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Abstract

We propose a new measure of conditional dependence of random variables, based
on normalized cross-covariance operators on reproducing kernel Hilbert spaces.
Unlike previous kernel dependence measures, the proposed criterion does not de-
pend on the choice of kernel in the limit of infinite data, for a wide class of ker-
nels. At the same time, it has a straightforward empirical estimate with good
convergence behaviour. We discuss the theoretical properties of the measure, and
demonstrate its application in experiments.

1 Introduction

Measuring dependence of random variables is one of the main concerns of statistical inference. A
typical example is the inference of a graphical model, which expresses the relations among variables
in terms of independence and conditional independence. Independent component analysis employs
a measure of independence as the objective function, and feature selection in supervised learning
looks for a set of features on which the response variable most depends.

Kernel methods have been successfully used for capturing (conditional) dependence of variables
[1, 5, 8, 9, 16]. With the ability to represent high order moments, mapping of variables into re-
producing kernel Hilbert spaces (RKHSs) allows us to infer properties of the distributions, such as
independence and homogeneity [7]. A drawback of previous kernel dependence measures, however,
is that their value depends not only on the distribution of the variables, but also on the kernel, in
contrast to measures such as mutual information.

In this paper, we propose to use the Hilbert-Schmidt norm of the normalized conditional cross-
covariance operator, and show that this operator encodes the dependence structure of random vari-
ables. Our criterion includes a measure of unconditional dependence as a special case. We prove in
the limit of infinite data, under assumptions on the richness of the RKHS, that this measure has an
explicit integral expression which depends only on the probability densities of the variables, despite
being defined in terms of kernels. We also prove that its empirical estimate converges to the kernel-
independent value as the sample size increases. Furthermore, we provide a general formulation for



the “richness” of an RKHS, and a theoretically motivated kernel selection method. We successfully
apply our measure in experiments on synthetic and real data.

2 Measuring conditional dependence with kernels

The probability law of a random variable X is denoted by P x, and the space of the square integrable
functions with probability P by L?(P). The symbol X 1LY | Z indicates the conditional indepen-
dence of X and Y given Z. The null space and the range of an operator 7" are written A/(7") and
R(T), respectively.

2.1 Dependence measureswith normalized cross-covariance operators

Covariance operators on RKHSs have been successfully used for capturing dependence and condi-
tional dependence of random variables, by incorporating high order moments [5, 8, 16]. We give
a brief review here; see [5, 6, 2] for further detail. Suppose we have a random variable (X,Y") on
X x Y, and RKHSs H » and 7y on A’ and ), respectively, with measurable positive definite kernels
kx and ky. Throughout this paper, we assume the integrability

(A-1) Elkx (X, X)] < 00, E[ky(Y,Y)] < .

This assumption ensures # x C L?(Px)and Hy C L?(Py). The cross-covarianceoperator Sy y :
Hxr — Hy is defined by the unique bounded operator that satisfies

(9, Zyx fyny = Cov[f(X),9(V)] (= E[f(X)g(Y)] - E[f(X)]E[g(Y)]) @)

forall f e Hyandg € Hy. IfY = X, ¥ xx is called the covariance operator, which is self-adjoint
and positive. The operator ¥y x naturally extends the covariance matrix C'y x on Euclidean spaces,
and represents higher order correlations of X and Y through f(X') and g(Y") with nonlinear kernels.

It is known [2] that the cross-covariance operator can be decomposed into the covariance of the
marginals and the correlation; that is, there exists a unique bounded operator Vy x such that

Yyx = E%VYXE}/?(, @)

R(Vyx) C R(Zyy),and V' (Vy x)*+ C R(Zxx). The operator norm of Vy x is less than or equal
to 1. We call Vy x the normalized cross-covariance operator (NOCCO, see also [4]).

While the operator Vy x encodes the same information regarding the dependence of X and Y as
Yy x, the former rather expresses the information more directly than X y x, with less influence of the
marginals. This relation can be understood as an analogue to the difference between the covariance
Cov[X, Y] and the correlation Cov[X,Y]/(Var(X)Var(Y))'/2. Note also that kernel canonical
correlation analysis [1] uses the largest eigenvalue of Vy x and its corresponding eigenfunctions [4].

Suppose we have another random variable Z on Z and RKHS (H z, kz), which satisfy the analog
to (A-1). We then define the normalized conditional cross-covariance operator,
Vxiz = Vyx — VWwzVzx, (3)

for measuring the conditional dependence of X and Y given Z, where Vy and V,x are defined
similarly to Eq. (2). The operator Vy x|z may be better understood by expressing it as

—1/2 —1 —1/2
Vwxiz = Eyy/ (Syx — EYZEZZEZX)EX)? ;
where Xy xjz = Ly x — EYZEEEEZX can be interpreted as a nonlinear extension of the condi-
tional covariance matrix C'y x — Cy zC,,Czx of Gaussian random variables.

