilizing Brouwer’s fixed point theorem, gave a condition for the fixed point to be unique, and analyzed
when the fixed point is locally stable. Thisis good start but still many properties are not fully understood. Another
theoretical approach is the density evolution[10], which describes the time evolution of message distribution. This

is a powerful tool providing quantitative prediction of performance of codes, but it is not easy to have insights



for the mathematical structure of the codes. Therefore, further intuitive understanding of the iterative decoding
algorithms is necessary. A hope will be found in information geometry[11], [12] which studies intrinsic geometrical
structures existing in families of probability distributions. Along this line we extended the geometrical framework
of Richardson to anayze iterative decoding algorithms, especialy those for turbo and LDPC codes in a unified
framework, and help their intuitive understanding. The framework is general so that main results are applicable to
related iterative agorithms.

The ideal goa of iterative decoding a gorithms is the maximization of the posterior marginals (MPM). However,
since exact MPM decoding is usually computationally intractable, it is approximated using iterative agorithms.
The agorithms are elucidated by using the e—projection and m—projection in information geometry together with
the generalized Pythagorean theorem. Here, the Kullback-Leibler divergence, Fisher information, and the skewness
tensor play fundamental roles. The equilibrium of the iterative algorithms is analyzed and its local stability condition
is given in geometrical terms. These are regarded as a new formulation and elucidation of Richardson’s framework.

We further analyze the accuracy of approximation or the decoding error in terms of e— and m—curvatures. The
error term is given in an explicit form, so that the terms can be used to improve the decoding results. We give
an explicit algorithm for the improvement. This is also used as a design principle of LDPC codes, and show why
LDPC codes work so well. We finally touch upon the “free energy” in the statistical physics approach[9], [13].

The outline of the paper is as follows. In section I, we give the original schemes of turbo and LDPC codes. The
basic strategy of MPM decoding is given in section 111. Section |1V introduces the information geometry. Sections V
and VI describe the information geometry of turbo and LDPC decoding, respectively. Decoding errors are analyzed

in section VI, and finally conclusion is given with some discussions for future perspectives in section IX.

Il. ORIGINAL DEFINITIONS OF TURBO AND LDPC CODES
A. Turbo Codes

1) Encoding: The idea of turbo codes is illustrated in Fig.1. Let * = (21, - ,2n)T,2; € {—1,+1} be the
information bits to be transmitted. We assume a binary symmetric channel (BSC) with bit-error rate o, and it
is easy to generalize the results to any memoryless channel (see Appendix I). Turbo codes use two encoders,
Encoders 1 and 2 in the figure, which generate two sets of parity bits in the encoding process. We denote them by
y1 = (11, ,yip)T and yo = (ya1, -, y2r)?, y15,y25 € {—1,+1}. Each set of parity bits y,, 7 = 1,2, isa
function of « and is represented as y,-(x) when an explicit expression is necessary. The set of these codes (x, y1, y2)

are transmitted through the BSC, and a receiver observes their noisy version, (&, Y1, §2), %, J15, J2; € {—1,+1}.

2) Decoding: Turbo codes handle the case where direct decoding with (g1, 92) as a single set of parity bits is
intractable, while soft decoding with each of g, - is tractable. Two decoders are used for the decoding, Decoders
1 and 2 in the figure. Decoder 1 infers the original information bits, «, from (&, g1), and Decoder 2 does the
same from (&, y2). The inferences of these two decoders may differ initially, and a better inference is searched for

through iterative information exchange.



Let us define the following variables (see [2]) with the use of the conditional probabilities p(&|x) and p(g,|x),
r=12,
defy Z{w wi=t1} P(Z|@ ) ( ilei = +1)
Z{Mz_l}p( ) plEddei= 1)
Iy, def ) Z{w;y”:ﬂ}p(@ |) I p(:?r”yrj = _5_1)7
Z{w:ysz—l}p( Ur|) P(Grjlyr; = —1)

def 1 . Z{m:xj=+1}p(j|w)p(gr|w)

The turbo decoding algorithm makes use of two slack variables, &;,&;cR”Y, caled “extrinsic variables for

lz

exchanging information between the decoders. The agorithm is given as follows.

Turbo decoding (Original)
1) Leté; =0andsett=1.
2) Cdculate L1z = F((lx + &), ly;) from eq.(1) and update &,:

52 le (lIE + 51)
3) Calculate Lox™ = F((lx + &), ly,) from egq.(1) and update &; :
51 LQIE (lIE + 52)

4) Iterate 2 and 3 by incrementing ¢ by one, until Lix®) = Lox® = Lix(t+t) = Lya(t+D),

Idedlly, steps 2 and step 3 would be iterated until convergence is achieved, but in practice, the number of iterations
is fixed at less than 20.

B. LDPC Codes

1) Encoding: Figure 2 illustrates the structure of LDPC codes. Let s = (s1,---,sum)T, s; € {0,1}, be the
information bits. Although we use different notations than for turbo codes, it will soon become clear that the
problems are formulated in the unified view, i.e., estimating « from an observed y. To compose the generator
and parity check matrices, two sparse matrices, C1€{0, 1} and Cy€{0, 1}5*X are prepared, where C5 is

invertible in the modulo 2 arithmetic. They are shared by the sender and the receiver. The parity check matrix is
= (01 CQ), H e {0, 1}K><N7

where N = M + K. The generator matrix, GT € {0, 1}V*M | is given by

Ey,
GT = M mod 2,
cytoy



where E); is an identity matrix of size M. The codeword, u = (uy,---,un)?, is generated from s:
u=G%s mod 2.

From the definition of G7', thefirst M bits of u areidentical to s, and w is sent through the channel. We also assume
aBSC with bit-error rate o. Codeword u is disturbed and received as . Let the noise vector be = = (21, -+ ,2n)7,
x; € {0, 1}, and received bits u are

u=u+x mod2.

LDPC decoding estimates s from u, which is equivalent to estimating noise vector x, since s is given by the first
M bits of @ + = (mod 2). In the decoding process, parity check matrix H = {h;;} = (C1 C2) € {0, 1}V s
used; it satisfies the equality HGT = O. Syndrome vector y = (y1,- -+ ,yx)? is caculated using y = Hu. When

noise is x, the syndrome y is
y(x)=Hu=H(u+x)= HG's+ Hx = Hx mod 2.
When g is the observed syndrome, the decoding problem is to estimate « that satisfies g = y(x).

2) Decoding: The iterative decoding algorithm for LDPC codes is described elsewhere [3], [4], [9]. It consists of
two steps: the “horizontal step” and the “vertical step.” We describe them using the following two sets of probability
distributions,

(@9 a0 0 D+ =1 pD Y =1,

for pairs of indices (r,i), r=1,--- ,K,i=1,---, N, such that h,; = 1.

LDPC decoding (Original)
Initialization: Set p£2) =1-0 and p(l) = ¢ for pairs of indices (r,4) such that h,; = 1.
Horizontal step: Update {qf?)7q”)} as follows. Note that the terms indexed by pairs of (r,i) appear in the

summations and products only if h,.; = 1.
et {20 12) T i, 195 |
wa:o {p(ﬂrkﬂ) IL. i/ i hy = 1p£j /)}

elari

B el’hqi + 1

lqm; =1In

o__ 1 O
% equi—&—l’ T

\ertical step: Update {p£?)7p”)} as follows.
(1)
vl eh =1 4
lp77:1n10 +1nH "”#}%«1 ! ()’
I Hr’:r’;ér,hwizl dpr;
elpri
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Convergence: Stop when

(1)
o n Hr’:hT/i:l qprg

— )"
l-o Hr’:hrqzl 4,

When the algorithm achieves convergence, the estimate of « is obtained as,

1) llZOa
& = P i=1,---,N.
0, Ip; <O,

[Il. FORMULATION OF MPM DECODING
A. Unified View of Turbo and LDPC Decoding

The ideal goal of either turbo and LDPC decoding is MPM decoding. We first define MPM decoding in a
unified setting of turbo and LDPC decoding, and its specific form in each decoding is explained in the following
subsections. For the rest of the paper, we use the bipolar, i.e.,, {—1,+1}, expression for each bit «;, v;, Z;, and g;.

