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Positive and negative definite kernels
e 1)

Review: operations that preserve positive definiteness
I

Proposition 1

Ifk; : X x X —C (i =1,2,...)are positive definite kernels, then so
are the following:

1. (positive combination)  aky + bks (a,b>0).

2. (product) kiky  (ki(z, y)ka(2,y)) -

3. (limit) lim;—ooki(z,y), assuming the limit exists.
Remark. Proposition 1 says that the set of all positive definite kernels

is closed (w.r.t. pointwise convergence) convex cone stable under
multiplication.

Example: If k(x,y) is positive definite,
1 1
k(z,y) _ 12 iy 2 BT
eIV =14 k4 Sk 4 ok 4

is also positive definite.
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Review: operations that preserve positive definiteness
I

Proposition 2

Letk : X x X — C be a positive definite kernel and f : X — C be an
arbitrary function. Then,

k(z,y) = f(x)k(z,y)f(y)

is positive definite. In particular,

f(@)f(y)
is a positive definite kernel.
Example. Normalization:

1. _ k(I,y)
) = ok )
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Negative definite kernel

Definition. A function ¢ : X x & — C is called a negative definite
kernel if it is Hermitian i.e. ¥ (y, z) = ¥(x,y), and

Z it (i, ) <0

i,j=1
forany z1,...,2, (n>2)in X and ¢y,...,¢, € Cwith 3" ¢; = 0.

Note: a negative definite kernel is not necessarily minus
pos. def. kernel because of the condition Y~ ; ¢; = 0.
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Properties of negative definite kernels

Proposition 3
1. Ifk is positive definite, 1 = —k is negative definite.
2. Constant functions are negative definite.

() X icic; =26y ¢ =0.
Proposition 4

Ify, : X x X —C (i=1,2,...) are negative definite kernels, then so
are the following:

1. (positive combination)  aiy + by (a,b>0).
2. (limit) limi_ooti(x,y),  assuming the limit exists.

o The set of all negative definite kernels is a closed convex cone.
o Multiplication does not preserve negative definiteness.
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Example of negative definite kernel

Proposition 5
LetV be an inner product space, and ¢ : X — V. Then,

Y(z,y) = 6(z) — o)l

is a negative definite kernel on X .

Proof. Suppose Y, ¢; = 0.

S iocic o) — o)
=St imeci{llo@)l? + llo(z)I* = (¢(x:), ¢(x5)) — (b(x;), p(:)) }
=Y alld@)*Y i g + X cllo(a) I Y e

— (Xicid(ai), T cid(xs)) — (o), Y idl(ei)
= | Zicd@)|” ~ 1T @) < 0

27
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Relation between positive and negative definite
kernels
Lemma 6

Lety(x,y) be a hermitian kernel on X . Fix x, € X and define

o(r,y) = —Y(z,y) + P(x,0) + P (w0, y) — (20, T0).
Then, +) is negative definite if and only if © is positive definite.

Proof. "If" part is easy (exercise). Suppose v is neg. def. Take any
zieXand¢ € C(1=1,...,n). Definecy = -3, ¢;. Then,

0> 30 _ocicih(ws, ) [for zg, 21, ..., zp]
=D G (@i, ) + Coy iy ¢t (i, o) + oD cith(wo, 75)
+ |eo|*4 (0, o)
= sz:16i§{¢($i, x5) — (i, o) — P (0, ;) + V(w0 Y0) }

= _ZijlciFj@(xi7xj)~
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Schoenberg’s theorem

Theorem 7 (Schoenberg’s theorem)

Let X be a nonempty set, andy : X x X — C be a kernel.

1 is negative definite if and only if exp(—ty) is positive definite for all
t> 0.

Proof.
If part:

1- - )
V() = lim exp( ttw(fv y)

Only if part: We can prove only for ¢t = 1. Take zy € X and define
p(z,y) = —¢(z,y) + ¢(2,20) + (20, y) — ¥(20, 20)-
 is positive definite (Lemma 6).
e~ U@y) — o#(@:9) o~ (2,00) g (y,m0) ¥ (T0:20)

This is also positive definite. O

11/27
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Generating new kernels |

Proposition 8

Ify : X x X — C is negative definite and 1 (x,x) > 0. Then, for any
0<p<l,
P(a, y)P

is negative definite.

