R ERE LD HDE(CHR R D ERNIE

WASET (FURAZE [ 1B AIP | KBRAKZ)
20254 8 A 28-30 H fRETEERIAZTAR
ESRIE LS KUBEEDEFICRE I 3 EHIFR 2025
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iR ODEIE

AE : (1+1)-ES O—RURDIEA LYK L — bDEH
1. MECEKER & (&
2. FERM 7)Y X LD—RINER
3. HERBIZD—IRUNR (TI&L DEFHY —)L
4. Spherical B§#DE & TD (1+1)-ES D—RULER
5. —HEDEEOI S RICH TS (1+1)-ES D—IRULE

BiR

- FERNN DBIGHIR T ILT U X LD T 0 Zw D DIRfE & ik
- (LB DI R IRIEDIRTT
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HE{CERAE & (X

HEALERES: Evolution Strategies (ES) (Evolutionsstrategie, in German)

- Ingo Rechenberg & Hans-Paul Schwefel 57% 1960 H(CIRR

- HEREALY D TRIX THZEEDREIIEST ) ) LORARSRELL (CERD 8D

- ERUEHIOFHEICTRAS =1L —> 3 > HWE, BNEROAERTENR
<

- BRARDOEATOTER (ERZEREBRTAR) (CEE

- Ingo Rechenberg METHX E LT, ES ZHRMICHE EH LS
(Rechenberg, 1973)

- BRI T7ILT U X L (GAs, Holland (1975)) & (FIFRIBFHACIRTI U TIRES
N, EETEDDEFOERZ AR

- Rechenberg (FICEBRRNSEEEE TITZITIGAT S bionics HEF
TIELE
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(LR BEDIFES

(LD I L —LD—D
f:RY — R to be minimized
while not happy do
sample {x;}2, i.i.d. from Py
compute f(x;) for i =1,..., A and their rankings ry,...,rx
update 6 and internal states using {(x;, f(x;))},
end while

- (BAM(C(F) EFmEb7)LdU XA

- XS (ZEREIEMRDM) HNSREEMT DHERNT7ILITU LA

- B DAEZ BUVRU zero-th order S&iE{biE

- BRBEEDOX/NEFRDHZEED comparison-based &iE{biE

- EEDMDINSA—4 (FEEIRT NL, EDEITIRE) ZFHU
TWEIGH 7 ILTYUX
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(1+1)-ES with 1/5 Success Rule (Rechenberg, 1973)

1 input mg € R%, 69 >0,f: RY - R

2. parameter o > 1

3 fort=1,2,..., until stopping criterion is met do

4 sample x; ~ m¢ + oz, where z; ~ N(0, 1)

5: if f(x;) < f(m:) then

6: Miiq < Xt > move to the better solution
7: Oty ¢ Ot > increase the step size
8: else

9: Megq — My > stay where we are

10: Oty < o7 > decrease the step size
1; end if

12: end for

FAFAT : AFYT YA X o OIS
B (fx) < f(me) £723) BEEA1/5 (LB ESIC o &S
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BB BERETR

----- FixedES 0o = 1073
----- FixedES gp=10"*
-+ FixedES gp =103
-+ FixedES 0y =102

1072 - FixedES 0o =10"?
= Dy ---- FixedES g = 10°
*X 104 FixedES 0o = 10*
IE —— AdaptiveES 0o =10"°
= “| —— AdaptiveES g =10"*
10-° —— AdaptiveES 0o =103
—— AdaptiveES oo =102
—— AdaptiveES gp=10"1
100 —— AdaptiveES gy =10°
AdaptiveES gy = 10!
10-10
10° 10! 102 103 104 10° 106
t

o BIFEDIZEDIES L)
< Im = x*|| x o BETIEH
 EETBETCOITL—S3 N x 1/o
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1/5 Success Rule @O>wv 2

f) = x| 25 %3,

ARIC m EBHRURVRSIE, RNTBE affahn, KBIBE
ot fEENBDT, o (FERINFEEN 1/5 ERBETEE

c AFYVTHA NS FTE DR ¢
FRAE R =N DEHE (CH WV CERNEHNRIZER TaAlEN D
—

- BRIIRESRAN 1/2 (S
- o B®ARELTRIET, RINEEDNTHDN, —EOEHTAEN
ETED

- ATV IHA NS ETITET DR ¢
BRRAEN NE I DS RRER SN D EEHE (O U TE L <N
—
- FRIDEESRAN 0 (I
- oINS TBIET, RIERSEND, ETED

7180



BE 1/5 1D ? #fm

Definition (Progress Rate)

[Mer — X7

@(maa) =-E |:|Og ||mt_X*H | me =m, ot —0':|

p(m, o) FENEESLEELL :

E [log||meyr — X*[| | me = m, or = o] = log||m; — X*|| — (M, o)

Definition (Success Probability)

pgucc(m7 U) — ZN/\P/{o,/)U:(m i CTZ) < f(m)]

8/80



Sphere BA#®MDE & TD Progress Rate

f(x) = |IxIl D¥5& : Progress Rate (& 7 = 7 DB

[mll

Clgo(m,a) = —dE |:Og ”mt+1” | my=m,or = 0':|
[[me]
<
— - g I 2 o2 < i
Im|
= —dE [log|lem + (5/d)ZI{[|m + oz|| < [Im|[}]

a/d
= —dE [log|lem + (5/d)zI{|lem + (5/d)z|| < 1}]]
—dE [log|er + (7/d)ZI{||ler + (5/d)Z|| < 1}]]
—dE [log||es + (5/d)zI{[|er + (5/d)z|| < 1}[]
= 4(7)

em = ﬁr
E i1z~ N0, ) DEE, Z~
FEIERDICRES

e1=(1,0,...,0), R BEX T§|Je1_Rem, 7 =Rz.
N(O,RRT = 1) &D, MEFEUZEEE
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Sphere BA#MDE & TD Success Probability

f(x) = |IxIl ¥5& : Success Probability (& & = (7 DB

pc(m,o) = Pr [f(m+02) < f(m)]

