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Directed Hypergraphs

Definition

A directed hypergraph is a pair H = (V,A) where V is a finite set of
vertices and A is a family of hyperarcs.

A hyperarc a € A is a pair a = (t, h) of disjoint setst,h € V sets of
vertices, at least one of them non-empty; t € V is called the tail of a,
h €V is the head.
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Graph-based Hypergraphs

Definition

Let D = (V,A) be a simple directed draph. A directed hypergraph
based on D is a pair H = (V,A) where A < 24 is a set of non-empty
subsets a € A of vertex-disjoint arcs. A directed hypergraph based on
some graph D is called graph-based.

Remark

A graph-based directed hypergraph is a directed hypergraph:

Forae Alett(a) ={veV:3(v,w) €a}and h(a) ={w e V:3(v,w) € a}.
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The Minimum Cost Hyperflow Problem

Definition
Let H = (V,A) be a directed hypergraph based on a directed graph
D, c € R” a vector of costs, and b € RV of demands s.t. bT1 = 0.

The minimum cost hyperflow problem (MCH]) is the linear program

min E CaXg

aceA

Xa — Xa
acA:veh(a) acA:vet(a)
X > 0.

b, VvevV

A vector x € R# that is feasible for this LP is a hyperflow (in H)
(actually a circulation).
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The Minimum Cost Hyperflow Problem

» In contrast to the graph case, there might not exist an integral
min cost hyperfow, even if all data is integral (see example later).

» Finding a minimum cost integral hyperflow is NP-hard, even if the
hyperarcs consist of at most two arcs.

» If the underlying digraph D is connected and A € A, i.e., all arcs
of the underlying digraph are also hyperarcs, then

Xg — X, b, VYveV
ac€A:veh(a) acA:vet(a)

X

\Y

0.

has a solution if and only if bT1 = 0.
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A Hypernetwork Simplex Algorithm

Earlier work
R. Cambini, G. Gallo, and M. G. Scutella: Flows on hypergraphs.
Mathematical Programming 78.2, p. 195-217 (1997).

However
» We heavily use that we work on graph-based hypergraphs.

» The algorithm for our setting is simpler and closer to the original
network simplex.

Reference

|. Beckenbach: Matchings and Flows in Hypergraphs. PhD thesis,
Freie Universitat Berlin (2019).
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Characterizing the Bases

Assumption
The underlying digraph D is connected and A € A.

» LetM €{0,+1}V*" be the incidence matrix of H. The minimum
cost hyperflow problem can then be written as

min c’x,Mx = b,x > 0.

» IfB=1{ay,.., a;} thenlet Mz = (M.g,,....,M.g,).
» k(M) =|V|-1
» Bisabasisifandonlyifrk(Mg) = |B| = |V]| — 1.

» |If Bisabasis, then HIB N A] = (V,B n A) is a forest that contains
V|- |BnA|=|V|—-(B|—|B\A|]) =|B\A|+1components.
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Characterizing the Bases

» letBSAbest. |[Bl=|V|—-1,B;:=BnA, B, =B\A.
» H[B,]is aforest with |B,| + 1 components.
» Forevery tree of H[B;], choose aroot r and denote its tfree by T,.
» Let R be the set of all such roofts.
O
O O
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Characterizing the Bases

» If Bisabasisand r,r, € R two roofts, the system
Mpf =—e. +e.,x=20

has a unigque solution; we can send 1 unit of flow from r; to 1.

1

®

O
()
/
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Characterizing the Bases

>

If B is a basis and ry,r, € R two roofts, the system
M-Bf = —erl + erz,f >0

has a unique solution; we can (in a unique way) send 1 unit of
flow from r; o r, in H[B N A].

The unique flow of 1 unit from an arbitrary fixed root r* to some
other otherroot r # r* is called elementary.

We can send 1 unit of flow from r; o r, via an arbitrary
infermediate root r*, i.e., from r; to r* to r,.

We can also (easily) send 1 unit of flow inside of a tree.

Any flow in H[B n A] is a superposition of elementary flows and
flows on trees.
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The Elementary Hyperflow Matrix

» LetB be abasis, T, r € R, the rooted trees, r* € R a fixed roof.

