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1. (ii) 
2乗ノルム展開

Cauchy-Schwarz 
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<latexit sha1_base64="COVlAXDBwiluNPF3+rs35ajgwK4="></latexit>

kx+ yk2 = kxk2 + 2hx, yi+ kyk2

<latexit sha1_base64="ucQ54anHzfEzXmpYWyZrLLBgH5o="></latexit>

 kxk2 + 2kxkkyk+ kyk2
<latexit sha1_base64="v2T6iZuqHc4bKdArRjvemrRVZOM="></latexit>

= (kxk+ kyk)2



1. (v) 
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<latexit sha1_base64="5zf+cGnHP0oIY7NNdOumJUH0To4="></latexit>

`2 =

(
x = (xi) : kxk2 =

1X

i=1

|xi|2 < 1
)

<latexit sha1_base64="4qQeyOqarBrNkO1Lie4TYnVjk50="></latexit>

en = (0, 0, . . . , 0| {z }
n�1

, 1, 0, 0, . . .) 2 `2

<latexit sha1_base64="ou/uB33AiLtGJk9F7s9XSOkjMKU="></latexit>

y = (y1, y2, . . .) 2 `2
<latexit sha1_base64="9QTT9VmMRCyHyShBmLt3nPmLIC4="></latexit>

hy, eni = yn
<latexit sha1_base64="Xudo1kbzjcbLFbrHZrKCWGGjSls=">AAAD1nicpVK/b9QwFH5poJTjx13LgsRi9VTEgE5OVQGqVFTBwtgfXHtS00ZJ8F2tOk6U+K6kuetWITGxMTCBxID4M7r0H2DoxooYi8TCwLMvVVUKBQlHiZ+/z997/l4cJIJnitJDa8S+cHH00tjlypWr165Xa+MTK1ncTUPWDGMRp63Az5jgkjUVV4K1kpT5USDYarD1WPOrPZZmPJZPVZ6w9cjvSN7moa8Q8mo7LpdtlZOHxO 3nbn9jmswRN+tGXsHnnMFGyfZzj2uuckzK06REErnfkcQVvuwIRvK7hHmSuKlZosCr1WmDmkHOBk4Z1KEcC/G4NQkuPIMYQuhCBAwkKIwF+JDhswYOUEgQW4cCsRQjbngGA6igtou7GO7wEd3CbwdXayUqca1zZkYdYhWBb4pKAlP0E/1Aj+gB/Ui/0B9/zFWYHPosOc7BUMsSr/ry5vL3v6oinBVsnqjOUQS4+3xPCtrwwHjh6C0xiHYZDvP3dl4fLc8uTRW36Tv6Ff29pYd0Hx3K3rfw/SJbemOyS9Rsm25E5nwS+18grrvbMchzzKeRGGswRLUH3bfjfm5jfe1K4ByZOCv/zol+8E+1tI//qTXUD/DeOb/esrPBynTDudeYWZypzz8qb+AY3IJJuIO37D7MwxNYgCae9rM1alWtmt2yd+09+8Vw64hVam7AqWG/+gkEr+gu</latexit>

1 > kyk2 =
1X

i=1

|yi|2 =
1X

n=1

|yn|2 =
1X

n=1

|hy, eni|2

<latexit sha1_base64="pTjNkJV+mmvFz8KqVMtNU2pdNfA="></latexit>

) lim
n!1

|hy, eni|2 = 0



1. (v) 
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<latexit sha1_base64="5zf+cGnHP0oIY7NNdOumJUH0To4="></latexit>

`2 =

(
x = (xi) : kxk2 =

1X

i=1

|xi|2 < 1
)

<latexit sha1_base64="4qQeyOqarBrNkO1Lie4TYnVjk50="></latexit>

en = (0, 0, . . . , 0| {z }
n�1

, 1, 0, 0, . . .) 2 `2

<latexit sha1_base64="ou/uB33AiLtGJk9F7s9XSOkjMKU="></latexit>

y = (y1, y2, . . .) 2 `2
<latexit sha1_base64="9QTT9VmMRCyHyShBmLt3nPmLIC4="></latexit>

hy, eni = yn
<latexit sha1_base64="pTjNkJV+mmvFz8KqVMtNU2pdNfA="></latexit>

) lim
n!1

|hy, eni|2 = 0
<latexit sha1_base64="MZ2wKlS5cEHfWRKIlFMSq3qqVYc="></latexit>) lim

n!1
hy, eni = 0 = hy, 0i

<latexit sha1_base64="zTAdgea9d/4MapouiLT2rLHZ8Q8="></latexit>) en * 0



1. (v) 
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<latexit sha1_base64="5zf+cGnHP0oIY7NNdOumJUH0To4="></latexit>

`2 =

(
x = (xi) : kxk2 =

1X

i=1

|xi|2 < 1
)

<latexit sha1_base64="4qQeyOqarBrNkO1Lie4TYnVjk50="></latexit>

en = (0, 0, . . . , 0| {z }
n�1

, 1, 0, 0, . . .) 2 `2

<latexit sha1_base64="a3sf+ngDJSwPgO5GvdKLyoA8jbY="></latexit>

ken � 0k = kenk = 1 6= 0

<latexit sha1_base64="a11HlJ4WE5PqGfpV9/SNULOMPDI="></latexit>

en * 0

<latexit sha1_base64="jFGDGCzAGf71W84FSoSsqVlBeD0="></latexit>) en 9 0



1. (vi) 
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<latexit sha1_base64="dzZUnLxZy5Ue6NNhMTdofljB+hM="></latexit>

ei = (0, 0, . . . , 0| {z }
i�1

, 1, 0, 0, . . . , 0)> 2 RN

<latexit sha1_base64="roT91sqtgqBXHtV9tqNVijfwmvw="></latexit>

xn = (a1,n, a2,n, . . . , aN,n)
> 2 RN

<latexit sha1_base64="D0G3SaCMTf3SgSxs6urgiqogEO0="></latexit>

* x = (a1, a2, . . . , aN )> 2 RN

<latexit sha1_base64="E4yr0pgU8UOA0Z7PgOwwF8aKFWE="></latexit>

8i,
0 = lim

n!1
hxn � x, eii = lim

n!1
(ai,n � ai)

