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Bayesian inference

— Bayes’ rule

p(y|x)m(x)
[ py]x)m(x)dx

q(xly) =

Thomas Ba;yes. (1701-1761)
e PROS Portrait?
— Principled and flexible method for statistical inference.
— Can incorporate prior knowledge.
« CONS
— Computation: integral is needed
» Numerical integration: MCMC, SMC, etc

» Approximation: Variational Bayes, belief propagation,

expectation propagation, etc.
2



Motivating Example

B Robot localization

— State X, € R3:2-D coordinate and orientation of a robot
— Observation Y; :image sequence taken
by a camera on the robot.

]

[ |

— Task: estimate the location of a robot from %
image sequences. b vl

— It is well formulated by a HMM.

Transition of state
X1 location & orientation

1 2 3
Location & orientation = image

Y; image of the environment



— Estimation / prediction with HMM
- Sequential application of Bayes’ rule solves the task.

— Nonparametric approach is needed:

Observation model: p(Y;|X;) is very difficult to model with
a simple parametric model.

—>“Nonparametric” implementation of Bayesian inference

c.f. Monte Carlo approach needs to know the density functions.

p(YelXe)

—
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location & orientation image of the environment
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Kernel method for Bayesian inference

B Topic of this chapter

— A new nonparametric / kernel approach to Bayesian inference

« Kernel mean approach to represent and manipulate
probabilities.

* “Nonparametric” Bayesian inference
— No densities are needed, but data is needed.

e Bayesian inference with matrix computation.
— Computation is done with Gram matrices.
— No integral, no approximate inference.



Outline

Introduction

Representing conditional probabilities
Kernel sum rule and chain rule
Kernel Bayes rule: kernel methods for Bayesian inference

Conclusions



Representing conditional
probabillities



Review: kernel mean

X: random variable taking value on a measurable space Q2, ~ P.
k: pos.def. kernel on Q. H: RKHS defined by k.

— kernel mean:

mp = E[®(X)] = E[k(-,X)] = [ k(- x)dP(x) € H,

— With a characteristic kernel, kernel mean uniguely identifies the
distribution.

« Embedding of the probabilities into the RKHS.

 Examples: Gaussian, Laplace kernel.



Nonparametric inference with kernels

Principle: with characteristic kernels,
Inferenceon P = Inference on mp

 Two sample test > mp =my,? MMD

* Independence test > myy =my @ my ? HSIC

« Bayesian Inference - this chapter.



Operations for inference
B Operations on probabilities necessary for inference
— Conditioning:  pxy(x,y) - pQlx)
— Sum rule: pxy(,y) = px(x) =Xy pxy(x,y)
— Product rule: Prix(Vx), px(x) = pxy(x,¥) = pyix (Y 1x)px (x)

(aka. Chain rule)

p(Y|x)m(x)
I p(Y]x)m(x)dx

— Bayes' rule: p(ylx),n(x) - qlxly) =

10



Conditional kernel mean

B Review: conditional mean of Gaussian r.v.

X, Y: Gaussian random vectors with mean 0 (¢ R™, R?, resp.)
— Least square prediction

~1
argminJlIY — AX||?dP(X,Y) = Vyx Vyx

Aefom

Vyx, VXX /\JJ:H:& 5”

— Conditional expectation

E[Y|X =x] =VyxVxx x

11



B General random variables

With characteristic kernels, for general X and Y,
— Least square prediction

argmin j”cby(Y) — F(X)”zydP(X, Y) = CYXCXX_l

F:Hyx—Hy, linear

(F, @, (X))

— Conditional expectation

E[o,0)|X=x] = CpxCrx  ®x(®)

Expression by kernel mean
and covariance operators.
Estimable!

Kernel mean of p(y|x)

12



B Empirical estimation

E[®)|X = x] = CyxCyy  ®x(¥)

—

R ~ A A -1
My |x=x ‘= Ereg [P(V)X =x]=C YX(CXX + gnl) Dy (x)

g, regularization coefficient

— Remark: Even in population operators, regularized inversion is
needed if the dimensionality is infinite. Since Tr|[Cyx] < o, there
are always arbitrarily small eigenvalues.

