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Abstract

When we cluster tissue samples on the basis of genes,
the number of observations to be grouped is much smaller
than the dimension of feature vector. In such a case, the
applicability of conventional model-based clustering islim-
ited since the high dimensionality of feature vector leads to
overfitting during the density estimation process. To over-
come such difficulty, we attempt a methodological extension
of the factor analysis. Our approach enables us not only to
prevent from the occurrence of overfitting, but also to han-
dletheissuesof clustering, data compression and extracting
a set of genes to be relevant to explain the group structure.
The potential usefulness are demonstrated with the applica-
tion to the leukemia dataset.

1. Introduction

Cluster analysis of microarray gene expression data
plays an important role in the automated search and the
validation for the various classes in either tissue samples
[2, 5, 7] and genes [4, 19]. A distinction of microarray
dataset is that the number of tissue samplesis much smaller
than the number of genes. Our work in this study focuses
on clustering of tissue samples.

For this purpose, one of the widely used techniques has
been hierarchical clustering. Although the method has con-

tributed to find distinct subtypes of disease [2, 5], there is
weakness as to systematic guidance for solving practical
guestions, e.g. what genes are relevant to explain the group
structure and, how many clusters there are. Furthermore, it
is not evident for this approach to classify a set of future
samples since the decision boundary is not explicit.

The model-based clustering using the finite mixture
model is a well-established technique for finding groupsin
multivariate dataset [10, 11, 17]. Most commonly, the at-
tention has focused on the use of Gaussian mixture because
of the computational convenience. However, in some mi-
croarray experiments, the applicability of this approach is
limited. That is, when we wish to cluster tissue samples on
the basis of genes, then the sample sizeis much smaller than
the dimension of feature vector. In such a case, the finite
mixture models often lead to overfitting during the density
estimation process. Therefore, we need to reduce the di-
mensionality of data before proceeding to cluster analysis.

The principal component analysis (PCA, [3]) is a com-
monly used method for reducing the dimensionality of mi-
croarrays [11, 12]. In spite of its usefulness, PCA is not
justified in clustering context since the projections of data
corresponding to the dominant eigenvalues do not neces-
sary reflect the presence of groups in dataset. Most such
limitations are related to the fact that PCA only takes into
consideration the second-order characteristic of data. Some
authors gave theillustrations that PCA failsto reveal under-

lying groups [6, 17].
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This article attempts a methodological extension of the
factor analysis. In our model, so referred to as the mixed
factors model, the factor variable plays arole to give a par-
simonious description of clustersin the feature space. The
model presents a parsimonious parameterization of Gaus-
sian mixture. Consequently, our approach enables us to
prevent from the occurrence of overfitting in the density
estimation even when the dimension of data is about sev-
eral thousand. The application of the mixed factors analy-
sis covers the issues of clustering and dimension reduction.
The reduced-dimensionality representation of origina data
is constructed as to be plausible estimate of signal reveal-
ing the existence of group structure. The proposed method
also can extract genes to be relevant to explain the group
structure. In this process, sets of genes that are functionally
co-worked are automatically detected.

The mixture of factor analyzers (MFA, [16, 17]), which
is an extension of the mixture of probabilistic principal
components analysis (MPPCA, [21]), is closely related to
our model. Our mixed factors model is distinguished from
MFA and MPPCA interms of the parameterization of Gaus-
sian mixture. While the number of free parameters of MFA
and MPPCA grows quickly as the number of clusters tend-
ingtolarge, our approach can mitigate such difficulty. Some
researchers might be motivated by grouping the tissue sam-
ples into the large number of clusters across several thou-
sand genes. In such situations the superiority of our method
will be apparent.

Therest of thisarticleis organized asfollows. In Section
2, wewill present the mixed factors model and outline some
materials used in the following sections. Our model will be
also discussed in relation to MFA and MPPCA. Section 3
covers the EM algorithm for the maximum likelihood esti-
mation of our model. Section 4 will express the procedures
of clustering, data compression, visualization and selection
of genesto be relevant to explain the presence of groups. In
Section 5, the potential usefulness of our approach will be
demonstrated with the application to a well-known dataset,
the leukemia data[12]. Finaly, the concluding remarks are
given in Section 6.

2. Mixed Factors M odel
2.1. Probability M odel

Let 2 be an observed variabledistributed over R¢. When
we cluster the tissue samples across the genes, the dimen-
sional of feature vector, d, corresponds to the number of
geneswhich istypically ranging from 102 to 10*. The basic
ideaunderlying factor analysis[3] isto relate « to the factor
variable f € RY;

[

xr =

f+e (1)

Here ¢ < d, and the € is an observational noise to be Gaus-
sian, e ~ N(0,A), with A = diag(\1, - -+, Ag). Thematrix
of order d x ¢, E, containsthe factor loadings and isreferred
to the factor loading matrix. The factor variable and the
observational noise are conventionally assumed to be mutu-
ally independent random variables. In the following discus-
sions, we assume that the noise covarianceisto beisotropic,
i.,e. A = M4 where I; denotes d-dimensiona identity
matrix. Note that, for a given factor variable, the observed
variable is distributed according to x|f ~ N(Ef,\l,).
A key motivation of usual factor analysis is that due to
the diagonality of noise covariance matrix, all variablesin
x = (x1,---,xq) are conditionally independent for agiven
factor variable. Therefore, it can be considered as that the
factor variable plays arole to give a parsimonious explana-
tion for the dependenciesin x.

