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N—I)VERER S

D (x;)
X; /(D-—- ) CI)(X)
LN musg | S0
° Xj »
JTTD ZEfHE M Z8 8 (RKHS)

d: QO - H, x> d(x) =k(,x)

o [TERIZRERIMNVIZERL, T2 ITFEZTERTS



N—RIVEBIZ &S5 E 18]

BRI
d(X) TH
flc#%z%{% F1 E[P(X)]
|
JTD ZE[H Aﬁiﬂzz";Faﬁ(RKHS)

S LEEFERIMNLO(X)DEY E[0(X)] 21T
*xIT9 5,




H—R )L

X: A[AIZERE (Q, B) ICIEZERAMERLE, 7% P.
k: Q_EDA[RAIZEFEEHD—LRIL, H: kD EHAHRKHS

Def. XM (HIZHIFT5)H—RILE
my = E[®(X)] = E[k(-,X)] = [ k(- x)dP(x)

- my HRKHSD T, 94 hH 5.
— FHEEPIZEoTmp EHELTEIZT .
— B HH9RA—RILDEE

Y.
mp(y) = fexp (— ||y20;C|| )p(x)dx [convolution]

— BEIZIX EeX)| = E[Vk(X, X)] < o0 DEZIZFEHMNTETE (BochnerfES).
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BHh—XRI)LEHDMEE
- BH&%

(f,mx) = E[f(X)] Vf € H,,.
EWNMEZBE
(f,E[®(X)]) = E[(f, P(X))]
FHIRELERNIRII R AT EE

— BRE—AVFDORIR
1)
TaylorBB k(u,x) = co + cyux + c;(ux)? + -+ (¢; > 0),
e.g. k(u,x) =e*¥
my(W) = co + ¢ E[X]u + cE[X?]u? + -

E—AVNERDOEENER-T



FEREIEEIED—TRIL

(Fukumizu et al. IMLR 2004, AoS 2009; Sriperumbudur et al. IMLR2010)

EZ. ALAIZER (Q,B) LOFRAIN DA RLZIETEEHL—RIL Kk HEER
(characteristic) Tdhd &L

{(,B) EDFEER]} > H,, Pw»mp

MBS THDI_E, THHE,
Ex.plk(-,X)] = Eyolk(-,YV)] & P=4Q
THDEZELS.

B D—RILIZEST, B—RILFEYE mp (FHERPE—EIZEDSD



— TH5ERA% E[eV ™1 @] AL
o $HMEREBITIA—Y)YREM L DBorelfERAEEZ—EIZEDD.
o BMGEH—RILITA—D)YRFZERIZERESAELY (Fukumizu et al.
2009).
o« N—RILNIYIICKYEEEDEGTENE .

— {l: Gaussian, Laplace A—=2 LI 4514/
ZIEAT—RILITHFEATLEDNARDE—AVFETLMAFRELZLY)

— BMMLERKHSII+HEWVERITHS.
FI6. 1 (Fukumizu et al 2009)
AAIZERE (O, B) LD AR TRAIGIEEEEA—RIL kK DNFHERTH ST
HDOLE+HEHIL, (OB)DEEDHEREPIZHLTH + R(FIZERM) AN
L*(P) THRBEGCLETHS.

(GERAITtE/K. ##RES. 6)



H—RILEHZ AT A0 HER

JRIE: BMgh—RIILEANSE,
EEPICEHTHIHRERE = AT mp ICET HHERERE
e 2IEARfEE 2> mp = mgo ? (Gretton et al. IMLR 2012)

° 5$1LL'|$*§IHE - Myy = My X my ?

« RARHEH > BREEOH—FILTHET.



H—RILEHDHETE

Xy, oo, X LA ABSR
T EARAD—RILFEL

n
1
iy = EZ k(, X;)
i=1

— %
EIE 6. 2.
E[k(X,X)] < 0 DEE,

Al - 0,(nz
”mx mX”H — Yp n (Tl - oo)




1HRE6. 3 |Imyll> = E[k(X,X)] (X: independent copy of X)

EHRA)
£ <

= E nlz o k(X0 X)) — =1E[k(Xi,X)]+E[k(X,)?)]]