2~N(0,1)

—, Pr lIm+oz] < |m]
=, b lllen +(@/d)z] <1
=, Pr fler+ (/)2 <1

= b plllen +(&/a)zll <11 = pgig*(2)

Lemma (Lemma 3.1 in Akimoto, Auger, and Glasmachers, 2018)

1. The image of p§'s¢ is (0,1/2).
2. pyig€ is strictly decreasing, thus bijective.
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Success Probability & Progress Rate MEHEAIARLT (1/2)

d— oo %%i?ait‘@ﬁ@%R‘C%%ﬂ?(:U%Eé@%

Pog (0) = N " [llex + (5/d)z|| < 1]
= N( [||ew +(3/d)z|* <]
= HO/ [d(ller + (3/d)z|* = 1) < 0]
ZCT,
= 2 = 2 —\2 d
d( e1+%z —1) _d<<1+gz1> +<Z> [z;z,?—1)

52

_20214——22
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(fi%2) KEDERI

Theorem (Strong Law of Large Numbers for 11D)

Let X1, X5, ... is an infinite sequence of independent and identically
distributed (i.i.d.) random variables with expected value E[X]] = p.
Then, limp— e nz, i s 1 1, i.e.,

R,
Pr [Ilrr)nnZX,-:ul =0.

i=1

z,...,z4 Fiid TE[Z] =1&D,

|

e+6z
T

2
—1) :2&z1+ ZZ —>2021+a
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Success Probability & Progress Rate MEREMIAET (2/2)

d — 0o ZEZX 3 & Success Probability ZEZ#EIFRD D RIEDMEIEK

®ZRANTEETES :
succ _ 2 <
Jim p3e@) = fim  Pr. [d(lles + (@/d)el} 1) < ]
ZZWNNO1)[2O—W+U ]
zw/\f 0,1)

—o (- 2)

E#R(C LT Progress Rate HRE{ELTES :
d|lm (pd(a') = —20FE l:(Z1 + > H{Z1 5’/2}:|

d M+ CRETNE, CNSOEZWRTAUTESD
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BRINEER 1/5 (XF=i# 6 D & TOMINER (SR VE

Sphere B#dDE ETD Progress Rate WNwRA(CIRD &

G5 = argmin oo ()
Bl 57 6 & TORINIER
pic(5h,) = @ (—‘?) ~ 0.27

Corridor €7)L (#REEOBHIBEEE 2(d — 1) EDAERXHIHIZIF DR
) CRROFEZETDE

||m Poa(54) = 0.184

CNSOERR LFERAINS 1/5 ZRINEZEDY -5y hEULTLS.
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O REIEDE & TDRERFIREE

102

10°

1072

1078

1071 :
10000 20000 30000 40000 50000 100000 200000 300000 400000 500000
t t

d=10 d =100
ERAE : M TIRBIE f(x) = 10, 10072
KR | m—x*||, BHER o
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(1+1)-CMA-ES : 2 BUTFERZITS (1+1)-ES

1. input mg € RY o9 > 0, X =/,
f:RI>R
2 parameter a > 1

3 fort=1,2,...,do Optimal point
4 sample x; ~ m; + o N(0, )

5 if f(x;) < f(m;) then

6 Meyq < X

7: Oty <— OtQX

8 update X4

9 else

10: Mepr My Probability model
11: Oty1 < Ot &

12: update ¥4

13: end if

14: end for

16 /80



BRI — VIO TIREIEICH T B8

Im=x*|

500 1000 1500 2000 2500 3000 3500 A0
t

— k=10°
K=10"

Cond(C *Hess)

00

500 1000 1500 2000 2500 3000 3500 40
t

10?

1072

Im—x"|

10°°

1078

1010 ?
10° 10* 10? 103 104 10° 108

f(x) = 3x " Hx

H=RTDR (R : B3{75,

D = diag(1, ..., 1051, ... 10%))
MR ¢ (1+1)-CMA-ES, TR @ (1+1)-ES
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“The” CMA-ES

Hansen and Ostermeier (2001), Hansen, Muller, and Koumoutsakos
(2003), Hansen and Kern (2004), Jastrebski and Arnold (2006), and
Akimoto and Hansen (2020)

.....

1. Generate candidate solutions {x;}i—1__x from N'(m,0:°C;)
2. Evaluate f(x;) and sort them, f(x1.2) < -+ < f(Xa:r)-
3. Update (m, o, C) using the sorted solutions (X;.»)i=1

L] ¢

(m, C) update based on the Natural Gradient of
J(0) = Exp, [(Wo H)(X)], ie., 8 < 6 +nZ, ' VE[(W o f)(x)] (Ollivier et al,
2017)

A

.....

, ’
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ERNTZITUZXLD—RIE :
EFHT &HER 1 URL— b




(1+1)-ES OPITVURX A (FBF#FITSIFZILTVUXLA)

1 input mg € R%, 69 >0,f: RY - R

2: parameter oy >1>a; >0

3 fort=1,2,..., until stopping criterion is met do
4 sample x; ~ m; + N (0, 1)

5: if f(x;) < f(m:) then
6: Miiq < Xt > move to the better solution
7: Oti1 ¢ Ot > increase the step size
8: else
9: Mg — My > stay where we are
10: Ot41 < Oty > decrease the step size
1; end if
12: end for
BIRERD S — 5y M 20,
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(1+1)-ES D— RN

102
A
L ——
10° 4
i
1072 4
.
X
| 1074
E
— k=10°
-6 |
10 — k=101
k=102
k=103
10784 Kr=104
K=10°
— K=10°
10710 - " v .
2000 4000 6000 8000 10000
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HERBIED—RIVKRICEAT BERK 1 : First Hitting Time

Definition (First Hitting Time, FHT)

Let {X; : t > 0} be a sequence of real-valued random variables with
initial condition Xg = By € R. For 8 < fy, the first hitting time ng of X¢
to the set (—oo, 4] is defined as T = inf{t : X; < B}.