A key ideaof the proposed method isto describe clusters
on R4 by using the factor variable. Suppose that the total
population of x consists of G' subpopulations, Py, - - -, Pg.
HereweletI” = (Iy,---,lg) beavector of unknown class
labels to indicate the subpopulations by

l_{l reP,
710 x¢P,.

Consider that the I follows from multinomial distribution,
I ~ Mg(a) with probabilities a” = (aq,---,ag), and
that given [, = 1, the factor variable is distributed to be
Gaussian, f|l; =1 ~ N(u,,%,). Then the unconditional
distribution of f is given by the G-components Gaussian
mixture with density

G
p(f) = ayd(fiy, Zy)- @)

g9=1

Here the ¢(f; u,,X,) denotes the normal density with
mean u, and covariance matrix X,. We refer to the ob-
served system, composed of (1) and (2), the mixed factors
model.

For this mode!, the complete data is taken to be y? =
(T, £7,1"), where the missing variables correspond to f
and l. Themodédl of the complete data y is factorized as

p(y) = p(FIDp)p(x|f), ©)
where
p(@lf) = o(@;Ef, ),
p(fl) = ﬁcb(f;ug,xg)lg,
=
p(l) = Hlalgg
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Notice that p(x|f,l) = p(x|f) holds in the mixed factors
model. This implies that given a factor variable, the class
label has no effect to the conditional distribution of . The
presence of clusters on R? is completely explained by the
factor variable.

Under this generative model, the observed variableis un-
conditionally distributed to be the G-components Gaussian
mixture,

G
pa) =) ayd(a; Ep,, EX,E" + M), (4)

9=1

Thus, the feature variable is characterized by clusters cen-
tered at mean Ep, in which each group size is defined by
the mixing proportion a,, g € {1---,G}. The covariance
matrix formed in £ 327 + AT, imposes a geometric fea-
ture on the gth cluster. For the Gaussian mixture with unre-
stricted covariance, there are d(d + 1) /2 distinct parameters
in each component covariance matrix. In cluster analysis of
microarray data, the unrestricted covariance leads to over-
fitting in the density estimation process since the number of
free parametersgrows quickly as G tendsto large. Whenwe
arein such situations, the mixed factors model gives a natu-
ral approach to the parsimonious parameterization for Gaus-
sian mixture. The occurrence of overfitting can be avoided
by choosing ¢ as to be appropriate for a given dimensional-
ity of data and the specified number of components.

2.2. Rotational Ambiguity and Parameter Restric-
tion

The parameter vector @ in the mixed factors model con-
sists of al elementsin E, A and the component parameters
g, py, X, forg € {1,---,G}. While our approach pro-
vides a parsimonious parameterization for Gaussian mix-
ture, such modeling leads to the lack of identifiability of the
parameter space.

Let R be any nonsingular matrix of order g. Note that
each component mean and covariance in (4) are invariant
under the manipulation by R as

ERR™'p,, ERR'S,R-"R'E" + )L

This will occur when we apply a nonsingular linear trans-
formation so that = — =R, f — R~ ' f. Therefore, there
isaninfinity of choicesfor pu,, ¥, and E

To avoid the nonidentifiability, we need to reduce the
degree of freedom for the parameters by imposing ¢ con-
straints which corresponds to the order of R. In this paper,
we consider a natura approach as follows;

(@ X, =diag(org - -04g), 9 € {1,---,G},
(b E'E=1,.

Theconditions (a) and (b) impose¢(¢—1) /2 and ¢(¢+1)/2

restrictions on the number of free parameters, respectively.
Then, the total size of restrictions results in ¢2 to be im-
posed. The condition (b) offers the orthonormality of ¢
columns in the factor loading matrix, & = (£, ---§,), i.e.
1€ell =1k € {1,---,q}, €4 &, = Oforal b # k.

Consequently, the mixed factors model has unknown pa-
rameters with the degree of freedom,

Ng(d,G) = (G —1) +dg + 1 + 2Gq — (qz%) (5)

Note that NVg(d,G) grows with only proportiona to ¢ as
d tends to large, and aso that it grows with only propor-
tional to 2¢q + 1 as G tends to large. As will be remarked
in next discussion, this property will be desirable in situa-
tionswhere researchers are motivated by grouping thetissue
samples into the large number of clusters across genes.