The decoding problem is generally solved based on the posterior distribution of x conditioned on the observed
codeword or syndrome vector, i.e., p(x|Z,y1,y2) in turbo codes and p(x|y) in LDPC codes. The posterior

distribution of x is expressed as
g(x) = Cexp(co(x) + c1(x) + - - - + e (x)), 2

where ¢o(x) consists of the linear terms of {x;}; ¢, (x), r =1,---, K, contains higher order interactions of {x;},
and the terms depend on the observed information, &, g. We assume c,.(xz) # ¢ (x) for r # r’. Decoding is
to estimate the information bits, «, based on ¢(x). One natural approach is MPM decoding. The MPM estimator
minimizes the expected number of wrong bits in the decoded word. MPM decoding in the bipolar case is achieved
by taking the expectation of = with respect to (). Let n = (n1,--- ,nn)? be the expectation of z, and & be the
decoded MPM estimator. Then

n=> ql@)z, &=sgn(n), 3

where sgn(-) works in a bitwise manner. The n gives the “soft decoding,” and the sign of each soft hit 7; gives
the final result, ;.
Let g(z;) be the margina distribution of one component z; in ¢(x), and let II denote the operator of

marginalization, which maps ¢(x) to an independent distribution having the same marginal distributions:

N
Mog(e) = [ a(es).

The soft bit 7; depends only on the margina distribution ¢(x;). Since ¢(z;) is a binary distribution, »; has a
one-to-one correspondence to ¢(x;). Therefore, soft decoding is equivalent to the marginalization of g(x). The

marginalization of ¢(x) generally needs summation over al possible « but one x;, and it is computationally not

6



tractable in the case of turbo and LDPC decoding, where the length of « is more than a few hundred. Instead of

marginalizing the entire ¢(x) in (2), we decompose it into simple submodels, p.(x;¢,), r =1, , K,

pr(x; ¢r) = exp(co(®) + G- T + ¢ (@) — or(Cr)), @)

where ¢,-(¢,) is the normalization factor. Each p,.(x; ¢,-) includes only one nonlinear term ¢, (x), and the linear part
co(x) of x is adjusted further through ¢,., which we intend to approximate the effect of the other ¢, (x), " # r.
We thus have K component decoders, each of which decodes p, (x;¢,),r =1,---, K. The parameter ¢, plays the
role of a window through which information from the other decoders, r'#r, is exchanged. The idea is to adjust
{¢,} through iterative information exchange to approximate the overall ITog(x) with ITop,(x; ¢, ). We assume that

the marginalization or soft decoding is tractable for any p,(x; ).

B. Turbo Decoding

In this subsection, the concrete forms of egs.(2) and (4) for turbo codes are derived. In turbo codes, the
receiver observes a noisy version of (x, y1,y2) as (&, g1, y2). We can easily derive the following relation from the

assumption of a memoryless channel,

P(Z, Y1, Y2|) = p(&|2)p(y:|@)p(Y2|x).

The Bayes posterior distribution p(x|Z, g1, y=) is defined with a prior distribution w(x) of . In this paper, we
consider the uniform prior, where w(z) = 1/2, and the Bayes posterior distribution is derived as,

__p@ gy plew()  p(E Y, golz) 5)
pr(:i,gl,gﬂw)w(ac) Zmp(jaglng|w)
Since we consider BSC, where each bit is flipped independently with the same probability, p(&|x) and p(y,|z)

p(w‘j7 le QQ)

have the form of
p(&a) = exp(B - — Nv(B), $(8) =In (e + )
p(Yr|w) = exp(ByYr - yr(x) — Lp(B)), r=1,2.
Positive real number 3 is called the inverse temperature in statistical physics and is related to o by
o= %(1 — tanh g3),

B—0aoc—1/2,and 8 — oo as o — 0. Let us define

def

def , ~ ~
é ﬁiE © &L, Cr(w) = 597- 'y7'($)7 r= 1; 2;

co()
where ¢o(x) islinear in «, and g, - y.-(x) are polynomials in x, representing higher order correlational components
of many xz;'s. The Bayes posterior distribution eq.(5) is rewritten as
p(x[Z, 91, Y2) = Cexp(co(@) + BY1 - y1(x) + BY2 - y2(x))

= Cexp(co(x) + c1(x) + c2(x)),

def 1
O S ene@) + a@) +a@)




This distribution corresponds to ¢(x) in eq.(2), when K = 2.
In turbo decoding, each of the two constituent decoders marginalizes its own posterior distribution of a derived

from p(&, y,|x) = p(&|x)p(y,|x), where a prior distribution of the form
w(a:; C7) = eXp(CT L ¢(C7))7 Cr € RN7 Zh'l Cr + 6

is used for taking information from the other decoder in the form of ¢,. ThIS is an independent distribution in

which the guess of the other decoder is used. The posterior distribution of decoder r is defined as

Z p(w y7lw) ($§Cr)

=exp(eo(x) + cr(x) + & - — 90 (Gr)),

IDE:@W(b )te(x)+ & -x), r=12.

pr(@; &) < plal|E, 9, G) =

Itis clear that ¢, plays the role of the window of information exchange, and that the information is used as a prior.
This distribution is of the form of eq.(4).

C. LDPC Decoding

We reformulate the LDPC decoding in this subsection. The vectors s, u, u, g, and  are treated in the bipolar
form, while GT and H are till in the binary, i.e,, {0, 1}, form. Note that 0 in the binary form corresponds to +1
in the bipolar form, and vice versa. Each bit y, of syndrome vector y(x) is written as a higher order correlational
product of {z;} in the bipolar form, that is, as a monomial in «:

def
w):ijv L, ={j | hjr =1},
JEL,
where h;, are elements of the parity-check matrix H.

We now consider the probability distribution of ¢ conditioned on x:
p(gle) = exp(py - y(x) — Ki(p))
— exp(e(®@) + - + exc(@) — Ko(p)), (6)
¢ (@)% iy, (@).

When p islarge, the probability of ¢ is concentrated in the subset satisfying y = y(x) because -y () is maximized
in the set. “Hard inference” of LDPC codes is to search for the x that exactly satisfies the parity check equations:

¥ =y(x).

This is the maximum likelihood decoding. However, the procedure is intractable for large K, and we use “soft
inference” which searches for the  that maximizes probability distribution p(g|x) in eq.(6) with a moderate p
when syndrome g is observed. This is convenient for MPM decoding, which minimizes the bitwise error rate.
Although “soft inference” approaches “hard inference” as p becomes larger, probability distribution p(g|x) is not

smooth for a large p, and iteration is difficult. One approach is to begin with a moderate p, say p =1 or 2, and to



increase it (annealing). Empirical studies has shown that the “soft inference” with a fixed p has sufficiently good
performance]4].
Note that noise x is bitwise independent, and its error rate is given by o = (1/2)(1 — tanhg3). Consequently, we

have the prior distribution w(z):
w(x) = exp(f1n - — No(f)) = exp(co(®) — N9 (9))
co(@) €N 2, 1y = (L )T

As a result, the Bayes posterior distribution becomes

—_ pylz)w(x)
Pl = 5 o)
This is equivalent to g(x) in eq.(2).

= Cexp(eo(x) + c1(x) + - - + cx(x)).