<latexit sha1_base64="5+4BL3KRRBDdhneJg9PZYhhWF8E="></latexit>

8i, lim
n!1

ai,n = ai



1. (vi) 
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<latexit sha1_base64="dzZUnLxZy5Ue6NNhMTdofljB+hM="></latexit>

ei = (0, 0, . . . , 0| {z }
i�1

, 1, 0, 0, . . . , 0)> 2 RN

<latexit sha1_base64="roT91sqtgqBXHtV9tqNVijfwmvw="></latexit>

xn = (a1,n, a2,n, . . . , aN,n)
> 2 RN

<latexit sha1_base64="D0G3SaCMTf3SgSxs6urgiqogEO0="></latexit>

* x = (a1, a2, . . . , aN )> 2 RN

<latexit sha1_base64="5+4BL3KRRBDdhneJg9PZYhhWF8E="></latexit>

8i, lim
n!1

ai,n = ai
<latexit sha1_base64="oJVkesq1nFIMd3mChuzxjnj4TSk="></latexit>

kxn � xk2 =
NX

i=1

(ai,n � ai)
2 ! 0



2. (iii)
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<latexit sha1_base64="XnYSKj0MXa0Eoe84vJz9d+m68qY="></latexit>

H = H(a, r) = {x 2 Rn : ha,xi  r}

<latexit sha1_base64="R86Zgx6hMtIPZ+YMcgKSvdUJpX0="></latexit>

a 6= 0

<latexit sha1_base64="5+VYIzj8nGz8F5HQJ6+OUf/h1lA="></latexit>a

<latexit sha1_base64="NZnA9z81BFRcyfNJ1UqQsOU3F5s="></latexit>

r �
⌧✓

a1
a2

◆
,

✓
x1

x2

◆�
<latexit sha1_base64="c+MHMtGNOr29aIbyz4gN9yIK2cM="></latexit>

= a1x1 + a2x2



2. (iii)
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<latexit sha1_base64="XnYSKj0MXa0Eoe84vJz9d+m68qY="></latexit>

H = H(a, r) = {x 2 Rn : ha,xi  r}

<latexit sha1_base64="R86Zgx6hMtIPZ+YMcgKSvdUJpX0="></latexit>

a 6= 0

<latexit sha1_base64="5+VYIzj8nGz8F5HQJ6+OUf/h1lA="></latexit>a

<latexit sha1_base64="sq8GHmBriaGQnyLi6eP+MmAshvE="></latexit>x

<latexit sha1_base64="wp3JiiuTeFy+ahdqs+NSgVuN/Lk="></latexit>

PH(x)

<latexit sha1_base64="kYcv5GfPwjPt0FRwvHbQHB8+0no="></latexit>

0

<latexit sha1_base64="bLKxlFRj8gI/zv6EdP7gPPRM9qk="></latexit>

PH(x)
<latexit sha1_base64="YqfE4n/FTTZ8Wd+Or88MbKhp2tE="></latexit>

= x+
<latexit sha1_base64="1UTOCIWgxxNCK03m9h5wfaPaJm8="></latexit>

ta
<latexit sha1_base64="cr/NOvMjcFfhxXOL0wZWvGb+HwM="></latexit>

ha, PH(x)i = r
<latexit sha1_base64="mAwVyIiIbz8M0mAZPX+76aU5O2M="></latexit>

ha,x+ tai = r
<latexit sha1_base64="B+1h/1ZQJPYXAmtjliGSZ81uNWY="></latexit>

ha,xi+ tkak2 = r
<latexit sha1_base64="XVP6RDPcTrPdG0pFM2Au4GiDPi8="></latexit>

t =
r � ha,xi

kak2



2. (iii)
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<latexit sha1_base64="XnYSKj0MXa0Eoe84vJz9d+m68qY="></latexit>

H = H(a, r) = {x 2 Rn : ha,xi  r}

<latexit sha1_base64="R86Zgx6hMtIPZ+YMcgKSvdUJpX0="></latexit>

a 6= 0

<latexit sha1_base64="5+VYIzj8nGz8F5HQJ6+OUf/h1lA="></latexit>a

<latexit sha1_base64="wp3JiiuTeFy+ahdqs+NSgVuN/Lk="></latexit>

PH(x)

<latexit sha1_base64="kYcv5GfPwjPt0FRwvHbQHB8+0no="></latexit>

0

<latexit sha1_base64="XVP6RDPcTrPdG0pFM2Au4GiDPi8="></latexit>

t =
r � ha,xi

kak2

<latexit sha1_base64="HtKjR8tCxSyLVxrlTVzjav03ScA="></latexit>

PH(x) =

(
x+ r�ha,xi

kak2 a (x /2 H),

x (x 2 H)