2.3. Related M odels

The mixture of factor analyzers (MFA, [16, 17]) presents
the (G-components Gaussian mixture as follows,

G
p(x) = Zag¢(w§mnggwg+Ag)' (6)

9=1

Herethe W, isdx g matrixand A, = diag{Aig, -, Agg }-
Thisisageneraization of the mixture of probabilistic PCA
(MPPCA, [21]) whichtakes A, to beisotropic, A, = A 1 4.
It was shown by [17, 21] that there implicitly exists agener-
ative model behind this form of Gaussian mixture. Suppose
that we have G submodelsin which each gth model isgiven

by
r=my+ W,t+e€g,

forg € {1,---,G}. Herethe g-dimensional latent variable
t is defined to be Gaussian N (0, I,;), and the noise model
ise; ~ N(0,A,). Mixing these submodels with probabil-
ity g g € {1,---,G}, then one can obtain the Gaussian
mixture in the form of (6).

As well as our approach, MFA also presents a parsimo-
nious parameterization of Gaussian mixture model. This
model characterizes more flexible geometric feature of clus-
ters than that of the mixed factors model. However, in clus-
ter analysis to be faced in microarray studies, it may till
suffer from the problem of overfitting. It follows from [17]
that the number of free parameters of MPPCA is given by

~ 2—
Np(d,G) :2G—1+qu+Gd—G(q : q).

Table 1 shows a comparison for the number of free param-
eters between the mixed factors model and MPPCA for
varying G and d. For instance, consider that we have a
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Mixed factors model (¢ = 2)

G=2 G=3 G=4 G=
d =50 107 112 117 122
d =200 407 412 417 422
d =1000 | 2007 2012 2017 2022

d=6000 | 12007 12012 12017 12022
d = 20000 | 40007 40012 40017 40022
MPPCA (¢ = 2)

G=2 G=3 G=4 (d=5

d =150 301 452 603 754
d = 200 1201 1802 2403 3004

d =1000 | 6001 9002 12003 15004
d=6000 | 36001 54002 72003 90004
d = 20000 | 120001 180002 240003 300004

Table 1. Comparison for the number of free
parameters (¢ = 2) between the mixed fac-
tors model (top) and the mixture of principal
component analyzers (bottom), against some
specified values of the number of groups G
and the dimension of feature vector d

set of 1000-dimensional observations, and are motivated by
grouping them into two clusters using 2-dimenional latent
variable (d = 1000, G = 2, ¢ = 2). Thissituation is con-
sidered to be typical in microarray studies. Then, the num-
ber of free parameters of MPPCA is Ng(d,G) = 6001,
while our model gives Ng(d,G) = 2007. Further, if
d = 1000, G = 3, ¢ = 2, then, Ng(d,G) = 9002 and
Ng(d,G) = 2012. While Ng(d, G) becomes large quickly
as G tendsto large, our approach enablestheincrease in the
number of parametersto be saved. In essence, the challenge
faced by the biological scientists is to use the large-scaled
dataset whereas the several organisms are composed of the
large number of genes, e.g. the genome of Saccharomyces
cerevisiae contains more than 6000 genes. In such situa
tions, we can not expect some estimates obtained from MFA
and MPPCA approaches to be reliable, and so the scope of
their application is limited.

2.4. Posterior Distributions

An objective of the mixed factors analysisis to find the
plausible values of f and ! based on an observation x. Itis
achieved by the suitable estimators to be close to the esti-
mands on the average. Our analysis aims to reduce the di-
mensionality of data by estimating the factor variable and to
divide the feature space, R?, by attributing the labels I for

al z € RY, simultaneously. Most common approach for
estimating the latent random variables is based on Bayes
rule. We will revisit to these issues in the later sections. In
this context, the posterior distributions of f and play akey
role in constructing the Bayes estimators. Hence, in sequel
we will investigate the functional form of them.

Let u(z) = 22 and € = 2 ¢, that is, the orthogonal
transformations of « and € onto R?. Then, the generative
model (1) can be replaced by

u(x) = f + ¢, (7

where € ~ N(0,\I,). Given this formulation, the g-
dimensional variable u(x) is distributed according to the
G-component Gaussian mixture as

G
p(u(x)) = Zag¢(u(w);ug, 3y +A,). (8)

Herethe gth component mode! isdefined by u(x)|l, =1 ~
N(p,, Xy +A1,). Notice that the density of observed vari-
able can be rewritten as

p(@) = 2m) N exp [~ o (el ~ fu(@)]?)
xp(u(e)), ©

if the parameters satisfy the restrictions (a) and (b).
Using Bayes theorem, the posterior probability of [, = 1
can be assessed by
agp(u(z); py, By + M)
p(u(x))

Pr @ € Pg) = ) (10)

forg € {1,---,G}. Each value assigns the membership
probability that an observation  belongs to the gth sub-
population P,. Therefore, the posterior probability of [
is given by multinomial distribution having the probabil-
ity mass function P(I|x) = Hle Pr(x € P,)'s. Notethat
the probability of belonging is defined on the g-dimensional
variable u(x), and so we can write Pr@¢ € P,) =
Pr @w(z) € P,) without loss of generality.

