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1. Some theoretical results
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Quadratic form of a Gaussian vector

» Canonical form:
n
T=> af, &~N(01) iid
i=1

Note that:

> a;'s are not necessarily positive.
» Some of q;'s take the same values.

» Qur purpose is to obtain the tail probability:
F(z)=Pr(T >z) (v — o)

» We propose a PP-plot for this tail probability.

» For the case where the numbers of the same a;’s are all even,
i.e., T is a linear combination of chi-square distributions with
2 d.f., see Imhof (1961, Biometrika).
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The case where a;’s are positive

» Proposition 1
Leta; = =am > amy1 > -+ > ay > 0. Then,

F(z) =Pr (Zn: a;i&? > x)
i=1

1
) X a; \ "2
~ Pr(xm > a—l) X i>£[+1(1 - —) (x — 00)

Note that

1

Pr(xy, > x) ~ PR
2

» For m =1, e.g., Beran (1975, AS)
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An intuitive explanation of Proposition 1

> Let
CL1="':CLm(:1)>am+12"'2an>0

for simplicity. We want to prove
_ C m_q =

F(x) ~ F(%)CM e 2 (x— o0)
where 1
1
C=—— [[] O-a):
227 S
Equivalently
e F(z) ~ C;n 27 (2 — o0)
I'(3)

» By Tauberian theorem, it suffices to show that

m

/ e~ Te2 F(x)de ~ Cs™2 (s —0)
0

if the regularity condition (ultimate monotonicity) is ensured.
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An intuitive explanation of Proposition 1 (contd)

» By integration by parts,
LHS :/ ef(sfé)xﬁ’(:zr)dx
0

1

73
1—¢(s—3) Y
— I e /0 e~ dF (z)

» Actually, in our case,
[ —szaifg] = H(l + 23@1-)_27

¢(s)=E|e
and
LHS:l_{1+2(S_ %)}_% Hi21m+1(1+2( )az) 2
ST 2

H (1-— ai)*% =Cs™

220 S

23



An approach to prove Proposition 1

» Recall that
T=> af, &~N(01) iid
=1

» Define a Gaussian process on S"~! (the set of unit vectors in
R™) by

Z(h) = hivai&, h=(h)es" .
=1

Then,
max Z(h) = VT.
hesn—1
» Various methods for approximating the tail probability of the
maximum of a Gaussian process are applicable.
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An approach to prove Proposition 1 (contd)

» One approach is Euler-characteristic heuristic (volume-of-tube
method) is

Pr( max, 200 2 «) ~ Blx(4,)] (o~ 0

where
Ay ={heS" 1| Z(h) >z} (excursion set)

X(-): Euler characteristic.
» Thanks to Morse's theorem (see, e.g., Worsley, 1995; K &
Takemura, 2009),

Blx(40) = [ E[(Z(0) = ) det(~Z(0) | Z(1) =0

n—1

x 0(0)dS" ! (h)

where 6(0) is the density function of Z(h) evaluated at
Z(h) = 0. Details are omitted.

23



The case where a;’s are not necessarily positive

» Proposition 2
Leta; = =am > ame1 > -+ > ayp > —00. Then,

F(z) =Pr (Zn: a;i&? > x)
i=1

Note that

1
1o

PI’(X?TL > $) ~ WF(@)
2

» Of the same form as Proposition 1.
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Proof of Proposition 2

» Assume that
alz"':am>am+12"‘>O>"‘me’+1>bm’:"‘:b1

Let
T=> a& ) Il =Y -2
We evaluate

F(x) =Pr(T > z) = EZ[Pr(Y—Z > z | Z)] = E?[Fy (2+2)]

where Fy (z) = Pr(Y > z)
» Lemma

Let Z be a nonnegative r.v. If Fi(z) ~ Fy(z) (x — c0), then
E7[Fy(w + 2)] ~ E2(Fy(a + 2)]
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Proof of Proposition 2 (contd)