—F -%Ziijk(xi’x.) +—27.l 1 k(X X)) —3 i1 E[k(X;, X)]] + E[k(X'X)]
)

5 ElkX, ] +—=E[kX, X)] - 2E|k(X,X)] + E|k(X,X)]

— 5{5 k(X, X1 - Elk(x,X)]}

Chebyshev DA EFRIZLY

nk fﬁ( —m ~
Pl‘(”?’Tl)((n)—mX”Hz%)S ” - X” Elk(X,X)] azE[k(X,X)].
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HOaERAR

(X, Y): Qx x Qy ITEZEAHTERLE .
(Hy, k), (Hy, k)): Qy, Qy EDRKHS.

T, (FIMELGW) HE2EERBSR Cyx: Hy » Hy, Cxx: Hy — Hy
Cyx: = E[q)Y(Y)(CDX(X)r')HX]/ Cxx = E[q)X(X)(CDX(X)r')HX]

Cyxf = fky(-,y)f(x)dP(x, Y), Cxxf = ka(-,x)f(x)dPX(x)

D (X D (Y
> Rl
X X —> Y
/' Hy HYl\, Y

— A—JUyrZEBICEZRHBEDERAINL X, Y DS FITS
Vyx = E[YXT] @D BARTHLEE



- BHEM
(9, CyxfIn, = ElfX)g(Y)] Vf €Hx,g € Hy

— HOBIERZEIE X LY OBEFRERIELTLNS

— HOBERFR=TBZERTOI—FRILFELY
(BB ETUVILEIXR—HRTES ] (IR—=D)
Cyx = myy = E[Px(X) ® Oy (V)]

HAOBIER®: EZEBTODX,Y)DH—RILIFE
H - Hy HX ® HY

12



BTV IILIELIREER

— NBEZEBMV,WOTUVILEV QW (X, EFELDZER
LWV,W) :={T:V > W | TIZERER) LR—FHINh5.

Vew  —s LV, W)

vRw > Toow: 7 (v, D)y w

— iRz

E=YRviQ@w;, v T ¥ Xl (v, D)y w;

— HilbertZ=ERDEZ AL, Hy » HyOHilbert-Schmidt fE AR £ K&,
EEMH, @ HyHARE—HREIN 5.

13



il

HOBIERRO#E

(Xl, Yl' ), reey (X‘l’l' Yn) ~ P, ||d
SARKASHIERRE:

A 1 on
Crxf =) (XD (X0, )

1 n
=), (L Yf (D)

- Cyx : Hy > Hy RKHSEIDERZE, 520155 4n.

- Vn —HZEE DO (h—RILEHEAGEILELLY)

14
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212 A B 28

X, =X, ..., X, ~P, iid.
Y,=VY,.., Y, ~0, iid. Xp & Yy [(FEVMIHIL

Z*E%ZFFEﬁ%: P = Q ?

— 151
e REFXITOI=YTIL—TEToTUVVEWS IL—T T, MmiEEIZEL
NHBHM?
o MERALPERBTTAMD SHIENAHEIMN?

- HHEMPETIO—F: X, Y DFEHEDENERS.
— A—RIVEIZEDST7TA—F: mp=mg?
e — g||), 12k YIREZELTS.

16



22 AR RE D IEFKE

— INTGAN)YOETIVERAWS (ERD ML)
« 2EXRtIRTE
— 1LRFTtH W, FEHER
— 1RFTIEFR 7, F 758 (Welch's test)

— JUINTAN)YIRRTE
« LRIEDIGE : FWLVAELLFSNTLNS
— Mann-Whitney U-test (£45 8%, IBF#HETECE D)
— Kolmogorov-Smirnov test (FRF 5 EITHOK, c.d.f.IZED)
— Wald-Wolfowitz run test (I[EF##ETEDEIZE D)

« ZRTDIGH:
— Friedman Rafsky (1979) IZ&% KS, WW test D % R ITHihiE.

Minimum spanning tree B \5.
17



MMD: maximum mean discrepancy

F#. (Gretton et al NIPS19)
X,V: "AIZERS (O, B) EICIEZEAHEREEL.
(H, k): QLD HMGIEFEED—RIL

MMD2(X,Y) = ||my — myl||%
YOI LBDHEESE

MMD2.,,, (Xp, Yi) = [y — iy |l

— RBIDHER
Imyx —mylly = Sup [ELf(X)] = E[f (V)]

fllg=1

THOENBKRITHDEERS.