Next let us consider the posterior distribution of the fac-
tor variable. Givenl, = 1, the u(z) and the f are uncon-
ditionally distributed to be 2¢-dimensional Gaussian with
mean (p!, p )" and covariance matrix

T, + M, %,
29 29 ’
Then, it follows from standard property of the multivariate

normal distribution that

p(f|:1?,lg =1)= ¢(f;¢g($)>rg)a

YF]',F.
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where the posterior mean and covariance are given by

Po(@) = py+By(By + M) (u(@) )
= ll'g +Qg(u(w) _/J/g)a

and

r, = Ey—zg(zg+)‘1q)7lzg
= )\Qg. (1

Herethe g x ¢ matrix Q,, isdiagonal so that each diagonal
element consists of the signal to noiseratio o, /(oky + A),
ke {1,---,q} corresponding to the generative model (7) in
which o, denotes the kth diagonal element of X,. Hence,
this gives the posterior distribution of f in the form of the
Gaussian mixture;

p(flx) = meep o(f39,(z),Ty). (12)

The mixing proportions correspond to the posterior proba-
bilities of belonging. These posterior distributions are used
to estimate @ (Section 3) and to construct Bayes estimators
for the latent variables, e.g. the posterior expectation, the
maximum a posteriori (MAP) estimator.

Finaly, note that we have no need to calculate d-
dimensional density for assessing either (10) and (9). In
microarray studies where the dimension of feature vector
is ranging from 103 to 10, the direct calculation based on
theform of Pr @& € Py) o ayop(w; Ep,, EL,E" + M y)
and (4) might fail since the high dimensional densities take
extremely small values, and also are computationally very
demanding. In contrast to such intractability, our approach
of the parameter restriction provides a way of saving the
computational resources and avoiding the overflow.

3. Model Estimation
3.1. EM algorithm

Suppose that we have a sample of size N, X =
(z1 - - - xn) where X denotesadatamatrix of order d x N.
Given data, the mixed factors model can be fitted under the
principle of the maximum likelihood although there exists
no closed-form solution for the estimator. The EM algo-
rithm is a general approach to maximum likelihood estima-
tion for the problem in which a probability model includes
one or more |atent variables.

We et ff = (flja"':qu) andlf = (llja"'alGj) be
the realizations of factor variable and class |abel vector cor-
responding to the jth observation ;. The complete data
y! = (af, f7,1;7) is assumed to be i.i.d. sample drawn

from (3). Suppose that we are now having an estimate 6 at

the current step of the EM algorithm. The method alternates
between two steps, say E step and M step.

Firstly, consider to update the hth column of the factor
loading matrix, &, while al of parameters except to &, are
fixed at the obtained values. The evaluation of £, must take
account of the constraints that £7£, = 0 for all k # h.
This can be achieved by the use of Lagrange multiplier
for k # h. Then, the complete data log-likelihood with the
Lagrange termsis given by

Zlog¢ xj; frni&n + Z kaEka)‘Id)
kZh

+ > k€ (13)
k#£h

where &, denotes the fixed values and we have omitted the
terms independent of &,,. Here, we have no concern to the
imposition on the norm of &, since this can be scaled a pos-
teriori as will be seen in later. But it is assumed that all of
&, for k # h have been normalized such that ||£, || = 1.
By taking derivative of (13) with respect to &, and mul-
tiplying it by some constants, one can obtain the gradient as

follow;
g&,) = Ehth] + ZEkah]fk]

k£h j

—ijfh] + A3 ks

k£h

Here the quantities (3=, fujfij,---, >, faife;)" and
>_;®jfn; are summarized in the hth column of the ma-
trices of the sufficient statistics,

Tyr =3 1ifs Ter =3 wif]. (14)

Inthe E step, wereplace (3 ; fa;fij,--+, >, fnjfe;)" and
> ; Tj fn; by the conditional expectations with respect to
p(f|x) (12) where the posterior distribution p( f|x) is as-
sessed by the current values of parameters.

These are given by the hth column of

(Tyy) ZZPrm;eP( 1, (@), (2,)"), (15)

(T.p) = Y x; ) Pra; € P, (x;), (16)
J g

where again, al posterior quantities are evaluated by the

current values of parameters. Then, these give the estimat-
ing egquation for &, asfollow;

&, th] + D& fuifer) = mifni)
J
XY g, =0, (17)

k#£h j
k#£h
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To find a solution for v, consider to multiply (17) by &, .
Then, thisleads to

= % (5?(2 T fnj) — <Z fhifki>>’

foral k # h. Further, substituting 4, to (17) give asolution
as
€ S i) —S &S wifué ) (19)
h<th_] JhJ k JJhijlISk [+

j k#h j

Converting this new values to the old one yields .

Here, notice that since ||£,|| # 1, we need to normalize
it. Let U, be adiagona matrix of order ¢ such that the hth
diagonal element is ||, ||*/2, otherwise 1. SinceU , 3,U
remainsdiagonal, the probabilistic nature of (1) are still pre-
served even if £ — EU;, ' and f — U, f. Thus, without
loss of generality, we can rescale the estimates of parame-
tersby

BEU,' > &, Upir, = f1,, UZ,Ur — 2, (19)

Repeating these processes, (18) and (19), forh = 1,-- -, q,
we would have an estimate of factor |oading matrix.