The operator Xy x can be used to determine the independence of X and Y': roughly speaking,
Yyx = Oifandonlyif X LY. Similarly, a relation between Xy x|z and conditional independence,

X 1LY | Z, has been established in [5]: if the extended variables X = (X,Z)and Y = (Y, Z) are
used, X' 1LY | Z is equivalent to X ¢4 , = O. We will give a rigorous treatment in Section 2.2

Noting that the conditions ¥y x = O and Xy x|z = O areequivalentto Vy x = Oand Vy x|z = O,
respectively, we propose to use the Hilbert-Schmidt norms of the latter operators as dependence



measures. Recall that an operator A : H; — H- is called Hilbert-Schmidt if for complete or-
thonormal systems (CONSs) {¢;} of H, and {«;} of H, the sum Ziﬁjwj,Agbi)?Hz is finite (see
[13]). For a Hilbert-Schmidt operator A, the Hilbert-Schmidt (HS) norm ||A|| s is defined by
|A]|%4 s = > (Y4, Agi)s,, . Itis easy to see that this sum is independent of the choice of CONSs.
Provided that Vy x and Vy x| are Hilbert-Schmidt, we propose the following measures:

IOOND(X:Y|Z) = “V)"/X\Z“%-ISW (4)
INOCCO(X,Y) = |[Vyxlligs- (5)
A sufficient condition that these operators are Hilbert-Schmidt will be discussed in Section 2.3.
It is easy to provide empirical estimates of the measures. Let (X1,Y1,2Z1),...,(Xn,Yn, Zn)
be an i.i.d. sample from the joint distribution. Using the empirical mean elements m(;) =
Ly kx(-,X;)and m\ = Ly ky(-,Y;), an estimator of Sy x is
S0 = L0 (ky(-,Ye) — ) (ke (-, X) — ), ),
i‘;;( and i% are defined similarly. The estimators of Vy x and Vy x| are respectively
ir(n S(n —1/2&(n) (S(n —1/2
WY =SV +end) PEVR(SXK +end)
where ¢,, > 0 is a regularization constant used in the same way as [1, 5], and
B = T - TV, ®
from Eq. (3). The HS norm of the finite rank operator V;’le is easy to calculate. Let G x, Gy, and

Gz be the centered Gram matrices, such that G x ;; = (kx (-, X;) — mg?),kx( -, X)) - T?L()?)mx
and so on, and define Rx, Ry, and Rz as Rx = Gx (Gx +ne,l,)~ ", Ry = Gy(Gy +ne,1,) ™",
and Ry = Gz(Gz + ne,I,) L. The empirical dependence measures are then

I9ONP = |V s = Tx[RyRg — 2Ry Ry Rz + Ry Rz Ry Rz), )
INocco(x,y) = [R5, s = Tr[Ry Rx], ®)

where the extended variables are used for /°NP. These empirical estimators, and use of <, will be
justified in Section 2.4 by showing the convergence to I NO¢CO and 1¢OND | With the incomplete

Cholesky decomposition [17] of rank r, the complexity to compute 7S9NP is O (r2n).

2.2 Inferenceon probabilitiesby characteristic kernels

To relate IVOCCO and 1¢ONP with independence and conditional independence, respectively, the
RKHS should contain a sufficiently rich class of functions to represent all higher order moments.
Similar notions have already appeared in the literature: universal kernel on compact domains [15]
and Gaussian kernels on the entire R™ characterize independence via the cross-covariance operator
[8, 1]. We now discuss a unified class of kernels for inference on probabilities.

Let (X, B) be a measurable space, X a random variable on X', and (#, k) an RKHS on X’ satisfying
assumption (A-1). The mean element of X on 7 is defined by the unique element m x € H such
that (mx, fyx = E[f(X)] forall f € H (see [7]). If the distribution of X is P, we also use m p to
denote m x. Letting P be the family of all probabilities on (X', B), we define the map M, by

Mklp—>7'[, PD—)’ITLP_

The kernel & is said to be characteristic! if the map M, is injective, or equivalently, if the condition
Ex~p[f(X)] = Ex~q[f(X)] (Vf € H) implies P = Q.

The notion of a characteristic kernel is an analogy to the characteristic function Ep[eﬁuTX],

which is the expectation of the Fourier kernel & (z,u) = eV=Tu"=  Noting that mp = mg iff
Eplk(u, X)] = Eglk(u,X)] for all u € X, the definition of a characteristic kernel generalizes the
well-known property of the characteristic function that E p[kg (u, X)] uniquely determines a Borel
probability P on R™. The next lemma is useful to show that a kernel is characteristic.

! Although the same notion was called probability-determining in [5], we call it "characteristic” by analogy
with the characteristic function.