13



EIR (—EHE)
E[k(Y,D|X = x, X = %] (x, ¥) DEEIELEL TRange(Cyy) @
Range(Cyy) ICB T HERETD. CDEE ¢, = n~1/5ITxHIL,

€ rx(Gex+ eat) 0 — E[0,lx = ]|, = 0,07,

il (J 5L1751&R )

n

. . 1

C YX(CXX + gnl) Dy (x) = z wik, (-, Y;)
=1

w = (Gx + neyIy) kg (x)

ky () = (kx (6, X0, o, kx (%, X)) € R,

14



B Proof (Gram{T3IF&KRIR)

Let &€ = (Cxx + gnl)_lcbx(x), and
decompose itas & =Y ;a;®x(X;) + hy, h, is orthogonal to Span{®y(X;)}}-;.

Dy (x) = (Cxx + &l ) (T ;P (X)) + hy)
_ %zi,j Oy (XDk(X;, X)) + e, X ;@ (X)) + enhy .

Take inner product with ®,(X,). Then,
1 1
ky (x) = EG)%C( + e, Gxa = <£ Gy + en1n> Gya. we (%)

The target is
A 1
Cyx$ = ;Zi CDY(Yi)kX(Xir Xj)“j

1 1 1 !
— ;kg()GXa = gkg() (z GX + gnln) kX (X)

(*)

- —EUEOEIEAILES
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EHTH—RILEHDOFEINA

— JUINTAN) YRl
ElgNIX = x] = (ﬁlY|X=x'g>HY
= ki (x)(Gy + ne, 1) g
g=(g(¥),..,g(¥y) €R"
H—2IL) D ElF

— FEHAHIEISIEANDRA (Fukumizu et al. IMLR 2004, AoS 2009, NIPS 2010)

- RARHEH

Note: =4 IZx L TIE, h—FRIL U\ RI8) (ZEE, EEREZREDH
g, > 0&ET 5.

c.f. EFiEHh—=IL.

16



Addendum: Kernel ridge regression

— (Linear) ridge regression
n

min Zun — aTX; |1 + Allall?
i=1

aeRmM

Px)=aijx =YTX(XTX + AL,) 'x
Popularly used when X7 X is (almost) degenerate.

— Kernel ridge regression

n
min Z”Yi — FCDI2 + AlfFIE,
i=1

fEHy

f(x) = YT(Gx + nAly) ™" ki (x)

Nonparametric regression with kernel
17



Nonparametric regression:
theoretical comparison

Assume Y is 1 dim., and kernel is used only for X

K reg[Y|X =x] = Kk (x)(GX +neyly)” ly

Same as Gaussian process / kernel ridge regression

— Consistency 1 (Eberts & Steinwart 2011)

If ky is Gaussian, and E[Y|X] € W (Px), (under some technical
assumptions) for any p > 0,

E|E[Y|X] —E[Y|X]| = 0,\n ~ZarmtP) (n - )

Note: 0, (n za+m) IS the optimal rate for a linear estimator

(Stone 1982).

* W5*(Px): Sobolev space of order a.
18



— Consistency 2 (case: E[Y|X] € Hy)
Suppose E[Y|X] € R(Cfx) with f = 0, Then, with a characteristic

kernel ky,
E|E[Y|X] —E[Y|X]|" = 0, (n"mi“{%’ Zzgm)
|E[Y]X] - E[YlX]||ZX =0, (n_mi“{%' %})

e The rates do not depend on m (dim of X), since the analysis
can be done within the RKHS.

* || - |lg,is stronger than || - [[s,,. Thus,

sup|E[Y|X = x] — E[Y|X = x]| = O, (n_min&' Zé)’”})
X

19



Nonparametric regression:
experimental comparison

Y =1/(1.5 + ||X||?) + Z,

— Kernel ridge regression
Gaussian kernel

— Local linear regression
Epanechnikov kernel

(‘locfit’ in R is used)

n =100, 500 runs

Bandwidth parameters
are chosen by CV.