Next, differentiating the complete data log-likelihood
with respect to the remaining parameters and setting all
derivatives to zero, one can obtain the following equations
after some manipulations,

~ ~T “ ~
tr(NALy = Top — ET/8 +ETL; + Tof8) =0,
andforg € {1,---,G},

Tq,—p,11, =0,
1,2, — Ty, +Tlgltglt§ =0,

1
—T, +x=0.
Qg
Here, the sufficient statistics is comprised of (14) and
a:::: - Zm] ,JT; Tfl - Zlg]fja
Tfflg:Zlgjfj.fja 1, Zlg]
J

The E step requires the expectation of sufficient statistics
conditional on X and the current values of parameters. It
follows from the results presented in Section 2 that

T..) :Za:ja:JT,
(T, ZPY@JEP) o(35),

(Typ,) ZPT z; € Py)(Ly + 1, (x;)0, ()T,

= ZPr & €P,), (20)

and (15), (16).
In the M step, al sufficient statistics are replaced by
these posterior quantities. Then the M step is given by

5 1 2 =T
A= d—Ntr<(TM) + BT )&

andforg € {1,---,G}

- AT.)E), (@D

& = (1), @)
pr, = (T—t> (T1,), (23)
¥, = (Tt ><Tffl ) = iy fu - (24)

Thus, the EM agorithm is summarized as follows:
1. Specify initial values of parameters, 6.
2. (Factor loadings) Repeat the following steps for h =
1, ... s q.

(8 Evaluate the hth column of (T'ss) and (T, )
based on 6.
(b) Compute £, by equation (18).
(c) Normalize £, and rescale fi,, £, g €
{1,---,G).
(d) Set these parametersto 6.
3. (Remaining parameters)

(a) Evaluate (T..), (T
(T,) based on 6.
(b) Update ), ary, 1, and 5, by (21),(22),(23),(24).

(c) Set these parametersto 6.

P ATse) (Tri) (Typi,)

4. If the sequence of parameters and log-likelihood is
judged to have converged, theiteration is stopped, oth-
erwise go to 2.

The factor loading matrix are updated iteratively accord-
ing to (18) and therescaling (19) in which one stageis com-
posed of g cycles. Then, the equationsfrom (21) to (24) fol-
low. The EM agorithm alternates between these processes
until a sequence of the produced parameters and the values
of likelihood is judged to have converged. Under mild con-
ditions, the method is guaranteed to find a local maximum
of the log-likelihood.

YF]',F.
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3.2. Implementations

Aswell as another mixture models, the likelihood equa-
tions of the mixed factor model have the multiple roots, and
so the EM algorithm should be started from a wide choice
of starting valuesto search for all local maxima. An obvious
choice for the roots is the one corresponding to the largest
of the local maxima. In below, we will describe an ad hoc
way of specifying initial parameters.

Firstly, consider to determine each element in the fac-
tor loading matrix, denoted by ()4, h € {1,---,d} and
k € {1,---,q} and the noise variance \. The main dif-
ficulty is that the factor loadings must take account the
conditon 'S = I,. Let & = (1/N)Y;z; and
s, = (1/N) 32, (zk; — Ty)?, that is, sample mean and vari-
ance of kth variablein . Then our approach to the initial-
ization of these parametersis summarized as follows:

1 Seth=(1/d) 0, s

2. Generate the factor loadings by (E)n, ~ N (0, 1), for
al h, k.

3. Implement the cholesky decomposition, =
CTC where C is the lower triangle matrix of
q, and recompute the factor loadings by

=EC ! 5 E.

Subsequently, these parameters give a set of orthogo-
nal transformation of origind data u(z;) = E'xj,
j € {1,---,N} and aso the mean and variance, u =
(1/N) 3 u(z;) and S, = (1/N)diag})_;(u(z;) -
u)(u(z;) — u)? which will be useful for specifying the
component parameters of p(f). An outright way is that
a, = 1/G, py ~ N(a,S,) and X2, = S,, g €
{1,---,G}.

For some gene expression datasets, each array contains
some genes with fluorescence intensity measurements that
were flagged by the experimenter and recorded as missing
data points. For instance, [9] reported that the mean per-
centage of missing data points per array is 6.6% for the
lymphoma datasets [2] and 3.3% for the NCI 60 datasets
[19]. Our modeling offers a natural approach to the anal-
ysis in the cases where some values in o} = (z1; - - - 24;)
exhibit one or more missing values. The presence of miss-
ing values requires a minor change in the EM algorithm in
which the missing values are considered asto be aset of la-
tent variables. However, we are omitted to discuss thisissue
more deeply in this study.

4. Mixed Factors Analysis

Once the model has been fitted to a dataset, the mixed
factors analysis offers the applications to clustering, dimen-

sion reduction and data visualization. These can be ad-
dressed by finding the plausible values of latent variables
J; 1. The analysis also covers the method of extract-
ing sets of genes to be relevant to explain the presence of
groups. Inthis process, the sets of genesthat are considered
to be functionally co-worked is automatically detected. In
sequel, we will discuss these methods.

41 Mode Selection

The basic issues arising in the mixed factors analysis are
determination of the number of clusters and the dimension
of factor variable. In statistics, these issues can be con-
verted into the problem of model selection among all possi-
ble models being in consideration, My, k=1, --, K.

