[From PROCEEDINGS OF THE JAPAN ACADEMY, Vol. 47, Suppl. I (1971)]

Boltzmann Equation on Some Algebraic Structure
Concerning Struggle for Existence

By

Yoshiaki IToH



Suppl.] Note on Ribbon 2-Knots 853

3
N(g(Sl}saTmf»l) Dm+7:

Fig. 2

Therefore, from Lemma 2.2, S is a ribbon 2-knot. This completes
the proof of Theorem 3.1,
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V. Volterra had treated the problem of struggle for existence in
his book based on the biological interest.

Here we will consider some models of struggle for existence. Al-
though the equations are essentially the same to the Volterra’s case,
the formulations is different from it. The mathematical formulation
is done analogously to the case of Kac’s caricature of a Maxwellian gas.
The Boltzmann equation on some finite algebraic structure will be men-
tioned.

Model 1.

1) There are three types of particles, A, B and C, whose numbers
are respectively n,, ny and ng. n,+nz+n,=n is a constant integer.

2) Each particle is in a chaotic bath of like particles. Uniform
distribution of colliding pairs is assumed.

3) Particles vary by the following collision rule:
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that is to say, A is stronger than B, B is stronger than C and C is
stronger than A.

Mathematical formulation. On the analogy of Boltzmann’s prob-
lem, we may have

%ﬂ nA+ —Bny, ‘|‘—n—nB—"ﬂA

(2) in}:;—ﬁﬂ—n +ﬁq*n3+n-Bnc—”B
ot n n
inc =My, + ﬁnc + 2, —mng.
ot n

(2) is rewritten in the following way for sufficiently large n.
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(3) P
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(4) 5
WpC: Pyl+P,P,+P,P,—P,.

(4) can be derived more rigorously from the master equation on
the analogy of the way in the book of M. Kac [1].
The collision rule can be represented by the following algebraic
structure,
EF,-F,=F, E,cE;=E,-E,=F,
(5) EzoEy=E, EBOEC:ECOEB:EB
EcoE;=E, E.oE,=F,-E,=E,.
We can consider a linear space P,E + P,E s+ PcE,, which repre-
sents the state of the system.
Define
(6) (PAEA+PBEB+PCEC)°(P;EA_"P),BEB"'P’CEC)
so as to satisfy the distribution law and (5), we find that the product
means “quasi-convolution” on a algebraic structure (5). Since the
operation is not associative, we are not able to say “convolution”.
By (5) and (6), (4) takes the form

%(PAEA+PBEC+PCEC)

0 =(PuE .+ Pylly+ PeE) o (PuE,+ PyEy+ PoEy)
~(P,E,+PyE;+P.E,).
Symbolically (7) is isomorphic to Boltzmann equation {3]
(8) ;7%: UoU—1U.
uou may be also said “quasi-convolution”. E. Wild’s solution of
Boltzmann’s problem can be adapted to (7) as well as 3).

Now we consider the trajectory of (4). Since P,+Pyr+P.=1

%PA:PA(PB_PC)
(9) 9 p,=PyP,—P,)

ot

0

S Pe=Pc(Pi—Py).

Accordingly
1 o0 1 0 1 0

10 — P+ P+ — 7 p 0.
10 P, ot A+PB ot B+PC ot ¢
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So
0
ot
The trajectory is on the solution of the following [2]
P,+Py+P,=1
P, Py-Po=k,.

an log P,PP,=0.

(12)

Modet 11.
1), 2) are the same to Model I.
3) If an A collides with a B, the A varies to a B with probability
1— P, and remains unchanged with probability P, 5, while the B varies
to an A with probability P, and remains unchanged with probability
1—P,, Inother words, E cEz=FEs- E,=P,;E,+(1—P,pkE53
The collision between the same types makes no change. For an-
other combinations, the system is ruled by similar laws.
If » is sufficiently large, it can be formulated as a Boltzmann eqa-
tion (7) on a randomized algebraic structure.
EAOEA:EA EAOEB:EBOEA:PABEA+(1—PAB)EB
(13) EBOEB:EB EBOEC:ECOEB:PBCEB+(1_PBC)EC
E,-Eq.=E; ECOEA:EAOEc:PCAEC‘f‘(l‘PCA)EA
The difference between Model I and Model II is caused by the alge-
braic structure.
From (7) and (13), we can derive

L0 =P 2P Pyt 2P~ Pe)—1
A
(19) L0 PPyt 2P Py 2P Pip) 1
B
L0 Po=Pet2P.Poit 2Ps(1—Pyo) 1.
C
We can reform (14) to
Aj}ﬁ%ﬂi: Py@P,s—1)+ P,(1—2P,)
A
R +Po(@Pyo—1)
B
1 90 p _p,@P.—1+Py(1—2
'F(}'“a’? c— A( CA™™ + B( - BC)'
Consider
15 19 18
16 1 dp gl op 1 %p,
(16) T A+ﬁP,, ot T e e

For appropriate time independent constants «, B, v, we can make
(16) equal zero.

Because (17) has non-trivial solution.
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(I_ZPAB)B + (2P, — 1)7’ =0
an (2P, ;—1Da +(1—2Ppy)y=0
(1—2P;)a+ 2Pz, —1f =0.
For
0 1-2P,, 2P,,—1
(18) 2P, z—1 0 1-2P;,
1-2P;, 2Pz.—1 0
is a skew symmetric matrix, the determinant is zero. (The determi-
nant of an odd dimensional skew symmetric matrix is zero.)
The trajectory is on the solution of
PPipPr—=[,
P,+P,+P.=1.
By (a, 3, 7), many types of trajectory can be considered.
The trajectory of Model II is on a curve on P, +P,+P.=1 (P,,
P, P.>0).
The author made Model II from an actual problem of operations
research which was suggested by Prof. K. Kunisawa.
This type of phenomena often occurs in economics, for example,
the change of the market share.
In this case collision means comparison, and uniform distribution
of comparing pairs is assumed.
We can extend the above discussion to the struggle for existence
among n=_2k-+1 species.
It will be formulated as a Boltzmann equation (20) on a randomized
algebraic structure (21).

(19)

(20) %(i PiEi):<i: PiEi) ° (i PiEz)’—(i PiEi)
i=1 i=1 i=1 i=1
E, E;,=P,;E;,+(1—P,)E,
,Jj=,2,-.-,m, n=2k+1.
For appropriate time independent constants a,, av,, - - -, «,,, the tra-
jectory satisfies
SIP=1
(22) 1:1
> Pri=k, n=2k+1.
i=1
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