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Abstract. Electron velocity distribution obtained by direct spacecraft
observation in space is contaminated by photoelectrons. The photoelec-
trons are generated due to the solar ultraviolet ray, and are regarded
as artificial noise from a viewpoint of scientific research. We propose a
method for separating photoelectron component from ambient electron
component. Our method uses multivariate normal mixture model, whose
parameters are determined via the Expectation-Maximization (EM) al-
gorithm. Initial parameters of the EM algorithm are computed through
the classification of the velocity space by a spherical surface of some
arbitrary radius.

1 Introduction

The process of knowledge discovery begins with data acquisition and ends with
identification of a new pattern in data. Between the start and the goal, the pro-
cess includes various steps what we roughly call “data analysis.” In the scheme
proposed by Fayyad et al. [2], the process consists of (1) data selection, (2) data
preprocessing, (3) data transformation, (4) data mining (hypothesis generation),
and (5) hypothesis interpretation / evaluation. Creation and development of the
computational strategy for such steps enable us to reduce the time in achieving
the knowledge discovery, and are indispensable in dealing with large database.

We have demonstrated that the multivariate normal mixture model is an
effective tool for characterizing an observation of three-dimensional space plasma
velocity distributions [6, 7]. The normal distribution is called as the Maxwellian
distribution in the plasma physical field. That is, when multiple peaks exist
in the observed velocity distribution, these peaks can be well represented by
the multiple Maxwellian distributions that compose the mixture model [4]. We
applied the mixture model to the ion velocity distribution and determined the
parameters of the model through the Expectation-Maximization (EM) algorithm
[1, 3]. This procedure is regarded as a step of “data mining” in the scheme of
Fayyad et al.[2].

In this paper, we present that the similar procedure can be applied to the
“preprocessing step” of the analysis of electron velocity distributions with minor
modification. Since a spacecraft in sunlight is irradiated by the solar ultravi-
olet ray, photoelectrons are produced from illuminated surface material. The



spacecraft is then charged to positive potential relative to the ambient plasma,
which attracts the photoelectrons emitted from the surface. When the electron
measurement is carried out in such an environment, returned photoelectrons are
detected together with the ambient natural electrons what is originally expected
to be observed. Since the amount of those photoelectrons is comparable or even
larger than that of ambient electrons, it is difficult to obtain the real informa-
tion from the data. This difficulty have prevented the progress of the quantitative
study of electron dynamics.

However, we found that the two-component Maxwellian mixture model can
represent the photoelectron and the ambient electron by the two component mix-
ture model. While the algorithm used is similar to that in the previous work [6],
a new algorithm has been developed in the part of setting the initial parameters.

2 Data

We used electron velocity distribution obtained by the Low Energy Particle
Energy-per-charge Analyzer (LEP-EA) on board the Geotail spacecraft. LEP-
EA measured three-dimensional velocity distributions by classifying the velocity
space into 32 for the magnitude of the velocity, 7 for elevation angles, and 16 for
azimuthal sectors (Figure 1).
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Fig. 1. Classes for observation of an electron velocity distribution with LEP-EA (RAM
B mode)

We define a probability function of observed electron velocity vpqr [m/s]:

f (vpqr) =
f0 (vpqr) dvpqr∑

p,q,r f0 (vpqr) dvpqr
, (1)

where f0 (vpqr) [s3/m6] is an observed electron velocity distribution function,
and dvpqr is the class interval whose class mark is vpqr. Subscription p, q and r



are indicators of the magnitude of the velocity, elevation angle, and azimuthal
sector, and they take integers p = 1, · · · , 32, q = 1, · · · , 7, and r = 1, · · · , 16.

3 Method

3.1 Multivariate Maxwellian Mixture Model and EM Algorithm

We approximate the probability function (1) by the mixture model composed of
the sum of two multivariate Maxwellian distributions:

f (vpqr) �
∑

i=ph,am

nigi (vpqr|V i, Ti) , (2)

where ni is the mixing proportion of the Maxwellians (
∑

i=ph,am ni = 1, 0 ≤
ni ≤ 1). Notations “ph” and “am” mean photoelectron and ambient electron,
respectively. Each Maxwellian gi is written as

gi (vpqr|V i, Ti)

=
(me

2π

)3/2 1√|Ti|
exp

[
−me

2
(vpqr − V i)

T Ti
−1 (vpqr − V i)

]
, (3)

where me [kg] is the electron mass, V i [m/s] is the bulk velocity vector and Ti [J]
is the temperature matrix of i-th Maxwellian. The log-likelihood of this mixture
model becomes

l (θ) = N
∑
p,q,r

f (vpqr) log
∑

i=ph,am

nigi (vpqr|V i, Ti) , (4)

where θ = (nph, V ph, V am, Tph, Tam) denotes the all unknown parameters,
and N is the total number of the particle count.

Partially differentiate (4) with respect to V i and T−1
i (i = ph, am) and put

them equal to zero, we obtain the equations that should be satisfied by the
parameters as maximum likelihood estimators. Utilizing these equations, we es-
timate the unknown parameters through the iteration of the EM algorithm with
regarding posterior probabilities as unmeasured data [5, 6]. We finish the itera-
tion when the log-likelihood and unknown parameters become unchanged in the
iteration.