Mean square errors

X ~N(0,15), Z~N(0,0.1%)

0.015

0.01f

0.005¢

— Kernel method
— Local linear

4 6 8 10
Dimension of X

20




Epanechnikov kernel

3
K() = 2 (1- uz)l[—m] (w)

POF - Epanachnikow])

POF
oz [+

oa

21



Kernel Sum and Product Rules

22



Kernel Sum Rule

B Sum rule

ar(y) = f (X)) dx

B Kernel Sum Rule

— Input: m DA—FRILEY, £SBIERAFE Cyx, Cxx
— output: gy DA—RJLIEH

FHAERp(y|x) ITHRDPEIERR Gy, Cxx P TEHEZS.

HBWNE, HoTIL XLV, .., X, Y) ~P DRTEZ2%. ZTTP IE
FHAHERD p(ylx) LTED R .

23



B Intuition

_ —1
mg, = CyxCxxmy

- Cyim, = % (% € H,ZREH L)

Cxxf = ka(-,x)f(x)px(x)dx
m, = [ k,(-, x)m(x)dx
KUHED.

- CyxCxxmy = Cyy (i)
= ffky(‘J’) %(X)P(X, y)dxdy

= [k, (.9 [ ) (x)dxdy
= mqy.

24



B HES

ﬁ\lqy: = CA‘YX(CA‘XX + Enl)_lﬁ’\ln-

— Gram{T3%&IR
ﬁ\lﬂ — f=1 aikx('i)?i) ) (Xl' Yl)’ =y (an Yn) ~ P

fr\lCIy = Z?=1 ﬁiky('; Yl) )

B = (Gx+neal)  Gxga, Gz = (k(X, K))),

m —3E
EE |y — mally, = 0,009, = eR(cly) (B20ETBEE,
g, oy ||, =05 0 Bo25), e
Hy
25



Kernel Chain Rule

— Chainrule: q(x,y) = p(y|x)m(x)

- jj_*)l/“: mq = C(yx)XC)?)%mn-

Covxy: Hy = Hy @ Hy

. A A -1
My = C(YX)X(CXX + enl) My

— Gram{T3IF&RIH :

Input: M, = ¥, a;®(X;), (X1, Y1), ., (X, Yn) ~ Pxy

My = 2ieq Bi P (1) ® P(X)),

B =(Gx + ngnln)_lGxXa-

IR RE B L, kernel sum rule E2<LRE—

26



— Intuition:
Cirxyx: Hy = Hy @ Hy, E[(e(Y) @ (X)) ® (X)]

HREH (X, (X,Y)) 2EZ25.
FUAHEEROBERN: pO,xlx") =pyIx)s(x —x")

Kernel Sum Rule &Y
CoxyxCxaimp = [ J [ () @ @(x) p(y, x|x)n(x")dydxdx’
= [[[o@) ® d(x) p(y|x)8(x — x")m(x")dydxdx’
= [ [ o) @ P(x)p(ylx)m(x)dydx

27



FEAFHY T ILELTDEERR

— Kernel Sum / Chain Rule
mq(') = Z wikx (-, Y;)

=1
B BRI ) L l ﬂmq »

z Wi 5Yi (Y Wl GQ

=1
DIFEAN—RILEEER—.

BEAIFEDEZTTRYES-6, EEAELIIESLL.
[ 775+ =BIE (signed measure)] DH—RJLEH.

LML, EAFHUTILELTORERA TEE
o FF1iz3EDKL. riw; > 1(n— o)
o HiFEFTEAIHE Lawif(Y) = [ fady (n— o).

28



Let r?zqy(-) = Y wikx (-, Y;) is the estimator of Kernel Sum Rule.
It ky(v,7) € L*(Py) and == € R (ctx) (0<p <1), forany Py-

1 1
—max{—, }

square integrable function f, with &, = n

Y wif () > [F0)a0)dy, (- )
=1

1_B

with the convergence rate O, (n_ min{‘*’zﬁﬂ}).

e.g.
o f(y)=1Iz(y): Xy,epw; — probability Q,(B).
o I, X, w; > lasn > w.
o« f(y)=y" X;w;¥{ = r-thmoment Q,.
29



Kernel method for Bayesian
Inference

30



Kernel realization of Bayes’ rule

B Bayes' rule

a(xly) = p(y|x)m(x)

q(y)

’ q(y) = fp(ylx)n(x)dx.

[I: prior withp.d.fm
p(y|x): conditional probability (likelihood).