» Foreveryr e R\ {r'}thereis aunique hyperflow f,. in (V,B) that
transports 1 unit from r* to r.

> Let F = (f)rer\ry € REXR\T be the elementary hyperflow matrix
whose r-th column contains this flow.

» Fis easily reconstructed from F|B, = Fp,. by recomputing the
flows on the trees (but this takes time).
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The Elementary Hyperflow Matrix

Example

r=n o flB=(,)))
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The Elementary Hyperflow Matrix

Example 2 1y
T* — Tl, FBz’ = (ﬁ"zifr3)32. = (1/4 _1/4)
r 8]
’ '
L 0 /.\-(_).25 . 0 EJ/.\O.Q)
©—<i>—o 20 o— b\ Q—ﬁi— 0540  O— ‘bx
o 0 / o 0.5 C/
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The Elementary Hyperflow Matrix

Example 12 1/2
. /1 2 _
rt=n, ERV?ﬁ-"(l ._2)’ ¥, _'(1/4 -—1/4)

- -0.75  -0.25
Oﬁél} QO ‘t\
0.5 J
i v(r,) nh@]
v azel:;» <_|V(Tr2) N t(a)l)frza =1
'

v(r,) h<a>|)
rpa = 0
;(—W(Trs) nt(a)| I

' m Hypernetwork Simplex Algorithm and Railways | 4th ISM-ZIB-IMI MODAL Workshop 14 @




Characterizing the Bases

» Define E € ZF*B2 g5

Erq = |V(T;) nh(a)| — |V(T,) nt(a)l.
Lemma

> B basis & H[B,] forest of |B,| + 1 components A rk(Fg,.) = |B,|
& H|B,]| forest of |B,| + 1 components A rk(E) = |B,|.

r
? ro
! -0.75  -0.25
Q—ﬁ)— 0.5 30 O——F 73\
, 0.5 /
0.5
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Characterizing the Bases

Example

-2 0
E=<1 2) has rank 2 = B is a basis

®

O
()
/
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Characterizing the Bases

Example

-1 -1
E:<2 2>hasronl<1=>BisnoTGbosis
-1 -1

Hypernetwork Simplex Algorithm and Railways | 4th ISM-ZIB-IMI MODAL Workshop 17 @



Elementary Hyperflow and Intersection Count Mafrix

» LetB be abasis, T, r € R, the rooted trees, r* € R a fixed roof.

» Foreveryr e R\ {r'}thereis aunique hyperflow f. in (V,B) that
transports 1 unit from r* to r.

> Let F = (f)rerpsy € REXR\T be the elementary hyperflow matrix
whose r-th column contains this flow.

» Fis easily reconstructed from F|B, = Fp,. by recomputing the
flows on the trees.

» Define anintersection count matrix E € ZR*B2 gs
E.q = |V(T,) nh(a)| — |V(T,) nt(a)l.

> Epey = Py
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The Hypertflow Network Simplex Algorithm

Input: Hypergraph H = (V, A) based on digraph D = (V,A), cost ¢ = 0,
demand b s.t. b1 = 0, feasible basic (hyper)flow x s.t. supp(x) € A,
associated basis B and tree T,.

Output: (Fractional) Minimum cost hyperflow x.
1. (BTRAN) Solve n™M 5 = ¢}, and compute reduced costs

. = cq —t(V(h(a)) + m(V(t(a)).

2. (PRICE) If ¢ = 0 then output x, stop; else choose a'™ s.t. ¢ in < 0.
3. (FTRAN) Solve Mzf = —M in.
4. (CHUZR) Choose a°'t € argmin {—;—Z:fa <0,a€ B}.
5. (UPDATE)
( —X jout/ f jout, a=a
Xgq < Xqg — X out/f jout, a €B , update B, R,{T,}, Mg, F.
L Xq) a & BU{a™
6. Goftol.
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(FTRAN) M.z f = —=M_in

» 1 unit of flow on entering arc a'® creates at tree T, demand
E, in=—{V(T) nh(a)| = V(T) nt(a)])

» Compute hyperflow on basic hyperarcs as superposition of
elementary flows f|B, = Fg, .Ep\ +4in-

f|B1).

