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1. Some theoretical results
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Quadratic form of a Gaussian vector

I Canonical form:

T =
n∑

i=1

aiξ
2
i , ξi ∼ N(0, 1) i.i.d.

Note that:
I ai’s are not necessarily positive.
I Some of ai’s take the same values.

I Our purpose is to obtain the tail probability:

F̄ (x) = Pr(T > x) (x → ∞)

I We propose a PP-plot for this tail probability.

I For the case where the numbers of the same ai’s are all even,
i.e., T is a linear combination of chi-square distributions with
2 d.f., see Imhof (1961, Biometrika).
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The case where ai’s are positive

I Proposition 1
Let a1 = · · · = am > am+1 ≥ · · · ≥ an > 0. Then,

F̄ (x) = Pr
( n∑

i=1

aiξ
2
i > x

)
∼ Pr

(
χ2

m >
x

a1

)
×

∏
i≥m+1

(
1 − ai

a1

)− 1
2 (x → ∞)

Note that

Pr
(
χ2

m > x
)
∼ 1

2
m
2
−1Γ(m

2 )
x

m
2
−1e−

x
2 (x → ∞)

I For m = 1, e.g., Beran (1975, AS)
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An intuitive explanation of Proposition 1

I Let
a1 = · · · = am(= 1) > am+1 ≥ · · · ≥ an > 0

for simplicity. We want to prove

F̄ (x) ∼ C

Γ(m
2 )

x
m
2
−1e−

x
2 (x → ∞)

where

C =
1

2
m
2
−1

∏
i≥m+1

(1 − ai)−
1
2

Equivalently

e
x
2 F̄ (x) ∼ C

Γ(m
2 )

x
m
2
−1 (x → ∞)

I By Tauberian theorem, it suffices to show that∫ ∞

0
e−sxe

x
2 F̄ (x)dx ∼ Cs−

m
2 (s → 0)

if the regularity condition (ultimate monotonicity) is ensured.
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An intuitive explanation of Proposition 1 (contd)

I By integration by parts,

LHS =
∫ ∞

0
e−(s− 1

2
)xF̄ (x)dx

=
−1

s − 1
2

[
e−(s− 1

2
)xF̄ (x)

∣∣∣∞
0

+
∫ ∞

0
e−(s− 1

2
)xdF (x)

]
=

1 − φ(s − 1
2)

s − 1
2

, φ(s) =
∫ ∞

0
e−sxdF (x)

I Actually, in our case,

φ(s) = E
[
e−s

P

aiξ
2
i
]

=
∏

(1 + 2sai)−
1
2 ,

and

LHS =
1 − {1 + 2(s − 1

2)}−
m
2

∏
i≥m+1(1 + 2(s − 1

2)ai)−
1
2

s − 1
2

∼ s−
m
2

2
m
2
−1

∏
i≥m+1

(1 − ai)−
1
2 = Cs−

m
2 = RHS (s → 0)
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An approach to prove Proposition 1

I Recall that

T =
n∑

i=1

aiξ
2
i , ξi ∼ N(0, 1) i.i.d.

I Define a Gaussian process on Sn−1 (the set of unit vectors in
Rn) by

Z(h) =
n∑

i=1

hi
√

ai ξi, h = (hi) ∈ Sn−1.

Then,
max

h∈Sn−1
Z(h) =

√
T .

I Various methods for approximating the tail probability of the
maximum of a Gaussian process are applicable.
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An approach to prove Proposition 1 (contd)

I One approach is Euler-characteristic heuristic (volume-of-tube
method) is

Pr
(

max
h∈Sn−1

Z(h) ≥ x

)
∼ E[χ(Ax)] (x → ∞)

where

Ax =
{
h ∈ Sn−1 | Z(h) ≥ x

}
(excursion set)

χ(·): Euler characteristic.
I Thanks to Morse’s theorem (see, e.g., Worsley, 1995; K &

Takemura, 2009),

E[χ(Ax)] =
∫

Sn−1

E
[
1(Z(h) ≥ x) det

(
−Z̈(h)

)
| Ż(h) = 0

]
× θ(0) dSn−1(h)

where θ(0) is the density function of Ż(h) evaluated at
Ż(h) = 0. Details are omitted.
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The case where ai’s are not necessarily positive

I Proposition 2
Let a1 = · · · = am > am+1 ≥ · · · ≥ an > −∞. Then,

F̄ (x) = Pr
( n∑

i=1

aiξ
2
i > x

)
∼ Pr

(
χ2

m >
x

a1

)
×

∏
i≥m+1

(
1 − ai

a1

)− 1
2 (x → ∞)

Note that

Pr
(
χ2

m > x
)
∼ 1

2
m
2
−1Γ(m

2 )
x

m
2
−1e−

x
2 (x → ∞)

I Of the same form as Proposition 1.
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Proof of Proposition 2

I Assume that

a1 = · · · = am > am+1 ≥ · · · > 0 > · · · ≥ bm′+1 > bm′ = · · · = b1

Let
T =

∑
aiξ

2
i −

∑
|bj | ξ2

j =: Y − Z

We evaluate

F̄ (x) = Pr(T > x) = EZ [Pr(Y −Z > x | Z)] = EZ [F̄Y (x+Z)]

where F̄Y (x) = Pr(Y > x)
I Lemma

Let Z be a nonnegative r.v. If F̄1(x) ∼ F̄2(x) (x → ∞), then
EZ [F̄1(x + Z)] ∼ EZ [F̄2(x + Z)].
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Proof of Proposition 2 (contd)