B Kernel realization:
Goal: estimate the kernel mean of the posterior

Mpost|y.: = ij(’;x)Q(xly*)dx

given
- mp:. kernel mean of prior II,
- Cyxyx, Cyx: covariance operators for (X,Y) ~ P,
where P is the joint probability to give p(y|x) by conditioning.

31



Kernel Bayes’ Rule: overview

B Input
— Prior: consistent estimator of kernel mean mp
M = Y= ¥ ®x(Uj)

(U1, 71), -, (Up,v,): weighted sample expression

— Conditional probability: covariance of a JOINT distribution.

(X1, 11), ..., (X;,, Yp): (joint) sample ~ p(x, y).
p(x,y): conditioning gives p(y|x)

— Observation: y,

B Output
— Posterior: mpostly () = z Wl(y*)cDX(X)

i=1

weighted sample expression 32



Joint sample Cyy, Cxx

E

Observation vy, ¢

Prior M ¢ Posterior m st |y,

il Lﬂuﬁm

Uovd) Xi, )

33



Derivation of KBR

B Bayes’ rule revisited
Bayes’ rule consists of two steps:

1. Product: g(x,y) = p(y|x)m(x)

q(x,y.)
q(ys)

2. Conditioning: q(x|y,) =

We already know how to compute them!

Denote (Z, W)~Q
Note: Czy = my

PI’OdUCt rU|e 9 CA'ZW — é(YX)X(éXX + Enl)_lﬁln
Sum rUIe 9 CWW — é(yy)x(éxx + €nl)_1ﬁ\ln

Condition > Myeseyy, = Cow (Cww + 521) " Ky (3)

34



Kernel Bayes’ Rule

(Fukumizu, Song, Gretton JIMLR2014)
Input: (X, Y7),...,(X,,Y,) ~P (to give cond. probability).
g = Y5-1v;Px(U;)  (prior) a consistent estimator of my;.

1. [Product]
Compute A = Diag[(Gyx/n + &,1,,) " Gxyv ]
2. [Conditioning]
Compute Ryy = AGy((AGy)? + 6nln)_1A.
* &,, 0yt regularization coefficients

Output: estimator for kernel mean of posterior given observation y,

Ppostiy. () = Kx() Ry by (n) = ¥ iy )hx (-, X)

=1

35



Inference with KBR

B \Weighted sample expression

n
ﬁ\’lpost|y>k () — z Wi (Y*)kX('; Xi)
i=1
Equivalent to the kernel mean of

n
z w; (¥:)0x, (6,: Dirac’s delta)
i=1

which is a signed measure (not necessarily a probability).

Some weights may be negative.

- Y w;(y,) = 1in probability as n — oo.

36



B How to use”?
— Expectation: if % € Range(Cyy) and f € L2(Py) satisfies
J f)pylx)m(x)dx € Range(Cyy),

Z wi @) f X)) = [ f)qxly)dx,  (n— ). (consistent)
i=1

e.g.
o f(x) =Iz(x): Yx,epw; — posterior prob. of set B.

e f(x)=x": ¥,w;X] - r-th moment of posterior.
(More general discussions in Kanagawa and Fukumizu, AISTATS 2014)

— Point estimation (quasi-MAP):

X = argminx”mpostly* - cI)X(x)”HX

Solved numerically

37



— Completely nonparametric way of computing Bayes rule.

No parametric models are needed, but data or samples are
used to express the probabilistic relations.

Examples:

1. Nonparametric HMM Xy X; X, X, X,
p(X,Y) = p(Xo, Yp) HZ=1 p(YelXe)q(Xe|Xe—1) m ’g
p(Y:|X;) and /or q(X;|X;—,) are Yo Y1 Y2 Y3 Y1

unknown, but data are available.

2. Explicit form of likelihood p(y|x) or prior r is unavailable,
but sampling is possible.

c.f. Approximate Bayesian Computation (ABC) /\

(Kernel ABC: Nakagome, Mano, Fukumizu 2013) /\

38



Convergence rate

Theorem (Fukumizu, Song, Gretton 2014)
Let f € Hy , (Z, W)~Q with p.d.f. p(y|x)m(x).
Assumptions:
- |lmg —mpllg, = 0,(n"%) for some 0 < a < 1/2.