7% (& 0 B EOIEEERD HRE
X PEZBRROT, X < f E1RBHA SO EHE,

21/80



(1+1)-ES @ First Hitting Time

(1+1)-ES DREAED  STEEAD First Hitting Time

X = log||m: — x*|| (f DEERE x* DNSDEEREDIIER) £FB. S =loge
ETNUE, TS =inf{t: X < B} (& (1+41)-ES DN RERRED ¢ ITFE(CFND
TEEIZETDRATYT#

First Hitting Time [CDWTRLIEWC &
BDDEDEE Cr & Cr BMFIEL, FR®D € > 0 [CDUWT Expected FHT
(EFHT) ¥

_ mo — X*
E[ log(e ] Cr CR1'|0g<H 06 H)
Zimicg.

- e EBICEBET DETIC, O(log(1/€))
GREHIT7ILT Y X LD—IRINER & X iE)
© —Cp (FUNRERERDIESE (XIS
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HERBEO—RIKRICEITIER2 : IRL—b

Definition (Convergence rate)

Let {X; > 0}+>0 be the sequence of real-valued random variables. If
there exists a constant CR > 0 satisfying

Xt
Pr [limsup - lo =—-CR| =
[ t—>oopt & <X0> }
then exp(—CR) is called the convergence rate.

Cf. SREHIRRIIC DV TDIRL —

T
m —————
t—o0 ||Xt 7X*H

23 /80



—CR (JUNRBRFRDAEE

—CR (FUNRBRIRE I E R T — )L THIWZFRODAE DIER
limsup Z&EDTWVWBDT, LRIDOEIEHRDIASE.

100 —_— X_t
\ ¢ exp(—CR - t) + Const.

)Wy

. 1074 4

PN
10-6 {
1078 4 /\
10710 - - : : [\
0 200 400 600 800 1000
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(1+1)-ES DUERL— b

Convergence rate
Xt = ||mt — X*H ETB. CDOESE, CR > 0HFEL,

- |mﬁww> ]
Pr|limsup-log| —— | = —CR| =1
[tﬁmpt g(nmo—xw

E12D, IRDOE, B m iR 1 TRERE X [CEND>TRINRT D
Z&, BEXU CR DIE.

Note:
t—1
1 |mtxw> 1 Imi s — x|
-~ log < = - log | ————
t [mo — x*|| t; [[mj —x*|

12OT, HEDFIZEX TS EEHFEMEND.
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EFHT /N> RiilT : RU T Mg

ERBIZD 1 AT Y T TORFRER E[X 1 | Fi] - X EEXBIET,
EFHT (C\D > RZE5 X 2141 (Hajek, 1982)

BRI\ T —2 3 W FE (GEBA U7 SR FMEME (SIS U TIEIR)
- Additive Drift

-+ Multiplicative Drift
- Negative Drift
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BRBREERMODE ETOMEN KU D SMER

Theorem (Additive Drift (Lengler and Steger, 2016))

Let {X; : t > 0} be a sequence of integrable (E[|X|] < oo) random
variables adapted to a filtration {F; : t > 0} with state space [0, co)
and Xo = xo. Let T =inf{t : X; = 0}. If there exists ¢ > 0 such that

EXeq | Ft] — Xe < —C
holds for all t > 0 as long as X; > 0, then

Xo
E[T| < — .
m<=

AEIR
- X DR EHFEORLE (RUTK) R ErSEDERT/(D
> RENDRS, EFHT OERAFSND

CORERIRRI Xe — Xe < —C ([EDVTIE SN D LR &G -



(#8) R? L Filtration

Fi [FRTYT t £FTICE/BNDIEHRDES

Definition (Filtration)

A filtration {Fi}t>0 is a non-decreasing (F; C Fiq) family of
sub-c-algebras of the Borel o-algebra B(RY).

FEE X0, X, - ., Xe DEEENDIBERDES

Definition (Natural Filtration)

For a sequence {X:}:>o of random variables in RY, a natural filtration
{FX C B(R%)}>0 is a sequence where Ff is the o-algebra generated
by the random variables Xo, X1, ..., X, i.e., FX = o(Xo, X1, . . ., X¢).

28 /80



() R LoWEEBE

Definition (Adapted Process)

A sequence {X:}+>o of random variables is adapted to a filtration
{]:t}t>0 if ]:tX C F; for everyt > 0.

BIR(E, X = log||m: — x*|| ZE&EZDBE,

* EXewr | Xo, X1y -, Xe] BULIE EXe | Y] 2Z X BBE,
00,01 ...,0i DIFRZF O TR\ ECIRD, TNS(ICERMHIT
SNTVWVRWHIFHEZSTE I D 2 &(T125.