In the horizontal and vertical steps of LDPC decoding, marginalization is carried out based on distribution
pr(2; ¢ ), which is calculated from p(g.|x) and prior w(x; ¢, ). The parameter specifying the prior ¢, is obtained

through the window for taking information from the other decoders r’'s. We have
p(gr|®) = exp(c, (@) — ¥(0))

w(w;CT‘) = exp((ﬁlN + C7) L= w(ﬁlN + Cr))v Cr € RN7

el e - P Rw@i¢)

= exp(co(®) + ¢ (®) + ¢ - — 9,(Cr))
()OT(CT) o lnzexp(co(ac) + cr(ac) + ¢ gg)’ r=12--- K.

This coincides with the formulation in eqg.(4). The above argument shows that the LDPC decoding falls into the

general framework given in section Il1-A.

IV. INFORMATION GEOMETRY OF PROBABILITY DISTRIBUTIONS

The preliminaries from information geometry[11], [12] are given in this section.

A. Manifolds of Probability Distributions and e—flat, m—flat Submanifolds

Consider the family of all the probability distributions over x. We denote it by S:
S = {p(w) ‘ p(a) > 0,z € {~1,+1}", > p(x) = 1} :

This is the set of al distributions over 2V atoms . The family S has (2 — 1) degrees of freedom and is a
(2N — 1)—dimensional manifold belonging to the exponential family[12], [14].

In order to prove this, we introduce random variables

5 (@) 1, whenx = (i1, --,in)T, wherei, € {-1,+1}, k=1,---,N
i1-in L) =
" 0, otherwise,



Any p(x) € S is expanded in the following form:

where p;,...;., = Pr{xy =iy, -+ ,on =iy}, which shows p(x) € S is parameterized by 2V variables {p;,...i\ }-
Since Y p(z) = 1, the family S has (2" — 1) degrees of freedom.
Similarly, In p(x) is expanded:
Inp(z) = Z (N piyein )iy i ().

G1-in

Since the degrees of freedom are (2 — 1), weset = {0;,...., | (i1---in) # (=1--- = 1)},

In Piyin .
pP-1..—1

Oiy i =
and rewrite eq.(7) as

p(x;0) = exp( Z OiyoinOig iy () — (,0(0))7

G1-in

where
@(0) = —lnPr{xl =...=IN = _1}

This shows S is an exponential family whose natural, or canonical, coordinate system is 6.

The expectations of random variables ¢;,...;, (x) are

Direein = Eplbiyecin (@)] = Piyecin.

They form another coordinate system of .S that specifies p(x),

N = {Niyin }» (1 -in) # (=1 —1).

Since S is an exponential family, it naturally has two affine structures: the exponential— or e—affine structure and
the mixture— or m—affine structure. Equivalent structures were also used by Richardson[2]. When manifold S is
regarded as an affine space in Inp(x), it is e—affine, and 6 gives the e—affine coordinate system. Similarly, when
manifold .S is regarded as an affine space in p(x), it is m—affine, and n gives the m—affine coordinate system. They
are dually coupled with respect to the Riemannian structure given by the Fisher information matrix, which will be
introduced below.

First we define the e—flat and m—flat submanifolds of S.

e—flat submanifold: Submanifold M CS is said to be eflat, when the following r(x;t) belongs to M for all
t€10,1],q(x),p(x) € M.

Inr(x;t) = (1 —¢)Ing(x) +t Inp(x) + c(t), teR,

where ¢(t) is the normalization factor. Obviously, {r(x;t)|t € [0,1]} is an exponential family connecting

two distributions, p(x) and ¢(x). In particular, when an e—flat submanifold is a one-dimensiona curve,

10



it is called an e—geodesic. The above {r(x;t)|t € [0, 1]} is the e—geodesic connecting p(x) and ¢(x). In
terms of the e—affine coordinates, 8, a submanifold M is e—flat when it is linear in 6.

m~flat submanifold: Submanifold M CS is said to be m—flat when the following mixture r(x;t) belongs to M
for al ¢t € 0, 1], g(x), p(x) € M.

r(z;t) = (1 —t)q(x) + tp(x), telo, 1].

When an m~flat submanifold is a one-dimensional curve, it is called an m—geodesic. Hence, the above
mixture family is the m—geodesic connecting them. In terms of the m—affine coordinates, n, a submanifold

M is m—flat when it is linear in 7.

B. KL—divergence, Fisher Metric, and Generalized Pythagorean Theorem

Manifold S has a Riemannian metric given by the Fisher information matrix 7. We begin with the Kullback-
Leibler divergence, D[-; -], defined by

q(z)

Dlq(x);p(x)| = x)In .

la(@); p(x)] = > q(w) (@)

xr

The KL—divergence satisfies D[q(x); p(x)]>0, and D[q(x); p(x)] = 0 when and only when ¢(x) = p(x) holds for
every x. Although symmetry D[q; p] = D|p; q] does not hold generally, it is regarded as an asymmetric squared
distance.

Consider two nearby distributions p(x;0) and p(x; 6 + d@), specified by coordinates & and 8 + d@ in any

coordinate system. From Taylor expansion, their KL—divergence is given by the quadratic form
Dip(a; 0):p(a; 0 + d0)] = 467 1(6)d6,
where I(0) is the Fisher information matrix defined by
1(6) = > p(; 0)0p In p(a; ) (o np(x; )" = = > p(w; 0)e Inp(; 6),

where Jg represents the gradient operator (differentiation with respect to the components of ). When the squared

distance of a smal line element d@ starting from @ is given by the quadratic form
ds*> = d8TG(6)de,

the space is called a Riemannian manifold with the Riemannian metric tensor G(0), which is a positive-definite
matrix depending on 6. In the present case, the Fisher information matrix 1(0) plays the role of the Riemannian
metric G(0). Hence, the infinitesimal KL-divergence is regarded as half the square of the Riemannian distance.
The Riemannian metric also defines the orthogonality of two intersecting curves. Let p(x; 01 (t)) and p(x; 62(t))
be two curves intersecting at ¢ = 0; that is, 8;(0) = 62(0). The tangent vectors of the curves at ¢ = 0 are represented
by 6, (t) and 6,(t) by using the coordinates, where 8;(t) = d@;(t)/dt. The two curves are said to be orthogonal

at their intersection ¢ = 0, when their inner product with respect to the Riemannian metric vanishes:

(61(0),02(0)) = 6:1(0)"1(6)62(0) = 0.

11



Now we state the generalized Pythagoras theorem and projection theorem, which holds in a general dualy flat
manifold[12], and show the dua nature of the e— and m—structures with the Riemannian metric.

Theorem 1. Let p(x), ¢(x), and r(x) be three distributions in S. When the m—geodesic connecting p(z) and
q(x) is orthogonal at ¢(x) to the e—geodesic connecting ¢(x) and r(x), the following relation holds

Dlp(z); r(x)] = D[p(z); ¢(z)] + Dla(z);r()].
Next we define m—projection.
Definition 1: Let M be an e—flat submanifold in S, and let ¢(x)eS. The point in M that minimizes the KL—
divergence from ¢(x) to M is denoted by

IT)roq(x) = argmin D[q(x); p(x)]
p(z)eM

and is caled the m—projection of ¢(x) to M.
Findly, the m—projection theorem follows.

Theorem 2: Let M be an e—flat submanifold in .S, and let ¢(x)€S. The m—projection of ¢(x) to M is unique
and given by a point in M such that the m—geodesic connecting ¢(xz) and ITs0q is orthogona to M at this point.

C. Legendre Transformation and Local Structure

Let 8 be the e—affine coordinate system of S. Every exponential family has the form
p(x;0) = exp(c(z) + 6 -z — ¢(0)).