- m(x)/px(x) € Range (C;)/(Z) for some f = 0.
- E[f(Z)|W =-] € Range(C%y) for some v > 0.

Then, with &, = n2%/3 and §,, = n=8%/27 | for any y,,

8«

Y wif(X) —EfF@DIW = y.] = 0,(072)  (n - o)
=1

B Remark: the rate depending on the smoothness of the functions
n/py and E[f(Z)|W =] is also available.

B Ifa=1/2,therate is n=4/?7.
39



Choice of kernel and hyperparameter

— Parameters to be chosen
« Kernel (parameters in kernel)
* Regularization parameter

— Cross-validation is recommended, if possible.
« Straightforward in supervised setting (incl. nonparam. HMM).
« Make a relevant supervised problem and apply.

Supports
- CV has been used successfully for SVM.

2a

- The rate 0, (n"za+m P) for the regression is attained with
parameter choice by validation (Eberts & Steinwart 2011).

— Heuristics:
o = Median{||X; — X;|| | i # j} for o in Gaussian kernel.



Basic experiments

— Comparison with KDE + Importance Weighting

T .
e (X, YD)~N((04/2,14/2) ,V), i=1,..,N
VNATA + ZId, ANN(O, Id)

o PriorIl: U;~N(0;05%Vy), j=1,..,L

« KDE + Importance Weighting

%i Kny F=XDKp, (7=Y))

KDE: p(ylx) = YKy (x-X;) |
j®hx

IW: g(x|y) is estimated by weighted sample (U;,v;),

y = p(|U;) |
g Z§=1 p(y|U,)

41



N (sample size for (X,Y)) = L (sample size for prior) = 200.
d=2,..,64

Gaussian kernels are used

for both methods. © KBR vs KDEHW (E[X|Y=y])
I —=—KBR (CV)
Bandwidth pargmeters o KBR el dist
are selected with CV 50f = = =KDE+IW (MS CV) A
v=k= KDE+IW (best) L’
for both methods. -
S 40}
z
m 30F
7]
>
2 20}
<
10
0 : L I ! 1 ! L
24 8 12 16 24 32 48 64

Dimension
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Example: KBR for nonparametric HMM

— Assume: Xo KXo X X5 X
p(y,|x,) and/or q(x.|x,_1) is not known. m
But, data (X,,Y,)I_,is available
in training phase. Yo Yo Yo Y3 Yr

Examples:

 Measurement of hidden states is expensive,
« Hidden states are measured with time delay.

— Testing phase (e.g., filtering, e.g.):
given y,, ..., ¥, estimate hidden state x;.
>KBR point estimator: argminy [|.,3,,...5. — P,
X

— General sequential inference uses Bayes' rule = KBR
applied.

43



Numerical examples

(a)Noisy rotation

Uy COS(Qt)) B v
(vt) o (Sin(Ht) + Zy, 0:+1 = arctan ” + 0.3,
Y, = (ug, v)" + W,

Filtering with the point estimator by KBR.

—EKBF f—————————

e I KBR does NOT know
: ' - | the dynamics, while
8 the EKF and UKF use
Z it.
3

I T I
FI---I- -I-L-I*I-I‘-I-L-IL-Il-ﬂ

200 400 600 800 1000
Training sample size
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(b) Noisy oscillation

u . cos(6;) v,
(Uz) = (1 + 0.4 Sln(88t) (Slﬂ(@f)) + th 9t+1 = arctan (_> + 04_’

Ut
Yy = (ug, ve)" + W,
Z,, W, ~ N(0,0.04L,) (i.i.d.)

—KBF

0.09} el
|||||||I_]—KP
@
S 0.08}
%]
W
= . .
= o
Z0.07} % ° 5.
P | Che8a ) °
S Ll o
o _%‘E}]\O
= CE’%“G%;G °%p° Go
0.06} Q8. - @% . O@%E‘co
&5 C0s oo 2 %
% Bl ey
"2e%) o

200 400 600 800
Training data size
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B Camera angles
— Hidden X;: angles of a video camera located at a corner of a room.
— Observed Y;: movie frame of a room + additive Gaussian noise.
- X;: 3600 downsampled frames of 20 x 20 RGB pixels (1200 dim. ).
— The first 1800 frames for training, and the second half for testing.

noise KBR (Trace) Kalman
filter(Q)

o2 =104 0.154+< 0.01 0.56 + 0.02

o2 =103 0.21+0.01 0.54 + 0.02

Average MSE for camera angles (10 runs)

To represent SO(3) model, Tr[AB-1] for KBR,
and quaternion expression for Kalman filter
are used .