- PILTUXLWESNDIEEE F EUIEBE, EXuy | F] (&
00,01, ..., 01 DIEREIF O DX TOXMHIESHIFE 12D,

29 /80



Additive Drift on a Bounded Discrete Domain M3EBE (1/4)

ENLE[OYsF

° EQ@E& L#ﬂf@{tDD(L, XT+1 XT+2 =0 (‘.’.Qéﬁ& L*EE
ZEZTCHETIEEDSIRLDT, %ﬁ%%5:&&<;ﬂ%ﬁm.
(COXSBRTOERZA YT TOVREITER)

- TIIFEED (BHEZED) HREHTHDIZD,

E[T] = itPr[T: f
t=0

= iPr[T> t]

- ZEAZRAVWBIET, PriT> | Z#/\D> R
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Additive Drift MEERB (2/4)

E-JESve
]E[Xpr'] | ]:t] — X < —C if Xe >0
Xe >0 < T>tROT, RhvITTOLREZZ TR EITEER)

< (E[Xes1 | Fi] = X)I{T > t} < —cI{T > t}
< E[X;I{T >t} | Ft] = XI{T >t} < —c{T >t}

A (C DV THRREZ NI,

= E[E[XenI{T >t} | F]] — EXI{T > t}] < —cE[I{T > t}]
< E[XeqI{T > t}] — E[XI{T > t}] < —cPr[T > {]

31/80



Additive Drift MEEBB (3/4)

T<t = X,=0&D,
Xe = XI{T > t} + XJI{T < t} = XI{T > t}
BAEZ &N,

— E[X] = E[XI{T > t}]

IE.M«%(:, Tgt — Xt+1 =0 73103_(',

EXen] = EXeaI{T > t}]

RELXD, FEDt >0 (CHUNT,

E[Xe11] — EX] = EXeI{T > t}] — E[XGI{T > t}]

32/80



Additive Drift M3EBR (4/4)

FEHDE,

E[Xe11] — E[X] < —cPr[T > ]

E[T] DRCRATNIE, E[Xo] = xo LB EX] > 0 [SEEINIE,

E[T] = i Pr[T > 1]

=

= Z E[X] — E[Xt14]

S
= - ZO: E[Xi] — E[X41]

= lim_ 1(IE[XO]—IE[XT+1D

< lim IE[XO] =— O
e 33/80



BATRWNESORE

BEATXIZR(E X = log||m; — x*|| € (—o0,00) =
Unbounded RREBZERMDIZE, BIUKATIX E[T] Z/\D> RTERRL
= : p e (0,1) (CXRULT,

{Xt w.p.1—p
Kipr =
Xe—1/p w.p.p
CHEEZERUT I p ICKET

E[Xe1 | Fi] = Xe = —1

ERERIBE T = inf{t : X; < log ¢} DEAHE(L p HNE<R2BENL
STHERELLRDESZ. (—EDOSv > T TEETEIN, Sv>TIhie
ETDFETOHRFRTYIEIE1/p)

SEEAEDREHE : RIERT YT D E[X, 1] BN RTERR.
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Unbounded Domain T®D EFHT I\ > RZEBBIA1 Y —)L

Theorem (Truncated Additive Drift)

Let {(X:, Ft) : t = 0} be an integrable adapted process in R and
Xo = fo. Let Tg = inf{t: X; < B}. If there exist A > B > 0 such that

E[max{Xis1 — X, —AM{Tg >t} | F] < —BI{Tj >t} ,

then At fo— B
X 0 —
E[T5] < —5
EZESADNN

REIEDZv> T2V TURETORUT hEIN\D RIBE
TEFHT Z/\D> RTEDLDCTD
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Truncated Additive Drift MEEBBR LY F

SEBAD75 £t
- TR DFEZBIEDORDDIC, Yo =X 1D
Yirr = Yo+ max{Xesq — Xe, —AM{TS > t} — BI{T§ < t}

TERSNIBOTOCRAZEZS.

Ct< Ty THBRD,

Xe < Yi
PMREEEND — T < T)

-V @R DY TTOCR (Vg =V p = = Yyy) EBRXBE,
Y 28— A MMEENde, BFRRXAA > TOH Additive Drift MFE
BADRIEZATY F(CHWNT, ElYr]> 6 —A ZEZF/IND> RHE
5Nns.
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Negative Drift : EFHT D TFRE/[ D IZHDEFRY —IL

Theorem (Negative Drift (Akimoto, Auger, and Glasmachers, 2018))

Let {(X:, Ft) : t = 0} be an integrable adapted process in R. Suppose
that Xo = o, Xep1 < Xi, and

EXe4q1 | Ft] — X > —C

for some C > 0. Let TS, = inf{t : X; < B}. Then

1 Bo—p
X > R
Elfsl > -5+ =4
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Negative Drift MZEEA (1/2)

© RUTRRIEED, T= | 522 | 27y TEBUT,

T—1 -1
E[Xo — Xr] = [Z —Xer)| = E | D E[(Xe — Xesa) | ft]]
t=0 t=0
.
_ - B
< C =T-C< 2
t=0

- FOFRER(C Markov DRZER (Prix > a] < 2) #AELNIE,

1
PriXo —Xr > 6o -8l < 5 — PriTs <T] >

N —
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Negative Drift MDA (2/2)

- B5—& Markov DAFRZEA TN,

E[TS] > PTE<T]-T > T > fo—b 1
~~ <~ 2=~ 4C 2
) @ 6 ?g’
(1) Markov's inequality
(2) FIRSA RoDfE:m
3) T L J@ﬁ)&
(4) JO7BEERDUNIE O
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R 1 IR — h2EH I 3HRFRNY I

Theorem (Prop. 2 of Morinaga et al. (IEEE TEVC 2024))

Let {(X:, Ft) : t > 0} be an integrable adapted process in R. Consider

the following conditions:
C1 3BvpPer > 0 such that E[Xiyq — X¢ | Ft] < —B"PP* forallt > O;
C2 3BYver > 0 such that E[Xeyq — X | Ft] = —B°"e forall t > O;
C3 32, Var[X(]/t? < .