The function ¢(0) is a convex function which is called the cumulant generating function in statistics, and the free

energy function in statistical physics. The m—affine coordinate system 7 is given by its gradient.
n = Do(0),

where 9g = 0/00 is the gradient. This is the Legendre transformation; the dual potential, ¢(n) is given

©(0) +¢(n)—0-n=0
and is the negative of the Shannon entropy,

¢(n) =Y _ p(x;n) Inp(x; n).
The Fisher information matrix is given by the seco:d derivative of ¢,
1(6) = doa(6),
which is positive-definite. We have shown that the square of the local distance is given by
Dlp(w: 0): p(a: 0 + )] = Dp(w: 0 + d6); do] — %dGTI(B)dO.
The third derivative of potentia ¢,

T = Ogee(0),

12



is caled the skewness tensor. It is a symmetric tensor of order three, and its components are calculated as
Tiji = Ep[(zi —mi) (x5 — n5)(@e — me)];
where E,[-] denotes expectation with respect to p(z). The KL—divergence is expanded as
Dip(a; 0); pla: 0+ d6)] = 467 1(6)d6 + %(d@)?’ o T(6),
where

(d0)* o T(8) =Y db;d);d0, T 1 ()
N
in the component form. This shows the local asymmetry of the KL—divergence:

D[p(x; ); p(x; 6 + dB)] — D[p(w; 6 + dO); p(x; 6)] = ~(d6)* o T(8).

1
3
The skewness tensor plays a fundamental role in the analysis of decoding error.

D. Important Submanifolds and Marginalization

Now, we consider a submanifold, Mp, in which every joint distribution is decomposed as

p(x) = Hp(xi), p(x)eMp.

All the bits of « are independent for adistribution in Mp. Since each bit takesone of {—1, +1}, p(z;) isabinomial

distribution, and p(x) belongs to an exponential family of the form
N N
p(@;0) = [[ p(xi:0:) = [[ exp(0iwi — 0(6:)) = exp(6 - & — (0))
i=1 i=1
N N

e0)=> p(:)=In> (e +e"), 6eRN.

i=1

(8)

The submanifold Mp is N-dimensional, with its e—&ffine coordinate system 8 = (61,---,60y)T, which are the
natural or canonical parameters in Mp. The other parameter (m—affine coordinate system) is the expectation

parameter 1 = (1. )" defined by
n=Eplx] =) p(x;0)x.

This is equivalent to the soft decoding in eq.(3). There is a ssmple one-to-one correspondence between 6 and 7:

1. 1T+n .
Jop(0) =m, n; =tanh(6;), 9i:§ln1+n7 i1=1,---,N.
=

Proposition 1: Mp is an e—flat submanifold of S.
Proof: Mp is a submanifold of S. Let 8,0 €¢ R and p(x;0),p(x; 0 )cMp. For any 6,6,

Inr(xz;t) = (1 —t)Inp(x;0) + tlnp(x; ') + c(0,0';t)

=((1—-t)0+t0) -z +c(0,0';1).
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Let u(t) (1 — )8 + 6, and r(z; t) = exp(u(t) - & — p(u(t))) belongs to Mp. n
We now define a number of e—flat submanifolds that play important roles in the decoding algorithms. The first
is the submanifold of po(x; @) defined by

My = {po(ac; 0) = exp(co(x) + 0 - — po(0)) | x € {—1,+1}V, BERN}.

Since co(x) is linear in {x;}, My is identical to Mp. Let ¢o(x) = « - , where @ = & for turbo codes and

a = 1y for LDPC codes. The new coordinate, 8 is obtained by shifting the old one, 6,4, in €q.(8) by a:
0 =004 -, ¢o(0)=¢0+a).

We use the coordinates 8 as a coordinate system of M, in which information from the constituent decoders is
integrated. We define the expectation parameter as 7o (6), which is another coordinate system of M, and is dual
to 6:

m0(8) = " po(x; )z = Dopo(6). 9

Next, we consider the submanifold primarily responsible for only one ¢, (x). The submanifold, M, r =1, -+ | K
(K = 2 for turbo codes), is defined by

Mr = {p7.(ac; C7) = eXp(Co(w) + 07.(13) + CT‘ L (PT(CT')) T {_L +1}N7 CTE,R’N}.

Here, ¢, is the e—affine coordinate system or the natural parameters of M.., through which information of the other
decoders is integrated. M, is also an e—flat submanifold of S. However, M, # My and M, # M,., r # r', because
¢r(x) includes higher order correlations of {z;} and ¢, (x)#c, (x). The expectation parameter for M, is defined

as

(¢ =Y po(as &) = 9, 00 (1) (10)

We show that the soft decoding is the m—projection to M, of the posterior distribution. Let us consider the
m~—projection of g(x) to My. The derivative of D[q(x); po(x;@)] with respect to 6 is

e Dq(); po(x;0)] = Daspo(0) — Y _ () =mo(6) — Y _ g(x)z.

xr xr

By the definition of the m—projection, this vanishes at the projected point. Hence, the m—affine coordinate of the
projected point 8* is given by 1y(0*) =" ¢(x)x,

n0i(07) =D (@) =Y gqlwi)ws,
which shows that the m—projection of ¢(x) does not change the expectation of x. This is equivalent to the soft
decoding defined in eg.(3) (Fig.3).
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V. INFORMATION GEOMETRY OF TURBO DECODING

The goal of turbo decoding is to obtain a good approximation of MPM decoding for ¢(x) = p(z|Z, §1, Y2)-
Although the m—projection of ¢(x) to My is not tractable, the m—projection of any distribution p,(x; ) € M,,
r =1,2to M, is tractable with BCJR algorithm. Since each p,(x;¢.), r = 1,2, is derived from p(z, y,|x) and
aprior w(x; ) € Mp, we can describe turbo decoding as a method to approximate the m—projection of ¢(x) to

My by changing the prior of p,(x; ) iteratively and projecting p,(x; {,) to M.

A. Information Geometrical Definition of Turbo Decoding

The turbo decoding algorithm in subsection I1-A is rewritten in the information geometrical framework. It is
convenient to use an adequate e—affine coordinate system of M for the m—projection of ¢(x) to M. Let mpoq(x)
denote the coordinate 8 of M corresponding to the m—projected distribution:

mpoq(x) = argmin D]g(x); p(x; 0)].
6cRN

Turbo decoding (information geometrical view)
1) Let¢b=0fort=0.Fort=0,1,2,---, compose pa(x; (L)€M, with prior ¢5.
2) Perform m—projection of po(x; (%) to My as mpr,opa(x; ¢4), and update ¢i+! using

T = mageopa(z; ¢5) — ¢ (11)

3) Compose p; (z; ¢!*1)eM;. Perform m—projection of p; (x; ¢¢H1) to My as mag,op1 (2 ¢HH) and update ¢4+

using
§+1 = Ta,op1(; Cf“) - Cfﬂ- (12)

A 1f margopr (x5 i) # mareopa (s 5T, go to step 1.

To clarify this procedure, we introduce three auxiliary parameters 0, &;, and &o:

def def def

0=C(+¢C, & =0-C=¢C, &=0-C=C(.

The intuition behind this framework is as follows. Each of the higher order correlation term, c;(x) or ca(x) is
included only in Decoder 1 or Decoder 2, respectively. Decoders 1 and 2 calculate, using the m—projection, the
linear approximations &; - « and &; - « of ¢;(x) and co(x) and send messages &; and &, to the other decoders.
In the interactive procedures, Decoder 1 forms the distribution p; (x; ¢1), in which the nonlinear effect other than
c1(x) (that is, ca(x) in the turbo decoding case of K = 2) is replaced by the estimate ¢;(= &2), which is
equal to the message ¢; sent from Decoder 2. In the genera case of K > 2, {1 summarizes all the messages,

&, -+, €k, from the other decoders. The same explanation holds for Decoder 2. The total linear estimate is given
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by 0 -x=¢& -+ & - x. Theidea of turbo decoding is schematically shown in Fig.4. The projected distribution

is written as

po(x;0) = exp(co(x) + 0 - T — 9o(0)) = exp(co(T) + &1 - T + &2 - T — ¢o(0)).