2. (vi) 
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<latexit sha1_base64="zsuIA2942e42V6HWB7y0J+3GZUg="></latexit> m\

i=1

Ci 6= ; <latexit sha1_base64="WOTi0aj4J+Ew4wiNQ9g2jZzhtFU="></latexit>

=) Fix(T ) ⇢
m\

i=1

Ci

m = 1 は明らか。
m = 2 のときに成り立つことを示しましょう。

<latexit sha1_base64="GVa6SMAW4clbAX6jUp5vajJi1ZM="></latexit>

T = P1P2 · · ·Pm



2. (vi) 
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<latexit sha1_base64="cgtnFgmvq+yUCUFjoylqQOIiZMI="></latexit>

C2

<latexit sha1_base64="ZLf7mOqzUhWQ8OvR8rdXHwJtKxA="></latexit>

C1

① ②

すべてのパターン①, ②
に対して証明すればよい

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="vIPDOOcc8Q81YPYcb6x/lymFaRA="></latexit>(
P2(x) 2 C1

P2(x) /2 C1

<latexit sha1_base64="pZSAEruWQrPq+14FOEuw0xGqztk="></latexit>

x 2 C2



2. (vi) 
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<latexit sha1_base64="VNo29VfyYPdT4pnbfcVYwpRQew0="></latexit>x

？

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2
<latexit sha1_base64="+gSeempOnF69+EFnjf/p2Efok4E="></latexit>

^P2(x) /2 C1

<latexit sha1_base64="ZLf7mOqzUhWQ8OvR8rdXHwJtKxA="></latexit>

C1
<latexit sha1_base64="cgtnFgmvq+yUCUFjoylqQOIiZMI="></latexit>

C2

<latexit sha1_base64="lGIF47dbP5vn4ITNolFZ7d5L7bs="></latexit>

P2(x)



2. (vi) 
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と仮定して矛盾を導く。

P1： 堅非拡大

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="GdMIWuuWo0+Bdcw8yNxupjUbiBE="></latexit>

y 2 C1 \ C2 6= ;
<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="SoQ50pPqx80tRRPetqlLHOJ/vk0="></latexit>

^P2(x) /2 C1

<latexit sha1_base64="Yv+wi1Id2umd+KJlkqsrTsVIP30=">AAADlnicpVJNS9xQFD1jamunWsd2I3QTHJSZhcPLIG0RWkSRdhm1o4JjQxKfYzBfJJnRcWb+QP+ACzet4KL0ZwjiTjcu/AmlSwvddNH73kREpVroC8m779x77n3n5lqh68QJY+eZHuVB78NHfY+zT/oHng7mhp4txkE9snnFDtwgWrbMmLuOzyuJk7h8OYy46VkuX7I2Z4R/qcGj2An8D0kz5KueWfOddcc2E4KM3GS1rRuaWt CNslrYLhbVcbWpVtsfy9k32WpbvemT52ZRRhi5PCsxudTbhpYaeaRLD4YyI6hiDQFs1OGBw0dCtgsTMT0r0MAQEraKFmERWY70c3SQJW6dojhFmIRu0rdGp5UU9ekscsaSbVMVl96ImCpG2Rn7yi7YMfvGvrPff83VkjnEXZq0W10uD43BT8MLv+5lebQn2Lhi3cGwKPpuTQnW8VpqcUhbKBGh0u7mb+zsXixMzo+2xtg++0H6vrBzdkgK/cZP+2COz+/J7D5xtmQ3PHk/n/rfIlx0tyaRbconkIBqcEKFBtG3y35uUX2hyqXdk3ac/p0rfuefagkd/1Ory+/Q3Gk3p+y2sVguaS9LE3MT+anpdAL78AIjKNCUvcIU3kNHhW77GUc4wakyrLxVZpV33dCeTMp5jmtL0f8Ae9TMGg==</latexit>

kP1(P2(x))� yk2 = kP1(P2(x))� P1(y)k2
<latexit sha1_base64="rKQdoFdBKzjlgLYyJ63fuZBcK2Q="></latexit>

 hP2(x)� y, P1(P2(x))� yi

<latexit sha1_base64="eDi142p72AtOTF8te6n62QJ39Uk="></latexit>

kP1(X)� P1(Y )k2  hX � Y, P1(X)� P1(Y )i



2. (vi) 
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と仮定して矛盾を導く。

<latexit sha1_base64="loOUv6nMHLniaXuchU9mBCVmD/g=">AAADlHicpVJNaxRBEK3NaIyrJhsFEbw0WRKEmKV3CUkQhWAQPEk+3GRCNi4zY2cd0tMzzMxujJv9A/4BD4Kg4EH8GXrwojcP+QniMYIXD3ndMxJMyAfYw0xVv65X1a+m3Ej6Scr5bqHPOne+/8LAxeKly1cGh0rDV5eTsB17ou6FMoxt10mE9JWop34qhR3FwglcKVbczTl9vtIRceKH6nG6HYn1wGkpf8P3nBRQszTT2GE2m2 CrrLHzpFa8B2Nrj03UWEM6qiUFs2/jNM78cQSs6oBmqcwr3Cx21KnmTpnyNR8OF0aoQU8pJI/aFJAgRSl8SQ4leNaoSpwiYOvUBRbD8825oB4VwW0jSiDCAbqJbwu7tRxV2OuciWF7qCLxxmAyGuXf+Qe+x7/wj/wH/3Nsrq7Joe+yDetmXBE1h17eWPp9KiuATenZAesEhovokzWltEEzRosPbZFBtEovy9958Wpv6c7iaHeMv+M/oe8t3+WfoFB1fnnvF8Tia5NdgbNluhGY+yn0vwtcd7dlkOfIp5EQNQRQrUH37W8/t1Bfq5KwgfGT/O8c8HtnqqV1/E+tjN/D3FUPT9lRZ7lWqU5VJhcmy7P38wkcoJs0QrcwZdM0Sw9pnuq47Rv6TF/pm3XdumvNWQ+y0L5CzrlG/yzr0T6p9c6D</latexit>