Lemma 1. Let ¢ > 1. Suppose that (#, k) is an RKHS on a measurable space (X, B) with &
measurable and bounded. If H + R (the direct sum of the two RKHSs) isdensein L (X, P) for any
probability P on (X, B), thekernel k is characteristic.

Proof. Assume mp = mg. By the assumption, for any ¢ > 0 and a measurable set A, there is a
function f € H and ¢ € Rsuchthat |Ep[f(X)]+c— P(A)| <eand |Eg[f(Y)]+c— Q(4)]| <,
from which we have |P(A) — Q(A)| < 2e. Since € > 0 is arbitrary, this means P(4) = Q(4). O

Many popular kernels are characteristic. For a compact metric space, it is easy to see that the RKHS
given by a universal kernel [15] is dense in L2(P) for any P, and thus characteristic (see also [7]
Theorem 3). It is also important to consider kernels on non-compact spaces, since many standard
random variables, such as Gaussian variables, are defined on non-compact spaces. The next theorem
implies that many kernels on the entire R™, including Gaussian and Laplacian, are characteristic.
The proof is an extension of Theorem 2 in [1], and is given in the supplementary material.

Theorem 2. Let ¢(z) be a continuous positive function on R™ with the Fourier transform ¢(u),
and k be a kernel of the form k(z,y) = ¢(z — y). If for any £ € R™ there exists 7o such that
f%:f))zdu < oo for all 7 > 75, then the RKHS associated with £ is dense in L2(P) for any
Borel probability P on R™. Hence k is characteristic with respect to the Borel o-field.

The assumptions to relate the operators with independence are well described by using characteristic
kernels and denseness. The next result generalizes Corollary 9 in [5] (we omit the proof: see [5, 6]).

Theorem 3. (i) Assume (A-1) for the kernels. If the product k v ky iS characteristic, then we have
Vyx =0 = XY,

(i) Denote X = (X,Z)and k = kxkz. Inaddition to (A-1), assume that the product & ;ky isa
characteristic kernel on (X x Z) x J,and H z + Risdensein L2(Pz). Then,

Vy i1z =0 — XUY|Z.

From the above results, we can guarantee that Vy x and Vy, ¢, , will detect independence and condi-

tional independence, if we use a Gaussian or Laplacian kernel either on a compact set or the whole
of R™. Note also that we can substitute Vy. 3, for Vy, ¢ , in Theorem 3 (ii).

2.3 Kerne-freeintegral expression of the measures

A remarkable property of 1 NOCCO and T¢ONP js that they do not depend on the kernels under some
assumptions, having integral expressions containing only the probability density functions. The
probability E[Px|z ® Py|z] on X x Y is defined by Ez[Py |7 ® Pxz](B x A) [ E[xs(Y)|Z =
2|E[xA(X)|Z = z]dPz(z) for A € By and B € By.

Theorem 4. Let ux and py bemeasureson X and ), respectively, and assume that the probabilities
Pxy and Ez[Px|z ® Pyz] are absolutely continuous with respect to px x py with probability
density functions pxy and px y vz, respectively. If %z + R and (Hx ® Hy) + R are densein
L?(Pz) and L?(Px ® Py), respectively, and Vy x and Vy V7 x are Hilbert-Schmidt, then we have

COND __ 2 pxy(T,y) _pXJ.LY\Z(I',y) 2 "
1N~ Wiexialfs = [ [ (Rl BT ) (o) (),

where px and py are the density functions of the marginal distributions Px and Py, respectively.
As a special caseof Z = (), we have

B B pxy (z,y) ’
INOCCO — 1V x| _//Xxy<m —1> px (@)py (y)dpxdpy. ©)

Sketch of the proof (see the supplement for the complete proof). Since it is known [8] that X 5 is
Hilbert-Schmidt under (A-1), there exist CONSs {¢;}°; C Hx and {¢;}52; C Hy consisting of
the eigenfunctions of ¥ x x and Ty, respectively, with Exx¢; = A;i¢; (A\; > 0) and Tyyyp; =



vi; (vj > 0). Then, ||[Vy x|z ||% ¢ admits the expansion

diie 1{<1/}J;VYX¢1>7-[3, 20005, Vv x bi) ey, (W5, Vy 2Vz x i)y + (U5, VYZVZX¢i>%.[y }
Let IX = {i e N| \; > 0}and IY = {i € N| »; > 0}, and define ¢; = (¢; — E[¢;(X)])/vVNi
and ¢; = (¥; — E[1b;(Y)])/ /75 fori € IX and j € I . For simplicity, L2 denotes Ly (Px @ Py ).
With the notations ¢o = 1 and /oo = 1, it is easy to see that the class {$:¢; }icrx ugoy jery ufoy 1S 8
CONS of L2. From Parseval’s equality, the first term of the above expansion is rewritten as

Zie[f JEIY @j: ZYXQEQ%-[;, = Zielf Jery Eyx [@Z’J(Y)@(X)F = Zie[x JEIY (‘Eﬂzj: pp;(pyy )L2
= [ 2t s, — S B6i(O] = Zeny B[ (V)] - 1 = || 2 [, - 1

By a similar argument, the second and third term of the expansion are rewritten as

Pxly|z Px1y|z H H
—2( ke ez)  +2and I P ||L2 — 1, respectively. This completes the proof. O

Many practical kernels, such as the Gaussian and Laplacian, satisfy the assumptions in the above
theorem, as we saw in Theorems 2 and the remark after Lemma 1. While the empirical estimate
from finite samples depends on the choice of kernels, it is a desirable property for the empirical
dependence measure to converge to a value that depends only on the distributions of the variables.