18



MMDIZ LB 2{EKRIETE

— JUINTAN)YORRTE
JEEREE H, P = 0Q
Xfi{REE H;: P# Q

- BRE#HET=

MM DZrmp (X, Yin)
n m

n m
1 1 2
=17 0 KO 405 ) KO8 =20 ) ) kG )

ij=1 ij=1 i=1j=1

19



HhHLE, Tﬁﬂsbﬁ U et =

Tam = n(n - 1) Z e(Xi, Xp) + m(m —1) z k(YY)

I#] i#j

nz Zn: i k(X Y])

i=1j=1

* 212K U-ffist=
D=V h(xy, X2 y1,Y2) EFFD2IRAU-METE
Tn;m = n - m Z Z h(XCH’X“z; Yﬁ1’ Y.Bz)
() (5)

a P
' a: {1,.. . nDERB-DEHLESE
B: {1,.. m}DEBERBsDEHBNES

h(xq,x2;¥1,¥2) = k(xq,x2) + k(¥1,¥2)
_%{k(xp}ﬁ) + k(xq1,y7) + k(x2,y1) + k(x2,72)}
EBIFIELLY [Exercise: CNEFEMND K]

20



- fwmESm GRIELI-U-fRET=)

Pl il
_no,
n+m Vs n+m

>1—y (n+m - ) &RE

m+m)Ty;,m = z/l< (1—)/)> (n.m — o0)

i=1

Z;(i=12..,)~N (y(ly))iid

A (i=12,.) ROWESEARBOIFABERIE

B:L*(P) - L*(P), Bf = fE(y,x)f(x)dP(x)
k(x,y) = k(x,y) — E[k(X,y)] — E[k(x,X)] + E[k(X, X)]

* EP'D’”Z@%-L\ﬁ'@J(:J:%)E;ﬁ1l_§@?ﬁi7ﬁ§ﬁjﬁ'é(Gretton et al NIPS 22)

21



Experiments

Comparison of two databases.

Data size/ Dim B

Neural I© 4000 / 63 Neural | Séme 96.5 97.0 95.0
Neural II: 1000/ 100 Different 0.0 0.0 100
Health: 25 /12600 Neural Il Same 94.6 95.0 94.5
Health Same 95.5 94.7 96.1
. I Different 1.0 2.8 44.0
Gaussian kernels o
S
are used. Subtype Same 99.1 94.6 97.3
Different 0.0 0.0 28.4
WW: Wald-Walfovitz test Percentage of accepting P = Q.
KS: Kolmogorov-Smirnov test Significance level a = 0.05.

-- Classical methods (see Appendix) (Gretton et al. JIMLR 2012)
22



B Kolmogorov-Smirnov (K-S) test for two samples

One-dimensional variables
— Empirical distribution function

1 N
Fy() = ZI(X, <1)

— KS test statistics

Dy, = sup|Fy (1)~ Fy (1) gl

reR

DN FNl(f)

— Asymptotic null distribution
Is known (not shown here).

> [

23



B \Vald-Wolfowitz run test

One-dimensional samples

— Combine the samples and plot the points in ascending order.

— Label the points based on the original two groups.

— Count the number of “runs”, i.e. consecutive sequences of the same

label. R = Number of runs
— TJeststatistics === 0000000000000 e e
B -+
BB s mpy - — — — =
JVar[R] R=10

— In one-dimensional case, less powerful than KS test

24
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®E M
Fi-

- MRTEREANIRIL X EnRFTERNDRL Y KNI THHEE,
EEDTAIES A€ B(R™),B € B(RY)IZRL,

Pr(X € A,Y € B) = Pr(X € A) Pr(Y € B)

MREYIL DI EFLYD. X LY EEL

B [act.

1. X 1Y #HSIE
E[f(X)g¥)] =E[f(X)]E[g()].

2. X,Y) DTN EBEREM pyy(x,y) ZFDEE, XEYDRBH M
DEEBMEZINETN vy (x),py(y) ETHE,

X1Y & pyv(x,y) =px(py(®)
26



BE NORAEHOMILE

— BEESHIVRAEELTH
X=Xy Xm) ~ N V)

\3

— ST
(X,Y):(m+ O)RFTH I RERLEH
m £
. |% |%
AEEABAN Y = (X )"
Yyx Vyy/ ¢
il 28
X J_ Y & VXY - 0
&  E[XY'] = E[X]E[Y]Y
If Vyy = O
1 1 Vol 0 X
pxy(%,y) = —r exp <——(xT,yT)< X ) )
(Zn)TleX”VYYl 2 0 VYYI (y)
= +exp <— %xTVx‘xlx> n;exp (— %yTVy‘y1y> = px (Opy ) 27
(27T)7|VXX| (27T)§|VYY|



JRIIEDRFE DT

X1Y & Cov[f(X),g("N]=0 (Vf,g "TBIBE%)

- BE:

- REFEERE?
sup  [Cov[f(X), g(¥)]|

f,g:measurable

o TRTOAAIBE#MEZETMT D EIXTELLN.
e R UTIIZE-TESHTETHIMN?