kX � Y k2 = kXk2 � 2hX,Y i+ kY k2
<latexit sha1_base64="aQqU8u0pZ3tiMSron2iNyGhkd44=">AAADl3icpVJBT9RAGP2WKuKqsOhF42XCBmKibmY3BIzGSDQhHFlwoYTipq3D2jCdNm13EZf9A/4BD54w4WD8GR70qAcP/ATjERMvHnwzW0KUCCRM086bN9/7vnlfx4tlkGac7xUGrHPnBy8MXSxeunxleKQ0enUpjdqJLxp+JKPE9txUyECJRhZkUthxItzQk2LZ23ii95c7IkmDSD3NtmKxFrotFawHvpuBapYe1JgjXdWSgt l3VpiTGFx8yIrM2bad7Wc1dhtoxaC7QMzGhECsm6Uyr3Az2FFQzUGZ8jEfjRbGyKHnFJFPbQpJkKIMWJJLKZ5VqhKnGNwadcElQIHZF9SjIrRtRAlEuGA38G1htZqzCmudMzVqH1Uk3gRKRuP8G3/P9/ln/oF/57//m6trcuizbGH2+loRN0deX1/8daIqxJzRi0PVMQoP0cd7ymid7hkvAbzFhtEu/X7+zqs3+4v3F8a7E/wd/wF/O3yPf4RD1fnp79bFwluTXUGzaboRmvMp9L8LXne3ZZiXyKeZCDUEWO1B9+2gn5uor11JzKHBaf53DvW9U9XSPs5Sq6/v4d5V/71lR8FSrVKdqkzWJ8szj/MbOEQ3aYxu4ZZN0wzN0Tw1cNod+kRf6Kt1w3pkzVpz/dCBQq65Rn8Nq/4HQsHO6w==</latexit>

2hX,Y i = kXk2 + kY k2 � kX � Y k2
<latexit sha1_base64="A3f8OxjwMk74kyzl98ZJs5+ic/0=">AAADonicpVJNa9RAGH638aOuH93qRfASulYq6jJZioogFAURT92u26Y0dUni7Bo6mYQku7Vm8wf8Ax48KXgQ/RdePAseiv4B8VjBiwefmY0ULVahE5J55pl53neeN68XiyDNGNuuTBiHDh85OnmsevzEyVNTtenTy2k0SHze8SMRJbbnplwEkneyIBPcjhPuhp7gK97GbbW/MuRJGkTyfrYV8/XQ7cugF/huBqpbu+MIV/YFN+ 3Lq6aTaFy9aVadXuL6uVXkzcKcc0a2M3rQNC+ZzmhVoytApo0JIqwvdmt11mB6mHuBVYI6lWMxmq7MkEMPKSKfBhQSJ0kZsCCXUjxrZBGjGNw65eASoEDvcyqoCu0ApzhOuGA38O1jtVayEmsVM9VqH1kE3gRKk2bZR/aa7bD37A37wn78NVauY6i7bGH2xloed6eenm1//6cqxJzRo13VPgoPp/f3lFGPrmsvAbzFmlEu/XH84ZNnO+0bS7P5BfaSfYW/F2ybvYNDOfzmv2rxpec6uoRmU1cj1PeTqH8OXlW3r5nHiKeYCDk4WOVB1e1XPTeRX7kSmEON0/Lv7OqL/8qlfBwk11hfoO+sP7tsL1huNqyrjfnWfH3hVtmBk3SOZmgOXXaNFuguLVIHt31LH+gTfTbOG/eMltEeH52olJoz9NswnJ+x3tOj</latexit>

hX,Y i = 1

2
(kXk2 + kY k2 � kX � Y k2)

<latexit sha1_base64="Yv+wi1Id2umd+KJlkqsrTsVIP30=">AAADlnicpVJNS9xQFD1jamunWsd2I3QTHJSZhcPLIG0RWkSRdhm1o4JjQxKfYzBfJJnRcWb+QP+ACzet4KL0ZwjiTjcu/AmlSwvddNH73kREpVroC8m779x77n3n5lqh68QJY+eZHuVB78NHfY+zT/oHng7mhp4txkE9snnFDtwgWrbMmLuOzyuJk7h8OYy46VkuX7I2Z4R/qcGj2An8D0kz5KueWfOddcc2E4KM3GS1rRuaWt CNslrYLhbVcbWpVtsfy9k32WpbvemT52ZRRhi5PCsxudTbhpYaeaRLD4YyI6hiDQFs1OGBw0dCtgsTMT0r0MAQEraKFmERWY70c3SQJW6dojhFmIRu0rdGp5UU9ekscsaSbVMVl96ImCpG2Rn7yi7YMfvGvrPff83VkjnEXZq0W10uD43BT8MLv+5lebQn2Lhi3cGwKPpuTQnW8VpqcUhbKBGh0u7mb+zsXixMzo+2xtg++0H6vrBzdkgK/cZP+2COz+/J7D5xtmQ3PHk/n/rfIlx0tyaRbconkIBqcEKFBtG3y35uUX2hyqXdk3ac/p0rfuefagkd/1Ory+/Q3Gk3p+y2sVguaS9LE3MT+anpdAL78AIjKNCUvcIU3kNHhW77GUc4wakyrLxVZpV33dCeTMp5jmtL0f8Ae9TMGg==</latexit>

kP1(P2(x))� yk2 = kP1(P2(x))� P1(y)k2
<latexit sha1_base64="rKQdoFdBKzjlgLYyJ63fuZBcK2Q="></latexit>

 hP2(x)� y, P1(P2(x))� yi

<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="SoQ50pPqx80tRRPetqlLHOJ/vk0="></latexit>