I Applying Lemma together with the result of Proposition 1

F̄Y (x) ∼ Dmx
m
2
−1e

− x
2a1 ×

∏
i≥m+1

(
1 − ai

a1

)− 1
2

(D−1
m = (2a1)

m
2
−1Γ(m

2 )), we have

F̄ (x) ∼ Dme
− x

2a1 EZ
[
(x + Z)

m
2
−1e

− Z
2a1

]
×

∏
i≥m+1

(
1 − ai

a1

)− 1
2

∼ Dme
− x

2a1 x
m
2
−1EZ

[
e
− Z

2a1

]
×

∏
i≥m+1

(
1 − ai

a1

)− 1
2

∼ Pr
(
χ2

m >
x

a1

)
×

∏
j≥1

(
1 +

|bj |
a1

)− 1
2

∏
i≥m+1

(
1 − ai

a1

)− 1
2
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Example

I Double exponential distribution:

f(x) =
1
2
e−|x|

F̄ (x) =

{
1
2e−x (x ≥ 0)
1 − 1

2e−|x| (x < 0)

I On the other hand,

T =Y − Z, Y, Z ∼ Exp(1)

=
4∑

i=1

aiξ
2
i , (ai) =

(1
2
,
1
2
,−1

2
,−1

2

)
,

F̄ (x) ∼ Pr
(
χ2

2 >
( x

1/2
))

×
(
1−(−1/2)

(1/2)

)− 2
2 =

1
2
e−x (x → ∞)
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PP-plot

I Let
X1, . . . , XN ∼ L

(∑
λiξ

2
i

)
i.i.d.

Assume that

λmax = max λi > 0 > λmin = minλi,

the multiplicities of max λi and minλi are 1.

I The order statistics

X(1) < · · · < X(N)
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PP-plot (contd)

I PP-plot:(
−2 log Ḡ1

( X(i)

λmax

)
+ log

∏
i6=max

(
1 − λi

λmax

)
,−2 log

(
1 − i

N + 1

))
for i such that X(i) > 0(

2 log Ḡ1

( |X(i)|
|λmin|

)
− log

∏
i6=min

(
1 − λi

λmin

)
, 2 log

(
1 − i

N + 1

))
for i such that X(i) < 0

where Ḡ1(x) = Pr
(
χ2

1 > x
)
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2. Application to the influence analysis in QTL
detection
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What is QTL analysis?

I N individuals (e.g., mice) data:

# phenotype genotype

1 y1 zi1, . . . , z1M
...

... · · ·
i yi zi1, . . . , ziM
...

... · · ·
N yN zN1, . . . , zNM

I Phenotype yi: The measurement of interesting feature of
individual i.

I Genotype zij : The type of gene at the locus j of individual i.

I Purpose of the analysis: To identify j (index of loci) such that
zij is highly “correlated” to yi.
Such locus j is called QTL.
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LOD Score

Test positions on the chromosomes

LO
D

1 2 3 4 5 6 7 8 9 11 13 15 17 19

0

1

2

3
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5

I Hj (QTL at j) : yi ∼ N(µ + αzij , σ
2)

H0 (no QTL) : yi ∼ N(µ, σ2)

LOD(j) = const × log
σ̂2

(H0)

σ̂2
(Hj)

(LRT H0 vs. Hj)
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Influence function

I Empirical influence function of LOD(j) for the individual i
(Dou, et al., 2012):

EIFi(j) = const ×
{ ε̂2

i (H0)

σ̂2
(H0)

−
ε̂2
i (Hj)

σ̂2
(Hj)

}
where

ε̂i (Hj) =yi − µ̂(Hj) − α̂(Hj)zij

ε̂i (H0) =yi − µ̂(H0)

are residuals under Hj and H0.
I EIF of the weighted LOD score

∑
j∈J cjLOD(j):∑

j∈J

cjEIFi(j) (Weighted EIF)

Available for detecting individuals that affect the shape of
LOD score specified by the coefficients (ci).
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Influence function (contd)

I (cj) = (1.042,−2.356, 1.314)
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60  ( 178.776 )

We want to make sure whether No. 60 mouse is influential.
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Influence function (contd)

I Approximation:
Suppose that in

EIFi(j) = const ×
{ ε̂2

i (H0)

σ̂2
(H0)

−
ε̂2
i (Hj)

σ̂2
(Hj)

}
,

ε̂(Hj) and ε̂(H0) are Gaussian random variables, and σ̂2
(Hj)

,

σ̂2
(H0) are constants. Then,

∑
j∈J

cjEIFi(j)
d≈

∑
j∈J

ajξ
2
j , ξj ∼ N(0, 1)

I (aj) = (16.143,−2.629,−13.514)
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PP-plot

I The PP-plot suggests that No. 60 is influential.
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Concluding remarks

I In Propositions 1 and 2, we provide the upper tail probability
formula for a linear combination of chi-square random
variables (a quadratic form of a Gaussian vector).

I We applied PP-plot to the influence analysis in QTL detection.

I We want to extend our result to the case where the number n
of terms in T is infinite.

I Acknowledgment:
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