B. Equilibrium of Turbo Decoding

Assume that the decoding agorithm converges to a distribution po(a;0*), where * is used to denote the
equilibrium point. The distribution po(z; 8*) is the approximation of the m—projection of ¢(x) to Mj. The estimated
parameter 0* satisfies 0* = wpy,0p1 (x; ¢T) = T op2(x; ¢3) and 6% = €5 + &5 = ¢ + ¢; from the definition of
the algorithm.

The converged distributions py (x; ¢7), p2(x; ¢5), and po(x; 0*) satisfy two conditions:

1) maopi(x;¢7) = T, op2(x; ¢5) = 0 (13
2) 0" =&1+6&=( +G. (14)

The first condition can be rewritten with the expectation parameter defined in egs.(9) and (10) as

m(¢r) = n2(¢z) = no(07).

In order to give an information geometrical view of these conditions, we define two submanifolds in S. The first
is the m—flat submanifold, M (0), which we call the equimarginal submanifold, attached to each po(x; 6)eMp. It
is defined by

M(0) = {p(az) ‘ p(x) € S, Zp(a:)w = Zpo(ac;ﬂ)ac = 770(9)} .

The expectation of x is equal to n(0) for any p(x)e M (0). Hence, the m—projection of any p(x)eM (0) to My
coincides with po(x; 8). In other words, M () is the inverse image of pg(x; @) of the m-projection. For every 6,
there exist unique p1(x; 1) € My and po(x; ) € M> such that the expectations of = with respect to p,.(z; ;)
and po(x; 0) satisfy

n1(C1) = n2(¢2) = 10(6).
We denote the parameters that satisfy this equation by ¢;(0) and ¢2(8). In other words, we define ¢;(6) o TM, ©

po(;0) and ¢5(0) S mar, o po(a; ). Obviously, pi(x; €1(0)), pa(m; ¢2(8)) € M(6), and mag, o pi(w; ¢1(6)) =

T, © p2(x;¢2(0))) = 0; however generaly, ¢1(0) + (2(0) # 6 except for equilibrium point 8*. The projection
theorem shows that M (0) is orthogonal to My, M;, and M, (Fig.5), and that p,(x;¢-(0)) is the intersection of
M, and M(8).

We next define an e—flat submanifold £(8) connecting po(z; 0), p1(x; ¢1()), and pa(x; ¢2()) in a log-linear

manner:
2
Ztr = 1}, C' : normdlization factor.

r=0

E(8) = {p(@) = Cpo(@; 0)"p1 (w; ¢ (8))" pa(: €2(6))"
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This manifold is a two-dimensional e—affine subspace of S. Apparently, po(x; 8), p1(x;¢1(8)), and pa(x; C2(0))
belongsto £(6). Moreover, at equilibrium 6%, ¢(x) isincluded in E(6*). Thisis easily proved by setting to = —1,
t1 =1ty =1, and eq(14)

p1(=; ¢)p2(x; ¢5)
po(x; 6%)

C =Cexp(2¢o(x) +c1(x) + ca(x) + (¢T + &) - — (co(x) + 07 - x))

=Cexp(co(x) + c1(x) + ca(x)) = q(x).

This discussion is summarized in the following theorem.

Theorem 3: At the equilibrium of the turbo decoding algorithm, po(x; 0*), p1(x; ), and pa(x; {;) belong to
the equimargina submanifold M (6*): its e—flat version, E(6*), includes po(x; 0*), p1(x; {T), p2(x;¢3), and ¢(x).

The theorem shows the information geometrical structure of the equilibrium point. If A(6*) includes ¢(x),
po(x; 0*) gives MPM decoding based on ¢(x), since the soft decoding of ¢(x) is equivalent to the m—projection
of q(x) to My, and M (6*) is orthogonal to My at po(x; 0*). However, since the m—flatness and the e—flatness do
not coincide in general, M (6*) does not necessarily include g(x), while its eflat version, E(6*), includes ¢(x)
instead of M (6*). This shows that turbo decoding approximates MPM decoding by replacing the m—flat manifold
M (6*) with the e—flat manifold E(6*). It should be noted that po(x;6*) is not the e—projection of ¢(x) to M,
either, because E(0*) is not necessarily orthogonal to M. When it is orthogonal, it minimizes the KL—divergence
Dipo(x; 0); q(x)], @ € R, which gives the naive mean field approximation [15]. The replacement of m—projection
with e—projection shares the similar idea of the mean field approximation[9], [15], [16], [17], [18]. Generally, there
is a discrepancy between M (6*) and E(6*), which causes a decoding error (Fig.6). This suggests a possibility of

a new method to improve the iterative decoding. We will study this in section VII.

C. Local Sability Analysis of Equilibrium Point

We discuss the local stability condition in this subsection. Let I,(6) be the Fisher information matrix of py(x;8),
and I,.(¢,) bethat of p,.(x;¢,.), r = 1, 2. Since they belong to the exponential family, we have the following relations:

1o(8) = D0 (0) = Ogmo(6),
1(&r) = O¢o¢o 00 (Gr) = Oc,mr (), 7 =1,2.
Note that I (0) is a diagonal matrix whose diagonal elements are
[10(6))is = 1 —np ;.

In order to discuss the local stability, we give a sufficiently small perturbation, A¢-, to ¢ and apply one step
of the decoding procedure. Let ¢ = ¢ + A} be the parameter after one step of turbo decoding. From step 2, we
have 0* + A8 = m0opa(x; €5 + Aa), such that

Mo (0" + A0) = n2((5 + ACa).
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By simple expansion, we have

70(6") + 10(67) A0 = n2((3) + 12(C5) AC2

A0 = I5(6%) ' 1(¢3) Ala.
Thus, ¢; in step 2 becomes
G=¢ A+ (10(8°) 7 12(¢3) — En)ACe.
Following the same line for step 3, A¢} is given by
Ay = (10(0") M1 (¢T) — En)(1o(67) ' 12(83) — En)AC = Trurvo Ao,
where
Trurvo = (I(0") 11 (¢1) — Bn)(10(87) " 12(¢5) — En).

This shows that origina perturbation As becomes 7y,,,-50 Ao after one iteration.

Theorem 4: When |)\;| < 1 for al i, where )\; are the eigenvalues of matrix 7,10, the equilibrium point is
locally stable.
This theorem coincides with the result of Richardson[2], Sect. V-A.

V1. INFORMATION GEOMETRY OF LDPC DECODING
A. Information Geometry of Decoding Process

The LDPC decoding procedure in subsection 11-B is rewritten in the information geometrical framework as

follows.

LDPC decoding (information geometrical view)
Initialization: For t =0, set ¢’ =0 (r=1,---,K). Fort =0,1,2,---, compose p,(x; () € M,.
Horizontal step: Calculate the m—projection of p,.(x;¢!) to M, and define ¢/+! as

€f-+1 = WAIOOPT(J:;C:') - 7t'7 r= 1) U 7K' (15)

\ertical step: Update {¢!*1} and 0 F1:
K
o't = Z«Ef-+17 GHt=o"tt gt r=1,--. K.

r=1

Convergence: If 8 does not converge, repeat the process by incrementing ¢ by 1.

Here, &, is amessage from each decoder that expresses the contribution of ¢,.(x), and 6 integrates al the messages.

Each decoder summarizes the information from all the other decoders in the form of the prior w(x; ¢,-). For turbo
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decoding, K isequa to 2, and & = ¢ and & = (;. Therefore, eq.(11) and eq.(12) are both equivaent to eq.(15)
in LDPC decoding. The main difference between turbo and LDPC decoding is that the turbo decoding updates ¢,
sequentialy, while LDPC decoding updates them simultaneousdly.

B. Equilibrium and Stability
The equilibrium of LDPC codes satisfies two conditions:
1) 7mapopr(z; ) =0%, r=1,--- | K.
which can be rewritten with the expectation parameters as,

n0(07) = m(¢r) = -+ = nx (Ck)-

K 1 K
2) 6 =le;‘. — ﬁzc:.