^P2(x) /2 C1

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="GdMIWuuWo0+Bdcw8yNxupjUbiBE="></latexit>

y 2 C1 \ C2 6= ;



2. (vi) 
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と仮定して矛盾を導く。

<latexit sha1_base64="A3f8OxjwMk74kyzl98ZJs5+ic/0=">AAADonicpVJNa9RAGH638aOuH93qRfASulYq6jJZioogFAURT92u26Y0dUni7Bo6mYQku7Vm8wf8Ax48KXgQ/RdePAseiv4B8VjBiwefmY0ULVahE5J55pl53neeN68XiyDNGNuuTBiHDh85OnmsevzEyVNTtenTy2k0SHze8SMRJbbnplwEkneyIBPcjhPuhp7gK97GbbW/MuRJGkTyfrYV8/XQ7cugF/huBqpbu+MIV/YFN+ 3Lq6aTaFy9aVadXuL6uVXkzcKcc0a2M3rQNC+ZzmhVoytApo0JIqwvdmt11mB6mHuBVYI6lWMxmq7MkEMPKSKfBhQSJ0kZsCCXUjxrZBGjGNw65eASoEDvcyqoCu0ApzhOuGA38O1jtVayEmsVM9VqH1kE3gRKk2bZR/aa7bD37A37wn78NVauY6i7bGH2xloed6eenm1//6cqxJzRo13VPgoPp/f3lFGPrmsvAbzFmlEu/XH84ZNnO+0bS7P5BfaSfYW/F2ybvYNDOfzmv2rxpec6uoRmU1cj1PeTqH8OXlW3r5nHiKeYCDk4WOVB1e1XPTeRX7kSmEON0/Lv7OqL/8qlfBwk11hfoO+sP7tsL1huNqyrjfnWfH3hVtmBk3SOZmgOXXaNFuguLVIHt31LH+gTfTbOG/eMltEeH52olJoz9NswnJ+x3tOj</latexit>

hX,Y i = 1

2
(kXk2 + kY k2 � kX � Y k2)

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="GdMIWuuWo0+Bdcw8yNxupjUbiBE="></latexit>

y 2 C1 \ C2 6= ;
<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="SoQ50pPqx80tRRPetqlLHOJ/vk0="></latexit>

^P2(x) /2 C1

<latexit sha1_base64="Yv+wi1Id2umd+KJlkqsrTsVIP30=">AAADlnicpVJNS9xQFD1jamunWsd2I3QTHJSZhcPLIG0RWkSRdhm1o4JjQxKfYzBfJJnRcWb+QP+ACzet4KL0ZwjiTjcu/AmlSwvddNH73kREpVroC8m779x77n3n5lqh68QJY+eZHuVB78NHfY+zT/oHng7mhp4txkE9snnFDtwgWrbMmLuOzyuJk7h8OYy46VkuX7I2Z4R/qcGj2An8D0kz5KueWfOddcc2E4KM3GS1rRuaWt CNslrYLhbVcbWpVtsfy9k32WpbvemT52ZRRhi5PCsxudTbhpYaeaRLD4YyI6hiDQFs1OGBw0dCtgsTMT0r0MAQEraKFmERWY70c3SQJW6dojhFmIRu0rdGp5UU9ekscsaSbVMVl96ImCpG2Rn7yi7YMfvGvrPff83VkjnEXZq0W10uD43BT8MLv+5lebQn2Lhi3cGwKPpuTQnW8VpqcUhbKBGh0u7mb+zsXixMzo+2xtg++0H6vrBzdkgK/cZP+2COz+/J7D5xtmQ3PHk/n/rfIlx0tyaRbconkIBqcEKFBtG3y35uUX2hyqXdk3ac/p0rfuefagkd/1Ory+/Q3Gk3p+y2sVguaS9LE3MT+anpdAL78AIjKNCUvcIU3kNHhW77GUc4wakyrLxVZpV33dCeTMp5jmtL0f8Ae9TMGg==</latexit>

kP1(P2(x))� yk2 = kP1(P2(x))� P1(y)k2
<latexit sha1_base64="rKQdoFdBKzjlgLYyJ63fuZBcK2Q="></latexit>

 hP2(x)� y, P1(P2(x))� yi
<latexit sha1_base64="D50cKrHIqqmG18Fg8A4+PDgQ0JY="></latexit>

=
1

2
{kP2(x)� yk2 + kP1(P2(x))� yk2

� kP2(x)� P1(P2(x))k2}



2. (vi) 
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と仮定して矛盾を導く。

<latexit sha1_base64="IH59dAilM6y0HbgmIM4t1hDD7E0="></latexit>

> 0

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="GdMIWuuWo0+Bdcw8yNxupjUbiBE="></latexit>

y 2 C1 \ C2 6= ;
<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="SoQ50pPqx80tRRPetqlLHOJ/vk0="></latexit>