Eq. (9) shows that, under the assumptions, 7V9¢CC is equal to the mean square contingency, a
well-known dependence measure[14] commonly used for discrete variables. As we show in Section

2.4, INOCCO \works as a consistent kernel estimator of the mean square contingency.
The expression of Eq. (9) can be compared with the mutual information,

pxy (T, y)
px ()py (y)

Both the mutual information and the mean square contingency are nonnegative, and equal to zero
if and only if X and Y are independent. Note also that from logz < z — 1, the inequality
MI(X,Y) < INOCCO(X,Y) holds under the assumptions of Theorem 4. While the mutual infor-
mation is the best known dependence measure, its finite sample empirical estimate is not straight-
forward, especially for continuous variables. The direct estimation of a probability density function
is infeasible if the joint space has even a moderate number of dimensions.

MI(X,Y) Z// pxy(z,y)log dpxdpy.
XxY

2.4 Consistency of the measures

It is important to ask whether the empirical measures converge to the population value 7 NP and
INOCCO since this provides a theoretical justification for the empirical measures. It is known [4]

that 171&’;2 converges in probability to Vy x in operator norm. The next theorem asserts convergence
in HS norm, provided that Vy x is Hilbert-Schmidt. Although the proof is analogous to the case of
operator norm, it is more involved to discuss the HS norm. We give it in the supplementary material.

Theorem 5. Assume that Vy x, Vyz, and Vzx are Hilbert-Schmidt, and that the regularization
constant ¢,, satisfiese,, — 0 ande2n — oo. Then, we have the convergencein probability
V3% = Vexllus = 0 and [, = Wxjzllus 20 (n—o00).  (10)

In particular, [NOCCO _, [NOCCO gnd [COND _y [COND (5, _y o) in probability.

2.5 Choiceof kernels

As with all empirical measures, the sample estimates /Y°CC0 and I9ND are dependent on the
kernel, and the problem of choosing a kernel has yet to be solved. Unlike supervised learning, there
are no easy criteria to choose a kernel for dependence measures. We propose a method of choosing
a kernel by considering the large sample behavior. We explain the method only briefly in this paper.

The basic idea is that a kernel should be chosen so that the covariance operator detects independence
of variables as effectively as possible. It has been recently shown [10], under the independence of
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Figure 1: Left and Middle: Examples of data (¢ = 0 and 6 = «/4). Right: The marks "0” and "+”
show IYOCCO for each angle and the 95th percentile of the permutation test, respectively.

X and Y, that the measure HSIC = ||§%)(||§IS ([8]) multiplied by n converges to an infinite
mixture of x2 distributions with variance Var"™ [n HSIC] = 2||Ex x |||/ Zyv |3 5. We choose a
kernel so that the bootstrapped variance Var ®[n HSIC] of nHSIC' is close to this theoretical limit
variance. More precisely, we compare the ratio T = Var ®[n HSIC]/Var"™ [nHSIC] for various
candidate kernels. In preliminary experiments for choosing the variance parameter o of Gaussian
kernels, we often observed the ratio decays and saturates below 1, as o increases. Therefore, we use
o starting the saturation by choosing the minimum of o among all candidates that satisfy |7, — a| <
(1 4+ 4)min, |T, — «f for§ > 0, € (0,1]. We always use 6 = 0.1 and o = 0.5. We can expect
that the chosen kernel uses the data effectively. While there is no rigorous theoretical guarantee, in
the next section we see that the method gives a reasonable result for 7NOCC0 and [COND,

3 Experiments

To evaluate the dependence measures, we use a permutation test of independence for data sets with
various degrees of dependence. The test randomly permutes the order of Y, ...,Y,, to make many
samples independent of (X,...,X,,), thus simulating the null distribution under independence.
For the evaluation of 79NP the range of Z is partitioned into Z1, . .., Z;, with the same number
of data, and the sample {(X;,Y;) | Z; € Z,} within the ¢-th bin is randomly permuted. The
significance level is always set to 5%. In the following experiments, we always use Gaussian kernels

e~ a2 le1=221” gnd choose o by the method proposed in Section 2.5.