Theorem 3 holds for LDPC decoding, in which the definitions of submanifold E(6) must be extended as follows:

E6) = {p(az) ‘ p(x) = Cpo(z;0)" Hpr(ac;Q.(O))tr, t-€R, Ztr = 1}

r=1

C' : normalization factor,
where ¢,-(0) is defined as
¢ (0) défﬂzwrcnvo(mc;0)7 r=1,--- K.

At the converged point, ¢(x) isincluded in E(6*), which can be proved by setting to = —(K—1),t1 =t =--- = 1:
oIl o (67
po(w;e*)K—l

= Cexp(Kco(ac) + Zcr(ac) + ZQ* cx— (K —1)co(x) — (K —1)0" - ac)

= Cexp(eo(x) +c1(x) + -+ cr(x)) = q(x).

This above equation proves that Theorem 3 holds for LDPC decoding.

We next show the local stability condition for LDPC decoding. Consider a case in which a sufficiently small
perturbation is added to the equilibrium: ¢, = ¢ + A¢,. The next state after a vertical step and a horizontal step
is denoted by ¢/ = (! + A(]. After the perturbation is added, the vertical step gives &, = £F + AE,., where

A = 10(5*)_117(C:)AC7 —AG = (10(0*)_117(C:) - EN)ACT-

Following the horizontal step, we have
K

ACL = (10(6") ' I,(¢]) — En)ACs.
r#s
The local stability condition of LDPC decoding is summarized as follows.
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Theorem 5: The linearization of the dynamics of LDPC decoding around the equilibrium is

vavet A¢
=7Trppc : ;
A AQk
where
0 IL'b-Ey - I,'Ix —Ey
I7'L — En @) :
Tippc=| ° _ _ _ ,

10—1]1_EN 10)

Iy = 1y(6%), and I, = I,.(¢). The equilibrium is localy stable when every eigenvalue, A\; (i = 1,---, NK), of
Trppc Ssatisfies |\;| < 1.

The local stability condition generally depends on the syndrome vector, y. However, when the partial conditional
probability, p,(x; ), is close to po(x; 0*), I.~I,. For LDPC, p,(x; ) ~ po(x; 6*) because of the sparsity of
the parity check matrix. This implies that all the eigenvalues of 7. ppc should be small, which leads to a stable

and quick convergence.

VII. ANALYSIS OF DECODING ERRORS
A. Framework of Error Analysis

We have described the information geometrical framework of the decoding agorithms and have shown how
MPM decoding is approximated by these decoding agorithms. In this section we analyze the goodness of the
approximation and give a correction term for improving the approximation. We also provide an explanation why
the sparsity, i.e., low density, of the parity check matrix has an advantage.

For the following discussion, we define the family of distributions,
MS = {p(IE, 07 ’U)},

by using two sets of parameters: 8 = (6;,...,05)T € RN and v = (vy,...,vk)T € RX.
K
p(x;0,v) =exp (co(ac) +0-x+ Z vrer(x) — (0, v))
r=1
=exp(c(x)+ 0 -x+v-c(x) —p(0,v))
»(0,v) o anexp(co(ac) +0-x+v-c(x)), c(x) déf(cl(ac), e (x)T

The family Mg is a (K + N)-dimensiona exponential family. The manifolds My = {po(x;0)} and M, =
{pr(x;¢,)} are submanifolds of Mg since My = {p(x;6,v)|v =0} and M, = {p(x;0,v)|v = e, }, where e, is

the unit vector

e =(0,...,0,1,0,...,0)%.

20



It aso includes g(x), when we set 6 = 0 and v = 1k:

K
1g = (1? 71)T = Zer-
T o

We denote the expectation parameter of p(x; 0, v) € Mg by n(0,v) = (11(0,v),...,nn(0,v))T, which is given
by

1(6,v) = dop(0,v) = > p(;6,v).

B. Analysis of Equimarginal Submanifold M (6*)

Let p(x;0,v) be the distributions included in the equimarginal submanifold, M (6*); that is, n(0,v) =
n(6*, o)d:efn(e*). This constraint makes 6 an implicit function of v, which is denoted by 6(v). Note that 6* = 6(o).
More precisely,

n(6(v),v) =n(6(0),0) = n(6"),

for any v. We analyze how 6 changes from 6* as v changes from o and finally becomes 1 . We start by introducing
the derivative D /9v along M (6):

_ D o, = 020 On
°= 90" T 5000 " v’

The structural quantities 9n/06 and dn/dv are the Fisher information because n = 9y (0, v)/960. We use the index

(16)

notation in which suffixes 4, j, and k arefor @ and r, s, and ¢ arefor v. In component form, (1,(0) :)Geedéf(an/ae)
and Gg,,déf@n/av) are defined as

on; on;
9:1(8) =55 = Giy(6) = Io.iy(0),  9:r(8) = 5
J r

From eq.(16), Gge, and Gg., we have
00

= I1p(0)— + G (0
o = Io( )% + Gou(0)
00 _ def =
— = —1710)Geu(0) = —Gow. 17
8’0 0 ( ) o ( ) 2] ( )
Similarly, from
D2
avav"(e’”) 0,
we have
%0 06 08 00
I, = —Tovw — Toog— — — 2T 000 —, 18
0(0) 9000 0 000 5 o 060 7 (18)
where
3 3y 3

Tooo =505000" 19 = F00800° 1°* ~ B00wdv’
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More explicitly, by using the index notation, we have

00; 00
Zgu 81}781} = —Tirs ZTle8U7 b ZTU?"

S

By replacing 00/0v in eq.(18) with the result of eq.(17), we get

06 U .
1y(6 = —Tovw — T000GovGov + 2196, Gov-
of )81;81; 0 000G ovGov +2100vG0o
The differential operator D/dv at (6,v) = (6*, 0) is written as
D def 9 - 0
- =B=_———Gou(0") 5,
dv |(6,0)=(6" 0) o~ o) 5g

In the component form, it is

B, = 8?17. - Zi:gir(e*)aaei-
Following some calculations, we have
00
Ovov
We denote the (r, s) component of B2 by B,, = B, B,. Note that B2n # o while (D?/0vdv)n = o.

= —I1y(6") "' B%n.

The second-order approximation of 6(v) around (6*,0) is given by

. 00 1 820
0(v) =0 -‘ra— +§ Jodv
1
=0" — Goov — 3 15710 (B*n)v,

where the values of G and T' are to be evaluated at (6%, 0). By plugging v = 1k into the formula, we have

1) = 0 = 325 (0) = 55 @))ia (3 Bre J(0°), (19

which shows the point a which M (6*) intersects the submodels {p(x; 6, 1x)}. Since ¢(x) isgiven by p(x; 0, 1x),
0(1x) is related to the discrepancy of ¢(x) and the iterative decoding result.
This result is based on the perturbation analysis, of which justification is outlined below. When ¢ is small, the

Taylor expansion for function f(z) is
7() = FO) + JO)c + 31" (0) + ().
When we rescale v = z/c,
F(0) = F0) + ef (00 + 5 (017 + O(e).

In our analysis of iterative decoding, = = € corresponds to v, = 1, where the k-th derivative is of the order €. We
have assumed that the effects of v are small, and we take the expansion with respect to v in terms of ¢. We finally

set e = 1, and the results are valid in the above sense.
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In order to conclude our analysis of the decoding error based on perturbation analysis, we consider two
distributions:

p(x;0%,0) = exp(co(x) + 0" - & — (07, 0))
D5 Cro ) = explen(®) + G - @+ ecr(2) — (G €er)).