28



HSIC

B Hilbert-Schmidt Independence Criteria (Gretton et al 2005)
X, V) Qx X QylMEZRAEEDHERE B (EuclidZR EXRSELY)
(Hy, ky), (Hy, ky, ): RKHSEIEE EA—FRIL

Syx = Cyx —my @ my, (FIMELT) EEUERR

Yyx = Cyx — My @ My

— ==
EFER

HSIC(X,Y) = ||IZyx 3¢

HSICmp Xn Yo) = ||Crx — My ® ﬁzx”i,s

29



- ESHD2EH
I1ZxllEs = ) Covlgy(X), 4 (1]
LJj

Note:
(Zyx®i, ;) = Cov[p;(X),y; (V)]
HSICIZIT R THOEEBHDOMAIZEAL THELEMOMNFARTLS.

— MMDD%FAITEr—X
”ZYX”IZ-IS = ||[Cyx —my & mx“zzqs = MMDZ(ny, Py Py)
RS e, B MOBEEMMD T

30



BaRTEHL, EENES
HSIC(X,Y) = ||Cyx —my & mX”IZ-IS
= E[ky (X, X)ky (¥, 7)] —2E |E[ke (X, X)ky (v, 7)|X, Y]]
v [k (8, D)]E [k (v, )]
[Exercise] LKzt (X,V): independent copy of (X,Y)

HES
1
HSIComp (Xp Yn) = FZi,j,s,t kx(Xier)ky(Ys' )
2 1
_Ezi,j,s kx(Xi'Xj)ky(Ys’ YJ) + ﬁzi,j kx(Xier) Zi,j ky(Yi;Yj)

1 —
= ") Tr[KxKy]

Ky = 0,,Kx0Q.,,: EIJIMI:’J“%ilxﬁﬁIJ
Ky: GramfT3l, Q,, = I, — 51"1’7; 31



Hilbert-Schmidt /JL L

EE. EILNILNZEROBOERSR T: H, > H, HiHilbert-SchmidtT

HhdHEF H, ;DEEDEREREE (¢}, {,}; LT,
Y i W, T, < o

ThHAIEZELS.
COEE, BADERFEREREEDRYAFICIKRLT,

1Tl = Jzi,,- [, T2,
[ZHilbert-SchmidiEREZEEARDGEITARIRMILZERIZ/ILLEZTEDHS.

32



HORFRARERIE

g
(Qy, By), (Qy, B,): AT BI 22
X, V):Qx X QulTEZRAEEDHERLEH
(Hy, ky), (Hy, kyy): Qy, Q) EDRKHSEIE EBA—RIL
RE: BA—HRIL koky, & Qe x Q) E5FHER

XJ_Y (= ZYX=O'

z3

TOFEEDODREDT,
X1Y & HSIC(XY)=0.

33



HSICIZ X AR 4R TE

— MIIERTE
(X.Y), ..., (X, Y ) ~Pyy, i.i.d.
HO: X &Y [F3diL
H1: J8 37 THELY

- REMETE

Iy = "||§YX||,2.,S

EREFIMMDERIC (IZyxlls = MMD?(Pyy, PxPy) )

— EHEORE
o FENAE(n - o) FIRESHZTALS:
T, = X2,0(22-2), Z; ~N(0,2),i.i.d.

o WRBEZRE YTV

34



I TERRTE DIERIE
— AT3YAIL S PEIR

» x*-test A B
1215

— EFRE&/INTAN) YD
« Spearman’s rank test
6 Yir, D}

n3-n

WBIRIEES M -2

pn=1-— , D; = Xp.i — Y

» Power divergence

35



B Jensen-Tsallis / Power Divergence (readscressie, kugFineos)
— BRTE g BICHB (EHEELE). {Aj}jE] (] = g%*%)