(1) If C1 and C3 hold, then we have

’

1
Pr {Iim sup%(Xt —Xo) < —BuPper] =19 .

t—o0

(I1) If C2 and C3 hold, then we have

t—oo

1
Pr [Ilmlnft()(t —XO) 2 _Blower:| -1
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(#%2) Martingale Sequence

Definition (Martingale Sequence)

Let {(X;, Ft) : t > 0} be an integrable adapted process in R. If
E[X | Fi] = X,

for every t > 0, then it is called a martingale sequence.

41/80



Martingale BIE(CXIY BRI DIdERZAVVZEER (1/3)

(1) ODFEEA

© Zipr = Xepr — E[Xep | Fi] EEERTDE, {Zi}i1 (& martingale =
DR5 (E[Ziyq | Fi] =0 forallt > 0)
AZsr AL,

t

1 1
E(Xt —Xo) = T ;(X:‘ —Xi_1)
1 t
= ¢ 2 (@ +EX = X | Fina))
i=1

t t
1 1
:E g Zi+E g E[Xi — Xi—1 | Fizil
=1 =1

t
1 u
Z ___Rupper
St ZZ’ N
=1 — (1
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Martingale iBI2(C3 9 DRI DMEERZAVZEEA (2/3)

Theorem (Strong Law of Large Numbers for Martingale)

Let {Y:} be martingale and let Z; = Y — Yi_1. If

o E[|Ze[*]
Z o % 69

t=1

for some o > 1, then

- G M a =1DBED martingale (CDULTD SLLN DRAF(THTIS
Var[X] _ E[((Xt — E[X; | Fi—1]) + (E[X: | Fio1] — E[X]))’]

2 t2
_ Var[Z] + Var[E[X; | Fi]] - Var[ZZ]
a 2 -
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Martingale IBf2(CxT S KED&ERZEHAVVZEER (3/3)

- Martingale Bf2(CDWVWTD SLIN (o =1) ZALNIE,

Pr [Ilm sup - (Xt Xo) < _Bupper}

t—o0

t
1
> Pr |limsu - Z; — BupPer | < _ pupper

U

_pr [nmwp ZZ ]

=

t—o0

t
o
> Pr [tl_lfgotZZ,- = O] \(_’)/0
2

() (15,2 By < g —
(2) Martingale #2(C349 S SLLN

(Xt — Xo) < —BPP"

1
t
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F &8 : (141)-ES O—RINK &R T T=shDEFHWY —)L

« EFHT @R : Truncated Additive Drift

- EFHT @R : Negative Drift
- BEE IR L — hD_ETBR 1 Martingale @@F2(C DU TDKREID
s Al

EFHT OFIm : ¥IEMEDSZE &I TS D (Cr ([T3%=)
R 1INRL — bDFISR : F4 bRD> RAMESNPITN
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Spherical B#dDHETD (1+1)-ES
D— RN



(1+1)-ES DERiBE

. sample X, ~ m; + oN(0, 1) £ mi + o1 - 2, (z; ~ N(0, 1))

1
2. if f(x;) < f(m:) then

3 My < Xt > move to the better solution
4 Ot — Oroy > increase the step size

5. else

6 Mirq < My > stay where we are

7 Ot — Oty > decrease the step size

8 end if

(1+1)-ES DHERIBIE

91: = (mt, |Og(0’t)) ZIREEEFR I BN ET B, {Zt € Rd}t>o ZIRNT(C
N(O, 1) ICHESTHEENRT MUBIE TS, CDEZ, 8y = (Mo, log(0s)) T
o, AR (e (&0 5 Oirq = 0; + g(@t,Zt;D ETEES. CCC,

G(0,2f) = (0 - 2, log(ar)) I{f(M + 0 - 2) < f(m)}
+(0,log(v)))-I{f(m + 7 - 2) > f(m)}.
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(1+1)-ES @ EFHT O FPR%Z Negative Drift ZAWTRY

Negative Drift for (1+1)-ES
Let {X; = log||m; — x*|| : t = 0}. Suppose that Xo = Sy, Xi11 < Xi, and

E[Xetq | Ft] = X = —C

for some C > 0. Let T, = inf{t : X; < B = loge}. Then

1T Bo—28
X
> .
E[Tﬂ]/ 2+ e

me B8 x* D e FFBCEY NI BFETD EFHT D TR,
1. log||mer — x*|| < log||me — x*||
2. Eflog||mes — x| | Fi] — log[ime —x*|| > —C

EREERED.
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BRI TEH S &(E Spherical B#ETIXEBA

Spherical B%E f(x) = g(||x — x*||), g : R — R (FEEFAIENNBIER

f(mea) <flme) = glIMess = x*[1) < g(lime = x*])
= [[Mepr =X < flme =7

& log|[Mes — x7|| < log||me — 7|

(1+1)-ES (FERIBSE DB INENIZHA (S U TRERDT, UTF
f(X) = ||x — x*|| £ARGE.
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Hit-and-Run : @AY I/ XzZBWzEBETZ )L JUX A

: sample x; ~ my + o (0, 1) Lmi+or-z (2 ~ N(0,1))

1
2. if f(x;) < f(m:) then

3 My < Xt > move to the better solution
4 Ot — Oroy > increase the step size

5. else

6 Mirq < My > stay where we are

7 Ot — Oty > decrease the step size

8 end if

Hit-and-Run ZJLAUX A

1. sample z; (z; ~ N(0, 1))