A commonly used approach to this problem is based on
the Bayesian Information Criterion (BIC, [20]);

BIC(k) = —2Dy, + vz log N. (25)

Here the D;, isa selected local maxima of log-likelihood of
M., and v, denotes the number of free parameter given by
(5). We should choose amodel to be most likely in sense of
the minimum BIC. Unfortunately, finite mixture models do
not satisfy the regularity conditions that underlies the pub-
lished proofs of (25), but severa results suggest its appro-
priateness and good performance in a range of applications
of model-based clustering [17].

There aso exists another possible approaches to be ap-
plicablein this context, e.g. the classical hypothesistesting,
as the likelihood ratio test [15], Akaike Information Crite-
rion (AIC, [1]) and the B-fold cross validation ([1, 18]).
However, the validity of these methods also depends on the
same regularity conditions needed for the asymptotic ex-
pansions in the derivation of BIC. These conditions break
down due to the lack of identifiability in the mixture model.

4.2. Cluster Analysis

The goal of cluster analysis is to classify data x;, j €
{1,---, N} into nonoverlapping G groupings. In terms of
model-based clustering, it is converted into the problem to
infer thel; onthebasis of thefeature datax; or to dividethe
feature space R? by attributing labels 1, g € {1,---,G}
for al = € RZ. Our analysis facilitates the clustering based
on the estimated posterior probability that = ; belongsto P,
g € {1,---,G}. The most common classifier is to assign
x; to a class with the highest posterior probability of be-
longing;

. 1ifPr@, e P,) = Pr(z; € Pp),
i, (x;) = if Pr &; 9) I’?Eaé( r(z; h)
0 otherwise.

If the estimate Pr ¢c; € P,) were true, this classification
rule would be the Bayes rule which minimizes the overall
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misclassification rate [18]. This clustering is made based
on @(z;) and the estimated g-dimensional Gaussian mix-
ture p(a(x)). If the specified dimension of @ (x;) islessor
equal to two, it is possible to visualize the decision bound-
ary.

4.3. Dimension Reduction

Themixed factors analysis gives a scopeto transform the
datainto some reduced-dimensionality representation. This
can be carried out by the posterior mean of factor variable,

G
F(@;) = Pre; € P, (x;),

under the Bayesrule [14]. An alternative way of construct-
ing areduced-rank data may be the orthogonal mapping of
feature data onto R?,

E(f + élz) = u(z)),

although we have no clarity to do so. When the specified
dimension of factor is less or equal to three, the estimated
factor variables are useful for data visualization. Even when
q > 3, thedatavisualization is possible by using some tech-
niques, e.g. the scatter plot.

Alternative method of datavisualization isto select some
axes to be plotted among {1,---, ¢} such that set of the
mappings reveal s the presence of group structure. Consider
now to select two axes. Let iy (x) = (g (), an(x))?.
We consider that the degree of separation given by the set,
wrn(x;), j € {1,---, N} ismeasured by using the minus
entropy of the component memberships;

N G

Ew =YY Pr(awm(z;) € Py)logPr s (@;) € Py),

Jj=1g=1

where

< . kb kR
Pr @uin(z;) € Py) o< agd(tuen(a;); oy, B, + M)

g )
The fu," consists of the kth and hth elements of /1, and
the ﬁ)sh is diagonal matrix such that the elements are
given by 3,. Here it is assumed that Pr @, (z;) €
Py) log Pr(tun (x;) € P,) = 0if Pr(du(x;) € Py) = 0.
_Note that the Ej, is minimized if and only if
Pr @gn(x;) € Py) = 1/Gforadl g € {1,---,G} and
j € {1,---,N}. This implies the poor separation of
ﬁkh(a:j), ] € {1, v ,N} in sense of that all of ﬁkh(a:j)
can not be assigned to a particular group. In contrast to this,
the Ey, ismaximized if and only if I;r(ﬁkh(arj) eP,) =1
for certain g and Pr(tw(x;) € Pn) = 0for m # g,
j € {1,---,N}. This means that each observation is

completely classified into a particular group with proba-
bility one. In this sense, the minus entropy of the com-
ponent memberships can be interpreted as a quantity for
measuring the degree of separation exhibited by . (x;),
k,h € {1,---,q}. Thusweselect f;, and £, to be visual-
ized such that (k', h') = argmaxy, jcqq,... 3 k-

The axes selection can a so be achieved by using the an-
other possible quantities for measuring the degree of sepa-
ration, e.g. the between group variance under the estimated
classlabels. However, we have no ideato select one among
possible approaches.

4.4 Interpretation of Mixed Factors

The researchers might often desire to obtain a biological
interpretation of the estimated mixed factors, and also to ex-
tract variables from * = (z,,---,2,4) S0 asto contribute
the presence of groups on the feature space or to exclude
ones not to do so. In our context, this can be achieved by as-
sessing the dependency between x;, -+, zq and fi,- -+, f,.
A natural measure to summarize the dependency in these
variables might be covariance

Cov(z, f) = é(i@gﬁg). (26)

It may be more convenient to use the correlation matrix
p(x, f) whichisof that each (h, k)th element of (26) aredi-

vided by the square of Var(fi) = Y5, é, 6, andthe hth

diagonal element of Var(z) = E(X5, 4,38 + AL,
By investigating the valuesin p(x, f) or Cov(x, f), each of
g-coordinates can be understood. If the hth gene, that is,
xp, IS highly correlated with fy,, then it is considered to be
relevant to explain the grouping shown in kth coordinate.