- Py BNEROBE. P, 0,  EERT SR EROBELRD R DHEE

. A
I'X,Y) = A4+ Z)Zp’ {(ijﬁj) ) 1}

« I°(X,Y) = HEIRHRE | o
« P(X,Y) = x*HAN—VIUR P e - pa—
/ mean square contingency T O CRCa s e
-;’"'-}:;; ' I N
- n- wolIBIFRRES R
2nI*(X,Y) = x? |
(x.¥) A(qt-1)(a>-1) "y
Jx

— PENZKDFEE, Rasrsl ERE

36



R EEER

— F—%: X,Y:1dim 75X JAXDRTT

Rotation 6 = /8 Rotation 6 = /4
3 T T T 3 . . .
2 _ 2t a
1 "‘i" 1 »y '
> 0 . e > of >s?‘ . 5
-1 -:.‘.’.'.- . ?l =1t
*; L
-2 =2t
-3 -3

-2 2 -2

> o

0
X
BlEH0 <9 < % 0 =0 ZRSIMIL, 6 = %’G%UZW?'I‘EEL\

— 3k
« HSIC E— AV yF U 1L SHCGammari#R ULl
« HSIC YUY 2T
« Power divergence (1 = 3/2)

o functional correlation (Dauxois and G. M. Nkiet AoS 1998)
37



% acceptance of H 0

—— HSIC (Gammaiiz{Ll)

"""""" HSIC (resampling)

--- Power divergence (1 = 3/2, HEHERIZLEHE)
— functional Correlation

Type Il errors

Samp:512, Dim:1 Samp:512, Dim:2 Samp:1024, Dim:4
1 o N T
T T
08 u5 08¢ ...6 08}
06 8 06} 8 06!}
= -
S S
04 S 04 S 04;
Q Q
O O
0.2 ®@ 02} ® 0.2}
e e X
O i 0 i J 0 i 3
0 05 1 0 05 1 0 05 1
Angle (xn/4) Angle (xn/4) Angle (xr/4)

38
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NEDMHILERTE

— Data: Official records of Canadian Parliament in English and French.

 Dependent data: 5 line-long parts from English texts
and their French translations.

* Independent data: 5 line-long parts from English texts
and random 5 line-parts from French texts.

— Kernel: Bag-of-words and spectral kernel

Results of permutations test with HS measure
Topic Match  BOW(N=10) Spec(N=10) BOW(N=50) Spec(N=50)

Agri- Random 0.94 0.95 0.93 0.95
culture Same 0.18 0.00 0.00 0.00
Fishery Random 0.94 0.94 0.93 0.95
Same 0.20 0.00 0.00 0.00

Immig- Random 0.96 0.91 0.94 0.95
ration Same 0.09 0.00 0.00 0.00

Acceptance rate (a = 5%) (Gretton etal. 07) 54



dCové D ELER

B Distance covariance
Def.
X,Y: #ERLEH(EuclideanZERE [Z{EZ D)

dCov?(X, V) =E[IX = X" IY = Y'II1 = 2E[IX = X" IY — Y"II]
+ELIX = X"[[] ELIIlY = Y"|I].

XY, (X",Y'"): independent copies of (X,Y).

c.f. HSIC(X,Y) = E|k, (X, Xk, (Y, Y| — 2E[E [k, (X, X" )k, (Y, Y")]]
+E[k, (X, X)]E|ky (Y, Y]
Note: ||X — X'|| [(XIEEE TIFZLO.

— Distance covariance (distance correlation) [F&iT;E B SN TWVBIKTE

4 R E (Székely, Rizzo, Bakirov, A0S 2007). 10



B dCovD LR
- O _E®dsemi-metric p
« p(z,z)=p(z',2) [AFRE]
o p(z,2) =0, FBAILIE z =7/, [IEETE]
(ZAFEFEKXIEXRELAELY)

— semi-metric p,, p, (XL, generalized distance covariance ZLLF

dCovj, o, (X, V) = E[px (X, X)py (Y, Y")] = 2E[px (X, X)py (Y, Y"")]
+E[px (X, X)] Elpy (Y, Y)].

41



JT'_EIE (Sejdinovic et al. AoS 2013). [dCOV‘iHS|C0)€ﬁ}EJI”7:J:@J]

Px Py DA TE(E7%Esemi-metric THEHEE,
k(z,2) = 2{p(2,20) + p(z', 20) = p(z, 7)) 12k YEE B EEAEH—

L (R4 BB IR E ky, k, E8CE,
HSICkx,ky(X' Y) = dCOVp

X

oy (X, 7).