Note that p(x; 0*,0) = po(x; 0*), and p(x; ¢, eer)|€=1 = pr(x;¢). Let p(x; ¢y eer), r=1,..., K, beincluded
in M(6*). From the result of eq.(19), ¢, — 6* is approximated in the power series of e:

¢ — 0" = — Gou(07)ere — %1(;1(0*)37.rn(0*)62.
This gives the approximation of £ as e becomes 1.
C— 0" = —£ ~— Goo(0%)e, — 5161(0*)37-”7(0*)-
Hence, 6* sdtisfies

0" = & ~ Gou(0)1k + %Io—l(e*) ZBM(@*). (20)

r

Consider another distribution,
p(x;u,e1) = exp(co(x) +u -+ e1g - e(x) — p(u, e1k)).

Note that p(w;o,elK)|€:1 = q(x) and that p(x;u,e1k) isincluded in M (6*). As e increases from 0 to 1, u
becomes »*, and generally u* # o, which means ¢(x) is generaly not included in M (6*).

From the result of eg.(19), we have
~ 1 _ * *
u' — 0" =~ Gou(0")1x — 51 L6 )ZBTSn(B ). (21)
From egs.(20) and (21), we have

w1507 Y Brun(0)
r#s
From the Taylor expansion, we have
n(o 1) = n(w,1k) = Von(8)u” =n(67) + 5 3" Brn(6”). @)
r#s
Note that n1(0, 1) is the expectation of a with respect to ¢(x) which is equivalent to soft decoding based on ¢(x).
Equation (22) shows the difference between the ultimate goal of the decoding and the result of iterative decoding.
We summarize the above anaysis:
Theorem 6: Let iy pas d:efn(o, 1x) be the expectation of a with respect to ¢(x), and 17(6*) be the expectation
with respect to the distribution obtained by iterative decoding. Then, napar is approximated by decoding result
n(6”):

* 1 *
nvpem ~N(0°) + B ;Brs'rl(e )- (23)
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C. Remark on B,sn;

We remark here that the error term is related to the curvature of M (6*) without giving details about the definition
of the e— and m—curvatures. See Amari and Nagaoka[12] for the mathematical details. We have shown that M (0)
is m—flat. This implies that the embedding m~—curvature tensor vanishes; that is,

D2
v Ovvm(v) =0
On the other hand, M (0) is not e—flat, so the embedding e—curvature is given by

i D?
H{' = M&(”)-

H7(1n)7 —

Its covariant version is given by
H}i)t = Brsniv

which shows that the error term is directly related to the e—curvature of M (6*).

VIII. IMPROVING DECODING ERRORS FOR LDPC CODES
A. Sructural Terms

The terms B,.sn; are given by structural tensors G and T" at po(x; 0) € M,. For LDPC codes, they are given by

gir =Epq[(zi = ni)(e(x) = &)], Tijr = Ep, [(25 —mi) (x5 — ) (er (@) = &)],

where E,,, denotes the expectation with respect to po(x; 6), and

&r = Epoer(@)] = pfr H nj-
JELy

Because the ;s are independent with respect to po(x; 6), the following relations hold and are used for further
calculation:

nicr, whenié¢ L,
E, |zc.(x)] = 1
olvicr (@) —¢ whenieL’,,
ni
1 __
Epg[er(z)es(z)] =p Crls

where

P..— [Liesne, ;- when £,0 L, #0,
s 1 when £, N L, = 0.

The explicit forms of G and T" are given in Appendix 1.
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B. Algorithm to Calculate Correction Term

From the result of Theorem 6, the soft-decoded n* is improved by
* 1 *
mapy = n(07) + 5 ;Brsn(e ).
By calculating B,sn; for (r # s), (see Appendix I11), we give the algorithm to calculate correction term B,.;n; as

follows.

1) Cadculate
r = Ep,ler ()]

2) Given i, search for the pair (r, s) which includes 4, that is, i € £, and i € L,. Caculate

1—n2 1—n?
Brsni =2 'nz Erés Z —anhjlhjs (24)
' g#i
3) Given i, search for the pair (r, s) suchthat i € £, and i ¢ L. Caculate
1—n? 1— P, 1—n?
Brsni = CrCs - - + —Jhrhs . (25)
i ( Prs ; TIJQ I

4) The correction term is given by summing up over al (r, s) in the above two cases.

The summation in eq.(24) runs over j € £, N L, \ 4, and that in eq.(25) runs over j € £, N L,. Thus, when the

parity-check matrix is designed such that, for any r and s,
hirhis =1

holds for at most one i, that is, any two columns of the parity-check matrix have at most one overlapping positions
of 1, al the principal terms of the correction vanishes (Tanaka et a.[19]), which leads to the following theorem
for the LDPC codes.

Theorem 7: The principal term of the decoding error vanishes when parity-check matrix H has no pair of
columns with an overlap of 1 more than once.

It is believed[4] that the average probability of a decoding error is small, when any two columns of parity-check
matrix H do not have an overlap of 1 more than once. Intuitively, this avoidance prevents loops with a length of 4
from appearing in the graphical representation. Results of many experiments indicate that short loops are harmful
for iterative decoding; that is, they worsen the decoding errors. Our result in Theorem 7 analytically supports this
indication: the principal term of the decoding error vanishes when the parity-check matrix is sparse and prepared
so that there are no two columns with an overlap of 1 more than once. Loops longer than 4 do not contribute to

the decoding error at least via the principa term (although they may have effects via higher order terms). Many
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LDPC codes have been designed to satisfy this criterion (MacKay[4]). The analysis presented here can be extended
in a straightforward manner to higher order perturbation analysis in order to quantify these effects.

It should be noted that our approach is different from the approach commonly used to analyze the properties
of iterative decoders since we do not consider any ensemble of codes. A typical reasoning found in the literature
(e.g., [2Q]) is first to consider an ensemble of random parity-check matrices and show that the probability (over
the ensemble) of short loops in the associated graph decreases to zero as the codelength tends to infinity while
the column and row weights are kept finite. This means that the behavior of iterative decoders for codes with
longer loops is the same as that in the loop-free case. The statistical-mechanical approach to performance analysis
of Gallager-type codes[21] also assumes random ensembles. Our analysis, on the other hand, does not assume
ensembles but allows the evaluation of the performance of the iterative decoders with any single instance of a the

parity-check matrix with a finite codelength.

IX. DIScussioN AND CONCLUSION

We have discussed the mechanism of the iterative decoding algorithms from the information geometrical
viewpoint. We built a framework for analyzing the algorithms and used it to revea their basic properties.

The problem of iterative decoding is summarized as a unified problem of marginalizing the probability distribution
g(x) in eq.(2). This problem is common to the belief propagation for the loopy belief diagram in artificial
intelligence]6] and the Bethé approximation in statistical physics. In al of them, the direct marginalization of
g(x) is intractable, and only the marginalization of partial distributions p,(x;¢.), r = 1,---, K, in eq.(4), is
possible.

The marginalization of ¢(x) is approximated through iterative processes of adjusting {¢,.}, marginalizing
pr(2; ¢ ), and integrating them into the approximated parameter 6. Both decoding algorithms were redefined with
the information geometrical terms, and the conditions of the equilibrium were derived. They revealed an intuitive
information geometrical meaning of the eguilibrium point, which is summarized in Theorem 3. In the information
geometrical terms, the ideal god is to have the cross section of M, and an m—flat submanifold M (0) including
q(x): however, instead of M (0), an e—flat manifold E(0) is used to obtain the decoding result. A new perspective
arose from the theorem: the discrepancy between M (0) and E(8) gives the decoding error.

The principal term of the discrepancy was obtained through perturbation analysis, which is summarized in
Theorem 6. The decoding error was given in eq.(23), and the correction term gives a method for improving the
existing decoding algorithms. Moreover, since the correction term strongly depends on the encoders, it gives a new
suggestion for designing the codes. We have done the perturbation analysis up to the second order, and it is possible
to extend it to higher order analysis in a straightforward fashion.