2 of = argmin,,||Mmt + 0zt — X*||
3 Xf =M+ ofz

4 Mg = X
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Hit-and-Run ZAWVWTRU I hZEI)(D> R

- (1+1)-ES D myyq & Hit-and-Run @ myy = X7 [CDWT

Imepa = x*|| = min{[|me + owze — 7|, [|me — x*[|}

> min|lme + 0z = x| = [Ime + o7z = X7 = Xt x|
oz

MEENBDT, log|mey —x*|| > log|ixy — x|
- INEAVTRUD b FRZEH

Eflog||meyr — x| | 2] — logim: — x7|
> Ellog|lxt — x| | Fi] — log|[m: — x*||

B& £ (+)-ESDORUTK) (o (CHKFT DN,
A1 (Hit-and-Run D RUT ) (& mi DI THIF T DIZHBRAINE S
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Hit-and-Run @ RU J M FREDEH

Lemma (Lemma & in Akimoto, Auger, and Glasmachers, 2018)
Ford > 2,

* * * 1
Eflog|lxi —x7[| | 7] — log[me —x*[| > =
SEBADRTY F

- BOAIFMCERD L, RBRRATYIHAXE
It = x> + llotzel|? = [|m; — x*||> £72Bm

- INZEEEIDERUT ME

/2
2WL4 /O log(sin(8)) sin~2(6)do

- INZEd>20EDTERNS/IITY R
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(1+1)-ES 0 EFHT OFIRIE © (d log (171 ) )

Theorem (Theorem 4.7 in Akimoto et al., 2022)

Ford > 2
x1s 1 dy(Ime—x|
E[T5]> 2+4|0g< - )
AvEg—>
EAR o BTEEZTH

—RUNER & DR INER(FHE T DB Q (Iog ( Jmo—x H))
EFHT (RTTERICLEHI: Q (d) (GEABSEDIRSR)
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(1+1)-ESORYU I RO LRICEAT D I1 X

DAX: UTZBZINANIEE B >0(F?

Eflog[[mes — x7[| | Fi] — log[|me — x| < B
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(1+1)-ES D RU T FDLRICEAT B I1 XDER

EfZ2:B=0
- d — oo [CBIFB Progress Rate (FB18) :

din;o w4(7) = —26E [(zw + ) I{z; < 5/2}}

=92 __ 0TO0(CEHA.

Tm—x=Tl

+ d — oo [CBIFD Success Probability (FB#8) :

im p250) ~ o (~2)

g — o0 T 0 (THMA.

Cop < |me— x*| DB, HEEBHNVNL STENELRSB
Cor> [ me— x| DEBE, BEERNNL STENE RS
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(1+1)-ES DUNR B

EEEHE |m, — x| DESHEEF 0 ERBRANTEE

10°

H’nl - Z*” g, exp(V(O))

1073

0 200 400 600 800 1000 1200 1400
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RUJ MEEHTI\D> RTESDRT> S vILEEHESE

PAT4F
BUTFZBIZIMRT 22 v LB V() &35
1. log|lm — x*|| < V(6)
2. E[V(0e11) | Fi] — V(6:) < —B

% DRDDIT, T = inf{t: V(6,) < B} ZRRAT

“V(8) < B = logllm —x*|| < B1BDT, T5 < T

56 /80



RF> v ILEE

Spherical BI#ICE(FS (1+1)-ES DIRFT > v JLEIEK

Q €||mt—X*|| Ot
V(8) = log||m — x*|| + viog™ [T +vlogt | ————
(6) = logllm —x'| - T
penalty for o< ||me—x* || penalty for o¢>>||me—x* ||

log*(s) = max{0,log(s)},v>0,u>¢>0
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Normalized Step-Size, Progress Rate, Success Probability

Normalized Step-Size (F§i8)

_ do
g = "
[[m —x*||
Progress Rate (F#5)
[Mer — X7
p(m,o) = —E |log "——— M =m,or =0
[[me — x*|]

Success Probability (4> Uk3E)

prec(m,o) = Pr. [flm+02) < (1= n)f(m)]

58 /80



Spherical B3#dDH & TD Progress Rate & Success Probability

Progress Rate & Success Probability & & DBES%K

Progress Rate:
dp(m, o) = —dE [log|les + (5/d)ZI{[|le1 + (5/d)z|| < T} =: ¢4(5)

Success Probability:

pc(m, o) = Prllle + d~GN | < 1= 1] = p**(5)

Lemma (Lemma 1 of Akimoto, Auger, and Glasmachers, 2018)

- puee(5) is positive and continuous for r € [0,1)
- p3uce(5) is strlctly decreasing (thus bijective)

- psuee(3) — 3 as & — 0 and p3iE(5) — 0as & — oo
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FRRTDIRSEL

ot < /¥ (<o <u U < ot
pEsc(a) ~ 0.5 positive ~ 0
log||m — x*|| ~ 0 < log(1-r) ~ 0
W.p‘pfucc(&)
log* (C,%Z) —log(a4) w.p.~ 0.5 ~0 /
—log(ay) w.p.~ 0.5
log™ (ﬁ) / ~ 0 log(ay) w.p.~1

OU “Jjéﬂt’_ I\ U v I\ E[max{V(Ht+1) - V((‘)t), —A} ‘ ft] — V(Qt) (Ett
DT—ATEHA
- 5y < L DIBE, logT (‘%2) MR © —7 log (%) <0
- (<5 < UDI/BE, logm — x*|| I —A KD BRI DHEEN
‘D?iacfexp(fﬁ\)(a-) : |\U J |\ < —A minK(—,u piiﬁcfexp(fA)(&)

< 51 > U DIBE, logh <i> YA« log (o) < 0

o u
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(1+1)-ES @ Spherical B¥DEH ETD EFHT LR