Synthetic data for dependence. The random variables X () and Y(©) are independent and uni-
formly distributed on [—2,2] and [a, b] U [~b, —a], respectively, so that (X (), V(%)) has a scalar
covariance matrix. (X (?), Y (9)) is the rotation of (X (©), V() by § € [0, 7/4] (see Figure 1). X (*)
and V() are always uncorrelated, but dependent for § # 0. We generate 100 sets of 200 data.
We perform permutation tests with fNOCCO, HSIC = ||S)||% 4. and the mutual information
(MI). For the empirical estimates of MI, we use the advanced method from [11], with no need for
explicit estimation of the densities. Since V9O s an estimate of the mean square contingency,
we also apply a relevant contingency-table-based independence test ([12]), partitioning the variables
into bins. Figure 1 shows the values of 7NCCO for a sample. In Table 1, we see that the results
of INOCCO are stable w.r.t. the choice of &, provided it is sufficiently small. We fix £, = 106
for all remaining experiments. While all the methods are able to detect the dependence, /NOCC©
with the asymptotic choice of ¢ is the most sensitive to very small dependence. We also observe
the chosen parameters oy for Y increase from 0.58 to 2.0 as 6 increases. The small oy for small 8
seems reasonable, because the range of Y is split into two small regions.

Chaotic time series. We evaluate a chaotic time series derived from the coupled Hénon map. The
variables X and Y are four dimensional: the components X {, X5, Y7, and Y5 follow the dynamics
(X1(t+ 1), Xa(t +1)) = (1.4 — X1(t)® + 0.3Xa2(t), X1(¢), (Yi(t +1),Ya(t +1)) = (1.4 —
{vX1(t)Y1(t) + (1 — ) Ya(t)?} + 0.1Ya(t), Y1 (t)), and X3, X4, Y3, Y, are independent noise with
N(0,(0.5)%). X and Y are independent for v = 0, while they are synchronized chaos for v > 0
(see Figure 2 for examples). A sample consists of 100 data generated from this system. Table 2



Angle (degree) 0 45 9 135 18 225 27 315 36 405 45
INOCCO (¢ =107% Median) | 94 23 0 0 0 0 0 0 0 0 0
INOCCO (2 = 1076 Median) | 92 20 1 0 0 0 0 0 0 0 0
INOCCO (¢ =107% Median) | 93 15 0 0 0 0 0 0 0 0 0
INOCCO (Asymp. Var.) 94 11 0 0 0 0 0 0 0 0 0
HSIC (Median) 93 92 63 5 0 0 0 0 0 0 0
HSIC (Asymp. Var.) 93 4 1 0 0 0 0 0 0 0 0
MI (#Nearest Neighbors = 1) 93 62 11 0 0 0 0 0 0 0 0
MI (#Nearest Neighbors = 3) 9% 43 0 0 0 0 0 0 0 0 0
MI (#Nearest Neighbors = 5) 97 49 0 0 0 0 0 0 0 0 0
Conting. Table (#Bins= 3) 100 96 46 9 1 0 0 0 0 0 0
Conting. Table (#Bins= 4) 98 29 0 0 0 0 0 0 0 0 0
Conting. Table (#Bins= 5) 98 82 5 0 0 0 0 0 0 0 0

Table 1: Comparison of dependence measures. The number of times independence is accepted out
of 100 permutation tests is shown. “Asymp. Var.” is the method in Section 2.5. ”"Median” is a
heuristic method [8] which chooses ¢ as the median of pairwise distances of the data.
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X,(0)

Figure 2: Chaotic time series. (a,b): examples of data. (c,d) examples of S9N (colored "0”) and
the threshholds of the permutation test with significance level 5% (black "+).

shows the results of permutation tests of independence for the instantaneous pairs (X (¢), Y (t)) :99.
The proposed IY9CCO outperforms the other methods in capturing small dependence.

Next, we apply 7S9NP to detect the causal structure of the same time series. Note that the series X
is a cause of Y for v > 0, but there is no opposite causality, i.e., X ;11 1LY; | X; and Vi1 WL Xy | Y3
In Table 3, it is remarkable that fSOND detects the small causal influence from X, to Y, for
~ > 0.1, while for v = 0 the result is close to the theoretical value of 95%.

Graphical modeling from medical data. This is the inference of a graphical model from data with
no time structure. The data consist of three variables, creatinine clearance (C), digoxin clearance
(D), urine flow (U). These were taken from 35 patients, and analyzed with graphical models in [3,
Section 3.1.4.]. From medical knowledge, D should be independent of U when controlling C. Table
4 shows the results of the permutation tests and a comparison with the linear method. The relation

DILU | C is strongly affirmed by 79°NP, while the partial correlation does not find it.