^P2(x) /2 C1
<latexit sha1_base64="G8DCsxLuwE3x3O40zddlPE8w0RQ="></latexit>

kP1(P2(x))� yk2  1

2
{kP2(x)� yk2 + kP1(P2(x))� yk2

� kP2(x)� P1(P2(x))k2}
<latexit sha1_base64="fPDiaiTnug2+dVjcnDtLSoqiIe4="></latexit>

) kP1(P2(x))� yk2  kP2(x)� yk2 � kP2(x)� P1(P2(x))k2
<latexit sha1_base64="u7xIUdoSItNO+HtBKogl3rq3jd4="></latexit>

< kP2(x)� yk2



2. (vi) 
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と仮定して矛盾を導く。

<latexit sha1_base64="uGItTOpuiyQqYwCksQCZRPWq8H4="></latexit>

 kx� yk 矛盾

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="GdMIWuuWo0+Bdcw8yNxupjUbiBE="></latexit>

y 2 C1 \ C2 6= ;
<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="SoQ50pPqx80tRRPetqlLHOJ/vk0="></latexit>

^P2(x) /2 C1

<latexit sha1_base64="UoVzBRRiYwhE/XztQe5/BOgh5dg=">AAADkXicpVJNT9tAEJ1g2kIKJZRLJS4WESgciNaIQkFUisoFqZcADSBhZNnuklr4S7YTEpL8Af5AD5xA6qHiV6BeqnLmwE+oeqRSLxx4u3GFWgRU6lr2zL6dN7NvPFboOnHC2EWmR+l99PhJX3/26cDgs6Hc8PP1OKhFNq/YgRtEm5YZc9fxeSVxEpdvhhE3PcvlG9bukjjfqPModgL/XdIM+bZnVn1nx7HNBJCRe6m3G+qU2t Tb2ddqVm+XDa1QNqYLjcnJFF4UsNrFBKSqetvI5VmRyaXedrTUyVO6ysFwZox0ek8B2VQjjzj5lMB3yaQYzxZpxCgEtk0tYBE8R55z6lAW3BqiOCJMoLv4VrHbSlEfe5EzlmwbVVy8EZgqjbNz9pldsq/shH1nV3fmaskc4i5NWKvL5aExdPBi7deDLA82oQ83rHsYFqLv15TQDr2SWhxoCyUiVNrd/PX9j5drC6vjrQl2zH5A3xG7YF+g0K//tD+t8NVDmd0HZ092w5P389H/FnDR3apEGsgnkAA1OFChQfTtdz/3UF+ocmE96cfp37nhd/6pltDxP7W6/A7mTvt7ym4769NFbbY4szKTL71JJ7CPRmmMCpiyOSrRMpWpgtse0il9ozNlRJlXSkoa25NJOSP0x1LeXgMF58tk</latexit>

kx� yk = kP1(P2(x))� yk < kP2(x)� yk

<latexit sha1_base64="zsFlS1cwGPg7S5aZWCF8yGr8w3g="></latexit>

) x 2 C2 _ P2(x) 2 C1



2. (vi) 
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<latexit sha1_base64="cgtnFgmvq+yUCUFjoylqQOIiZMI="></latexit>

C2

<latexit sha1_base64="ZLf7mOqzUhWQ8OvR8rdXHwJtKxA="></latexit>

C1

① ②

すべてのパターン①, ②
に対して証明すればよい

<latexit sha1_base64="Tz3jCxCyONN98g1EOV5XlI3mS90="></latexit>

Fix(P1P2) ⇢ C1 \ C2 6= ;
<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)

<latexit sha1_base64="TZUoVp4OEel7/7kDedjsj1oA8oc="></latexit>

x /2 C2

<latexit sha1_base64="vIPDOOcc8Q81YPYcb6x/lymFaRA="></latexit>(
P2(x) 2 C1

P2(x) /2 C1

<latexit sha1_base64="pZSAEruWQrPq+14FOEuw0xGqztk="></latexit>

x 2 C2



2. (vi) ①
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<latexit sha1_base64="2jOI2qJExbPryJzkxwZo4B8oYdA="></latexit>) x 2 C2 \ C1

<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="RT6tjO8mYCJ/WOM86D27aJSgjpw="></latexit>

P2(x) 2 C1
<latexit sha1_base64="xQ1hWCXOMVomCxHj5IH8aUcrPAM="></latexit>

P2(x) = P1P2(x) = x
<latexit sha1_base64="AbpsX/BJVINnxsKxkEU26RFcwIg="></latexit>

P2(x) = x =) x 2 C2
<latexit sha1_base64="P4E/6MYpkUFV4jSuevxaT2KpyZM="></latexit>

x = P2(x) 2 C1 =) x 2 C1



2. (vi) ②
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<latexit sha1_base64="2jOI2qJExbPryJzkxwZo4B8oYdA="></latexit>) x 2 C2 \ C1

<latexit sha1_base64="14TMkNW3mYqvhhU/1j4aRobhQsU="></latexit>

x 2 Fix(T ) = Fix(P1P2)
<latexit sha1_base64="pZSAEruWQrPq+14FOEuw0xGqztk="></latexit>

x 2 C2
<latexit sha1_base64="ucCgw5670v3QauVkVJJ40c40LXk="></latexit>

P1(x) = P1P2(x) = x
<latexit sha1_base64="BtOBCgK/1zINU7ouBl47UQPLXvU="></latexit>

=) x 2 C1

<latexit sha1_base64="aFD7gzILMoJrv0pONsb3eXFZons="></latexit>

) Fix(P1P2) ⇢ C1 \ C2



3. (ii) 

https://github.com/iiduka-
researches/fixed-point
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https://github.com/iiduka-researches/fixed-point


⾮拡⼤写像の形状
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<latexit sha1_base64="hLIZl6IvY6td8E1Ktju9yTpe530="></latexit>

T1 = P1P2 · · ·Pm
<latexit sha1_base64="XA6EjX82QoSbsRK8k9Qb6E4OTeo="></latexit> m\

i=1

Bi 6= ;
<latexit sha1_base64="K22M9bF0OOpuHIdm0t31kwLoGbo="></latexit>

=) Fix(T1) =
m\

i=1

Bi

<latexit sha1_base64="k2LtDV0lNPK0IrjiN7cP+qbFhn0="></latexit>

T2 = P1

 
mX

i=2

wiPi

!