Theorem (Theorem 4.5 in Akimoto et al., 2022)
Let T, = inf{t: ||m; — x*|| < €}. Then,

m _ *
E[T] < Cr+ Cg 'log (”Oxn)
€

where

Cr = 0 ( max{ 0, log apfllmo — x| log _ 0o
! ’ 70 "2 N agullmo — x|

0 (dlog (Ime=L)) EFHT

For d > 2, we can find coefficients of the potential function such that
Cr € ©(1/d) as long as log(aq /) € w(1/d).
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F& 8 : (1+1)-ES D Spherical BEDEETD EFHT

Spherical B& f(x) = g(||x — x*||) DEETORIERE x* D e FHEFRTD
FHT T, = inf{t : [|[m; — x*|| < ¢} DEAFFHEB(L

E[T] € © (dlog (mo ;X*H))

DEMEOBEE E[T] DI k ¢ [CUTFDES CENS

Cr € 0 max?0,log apfllmo — x*|| log %
’ o0 ’ a ulime — x*||

EATR 0 BIITEZRVWZELTE,

o1 € (g1 (I7e=X1))
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— RS DEIE OIS X (CHBFS (1+1)-ES
D— IR



BB HEAZ RO U TAERIBRICER

Definition (Spatial Suboptimality Function)

For a measurable function f: RY — R, the spatial suboptimality
function f, : RY — [0, +o0] is defined as (u: Lebesgue measure)

= V(1 (=00, X)) = \/u ({y e RI|fy) < f(¥)}) -

fRIR:
- BHIBIEE SEIEANERORED d TIB(CEIR
— B UAREZIT DBERDEE (DESUSE) (CZi
CBIRIE, f(X) = g(XTHX) (g (MERDBHZRES) (2T VX Ax
(DEFZ) (CEM;
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BRREHENEIEINEEE 1 : ACAEEEH

Assumption 1

There exist constants C, > C, > 0 such that for any m € RY an open
ball B, with radius C,f,.(m) and a closed ball B, with radius Cufu(m)
satisfy By C {x € R? | f.(x) < fu(m)} and

{x e RY| fu(x) < fu(m)} C B
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Success Probability

Definition (Success Domain)

The r-success domain at m with r € [0,1] is defined as

Si(m) = {x € R? | fu(x) < (1= fu(m)} .

Definition (Success Probability)

The success probability with rate r € [0,1] at m € So(mo) under the
normalized step-size & = o/f,(m) is defined as

prec(am) =, Pr [m+fu(m)az € S(m)] -

Note 1. f(x) = g(||jx — x*||) DIEE, TNETOESEE—H.
Note 2. Success Probability (F—f&DIBE m (CHTE.
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Assumption 2 : p-improvability

Assumption 2

There exists p'™it such that for any m € RY, the objective function f
is p-improvable for some p > plimit je,

liminf inf psucc(a m) > plimit
ol0 meR

PIZ (L, oI CIREIRREER(E
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Assumptions &= 9 BIEDHI 1 : L,-58OHD L, -FiBTREEK

Lemma

Let f=goh where g is a strictly increasing function and h is
measurable, continuously differentiable with the unique critical point
x*, and quadratically bounded around x*, i.e., for some L, > L, > 0,

(Le/2)lIx = x*[1* < h(x) = h(x*) < (Lu/2)[Ix = x*|* .
Then, Assumption 1is satisfied with C, = i,/L—L’ and C, = id f—g
where Vg = &7

W is the dth root of the volume of the
d-dimensional unit hyper-sphere
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Assumptions Z&iif=9 BIE DA 2 : IEFREIE

Lemma

Let f= g o h where h is continuously differentiable and positively
homogeneous with a unique optimum x*, i.e., for some v > 0

h(x* +vx) = h(x*) +~ (h(x* +x) — h(x*)) .

Then, Assumption 1 is satisfied with C, = sup{||x — x*|| : f.(x) =1}
and Cy = inf{||x —x*|| : fu(x) =1}
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{REDHIZENS & Success Probability /N> RHE5NS

Lemma (Proposition 4.1 in Akimoto et al., 2022)

Suppose that f satisfies Assumption 1. Then

sup py (o, m) < @ (E (O, C_“))
m o

. succ( =. 2 (2CU — C@) C@
%fpo (O', m) > () <B <0'ej, g 5

where e; = (1,0,...,0) and & is the standard Gaussian measure.

BT, Assumption 2 55 liminfs o infy, p5icc(; m) > plimit 2T,
- & MHDRE : piiec(G;m) = 0
T b“—I—ﬁf}/J\éL\ : pgucc(&; m) % plimiL

Q
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TEERUW Normalized Step-Size DEEEIMTFEIE

Lemma (Lemma 4.2 in Akimoto et al., 2022)
For any p, and p, satisfying 0 < p, < % < pe < ptimit the
constants

J¢ = sup {6 >0: ipnf pgie(a; m) = pg}

gy = inf {0’ >0: suppS“CC(a m) < pu}

exist as positive finite values.
Let ¢ <&, and u > &, such that u/¢ > a4/ay. Then, forr € [0,1], pf
defined as

p; = inf |nfpsucc(a m)

L<a<<u m

is lower bounded by a positive number defined by

min ® <B <((2C“ o r)C€)> e (- f)Ce>>
1<a<u = P
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Assumptions 1 & 2 DEETDIRT > > JLEEL

(1+1)-ES DRFT >+ JLBIE

BIAS 1 RDOEHFZEBIET u, £ ([CDNT,
artf, (M)
ag

V(0) = log(f,.(m)) + vlog™ + vlog™

el

Spherical B3 dDE ETORFT > )L E DB,

- EEOEEN |m — x*|| DARDDI(C f,(m)
Note: Cgfﬂ( )< ||X X* H Cufu( )