~ (strength of coupling) | 00 01 02 03 04 05 06
[yocco 97 66 21 1 0 1 0
HSIC 7% 70 58 52 13 1 0
MI (k = 3) 87 91 83 73 23 6 0
Ml (k = 5) 87 8 75 67 23 5 0
Ml (k=T) 87 86 75 64 21 5 0

Table 2: Results for the independence tests for the chaotic time series. The number of times inde-
pendence was accepted out of 100 permutation tests is shown. - = 0 implies independence.



Ho: Y% is not a cause of X4 Ho: X is not a cause of Vi1
~ (coupling) | 00 01 02 03 04 05 06|00 01 02 03 04 05 06
INYOC¢CO 197 96 93 8 8 68 75| 9% O 0 0 O 0 0
HSIC 94 94 92 81 60 73 66| 93 95 85 56 1 1 1

Table 3: Results of the permutation test of non-causality for the chaotic time series. The number of
times non-causality was accepted out of 100 tests is shown.

Kernel measure Linear method
ICOND  povalue (partial) correl.  P-value
DLU|C 1.458 0.924 Parcorr(D, U|C) 0.4847 0.0037
Cl1.D 0.776 <0.001 Corr(C, D) 0.7754 0.0000
clU 0.194 0.117 Corr(C,U) 0.3092 0.0707
DU 0.343 0.023 Corr(D,U) 0.5309 0.0010

Table 4: Graphical modeling from the medical data. Higher P-values indicate (conditional) inde-
pendence more strongly.

4 Concluding remarks

There are many dependence measures, and further theoretical and experimental comparison is im-
portant. That said, one unambiguous strength of the kernel measure we propose is its kernel-free
population expression. It is interesting to ask if other classical dependence measures, such as the
mutual information, can be estimated by kernels (in a broader sense than the expansion about inde-
pendence of [9]). A relevant measure is the kernel generalized variance (KGV [1]), which is based
on a sum of the logarithm of the eigenvalues of Vy x, while IN9¢CO js their squared sum. It is also
interesting to investigate whether the KGV has a kernel-free expression. Another topic for further
study is causal inference with the proposed measure, both with and without time information ([16]).
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Supplement to ”Kernel Measures of Conditional Dependence”

This supplementary material provides the technical proofs omitted in the submitted paper. The
reference and equation numbers in this material follow the paper.

A Proof of Theorem 2

Proof of Theorem 2. Without loss of generality we can assume ¢(0) = 1. From the positive defi-
niteness of &, we have |¢(z)|? < ¢(0)? = 1. Recall that the RKHS associated with & has an explicit
expression

H = {feLQ(Rm)‘/|J§2)|2du<oo}, (11)

where ¢ and f are the Fourier transforms of ¢ and f, respectively.

Let P be an arbitrary Borel probability on R™, and £ € R™ be arbitrary. Since the Fourier transform
of e—\/—_IETZqﬁ(z/r) is equal to (7 (u + £)), from Eq. (11) and the assumption of the theorem the
function e—ﬁﬁngb(z/r) belongs to A for any = > 74. Thus, the bounded convergence theorem
guarantees

Eple™V™I: — eV 0 )P — 0 (7 o).
This implies that we have only to prove that the linear hull of {e*\/*_lﬁTz | € € R™} is dense in
L?(P).

Let f be an arbitrary function in L2(P). We can assume f is continuously differentiable with
a compact support, because those functions are dense in L?(P). Let e > 0 be arbitrary, M =
sup,ep |f(2)|, and A be a positive number such that [—A, A]™ contains the support of f and
P([—A, A]™) > 1 —¢/4M?. Itis well known [13, Theorem 11.8] that the series of functions

N N .
In(z) = Z Z cpe A "7 (N eN)

ni=—N Nm=—N

(n=(n1,...,n,) € (NU{0})™) with the Fourier coefficients

1 / a1 T
Cn = fl(z)ee—a ™ *dz
(24)™ Ji_a,apm =)

converges uniformly to f(z) on [-A, A]™, as N — oo. Thus, for sufficiently large N, we have
|f(2) — fn(2)]* < g/2 on [—A, A]™, and the periodicity of fx(z) ensures sup,cgm |fn(2)]? <
(M + /e/2)? < 2M?. We obtain Ep|f — fn|* < &, which completes the proof. O

B Proof of Theorem 4

We start with a lemma.

Lemma 6. Assume that the kernels and the randomvariables satisfy (A-1), and H z + R isdensein
L?(Pz). Then,

(9, S5V 2Vax BY% fuy = B (BLF(X)12] - E[£00)) (Elg(0)12] - Elg(x)] ) .