REEAILEE. EREETE.

) 1—o1)vyRZER L ||x — ]2 (0 < g <2) [ZAFE[E%semi-metric

(E#4.10 Remark 1)
pzz) =llz—=2I19,  ky(zz) =3

HSIC, (X,Y) = dCovZ(X,Y) = E[[IX — X'|

—2E[llX = X"[[91lY = Y"||7

z|T+ Nzl = llz = z"]|}

Ny —v'|]
+E[lX = X[ ETIlY = Y*]19].

42



B H{ERER

0.5

0.4

_ <
independent

p(z,z') =

lz—2z"||7 °
(A) 1w
R 0 2

m=128, d=2, o=0.05

R L T g S

';‘0'"04

| e dist, q=2/3

—©— dist, 0=1/3

s dist, Q=1
= @ = dist, q=4/3
- @ = dist, g=5/3
= & = dist, =2

..........................................

gauss (median)

0.2

0.4 0.6 0.8
angle of rotation (x n/4)
>
dependent

(B)
p(x,y) « 1+ sin(€x) sin(£y)
m=512, ¢=0.05

................................................

........................................................
...................................................................
.................................................................
.................

..................................... —e— dist, g=1/6

—O— dist, g=1/3
....................................... — dist, 0=2/3 |

e ist, Q=1
......................................... - @ = dist, q=4/3 2

gauss (median)

15 2 2.5 3 3.5 4 4,5 5
frequency
) <€
easier harder
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H—FILEIR

B MMD/HSICIZEB/VIINSAR) IR TEDES
— A—RILIEE DAL,

— A—RILINGA—EDEIR
o KRE[X, power¥oefficiencyZx AL D ALY,
LML, &9 LLERAERT TEELY (3% Gretton et al NIPS 2012)

e Heuristics
- 0= median{”Xi —Xj|| |i,j =1, n}
— supMMD
sup MMD,p, (X,Y) ZRREMETEICHLS.
(o)

SEOMENDLE.
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SZ: MIC

— Maximal Information coefficient, MIC

Reshef, et al. "Detecting Novel Associations
In Large Data Sets". Science 6062, 2011.

SESFLEDENDUEFZEHAEHLETES.

“A Correlation for the 21st Century”
by Terry Speed, Science 6062, 2011

— HSICED HEER
http://www.slideshare.net/motivic/tokyo-r-lt-25759212
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HSICDI:A: Kernelized Sorting

(Quadrianto, Smola, Song, Tuytelaars IEEE PAMI 2010)
— IYFUURIE: ATV DX RTINS

« LAL, HIGDIFEH(FHD) FEFEALGNET S

46



- TEFAVATIA T Do b O BRI ORHE RS

Domain A: X4, ..., X;,. Domain B: Y;, ..., Y,
Permutation 7 T, X; & Yy (i = 1,...,n) RIS 5L DEET .

=2 ky, ky 1285 T T LT Ky, Ky [FETEATREEARE.

— HSIC = S LT5OELMRE

1 - ~
HSIComyp (Xn, Yn) = ﬁTr[KXKY]

— Kernelized Sorting (1000
max HSICopmy, (Xy, YiT) = max Tr[Kx ALKy A, ] 4 0010

nell, T T 0001

or 0100

mﬁx ||KXA£ — KYAn”zz«"

A% [0, IEDHEZRITHIIZFEFIL THEELS — Convex Kernelized

Sorting (Djuric et al AAAI2012) .



Fig. 4: Layout of 50 images into a 2D grid of size 15 by 38 using bag-ofvisualwords based Kernelized Sorting
Several object categories, like books, cars, planes, and people are grouped into proximal locations.

REEE T N |
i o e i e T
- ) e e Ceam - :
e LT X I o Tl o
. s:‘ﬂ

| (a) Photos summarization by color based Kernelized Sorting.
(Quadrianto et al. IEEE PAMI 2010)
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Sl SRR

(X,Y,Z): Q X Q) X QITMEZIHMERLEH.
Ky Kyt Qy, Qy, Q, EDIEFEED—FIL

FEMHEASHIERSR

Lyx|z = Zyx — ZYZZZZZZX

- ﬁj\ﬁg ZYZ — Zl/ZWYZzl/Z ”Wyz” <1 (Baker 1973).