In practice, it will be helpful to list some genes to give
the highly positive correlation with f; at Q% and to give
the highly negative correlation with f, at Q* for & €
{1,---,q}. Aswill be demonstrated in next section, in con-
text of gene expression analysis, these 2¢q sets can be useful
to find the biologically meaningful groups of genes to be
functionally co-worked and also to explain the existence of
group structure.

5. Real Data Analysis

In this section we will give an illustration of the mixed
factors analysis with a well-known dataset, the leukemia
data of Goloub et al. [12]. This dataset is available at
http://ww. broad. m t. edu/ cancer/. Our ob-
jective is to cluster the leukemia tissues on the basis of
genes. Although the class labels have been available, we
applied the mixed factors analysisto the dataset without this
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Figure 1. Results of clustering. The order of tissues was rearranged so that the cases of AML are
labeled by 1 — 25 and the ALL are labeled by 26 — 72 (B-cell ALL, 26 — 63 and T-cell ALL, 64 — 72). For
clustering given by the model of ¢ = 5 and G = 2, the black and white sites correspond to the tissues
grouped into P, and P,, respectively. For clustering given by the model of ¢ = 5 and G = 3, the black,
white and gray sites indicate the tissues grouped into Py, P2 and Ps, respectively.
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Figure 2. Scatter plots of the first three of prin-
cipal components. The true groups are la-
beled by AML — 1, B-cell ALL — 2 and T-cell
ALL — 3.

knowledge in order to demonstrate its potential usefulness
as amethod of unsupervised learning.

5.1. Leukemia Data and Preprocessing

The leukemia data were studied by Goloub et al. [12].
Originadly it was reported that the leukemia data con-
tains two types of acute leukemias. acute lymphoblas-
tic leukemia (ALL) and acute myeloid leukemia (AML).
The 7129 gene expression levels were measured using

40 1 1
1
1
5 w0 1 1 L 1
Q
3 Y
1 1 2
= 1 %11 2 3 ;
= oA 34 2
- 1 2 3
2 12 222332 2 %2
(TR 3 2
1 22 58°
Z2 2
20 f 2
2
-40 -20 0 20 40

Second Mixed Factor

Figure 3. Plot of fi (), fu (z;) given by the
mixed factors model with G = 2 and ¢ = 5.
The true groups are labeled by AML — 1, B-
cell ALL — 2 and T-cell ALL — 3.

Affymetrix high density oligonucleotide arrays on 72 pa
tients, consisting of 47 cases of ALL and 25 cases of AML
(38 B-cell ALL and 9 T-cell ALL). Asshown in Figure 1,
the order of tissues was rearranged so that the cases of AML
arelabeled by 1 — 25 and the ALL are labeled by 26 — 72
(B-cell ALL, 26 — 63 and T-cell ALL, 64 — 72). Following
[9, 12, 16], three preprocessing steps were applied to the
normalized matrix of intensity values available on the web-
site: (a) thresholding, floor of 100 and ceiling of 16, 000;
(b) filtering, exclusion of genes with max /min < 5 or
(max —min) < 500 where max and min refer to the max-
imum and minimum intensities for a particular gene across
the 72 samples; (c) the natural logarithm of the expression
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Figure 4. Heat map for the expression levels of genes judged to be relevant to the group structure.
These genes are selected by the mixed factors model with G = 3, ¢ = 5. Each of 5 rows shows the
expression levels corresponding to 20 genes in Qi (left) and QF (right), for k =1,---,5. The 20 genes
in Qi were selected such that these are top 20 out of 1 - - -, 24 to give the highest positive correlation
with f. The 20 genes in QF are top 20 out of z; - - -, 24 to give the highest negative correlation with fy.
The first 25 samples refer to the AML cases, and the next 47 samples, the ALL 26 — 72 cases (B-cell
ALL, 26 — 63 and T-cell ALL, 64 — 72). The name of gene follows from the gene accession number to

be available at the website.

levels was taken. After preprocessing, the 3571 genes re-
main and so produce the datamatrix X = (x1,---,x7) of
order 3571 x 72.

The retained dataset wasfirstly standardized so that each
columns in the matrix of the logged microarray data have
mean 0 and variance 1, and then we standardized the rows
of X to have mean zero and unit variance.

5.2. Clustering and Selecting Relevant Genes

We firstly applied PCA to this retained dataset based on
the correlation matrix. Figure 2 displays the first three of
principal components. These projections dlightly revealed
clusters implying the existence of two classes, ALL and
AML. However these provided no evidence for the pres-
ence of subclasses, AML, B-cell ALL and T-cell ALL. If
proceeding to clustering of these projections using some
techniques, e.g. k-means, Gaussian mixture clustering, we
would obtain the large number of misallocations.