- Normalized Step-Size DEFEN 7 = Hm T DRDODIC 7 = @)
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BFRRTODIRDEL (Assumptions 1 & 2 DIFE)

ar </ {<or<u u < ot
prEse(a; m) > pe positive < pu
< log(1—r) w.p.
log f.(m) ~0 e( ) wp ~0
pre=c(zim) > pf
C —1 w.p. >
log™ (ﬂ) og(ar) w.p. > pe ~0 /
7 —log(ay) w.p.<1—py
5 —1 p.=1—
og* (25) / no  {TlEe) we>1-p,
o —log(at) wp. < pu

DU IFENZE RUT K E[max{V(011) — V(6:), —A} | Fr] — V(6:) (&,
Spherical B# & (FEA LR UZEMRICKD, EDT—ATEA
R  RFINTA8DORUT b

< —log(az)pe — log(ay)(1 = pr) = —log(ay) — pelog(as/ay)

log(1/vy)

< —log(ay) — fog(ar /o) log(aq/ay) =0
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F &8 : Assumptions 1 & 2 DEETD (1+1)-ES D EFHT LR

Assumptions 1 & 2 DB ET (1+1)-ES (F—RINE

Suppose that f satisfies Assumptions 1 & 2 with pmit > %.
Then, the EFHT of (1+1)-ES is

7] € 2 (1og (17=1))

Note 1. FNINRERDS —4y b 2oL G2ERnBSh THINED
plimit — 1/2 KHRSRN. (o) ¥ a DFEENTE)
Note 2. #(C, ERMRNBSHTRVGESE, —HR(C plimit <1/2. 4

.....

DFENVEARFEIR)
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Assumptions 1 & 2 DEETOD (1+1)-ES D EFHT TR

TBRIZ Hit-and-Run ZILTUXLAZEZ D ET, Spherical BERDz
BLRECEBEDONESNS.

Theorem (Theorem 4.7 in Akimoto et al., 2022)

Ford > 2,

1 d [Imo — x*||
E[TS] > —= + —log [ ——— | .
[T5] 2+40g< -
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IRL— hERT [CBEE DT A b3 LROFHEH B E

1. KDBVMRE (BHIEEZIRET D)
2. RESNIZBNBEETOLDRVVRT > 2 v LB DT
3. RUT bDKDZA SAEHM
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{RFE : SBOMEE VT Sy YR

Assumption 3: Strongly Convexity and Lipschitz Smoothness

A objective function is f(x) = g(h(x)), where g is strictly increasing
and h is measurable, continuously differentiable and L-strongly
convex and U-Lipschitz smooth, i.e,

L u
Sl =yI? < h(y) = h() = {y =%, Vh()) < SlIx=yII* -

The unique optimum is located at x*.
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RF>SvILEHERUT B

BODDOUTSY Y EBREEHODE ETD (1+1)-ES DIRT > >+ LB
V() = log (h(m))
-y/Lh(m) oEo
.log™t S viEnim) ogt | ——=
+ V- log ( s >+V og <£. T}(m))
where Eg = sup,, , E[Q;] and

Q, = SE[h(m + 02) — h(m) — (Vh(m), 2)]

a

BAMERUT bDIND> REFDIEHIC, UTDELD(CHRMAFDIR

” VioE’
- Otherwise.
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(1+1)-ES DUERL— b

Theorem
If ar and « are chosen so that log(1/ay) ¢ (f\/g) ~ 0.212, where

log(ovt/axy)
® fs the standard Gaussian CDF, then

> CR € Qy00 (min {L, log (O[T) })
EQ o

Qf —

84451

- —REOD L-FROYHD U-TEBREHMDBES é =+
d [CRREEBI, S Y (SR
- IREIER 1x T HX DIBA é = TréH)

FALRHSTHOTE, L— M gl 15 gl ETH0ED

78 | 80



Y ZIRBICEH VT B RERfE & DLER

=DDRIUEHEZIF DL IREEBTOUERL — b (EERE) DBk
- Hy = diag (1,10%, ..., 10%)
- Hy = diag (10”'%,10”ﬁ, N .,10”'”1)
- Hy = diag(1,...,1,10)

10! :§ 10! ‘ﬁ"*-.. 10! ‘
Sk % BRI \
AN ‘x\;‘m._ 10 \\-‘_.\0:&*\.. 0= \\A....A,.‘.!__,
Y e, “h. Fonly, TN (i
\_v:.,‘ 0 o Xy \»\“vi‘--r"'\*""% L\ gt A )\‘\’
(@ 10 A ""'L:.\O:x‘: (& 107 **&;k‘:‘; (& 10 - tt—t—e
Sy Foy A o _|'C S~y A.. ®|'C
“_ v 2a e } AR }
10 L 0 e, i e S 1077 Ty 10°7
~. vog A ~
~ V-
107 R 107 107
'~
100 10! 107 10° 10° 100 10! 10° 10° 10* 100 10! 10° 10° 10*
dimension dimension dimension
(a) H (b) Ha (c) Hs

Figure 1: Results on convex quadratic functions with Hessian matrix H1, Hz,
and Hs. Average and standard error of CR with varying d and varying &: ()

0,(x)1,(0) 2 (A) 3, (V) 4 (<) 5, () 6. s = exp(1/v/d) and oy = oy *
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FEoH:

—RDIBED (1+1)-ES D—RUNVK

- Assumption 1 & 2 =Bz I BIELT(E, plimit M DIHEIC

> log(ag/axy)

—IRUNR

- EEENNESHVREETIE plimit = 1/2, —ARIC(E plimit < 1/2.

phimit — 0 IRS MR EIR (B, Assumption 2 (FEEFAN
DUERDT=HDNEZAF (Glasmachers, 2020))

- BN DUT S W WIEIAEE (ETDOEBEM) DOEETDINR

L—bEO0 (&)
CREIROBE, IRL— a0 (f
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