» Compute associated flow on trees f|B; and set f = (f|B
71 2

> Msz _M.ain
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Example: (FTRAN) Mzf = —M _in

» a'"isthered arc
> E, in=(1,0,-1)7

()b = (D
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Example: (FTRAN) Mzf = —M _in

» Compute demand on tree vertices induced by flow on basic
hyerparcs.

» Total demands (including demands on entering hyperarc) sum
up to 0 on every tree.

1
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Example: (FTRAN) Mzf = —M _in

» Compute flow on each tree by reverse BFS.

? ro
| -0.5 0.25 -0.25
O—o0 —ﬁ} 0.5 (=0 {)/ p\_o_%

Hypernetwork Simplex Algorithm and Railways | 4th ISM-ZIB-IMI MODAL Workshop



The Hypertflow Network Simplex Algorithm

Input: Hypergraph H = (V, A) based on digraph D = (V,A), cost ¢ = 0,
demand b s.t. bT1 = 0, feasible basic (hyper)flow x s.t. supp(x) € A4,
associated basis B and tree T,..

Output: (Fractional) Minimum cost hyperflow x.
1. (BTRAN) Solve n™M 5 = ¢}, and compute reduced costs

. = cq —t(V(h(a)) + m(V(t(a)).

2. (PRICE) If ¢ = 0 then output x, stop; else choose a'™ s.t. ¢ in < 0.
3. (FTRAN) Solve Mzf = —M in.
4. (CHUZR) Choose a°'t € argmin {—;—Z:fa <0,a€ B}.
5. (UPDATE)
( —X jout/ f jout, a=a
Xgq < Xqg — X out/f jout, a €B , update B,R,{T,}, Mg, F.
L Xq) a & BU{a™
6. Goftol.
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(BTRAN) ™ M. = &

>

>

>

Set n’p: = 0 and extend to potential «’ s.t. all tree arcs have
reduced cost zero.

The basic hyperarcs have (preliminary) reduced costs
oy =cq — ' (V(h(a)) + 7' (V(t(a)).q-

Adjust potentials atf trees (except r*, i.e., m,» = 0) such that basic
hyperarcs get zero reduced costs by setting

— AIT /
T

Ea =E£l — O, a e Bl
Ca=Cq = Lrer\iry Tr (IV(T) N h(a)| = [V(T) nt(a))

— A =IT
- Ca ZTER\{T*} CBZFBeraT
=ECII_ECII=O’ aEBZ

Mg = c}
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Example: (BTRAN) "Mz = ¢}

» Setn'p:= 0and extend to potentials ' such that all free arcs
have reduced cost zero.
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Example: (BTRAN) "Mz = ¢}

» The basic hyperarcs have preliminary reduced costs

Co, =1 — (1+0)+(2+2)=4
Co, =1 — (1 +1)+ (1 -1)=-1
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Example: (BTRAN) "Mz = ¢}

» Adjust potentials at free roofts (except r*) such that basic

hyperarcs get zero reduced costs by setting
. 1/2  1/2
T[;];\{Tl}: — CBT;FBZ' - (4,‘] )(1;4 _{/4) — (175,225)

and raising all tree potentials according to the roofs.
0

O 1.75
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The Hypertflow Network Simplex Algorithm

Input: Hypergraph H = (V, A) based on digraph D = (V,A), cost ¢ = 0,
demand b s.t. bT1 = 0, feasible basic (hyper)flow x s.t. supp(x) € A4,
associated basis B and tree T,..

Output: (Fractional) Minimum cost hyperflow x.
1. (BTRAN) Solve n"M 5 = ¢}, and compute reduced costs

. = cq —t(V(h(a)) + m(V(t(a)).