46



Robot localization
B COLD (COsy Localization Dataset, IJRR 2009)

State X, € R3:2-D coordinate and orientation of a robot
Observation Y, :image sequence (SIFT feature, 4200dim)

Training sample (X;,Y;):t=1,..,T

Estimate the location of a robot from
Image sequences

— Observation: p(Y;|X;) difficult to model.
- KBR
— State transition: linear Gaussian

Kernel Monte Carlo, ‘
(Kanagawa, Nishiyama, KF. 2013) Lprer="t { =




Root Mean Square Error (10 runs)

[= 2

wh
we bn

] -
w by s

(=1 ra
W ra

[

Vision—-based Mobile Robot Localizaton

NAI: | naive method

—5—NAI
—* NN

——-KBR |

—— KEMC

(closest image
in training data)

NN: PF + K-nearest

neighbor
(Vlassis, Terwijn, Krose 2002)

KBR:(KBR + KBR

2003004005606007008009001000
Traiming Sample Size

KMCt KBR + Monte Carlo
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# training sample
=200

=4=: true location

. oO B & ) e
30 O@@G@O = o@D @pﬁo@@: LE & Y] %?C@WOCOD -
%) o : o
3 % 5
& ;.
8 5
o = o
& 5
& 2P & .
; o
2 o
d 5 :
i
g
o B
+ DD
&
®
iy

: estimate

red (+)/ blue (-) circles:

weights on the training sample
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Conclusions

B A new nonparametric / kernel approach to
Bayesian inference

Kernel mean embedding: using positive definite kernels to

“Nonparametric” Bayesian inference
— No densities are needed but data.

Bayesian inference with matrix computation.
— Computation is done with Gram matrices.
— No integral, no approximate inference.

More suitable for high dimensional data than smoothing kernel

approach.
50



Kernel Herding
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Kernel Herding

(Cheng, Welling, Smola 2010)
— BBY: H—RILEH my = E[CD(X)] o
E[o(0)] ~ Z P (x,)

@ﬁzl:otofx)]ipﬂ’lkﬁw'g“éﬂ/?)l/ X1, o
— RTE: my [TEN-TWVSET S,

— ZILOdYX L
;ko)E%ﬁEIJ—G X1,X2, - %HEE‘Z

Xey1 = argmax(he, ©(x))
X

hirr = he + my — O(xpyq)

»y XT %*&)é
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m fZFR
||| =R (BE)ZRE (FITRBRIAELEI—RIL).
hy == h/t £EHL. hyg = my £T 5.

Xt41 = argmax(h,, ®(x))
X

(t+ Dheyq = thy + my — P(xe1q)

x; = arg max my(x), hy = my — ®(xq)
X

- - 1
X, = arg m)?x(hl, d(x)), hy =my — 52?:1 q’(xj)

Xeer = argmax(hy, @), Repy = my — 15 0 (x))
BEDD()~DEE AT
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B Kernel herdinglZ&5mR#D20EDH T )L
O X DRTWHhLREL=20D iidHTIL
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- E[®X)]EHMBEVMEETH, SO YUTILTE[@X)]AEEIEN T
WHESIZE-THKLN.
WS OTILTCELTBE, T LTI AR ETITHENTES
> A—RIVEDFHEDEIE

— YR
¢ SEBERE [|my — 13, o) || & 0(1/t) THBEFBEATLY
%

« Optimal ZYRRL—+TH 5.
c.fiid. T ILDEHEE 0(1/Vt)
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f(x)=x, erreT 0% f(x)=x?, err=T 089

--»..-k_-_I_‘k —— Random sampling

: . 10° ———rrrr——rrrr—— .
——Herding ’J =y

10' 10° 10° 10° 10°
f(x)=x>, err=-T ~0.80
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