<latexit sha1_base64="fXLPPMKGVSwyq+HRIRbfwh4pvPE="></latexit>

=) Fix(T2) =

⇢
x 2 B1 : �(x) = min

y2B1

�(y)

�

<latexit sha1_base64="yr4eJA2gZKzGE9Mx80ybcS7MO7Y="></latexit>

�(y) :=
mX

i=2

wid(y,Bi)
2

B1の部分集合で、Bi (i=2,3,…,m) に平均距離の意味で
最も近い点の集まり



⾮拡⼤写像の形状
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<latexit sha1_base64="hLIZl6IvY6td8E1Ktju9yTpe530="></latexit>

T1 = P1P2 · · ·Pm
<latexit sha1_base64="XA6EjX82QoSbsRK8k9Qb6E4OTeo="></latexit> m\

i=1

Bi 6= ;
<latexit sha1_base64="K22M9bF0OOpuHIdm0t31kwLoGbo="></latexit>

=) Fix(T1) =
m\

i=1

Bi

<latexit sha1_base64="+RlfsXwgdpc3Hk4zB0CP49sUpmc="></latexit> m\

i=1

Bi = ; <latexit sha1_base64="FmwCEEmJUn7jx3n4f4uV67eMZGc="></latexit>

=) Fix(T1) =??



⾮拡⼤写像の形状
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<latexit sha1_base64="k2LtDV0lNPK0IrjiN7cP+qbFhn0=">AAADrHicpVLLbtNAFL2peZTyaAobJDYWUVHZRONQQVWpUgUblmmbtJWSYNlmko46fsgeJxQrP8AaiQUrkFgg/oBtWfADLPoJiGWR2LDgzMSogoqAxFieuXPmnnvn3Ll+IkWmGDuqzFhnzp47P3th7uKly1fmqwtXt7M4TwPeDmIZp7u+l3EpIt5WQkm+m6TcC33Jd/z9B/p8Z8jTTMRRSx0kvBd6g0j0ReApQG613nIb9prddB 27K3lfLdndLA/dQqw1xo9Ce+QKnAm7m4rBnrptu9UaqzMz7NOGUxo1KkczXqjcoS49ppgCyikkThEp2JI8yvB1yCFGCbAeFcBSWMKccxrTHLg5vDg8PKD7mAfYdUo0wl7HzAw7QBaJPwXTpkX2ib1lx+wje8c+s+9/jFWYGPouB1j9CZcn7vyz61vf/soKsSraO2FNYfjwnq5JUZ9WjBYBbYlBtMpgEn/49MXx1urmYnGLvWZfoO8VO2KHUBgNvwZvNvjmyynZc9RFlvkjICNTr9AoiPBCBXBd/4FBnsBTIzHicKBapa7sz4qPcEOtW2INjZ2V73fC/7dcWun/5Jrwx+hM5/c+PG1sN+rO3fryxnJt/X7Zo7N0g27SEvrwHq3TQ2pSG7d9Tu/pkD5YdatldazexHWmUnKu0S/D6v8A+1HTeQ==</latexit>

T2 = P1

 
mX

i=2

wiPi

!

<latexit sha1_base64="fXLPPMKGVSwyq+HRIRbfwh4pvPE=">AAAD6HicpVLNa9RAFH/b+FHXj271IngZXCrbyzKpRUUQSgXx4GH7sW2hKSGJs9lpJ5OQzH4Z8g948lbEkwUP4p/hxaMXD/0TxGNFL4K+mY0ULa6CE5J5+b33e29+b56fCJ4pSg8rU9ap02fOTp+rnr9w8dJMbfbyRhb30oC1g1jE6ZbvZUxwydqKK8G2kpR5kS/Ypr93X/s3+yzNeCzX1ShhO5EXSt7hgacQcmu7zqNYhikPu8 pL03hAqk7kqW4a5Q/4sGisuwvz5B6CgnWUk5Mhcbgky65NHF1bEqfV5Y2hjnEiLt18VPqLsWc0TxyT3CmIW6vTJjWLnDTs0qhDuVrxbOUmOPAYYgigBxEwkKDQFuBBhs822EAhQWwHcsRStLjxMyigitweRjGM8BDdw2+If9slKvFf58wMO8AqAt8UmQTm6Af6mh7Rd/QN/Ui//TFXbnLos4xw98dclrgzT6+uff0rK8JdQfeYNYHhY/RkTQo6cMdo4agtMYhWGYzz95/sH63dXZ3Lb9AD+gn1vaSH9C0qlP3PwasVtvpiQvUe9kWU9SUiA9OvyCiQeEM54rr/oUGGGKmRGPMwRLVK3dmfHR/gCbVugXtk7Ky8v2P+v9XSSv+n1phf4GTav8/hSWNjoWnfai6uLNaXlssZnYZrcB0aOIe3YQkeQgvaeNr38AW+V8DatZ5Z+9bzcehUpeRcgV+WdfADgPDp4A==</latexit>