Wy, ZHEEERT. Wy, = 3,725,572
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220 =

ST IRALTE

— FRTOO—RIVIEHFHEMET D.
Syxjz =0 IFEHFHIX LY | Z KYBL(RR—TSH).
Sy iz =0 Ifandonlyif X LY |Z.

(X,2): ZH DA BHh—=IL k k,ZFLND.

L EERITMRE:
2
HSCONIC(X, Y1Z) = |22y x,2)12]| g

- HEE:
HSCONICemp(X, Y|Z) :==Tr[GzGy — 2GgR;Gy + GzR,GyR,]

R; = G;(G; + ne, 1)~ L.
€, regularization coefficient
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EE (fa/K EH9. 6)
k, BEERGH—RILTHSLEE,
(9, Zyx)zf) = E|Cov[f (X), g(V)|Z]] (Vf € Hy, g € Hy)

c.f.
X1Y|Z & Cov[f(X),g(V)|Z=2]=0

for any square integrable f, g, and a.e. z.
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FHATHILERTE

— HS|C&(¢J§L\, I$ﬁL ’]f&JEﬂ’\*ﬁd)ﬁ/(iiﬂbh’CL\&L\
(EEAMEDIRULNAEELLY)

2 (|| X N

2 lbx,]x,

— WRBEZRE VYV TIVUTE, Z BERER A P
DIZE, FHETIZGZL. Q 141 D1

.« ZOIEDBEBIEN LE 2| Vel L

> BERFEMHHRIEESSaL—LTOEL. E ="

Q. \[F*2.id 2.

% XL.i7 YI_.i7

g XL.:‘S YL.I‘S

S| X2 Ve
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HOoFRAZRDERIE

— fpRd (Baker 1973)

HME£DBERER Sy Hy — Hy, XL, 1EB%R Wyy: Hy - H, T
[Wyxll < 1,

1/2
Syx = Sat i WyySoh

WD, RWyx) € R Cyy), NWyx)* € RCxx) EBDBDN—FIZF
"9 5.

— IFEFRIEBE RS EERAZE (Normalized Cross-Covariance Operator)

NOCCO  Wyy = S/ “SyxErs’

AR zRTERF
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NOCCOIZ LB IEKFERE

B Characterization of independence
With characteristic kernels,

W, =0 & XAY

[ Dependence measure
Assume W, etc. are Hilbert-Schmidt.

HSNIC = ||WyxllZs

56



Kernel-free Integral Expression

Theorem (Fukumizu et al. NIPS 21, 2008)
Assume
P,y have density py, (X,Y)
Hy, ® H, IS characteristic.
W, is Hilbert-Schmidt.

Then, ,
o[ (25522 o e

- Kernel-free expression, though the definitions are given by kernels!
x2-divergence (aka mean square contingency) is expressed by kernels!

- A conditional version exists.
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Empirical Estimator

— Empirical estimation is straightforward with the empirical cross-
covariance operator ("

. o ) . 1
— Inversion - regularization: X3y — (£{ +&l1)

— Replace the covariances in W,, =X,/°%,, X2 by the empirical
ones given by the data ®y(X,),..., ®y(Xy) and O (Y,),..., Dy(Yy)

HSNICgpmp = Tr[RxRy] (dependence measure)

-1

where R, =G, (G, +Negyly)
Gx :(IN _ﬁlNﬂ\l )KX(IN _ﬁlNﬂ\l) KX - (k(X ))' =1

— HSNIC,,,, gives a new kernel estimator for the y*-divergence.

Consistency is known.
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Application to Independence Test

B Toy example

=0 0=nl4 0=nmnl2
A . :
o 0%e o8 ® \‘a'.
ey 5:.-.-‘1’ ¥s 2,3:}. 0. “f S?
Y1 Y2 . “:.. J.;.’..'.. Y3 ’: ‘o 3
W RS o0 ) "':t S
s!:s'ﬁ‘:ﬁ"'ﬂ}: < :i;:‘. ;'; !:".‘o
Xl X2 X3
independent dependent iIndependent

They are all uncorrelated, but dependent for 0 < < /2
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N = 200.
Permutation test is used for independence test except contingency table.