We aso derived the local stability conditions in Theorems 4 and 5. Although Theorem 4 coincides with the
results of Richardson[2], Theorem 5 presents a new result for the local stability condition of LDPC codes. The

global convergence property is another issue[22] which is one of our future works.
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The belief propagation algorithm is not directly connected to the gradient method of minimizing a cost function.
It has been pointed out that the final result is at the critical point of the Bethé free energy[9], [13].
For ¢1, -, ¢k, and 6, we define the following function of {¢,} and 6:

F({¢},0) = Dipo(; 0);q ZDpo @; 0); pr (@ G, ).
The first term is rewritten as
K
Dipo(@; 0); 4(w)] =Eyy[co(@)] + 010(60) — 40(8) ~ (3 Epoler(@)] + I C).
r=0

The second term is rewritten as
K

> Dlpo(; 0); pr(@: G)] =K (Ep, [co(@)] + 6 -10(6) — 00(6))

r=1

Po CO + Epo [CT(QD)] + Cr *No (0) - (PT‘(CT))'

||Mx

These three equations give

}-({CT}a 0) = ( —-1) ‘PO Z‘P7 ¢r) —InC+ ZCT ’ (770(0) - 77?‘(C7‘))'

Since InC' is a constant, we neglect it and redefine F({¢, }; 0):

K
}-({CT}aB) = ( -1) ‘PO Z‘P7 ¢r) + ZQ 770 UT‘(CT))'

When the po(x; 0), p.(x;¢.) € M(0), the last term vanishes, and this function with constraint ¢, = ¢-(0) or
1 (¢r) = Mo(0) coincides with the free energy introduced by Kabashima and Saad[9] using the statistical physical
method.

The advantage of the information geometrical framework lies in its generality. The framework is common not
only to turbo and LDPC codes, but is also generaly valid for the Bethé approximation, the belief propagation
applied to a loopy belief diagram, and its variants such as TRP[23] and the CCCP agorithm[24]. We have to
work for reformulation of the problem in different terms. Another important extension will be found when we use
different models of channels. It is easy to extend the result for any memoryless channel (see Appendix 1), and by
employing such channels, we can derive wide varieties of the turbo and the LDPC type decoding agorithms.

This study is afirst step towards information geometrical understanding of turbo and LDPC codes. By using the
framework presented in this paper, we expect that further understanding will appear and new improvements will

emerge.

APPENDIX |

EXTENSION TO GENERAL MEMORYLESS CHANNEL

The information geometrical framework in this paper can be easily extended to the case where the channel is a

genera binary-input memoryless channel, which includes various important channels, such as AWGN and Laplace
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channels. We show that the Bayes posterior distribution is expressed in the form of eq.(2) for turbo codes. Its
extension to LDPC codes is also simple.

The information bits = (z1,---,2n5)T,2; € {—1,+1} and two sets of parity bits y1 = (y11, -+ ,v11)7,
Y2 = (yo1, -+, v20) T v1j,y25 € {—1,+1} are transmitted through a memoryless channel. The receiver observes

their noisy version as (&, g1, ¥2). Since the channel is memoryless the following relation holds
p(&, 91, Y2lz) = p(Z|2)p(91|2)p(Y2|2). (26)

The Bayes posterior with the uniform prior is
p(Z, Y1, Yol )
> P(T, Y1, Y2|x)
For memoryless channels, each conditional distribution on the right hand side of eq.(26) is formulated as

= Cp(T, Y1, y2|w) = Cp(z|@)p(y|2)p(y2| ). (27)

p(x|Z,y1,Y2) =

IE|£L‘ Hp |xz y7|$ Hp y7j|y7j r=1,2. (28)

Let us view p(Z;|z;) as afunction of z;, where z; is fixed. By defining \; as

A = L PEilzi =41
2 p(&i|z; =-1)

p(Z;|z;) is rewritten as
p(Zilz;) o< exp(Aiz;). (29)

Note that \; is a function of z;. We can aso rewrite p(7,,|y.;(x)) as follows.

- L. p(@rjlyr; = +1
P(Grjlyri(®)) o exp(pirsyrj),  pirj = 5 1In p—gg J.|y — _1;7 r=12. (30)
rijlYry —

From egs.(28), (29), and (30), eq.(27) becomes
p(x‘j’ gh QQ) = Cexp(/\ ST+ M1 - yl(w) + M2 - yQ(w))5 A= ()‘17 e 7)\N)T7 My = (,U/7‘17 e 7,U/7‘L)T7 (31)

which has the identical form to eq.(2), where co(x) = A - @, and ¢, (x) = p - y.- (). Other distributions po(x; 0)
and p,(x;¢,) are aso expressed with co(x) and ¢, (x), which shows the information geometrical framework is
valid for general binary-input memoryless channels.

Finaly, we give practical form of A and .. for an AWGN channel. Let the noise variance of an AWGN channel

be ¢ and p(z|x) becomes
~ N

p(E|x) = (276?) —N/2 exp( Z ) = (27T§2)_N/2 exp(% Z(m? — 22 + 53?))

i=1 i=1

Since z7 = 1 holds, it becomes
p(&|x) = (2mg?)~N/? exp(%(&i cx— N — |5s|2))
Following the same line for p(g,|x), the Bayes posterior with the uniform prior is
p(@|&, 1, §2) = Cexp(A- @ + py - 1 (@) + po - yo(@)), A= éx P

which is identica to eq.(31).

28



APPENDIX |1
ExpPLICIT FORMSOFG AND T
Metric tensor G :
for g;; :
9ij = Bpol(i — mi) (x; — ;)] = (1 = n7)dsy,
which is the diagonal matrix Ip(6*).

for g, :

1—n; _ 1 1

Gir :COV[xi7C7-($)] = Crhirv Gir = (Io (0 >G0v>ir = fcv'hir

7 7

Skewness tensor T :
for Ty :
Tijie =Epo[(xs — 0:) (x5 — 1) (@ — nx)] = =20:(1 = 07 )b,
where 6,5 is equal to 1 when i = j = k and 0 otherwise. Hence, it is diagonal.
for Tijr :

(1=n7)(1 —n3)

Tiir = — 2hir(1 = 07)2r, Tijr = hirhyr
nin;

for Tirs (r #8) :
Tirs = Ep, [(zi = n:)(er () — &) (cs(®) — &)
When £, NL, =0, Ty = 0. For £, N L, # (), we consider three cases.
casel)i ¢ L,, L Inthiscase, z; and (¢, (x), cs(x)) are independent:
Tirs = 0.

cae 2)i € L., i € L. Careful calculation of eq.(32) gives

1—nf
CrCs-
i

cased)ic L, i¢ Ls0ri¢ L, i€ Ly Caeful caculation gives

1—n?+1—m2i}_
i i Prs

Tirs =-2

Tirs = CrCs {_

APPENDIX |11

EXPLICIT FORM OF B,.s1; FOR T # §

First, we give the form of B,,n; as follows,

Brsni = _Tirs - ZTijijers + Z (Tijréjs + TijSGjT) .
jk J
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for i¢ L., i¢Ls:

Brsni =0
for ieL,,ie Ly
1— 2
Tirs =-2 CrCs
i
e
ZTijijers =T5iiGirGis = —2 CrCs
- i
jk
. . . L—nf Q—n)HA—m)
ZTierjs = TiirGis + ZTierjs =—2—"GCs + Z — 5 GG
7 i e jeL LN it
Hence
A—n)A—n)
Bysni =2 Z %07'057
GELNLN\G i

which vanishes when £,. N £, does not include any j other than i.
for ieL,,i¢ Ls(0ori€Ls,i¢ L)

IR - :
Tirs = CrCs o\ B 1), TijrGjrGrs = 0, TijsGjr =0,
3 T8
and
- (L=n)1=n3)
7 JEL L, ity
Hence,
1—n2_ _ 1— P, 1—n?
B7-s77i = '775 CrCs | — P L + Z ) J
e e jecne,
When £, N L, = {j}, P-s =713, which reduces to
Brsni =0.
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