Proof. Since it is known [8] that Xz 7 is Hilbert-Schmidt under the assumption (A-1), there exists
a CONS {¢;}2, of Hz such that £z7¢; = \;¢; with an eigenvalue A\; > 0. Let I, = {i € N |
A; > 0}, and define

~ 1

¢i = —=(¢: — E[¢(Z)))

3



fori € 1. Because R(Vzy) and R(Vzx) are orthogonal to N'(X zz), we have

(g, Eif/éVYZVZXE;'/;(f)Hy

:Z<¢i,VZYE§//)2/g> <¢Z,VZX21/2 >HX

= Z QSZ,VZYE)//YQ>H3/<¢Z,VZXEI/2 )H
ZEIJr
1
—2§< ¢“§Jzyg> y<ﬁ¢i,zzxf>%{
= 3 (b B\ 2] - Elg)) . p,, (80 B COIZ) = B
ZEIJr

Obviously, {gz;i}ieu is an orthonormal system in L, (Pz). Furthermore, from the assumption that
Hz + Ris dense in L?(Py), the system {; };er, U {1} isa CONS in L(Py). This implies

(g, Eif/)%VYZVZX E%?gfﬁ-@
= (Elg()|2] - Elg(V)], ELf(X)|2] = E[f(X)]) , p,)
= (LElgM)IZ] = ElgM))) 1, p,, (L ELF(XD)Z] = E[f(X)]) 1, p.)
= Bz [(Elg(")|2] - Elg(vV)]) (ELf(X)|12] - E[/(X)])],
which proves the lemma. O

Using the above lemma, Theorem 4 is proved as follows.

Proof of Theorem4. Let {¢;}7°, and {1;}32, be complete orthonormal systems of H » and Hy,
respectively, consisting of the eigenfunctions of ¥ x x and Xy y with ¥x x¢; = A;¢; (A; > 0) and
Syyv; = vv; (v; > 0). Then, we have the expansion

Vv xizllis = Y W5 Vwx @i, =2 D (W5, Ve xbiday (85, Ve 2Vax di)ay
ij—=1 ij—=1
+ 3 (0, WaVzx o), - (12)
ij—=1

€ =1 € i > an =t € v; > Uy. Inasimilar manner to the proor of Lemma
LetI¥ ={ieN|X; >0}andI} ={ie N 0}. Inasimil toth fof L

6, with the notations ¢; = (¢; — E[¢:(X)])/v/A: and ¢; = (¢; — E[1h;(Y)])/ /75 fori € I3 and
JjE II, the first term of Eq. (12) is rewritten as

Z (0, Sy xbi)3, = Z EYX[ZZJJ'(Y)(i;i(X)]2

iel ¥ jely iel ¥ jely

= ¥ ([ [ i@ s

7.€IX ]EIY

Let ¢o = 1 and ¢op = 1. From the assumption that (4 x © Hy) + R is dense in L?(Px ® Py),
the class {¢i¢j}i61fu{0}7j€,iu{0} is a CONS of Ly(Px ® Py). Thus, the last line of the above
equations is further rewritten as

H pxy(z,y) |
px (z)py (y)

- Y Elgi(0))- Y Ef;()] -

L2 (Px®Py) ierX jery

// pXY duxduy -1
XY PX )

10



For the second term of Eq. (12), Lemma 6 implies

(e}

Z (Wi, Vv x i) 1y (V5 Vy 2Vzx di) 1y,

i,j=1

= Z (1/~Jj;EYX(Z;iMy<1/~1j,2;/;2/VYZVZXE§(/)2(¢~H>Hy
iel ¥, jely

= Y E[;(V)&(X)]E[E[;(Y)|Z]) E[6:(X)|2]]

iel ¥ jely

22/

iel ¥ jely

T P ~ ~ Pxuvi|z
= > <¢j¢i:£) <¢i1/1j, | > )
PxPy / L2(Px®Py) PxPy Lo(Px®Py)

iel ¥ jely

¢i()pxy (@, y)duxdpy / Ui (y)i(2)px 1y |z (2, y)dprduy

Xxy A'xY

By a similar argument to the case of the first term, the second term of Eq. (12) equals
_2< PXY pXJ.LYZ>
PXPYy  PXPY J [,(Px®Py)
and the third term of Eq. (12) equals

+ 2,

2
HPXJ.LYZ 1

pPxPpy

L2(Px®Py)
This completes the proof. O

C Proof of Theorem 5

Proof. From the expressions in Eq. (3) and Eq. (6), it is sufficient to prove || 173%’2 —VWxl|lgs = 0
in probability. The proof is analogous to those of Lemma 6 and 7 in [4], though considering the
Hilbert-Schmidt norm is more involved.