2. (PRICE) If ¢ = 0 then output x, stop; else choose a'™ s.t. ¢ in < 0.
3. (FTRAN) Solve Mzf = —M in.
4. (CHUZR) Choose a°'t € argmin {—;—Z:fa <0,a€ B}.
5. (UPDATE)
( —X jout/ f jout, a=a
Xgq < Xqg — X out/f jout, a €B , update B,R,{T,}, Mg, F.
L Xq) a & BU{a™
6. Goftol.
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UPDATE: Root Set & Elementary Hyperflow Matrix

» New basis B’ « Bu{a"}\ {a°"}, B” « B U {a!"}
» FindnewroofsetR s.t.R' 3 r*and |RAR'| =1

> Mpgf =—M_n S Mpn (]16) = Mgzf" =0

> fr”<—(]3‘), r € RUR', where Mgf, =e, —e, ifthereis re R"\ R

fll(aout)
> F. <« f(a)— ;(aout) f""(a), a€B'",reR
> FC,loutT' — O
> M'B,Fé,'l" = M-B’,Fé”r
f)ll aout

g - B

— M-B” T”

= M.pgf,

= eT _— eT'*
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Example: UPDATE

F = (-0.5,—0.5,0.5,0.5,0.5)"
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Example: UPDATE

f =(0.5,-050505,-0.5)"

-9 0 -1 1
e 2
z< 1 1 1 >; o 05 0.5 05
" 4 e
1 1 -0.5 0.5
2 0 0 0
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Example: UPDATE

» F=(-0.5-0.50.50.50.5)", f=(0.5,-0.50.50.5-0.5)"
» Ratiois R RN Fl.,,=1
—0.5 a
» Fing = (—0.5,-0,50.5,0.5)7T - (-1) - (0.5,—0.5,0.5,0.5)7 = (0,—1,1,1)"

-2 0 -1 1

A A

0.5 0.5

1 >; & 0.5 >.

1 1 -0.5 0.5




The Hypertflow Network Simplex Algorithm

Input: Hypergraph H = (V, A) based on digraph D = (V,A), cost ¢ = 0,
demand b s.t. b1 = 0, feasible basic (hyper)flow x s.t. supp(x) € A,
associated basis B and tree T,.

Output: (Fractional) Minimum cost hyperflow x.
1. (BTRAN) Solve n"M 5 = ¢}, and compute reduced costs

. = cq —t(V(h(a)) + m(V(t(a)).

2. (PRICE) If ¢ = 0 then output x, stop; else choose a'™ s.t. ¢ in < 0.
3. (FTRAN) Solve Mzf = —M in.
4. (CHUZR) Choose a°' € argmin {—;—Z:fa <0,a€ B}.
5. (UPDATE)
( —X jout/ f jout, a=a
Xgq < Xqg — X out/f jout, a €B , update B, R,{T,}, Mg, F.
L Xq) a & BU{a™
6. Goftol.
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Example: Start with a Feasible Hyperflow

» Only arcs/hyperarcs of the current basis B are shown.

» Flowx, = 1, a€B
*a =10, a¢B
» Costsc =1, demands b as labeled.
-1
»
-1
O O
O |
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Example: (BTRAN) "Mz = ¢}

» Setn'p:= 0and extend to potentials ' such that all free arcs
have reduced cost zero.

5
OO Q) ;\\ >\
< Qk\ o

0
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Example: (BTRAN) "Mz = ¢}

» The basic hyperarcs have preliminary reduced costs

=1 - (1+0)+(2+2)=4
=1 = (1+1)+(1 -2 =1

; @\x

Y

1 2
_/

ol
06) |
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Example: (BTRAN) "Mz = ¢}

» Adjust potentials at free roofts (except r*) such that basic

hyperarcs get zero reduced costs by setting
. 1/2  1/2
T[;];\{Tl}: — CBT;FBZ' — (4,‘] )(1;4 _{/4) — (175,225)

and raising all tree potentials according to the roofs.
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Example: (PRICE) Choose ¢ in < 0

» GCreen arc hasreduced cost 1-425+2=-1.25<0.
» Add this arc to the basis.
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Example: (FTRAN) Mzf = —M _in

» a'"isthered arc
> E, in=(1,0,-1)7

> (;Z:) =F. ER\{T*}ain = Gﬁ —11//24) (—01)=(_11/{LZ)

U
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Example: (FTRAN) Mzf = —M _in

» Compute demand on tree vertices induced by flow on basic
hyerparcs.

» Total demands (including demands on entering hyperarc) sum
up to 0 on every tree.

O
O O
1+(-0.5)
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Example: (FTRAN) Mzf = —M _in

» Compute flow on each tree by reverse BFS.
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Example: (CHUZR) a®"' € argmin {—;—“:fa <0,a€ B}

D min{—;—z:fa < O,aEB}= 1.