indep. more dependent
Angle 0.0 4.5 9.0 13.518.022.5
HSIC (Median) 93 92 63 5 0 O
HSIC (Asymp. Var.) 93 44 1 0 0 O
HSNIC (&= 104 Median) 94 23 0 0 O O
HSNIC (&= 10°, Median) 92 20 1 O O O
HSNIC (&= 108, Median) 93 15 0 O 0 O
HSNIC (Asymp. Var.) 94 11 0 0 O O
MI (#NN = 1) 93 62 11 0 O O
MI (#NN = 3) 9% 43 0 O O O
MI (#NN = 5) 97 49 0 O O O
Power Diverg. (#Bins=3) 9% 92 43 9 1 O
Power Diverg. (#Bins=4) 98 29 O O O O
Power Diverg. (#Bins=5) 94 60 2 0 0 O

# acceptance of independence out of 100 tests (significance level = 5%)
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B —<)LY

FEH

LR DT DRI

— D—RILFEHEDHAH . BFEARIMNLOEBIZKY 2 HZE—EIZEK
IR H_EMAIRETH D — HFENLEHA—RIL.

— ZEBAMOHTELEDREDAEEERELS, /2INTAN )y ISR
DHEDIEERTES.

— BAMIZKY, #HEEDAENBESTHA.

B SRR

— 2DMDHERERLTHODOBERIL, RKHSEDESBIERARIZLYRIRTE

%

— FHNLGA—RILERAWNDE, HAOBERFZE=0IZ&KYMIIHESF
HOlTohns.

— HWITERE: HSIC=HX928{ERAFDHS/JL L2

— WA MHBREDOHFLMIESTEELTHSICAHAENTHS.

61



W EEHIRIME

— R EABERRICEY, UMM EEEM ST HIEAT

RETHD.

- ZRTTEGERDIZE DEGATHIIEREL, REEZEHD.

B FiR{bEsn7-48 A 3

5 RN AR

— HS/ L Lhy2-divergence (A—FRILIZIKRFTFLIGEVLE)E R T

62



References

Gretton, A., K.M. Borgwardt, M.J. Rasch, B. Scholkopf, A. Smola; A
Kernel Two-Sample Test. Journal of Machine Learning Research
13(Mar):723-773, 2012.

Gretton, A., Bousquet, O., Smola, A., and Schoelkopf, B., Measuring
Statistical Dependence with Hilbert-Schmidt Norms, Proc. 16th
International Conference on Algorithmic Learning Theory: Springer-
Verlag, 2005.

Gretton, A., K. Fukumizu, C.-H. Teo, L. Song, B. Scholkopf, A. Smola. A

Kernel Statistical Test of Independence. Advances in Neural
Information Processing Systems 20, 585-592, MIT Press (2008).

Fukumizu, K., L. Song, A. Gretton (2014) Kernel Bayes' Rule: Bayesian
Inference with Positive Definite Kernels. Journal of Machine Learning
Research. 14-37563—3783.

Gretton, A., K. Fukumizu, C.-H. Teo, L. Song, B. Scholkopf, A. Smola. A
Kernel Statistical Test of Independence. Advances in Neural
Information Processing Systems 20, 585-592, MIT Press (2008).

Gretton, A., Z. Harchaoui, K. Fukumizu, B. Sriperumbudur. A Fast,
Consistent Kernel Two-Sample Test. Advances in Neural Information g3
Processing Systems 22, 673-681, MIT Press (2010)



A. Gretton, B. Sriperumbudur, D. Sejdinovic, H. Strathmann, S.
Balakrishnan, M. Pontil, K. Fukumizu (2012) Optimal kernel choice for

large-scale two-sample tests. Advances in Neural Information
Processing Systems 25 (NIPS2012), pp.1214-1222

Székely, G. J. Rizzo, M. L. and Bakirov, N. K. (2007). Measuring and
testing independence by correlation of distances, Annals of Statistics,
35/6, 2769-2794

Sejdinovic, D., Sriperumbudur, B., Gretton, A. and Fukumizu, K. (2013)
Equivalence of distance-based and RKHS-based statistics in hypothesis
testing. Annals of Statistics 41, 5, 2263-2702

Reshef, D. N.; Reshef, Y. A.; Finucane, H. K.; Grossman, S. R.; McVean,
G.; Turnbaugh, P. J.; Lander, E. S.; Mitzenmacher, M.; Sabeti, P. C.
(2011). "Detecting Novel Associations in Large Data Sets". Science 334
(6062): 1518-1524.

Fukumizu, K., A. Gretton, X. Sun, and B. Scholkopf: Kernel Measures of
Conditional Dependence. Advances in Neural Information Processing
Systems 20, 489-496, MIT Press (2008).

64