» Applying Lemma together with the result of Proposition 1

_1
Fy(z) ~ Dpa® e 21 x H (1—&> ?

i>m—+1

(D;,} = (2a1) 2 T'T(%)), we have

T m __Z N\ —3
F(x) ~ Dpe 21 EZ |:(£L‘—|— Z)2 e 2a1] X H (1 - &> ’

i>m+1 a1
_1
~De2“1x2 1EZ[ }x H(l—&>2
al
i>m+1
= P> o) < I )T -
X aq ) ay
i>m—+1
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Example

» Double exponential distribution:

fla) =ge

_ B le—a (x>0
F(m)—{2 0

1-— %e"x‘ (x <

~ ~—

» On the other hand,

T=Y -2 Y, Z~Exp(l)

4
11 1 1
=Yl @=(35353)
i=1

F(z) ~ Pr(x% > (%)) X (1—((_11/5))3 = %e_x (x — 00)
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PP-plot

> Let

X1, Xy ~ E(Z)\Zf?) iid.
Assume that
>\max = max >\i >0 > )\min = min >\i7

the multiplicities of max A; and min A; are 1.

» The order statistics

X(l) <. <X(N)
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PP-plot (contd)

» PP-plot:

(<2100 (32) s IT (120, -2vou(1- 75

max . Amax
i#max

for 7 such that X(i) >0

(s () e T (152 2ve(1 - 5755 )

i#min

for i such that X(;) <0

where G1(z) = Pr(xi > z)
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2. Application to the influence analysis in QTL
detection
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What is QTL analysis?

» N individuals (e.g., mice) data:

# | phenotype genotype

1 () Zil, - Z1M
i Yi Zily - -3 ZiM
N YN ZN1, -, ZNM

» Phenotype y;: The measurement of interesting feature of

individual 1.

> Genotype z;;: The type of gene at the locus j of individual <.
» Purpose of the analysis: To identify j (index of loci) such that

z;; is highly “correlated” to y;.

Such locus j is called QTL.
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LOD Score

i M&Iﬁ%&m ﬂ@&
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Test positions on the chromosomes

Hj (QTL at j) : yi ~ N(u+ azij, 0?)
Hy (no QTL) : y; ~ N(p,0?)
32
LOD(j) = const x log ——— (HO)

0‘ (LRT HQ VS. HJ)
(Hj)

18/23



Influence function

» Empirical influence function of LOD(j) for the individual
(Dou, et al., 2012):

=2

€y _ Eian)
EIF;(j) = const X {,\2 2 }
g o
(Ho) (H;)
where

Ei(m;) =Yi — Hmy) — Q) %ij
g\i(Ho) =Yi — ﬁ(Ho)
are residuals under H; and Hy.

> EIF of the weighted LOD score 3, ; ¢;LOD(j):

> ¢EIF;(j) (Weighted EIF)
JjeJ

Available for detecting individuals that affect the shape of
LOD score specified by the coefficients (c;).
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Influence function (contd)

> (¢j) = (1.042, —2.356,1.314)
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We want to make sure whether No. 60 mouse is influential.
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Influence function (contd)

» Approximation:
Suppose that in

=2 =2

G g4
EIF;(j) = const x {A’Q(HO) — ) }
g g
(Ho) (H;)

~ ~ - . /\2
En;) and E(g,) are Gaussian random variables, and O,y

~2
O (1) re constants. Then,

ZCJEIFz(]) g Z ajf]za gj ~ N(0,1)

jeJ jeJ

> (aj) = (16.143,—2.629, —13.514)
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PP-plot

» The PP-plot suggests that No. 60 is influential.
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Concluding remarks

» In Propositions 1 and 2, we provide the upper tail probability
formula for a linear combination of chi-square random
variables (a quadratic form of a Gaussian vector).

» We applied PP-plot to the influence analysis in QTL detection.

» We want to extend our result to the case where the number n
of terms in T is infinite.

» Acknowledgment:
The authors thank Hsien-Kuei Hwang for his comments on
the original version of slides.
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