From the trivial decomposition

IV = Vexllrs < V3% — Syy +eaD) ™Sy x (Sxx +2al) 72|
+ | Gyy + )78y x (Sxx +en) T = Vx| o
it suffices to show
IV = (Syy +enl) ™28y x (Sxx +end) 72| ;g = Ople*/*n1/2), (13)

and
[(Syy +end) Sy x (Bxx +enl) 2 = Vyx| ;5 = 0(1). (14)

The operator on the left hand side of Eq. (13) is decomposed as
{(i% +e, )7V = (Syy +enl ’1/2}§(") A(n;( +e )72
+(Eyy+6nl)_1/2{§§y) EYX} X+5nl)_1/2
+ (Syy +e]) V2Syx {(EG% +eaD) V2 = (Sxx +ead) 2. (15)
From the equality
A2 _pg-1/2 _ 4-1/2 (33/2 . A3/2)373/2 +(A- B)B*?’/Q,
the first term of Eq. (15) is equal to

Yo B D))+ (£ - B

x (B} +ead) PEPERX +end)

{EW +eal) 2 (Byy +enl)

11



Using ||(S4% +e.0) /2| < - 7= I (B0 +e,1) 1/22 % (B +eal) i | <1,and Lemma

7 below, the HS norm of the above operator is bounded from above by

1 3
a{\/a max{||Syy + en |2, [|SYY +enl])'/2} + I}HEYY Syyllus.

A similar bound also applies to the HS norm of the third term in Eqg. (15). An upper bound on
the HS norm of the second term is simply —||ny - E ||Hs Thus, Eqg. (13) is obtained by

noticing || S5 x 11 = 1= x x 11 +0p (1), IEV5 1] = ISyy || +0,(1), and the fact || £57% — Sy x| s =
0,(1/+y/n) [4, Lemma 5].

To prove Eq. (14), take CONS’s {¢;}2, and {1, }32, for Hx and Hy, respectively, in the same
manner as in the proof of Theorem 4. We have

[(Syy +end) Sy x (Sxx +enl) ™2 = VYX”iIS

= Z (W;, {(Eyy +e. D) Sy x (Exx +e,0) M2 — VYX}¢2’>§_[3}

.7]. |
{\/ i +8n \/ l/z‘|‘€n _1} ¢]’VYX¢Z>

Because each summand in the last line is upper bounded by w]-,VYXqSi)%,{y and the series

ij’jzl(gbj, Vquﬁ,»)?Hy is finite from the assumption that Vy x is Hilbert-Schmidt, the dominated
convergence theorem guarantees the interchangeability of the series and the limit ¢ ,, — 0; thus, we
have

i,j=1

lim || (Syy + €nI)71/2EYX(EXX +enD) V7 - VYXHiIS
e—0

slnlglo{ \/ >\ +5n \/ V1+6n a 1} ¢]’VYX¢1> =0

This shows Eg. (14) and completes the proof. O

Lemma 7. Suppose A and B are positive, self-adjoint, Hilbert-Schmidt operators on a Hilbert
space. Then,

1/2
1432 — B2 < 3(maxc{||AIL | BII})'"* |4 - Bllms.

Proof. Without loss of generality we can assume max{||A],||B||} = 1. Then, we have O <
A,B < 1. Define functions f and gon {z € C | |z| < 1} by f(z) = (1 — 2)*/? and g(z) =

(1—2)"/2. Let
flz) = Z bnz" and g9(z) = Z cn2"
=0

be the power series expansions. They converge absolutely for |z| < 1. Using the facts by = 1,
by = —3,and b, > 0 (n > 2), the inequality

N 3 N 3 N
;|bn|:1+§+§bn:1+§+gg;bnm

3 . 3
<teg+tm{f@) -1+ 5} =3

is obtained for all N. The bound >~ |c,| < 2 can be proved similarly. Obviously, |nb,| = |c,|
forn > 2and |by| = 2|col.

Define a series of operators { D n} %, by



Expansion of the right hand side shows that D , is Hilbert-Schmidt. The Hilbert-Schmidt norm of

Dy satisfies
N

IDNlrs <Y balll(T = A)™ = (I = B)"|us:
n=0

We can prove by induction that ||(I — A)™ — (I — B)"™||gs < n||A — B||ms holds for all n; in fact,
this follows from the inequality

(I =A)" = (I = B)"||us
=[(@T-4-T-B)I-A""+IT-B)(I-4)""-I-B)"")
<= A" A= Bllgs + 1T = Bl (T = A" = (I - B)" || 5

Thus, we obtain

lrrs

N N
3
IDNllzs <Y nlballlA = Bllus < 3 > lealllA = Bllas,
n=0 n=0

which implies Dy is a Cauchy sequence in the Hilbert space of the Hilbert-Schmidt operators. Thus,
there is a Hilbert-Schmidt operator D, such that ||Dx — D.||mzs — 0. On the other hand, from the
factO <1 — A,I — B < I, in the expression

N N
Dy = z_:obn(z —A)" — z_:obn(l - B)",

the two terms in the right hand side converge in operator normto A 3/2 and B3/2, respectively; hence
Dy — A3/2 — B3/2 in operator norm. This necessarily means D, = A3/2 — B3/2 and we have

N
3
3/2 _ 3/2 _ 1 2 . _ _ _
14 B llgs = lim ||Dyllms < 5 lim §70|Cn|||14 Bllas = 3||A - Bl|as-
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