» a°%t'=red arc.
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Example: (FTRAN) Mzf = —M _in

» a'isthered arc
> E, i = (1,0,-1)7

e (B) = e = (1 0 ()

U
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Example: UPDATE

» x<x+1-f.
» TreesT, and T, change.
» R,B,, F do notchange.
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Summary

» One iteration of the Hyperflow Network Simplex Algorithm can be
implemented in 0% deg(v) + |V]%).

» If Bland’s rule is used, the algorithm is finite. Also polynomiale

» Generalization of Network Simplex Method to Graph Based
Hypergraphs.

» Combinatorial: Each pivot consists of (fast) graph theoretical
computations.

» Can handle upper bounds on the variables.
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InterCity Express (ICE) High Speed Train

jl
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Railway Constraints

Wagenstandanzeiger Gleis 11

G T T A T Tl P
o= [ o Tl Il L
o= R AT T I A FR
nE EEEELE BTEE, EREEE
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Timetable Regularity
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Assignment Solution

/’ _ﬂ\ deadhead trip / _\‘

|-' ICE 136 },' CE 757\
.\_\iThu}/\/ | {Tuu_a}/.'
|I ICE ?;Ill |4E TE\?\".I
v (Sun) v (Meon) |
{ ICE 51

\ (Mon) |/

L NS —

{ ICE 51 { ICE 9
|'-._ {Tue) 'H Y {Wen} .'|

N NS
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Rotation Regularity

E
\™) ] NG
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Modeling Regularity via Hyperedges

fice 130\

| (Thu) |
"/ ] )

v
=
=
—~ N
a0
=]
=9

N/ N

(e 2 (e

3)
feen)
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Hyperflow Model

N

/ICE 136\ { ICE 757\
\ (Tue) |

——

é-I_E_TS\?\".

. (Men) .'I

{ ICE 51 { ICE 9
|,\. {Tue) .'l I'-.. {WEH} .l|
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Railway Constraints

Wagenstandanzeiger Gleis 11
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Rare Train Composition Example
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Train Composition: Type, Order, Orientation
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Hypergraph Model: Possible Train Compositions

4 D ) ( O )
OO

trip 2 \ J

trip 5
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Hypergraph Model: Arrival and Departure Nodes

trip 1 trip 3
)
o) (e9)
trip 4
g N
(=)
trip 2 Y
)
trip 5
(G0} (e ="9)
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Hypergraph Model: Single Traction

trip 1

7

.
(=)
_

trip

o~ 9 'rﬂ‘
trip 2 kj

=)
(=)

\. J/
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Hypergraph Model: Double Traction

trip 1 trip 3

trip 4

@ p
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Hypergraph Model: Triple Traction

trip 1 trip 3

=)

trip 4

e A e
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Hypergraph Model: Pass-Through Connections

trip 1 trip 3
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Hypergraph Model: Pass-Through Connections

trip 1 trip 3

E9)
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Hypergraph Model: All Connections

trip 1 trip 3

(1 ate) =)

P N — =
R £ )

e 4
VAW 7>
- T == X
\ep—-

trip 5

= (fe—=9)




The Coarse-to-Fine Method

w\m'?“ fﬂ\‘ﬁﬁ\‘\ Y, ‘@. K\ A\

m\‘% NN A
lm\'ﬂ.um m% \‘\ﬂ\ \‘Ltf}r ¥/ \i\
' . i

composition layer configuration layer vehicle layer
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Motivation: ICE Connections
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Timetabled Trips: 1 Day
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Timetabled Trips: Standard Week
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Vehicle Rotation (1 Week)
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Vehicle Rotation (6 Weeks)




Rotation Plan: Follow-on Trip Assignment

(Blue: Timetabled Trips, Red: Deadhead Trips)
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Regular Timetable
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Regularity of the timetable trips:
> Red: Trip done on one day of the week

> Blue: Trip done on all days of the week Graphics: JavaView, MATHEON F4
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Regular Rotations

Graphics: JavaView, MATHEON F4
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Regularity of the deadhead ftrips:
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