Next we considered clustering of the tissue samples on
the basis of the retained 3571 genes using the mixed factors
model with G = 2. After fitting the models ranging from
q = 2to g = 7 with 40 starting values of parameters, the

model of ¢ = 5 was chosen to be best in the sense of the
minimum BIC. This gave the following groups,

P = {1—25,30,40,42,45,50,62},
Py = {26—29,31—39,41,43, 44,46 — 49,
51 — 61,63 — 72}. (27)

This grouping is also summarized in Figeure 1. It can be
found from (27) and Figure 1 that the two clusters reflect
the partition corresponding to the ALL and AML leukemia,
and that most part of membersin P, correspond tothe AML
leukemia tissues. Particularly, the AML and T-cell ALL
were completely classified. The misallocations were equal
to {30,40,42,45,50,62}, and so, the error rate is about
8%. All of misclassifications corresponds to B-cell ALL.
We confirmed that the mixed factors analysis could provide
a meaningful grouping despite of the high-dimensionality
of dataset. . .

Figure 3 displays fi (x;), fr (x;), 5 € {1,---, N} ob-
tained from the selected model, where the coordinates &’
and h' were chosen according to the minus entropy of the
component memberships. Each data points is labeled by
the true class. This plot is helpful to understand the group
structure, visually. These projections present the existence
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of two clusters. All of the 6 projections corresponding to
misallocations were located near the boundary.

The 47 ALL tissues consists of 9 T-cell and 38 B-cell
types. Given the existence of three subclasses, 25 AML, 38
B-cell ALL and 9 T-cell ALL, Chow et al. [7] and McLach-
lan et al. [16] attributed these samples into three groups.
We also considered clustering this dataset into three groups
by using the mixed factors model of G' = 3. Given the mod-
elsranging from ¢ = 2 to ¢ = 7 with 40 starting values, the
scores of BIC produced by each local maxima decided the
goodness of ¢ = 5. This gave the following clusters (see
also Figeure 1),

Py = {1-25,27,29 — 31,35,40, 44, 46, 50, 62, 70, 72},
Py = {26,28,32 — 34,36 — 39,41 — 43, 45,47 — 49,

51 — 61,63},
Py = {64—69,71}.

This split implies the weak association of three groups P,
g=1,2 3, withAML, B-cell ALL and T-cell ALL, respec-
tively. Thefirst cluster P; consisted of 25 AML, 10 B-cell
ALL plus 2 T-cell ALL. The P, consisted of the remain-
ing B-cell cases. All of the members belonging to P; were
T-cell cases. All of AML cases were completely classified
aswell asclustering by G = 2. Most part of misallocations
correspond to B-cell ALL cases and were classified into P .

Figure 4 displays the heat map of the expression levels
given by genesin Q% and Q% , k € {1,---,5}. These 10
sets of 20 genes showed the 10 expression patterns. All
genesin a set exhibit the similar expression pattern. These
genes are considered to be functionally co-worked. In ad-
dition, notice that a pair of Q% and Q* shows the oppo-
site expression patterns. We can interpret that al genesin
QF are expressed in combination with ones in Q. The
two sets are negatively correlated each other. Figure 5 dis-
plays fi (z;), fr(x;),j € {1,---, N} whichwere chosen
according to the minus entropy of the component member-
ships. The expression patterns given by the genesin Qi and
OF k€ {1,2} (top two of five setsin Figure 4) are com-
pressed into fi (x;), fu(x;), j € {1,---,N}. This plot
provides the evidence for the presence of three subclasses
in the leukemia tissues.

6. Concluding Remarks

When we cluster tissue samples on the basis of genes,
the number of observations to be grouped istypically much
smaller than the dimension of feature vector. In such a
case, the applicability of the conventional mixture model-
based approach is limited. In this paper, we have shown the
method of the mixed factors analysis. The mixed factors
model presents a parsimonious parameterization of Gaus-
sian mixture. Consequently, our approach enables us to

30
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5 33 3 2 2222, 22
B 10 3 2 22 %
(g 2 2222 2 § 2
3 2
& 1 13
% -10 1 2
£ ' 1% 34
111
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Figure 5. Plot of fu (x;), fu (x;) given by the
mixed factors model with G = 3 and ¢ = 5.
The true groups are labeled as AML — 1, B-
cell ALL — 2 and T-cell ALL — 3.

prevent from the occurrence of overfitting during the den-
sity estimation process. In the process of clustering, the
method automatically reduce the dimensionality of feature
data, to extract genes to be relevant to explain the presence
of groups and also to detect genesthat are expressed in com-
bination. The mixed factors analysis was applied to a well-
known dataset, the leukemiadatafor highlighting its useful -
ness. The density estimation succeeded in spite of that we
used the 3571-dimensional feature data and the clustering
produced the biologically meaningful groups of leukemia
tissues. The results showed the potential usefulness and the
role of our method in the application to microarray datasets.
We expect that the mixed factors analysis will contribute to
find molecular subtypes of disease.
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