3.2 Initial Parameters of EM Algorithm

To reduce an iteration of the EM algorithm, a proper setting for the initial pa-
rameters is desirable. We used the k-means algorithm for setting the initial pa-
rameters for the iteration of the EM algorithm in the previous work [6]. However,
since the k-means algorithm is a clustering algorithm for an exclusive division,
it is not applicable in setting initial parameters for a mixture model whose bulk
velocities are close to each other.



Now we approximate an observation of electron distribution by photoelec-
trons and ambient electrons. The parameters are expected to satisfy

nph > nam, (5)
V ph � 0, (6)

|V am| <
√

2trTph/3me <
√

2trTam/3me. (7)

This is the case when the k-means algorithm does not work well. We then adopt
the following method suitable for such a distribution.

1. Divide the 32 classes about the magnitude of velocity (radial direction in
the velocity space) into two groups by a certain boundary of radius R (R =
2, 3, · · · , 31).

2. Compute mixing proportion, bulk velocity vectors, and temperature matrices
for both groups by usual moment calculation procedure.

3. Set these value as the initial parameters of the EM algorithm.

4 Application

The top panel of Figure 2 shows an observation of electron velocity distribution
which was obtained in the time interval 1420:00–1420:12 on January 16, 1994.
Displayed two lines are densities in the velocity space along the vx and vy axes.
We find high density around the origin (vx = vy = 0), which corresponds to the
photoelectrons.

When applying the two-component Maxwellian mixture model to the data,
we obtained photoelectron component and ambient electron component sepa-
rately as shown in the bottom-left and bottom-central panels of Figure 2, re-
spectively. The estimated parameter are given in Table 1. The sum of the two
components are also shown in the bottom-right panel.

Table 1. Estimated parameters for the two-Maxwellian mixture model in the time
interval 1420:00–1420:12 on January 16, 1994. The value of n is the mixing proportion
multiplied by the total number density

Electron n [/cc] Vx [km/s] Vy Vz Txx [eV] Txy Txz Tyy Tyz Tzz

photo 3.819 −534 257 123 7 0 0 7 0 7
ambient 0.064 270 −100 −87 144 −4 1 131 1 122

In setting the initial parameters of the EM algorithm, it may matter how to
select the cutting radius R which potentially classify the data into photoelectron
and ambient electron components. We found, however, that the results after the
iteration of the EM algorithm are the same in most R selection. In this example,
we can obtain the same result for R = 2 to 25.



GEOTAIL LEP-EA-e RAM B

1420:00–1420:12 UT on January 16, 1994

Observation

 

 

 

 

 

lo
g 

f 
[s

3 /m
6 ]

  -18.5

  -13.5

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vx

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vy

     

Photoelectron Ambient Electron Photo + Ambient

 

 

 

 

 

lo
g 

f 
[s

3 /m
6 ]

  -18.5

  -13.5

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vx

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vy

     

 

 

 

 

 

lo
g 

f 
[s

3 /m
6 ]

  -18.5

  -13.5

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vx

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vy

     

 

 

 

 

 

lo
g 

f 
[s

3 /m
6 ]

  -18.5

  -13.5

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vx

-10000-5000 0 5000 10000

 

 

 

 

 

vx , vy [km/s]

vy

     

Fig. 2. Observation of electron velocity distribution along the vx and vy axes between
1440:00–1440:12 UT on January 16, 1994 (top). Bottom panels are estimated com-
ponents for photoelectron (left), ambient electron (center), and the sum of the both
(right). Two vertical broken lines in the top panel indicate electron velocities equivalent
to the spacecraft potential at this time interval

5 Discussion

Traditionally, the spacecraft potential was utilized to decompose the electron
data into photoelectron component and ambient electron component. When the
spacecraft potential is φ [V], the equivalent electron speed ve =

√
2eφ/me [m/s],

where e [C] is the elementary electric charge. This means that a photoelectron
particle whose speed is less than ve cannot escape from the spacecraft and is
pulled back to the spacecraft. Therefore, density of particles slower than ve

would be contributed by photoelectrons as well as ambient electrons. On the
assumption that the photoelectrons were distributed within |v| ≤ ve, they thus
did not use the density of the slow particles and interpolated the density of slow
speed particles by the density of particles faster than ve. However, the equivalent
electron speed ve is not so accurate as an indicator of the photoelectron distri-
bution. In the same time interval (1420:00–1420:12 UT on January 16, 1994),
the spacecraft potential φ = 26.09 V and then ve = 3029 km/s, which is shown
in the top panel of Figure 2 as ±ve by two vertical broken lines. The two lines



are located at smaller velocities than our expectation (ve ∼ 4000 km/s), and will
give an inappropriate interpolation.

Since our method works automatically with less computational burden, it
can compute the macroscopic quantity of the ambient electrons (nam, V am, and
Tam) on board the spacecraft. It will be useful under the limited transmission
resources from the spacecraft due to the telemetry constraint.
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