=) Fix(T2) =

⇢
x 2 B1 : �(x) = min

y2B1

�(y)

�

<latexit sha1_base64="yr4eJA2gZKzGE9Mx80ybcS7MO7Y="></latexit>

�(y) :=
mX

i=2

wid(y,Bi)
2

B1の部分集合で、Bi (i=2,3,…,m) に平均距離の意味で
最も近い点の集まり

<latexit sha1_base64="XA6EjX82QoSbsRK8k9Qb6E4OTeo=">AAADoXicpVJNTxRBEK1lUBE/ALmQcJm4wXja9CBRY2JC4IK3ZXGBZBc3M2OzdujpGWd6F9fJ/gD4Ax48QcLBeOCqZy/+AQ/8BOMREy8efN07hihxNbEn0139ul5Vv+oKEikyzdhJacQZvXDx0tjl8StXr12fmJy6sZ7FnTTk9TCWcboZ+BmXQvG6FlryzSTlfhRIvhHsLJvzjS5PMxGrx7qX8K3IbyuxLUJfA2pNlpuBaId+0s rFQ6//JHKXWsJtKv7cbfIo0b2MaxderMLscM8bXmGUqRjVeKp0h5r0lGIKqUMRcVKkYUvyKcPXII8YJcC2KAeWwhL2nFOfxsHtwIvDwwe6g7mNXaNAFfYmZmbZIbJI/CmYLs2xT+wNO2Uf2Vv2mX3/Y6zcxjB36WENBlyetCb2Z9a+/ZUVYdX07Iw1hBHAe7gmTdt032oR0JZYxKgMB/G7L1+drj2ozeW32CH7An0H7IR9gELV/RoerfLa6yHZO6iLLPIrILu2XpFVoPBCOXBT/7ZFXsDTIDHicKBGpansz4rv4oZGt8QaWTsr3u+M/2+5jNL/yTXg99GZ3u99eN5Yn694dysLqwvlxaWiR8dolm7SbfThPVqkFapSHbfdo2N6R++dsvPIqTq1getIqeBM0y/DafwAY2TQ8Q==</latexit> m\

i=1

Bi 6= ;
<latexit sha1_base64="h0EQh4TkH34fm0S5T+fWOouxOFo="></latexit>

=) Fix(T2) =
m\

i=1

Bi



総括︓本講義の⽬的

q不動点とは何か︖
q不動点を⾒つけるとなぜ嬉しいのか︖
という素朴な問に対する回答例の提⽰

n講義 1: ヒルベルト空間、便利な不等式
n講義 2: 不動点, ⾮拡⼤写像, 最適化
n講義 3: 不動点近似法
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最近の研究動向（多様体へ）

q深層ニューラルネットワークは通常
ユークリッド空間 (まっすぐな空間)

q⾃然⾔語処理へ応⽤する時
多様体 (曲がった空間)

での最適化が必要

q8/24 13:00ー リーマン多様
体上の最適化理論とその周辺
佐藤寛之先⽣
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最近の研究動向（多様体へ）

q深層ニューラルネットワークは通常
ユークリッド空間 (まっすぐな空間)

q⾃然⾔語処理へ応⽤する時
多様体 (曲がった空間)

での最適化が必要
qリーマンAdam・リーマンAMSGrad

の開発に成功（既存⼿法よりも⾼性能）

© Meiji University,All rights reserved. 

Hiroyuki SAKAI, H.I.: Riemannian Adaptive Optimization
Algorithms and Its Applications to Natural Language
Processing, IEEE Transactions on Cybernetics(2021)



最近の研究動向（多様体上の不動点問題）

q2015年 6/27: 成島先⽣、佐藤先⽣との
研究打ち合わせ

q多様体上での⾮拡⼤写像の不動点問題
m射影ー射影先
m射影積ー射影先の共通部分
mリゾルベントーゼロ点集合
m⾃然な拡張ができる

q不動点最適化アルゴリズムを多様体へ拡張

© Meiji University,All rights reserved. 

H.I., Hiroyuki SAKAI : Riemannian Stochastic Fixed Point
Optimization Algorithm, submitted



⽂献

q参考⽂献
m⾼橋渉著 ⾮線形・凸解析学⼊⾨ 横浜
図書
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⽂献

q講義中に紹介した図書
mH.H.Bauschke, P.L.Combettes: 

Convex Analysis and Monotone 
Operator Theory in Hilbert Spaces 
(Second Edition), Springer 2017 

m⼭⽥功著 ⼯学のための関数解析 数理⼯学社
m⾼橋渉著 凸解析と不動点近似 横浜図書
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⽂献

q不動点理論の応⽤(ネットワーク資源割当)
mH.I.: Distributed Optimization for 
Network Resource Allocation With 
Nonsmooth Utility Functions, IEEE 
Transactions on Control of 
Network Systems 6 (4): 1354-
1365 (2019)
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⽂献

q不動点理論の応⽤（機械学習）
mH.I.: Stochastic Fixed Point 

Optimization Algorithm for Classifier 
Ensemble, IEEE Transactions on 
Cybernetics 50 (10): 4370–4380 (2020)

mH.Sakai, H.I.: Riemannian Adaptive 
Optimization Algorithm and Its 
Application to Natural Language 
Processing, IEEE Transactions on 
Cybernetics (2021)
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研究室ウェブページ
q https://iiduka.net/
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以上でお終いです。
ありがとう
ございました。