Proof. Use the following formula.

bz, y)’ = ﬁ/ PN (L — e dt
0

The integrand is negative definite for all ¢ > 0.

O

e Forany0 <p<2anda >0,
exp(—allz — y[|*)

is positive definite on R™.
e o = 2 = Gaussian kernel. « = 1 = Laplacian kernels.

12/27
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Generating new kernels |l

Proposition 9

If1) : X x X — C is negative definite and Rei)(z,y) > 0. Then, for any
a >0,

1
Y(z,y) +a
is positive definite.
Proof. -
v / oty ta) gy
v(z,y)+a  Jo
The integrand is positive definite for all ¢ > 0. 1.
Forany 0 < p <2,
1
L+ |z —yl

is positive definite on R.

13/27
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Positive definite functions

Definition. Let ¢ : R™ — C be a function. ¢ is called a positive definite
function (or function of positive type) if

is a positive definite kernel on R", i.e.
ZZj:lCi?j¢($i —zj) =0

forany zy,...,z, € X and cy,...,c, € C.

o A positive definite kernel of the form ¢(z — y) is called shift
invariant (or translation invariant).

e Gaussian and Laplacian kernels are examples of shift-invariant
positive definite kernels.

15/27
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Bochner’s theorem |

The Bochner’s theorem characterizes all the continuous shift-invariant
kernels on R™.

Theorem 10 (Bochner)

Let ¢ be a continuous function on R™. Then, ¢ is positive definite if
and only if there is a finite non-negative Borel measure A on R"™ such

that
o(x) = /e\/jl“Tdi(w).

e ¢ is the inverse Fourier (or Fourier-Stieltjes) transform of A.

e Roughly speaking, the shift invariant functions are the class that
have non-negative Fourier transform.

16/27
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Bochner’s theorem |l

The Fourier kernel eV=12"« js a positive definite function for all
w e R™.

exp(v—1(z — y)Tw) = exp(v— 12T w)exp(v—1yTw).

The set of all positive definite functions is a convex cone, which
is closed under the pointwise-convergence topology.

The generator of the convex cone is the Fourier kernels
{eV=1e"w |y e R").

Example on R: (positive scales are neglected)

2
exp(—5527%) exp(—%|wl?)

1
exp(—alz]) ra

Bochner’s theorem is extended to topological groups and
semigroups [BCR84].
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Integral characterization of positive definite kernels |
Q: compact Hausdorff space.
w: finite Borel measure on €.
Proposition 11

Let K(x,y) be a continuous symmetric function on 2 x Q.
K(xz,vy) is a positive definite kernel on Q if and only if

//sz Ffly)dzdy >0

for each function f € L?(Q, p).

c.f. Definition of positive definiteness:

ZK(JZ“ llij)CiFj Z 0.

2%
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Integral characterization of positive definite kernels Il
Proof.
(=). For a continuous function f, a Riemann sum satisfies
> K (@i ) () f () u(Ei) u(E;5) = 0.

The integral is the limit of such sums, thus non-negative. For
f € L?(Q, u), approximate it by a continuous function.

(«<). Suppose
ZijlciFjK(fivfj) =-§<0.

By continuity of K, there is an open neighborhood U; of x; such that
> im1CiG K (21, 25) < —0/2.

for all z; € U;.
We can approximate .

arbitrary accuracy.

i U )IU by a continuous function f with

20/27
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Integral Kernel
(Q, B, u): measure space.

K (z,y): measurable function on © x €2 such that

//|K(x,y)|2dxdy<oo. (square integrability)
QJQ

Define an operator Tx on L?(Q, i) by

(Tx f)(x /K z,y) f(y)dy  (f € L*(Q, ).
Tk : integral operator with integral kernel K.
Fact: Tk f € L*(Q, ).

) [Tk f@)Pde = [{[K (2,)f(y)dy} dz
< [ [1K(z,y)[Pdy | (y)]>dydz
= [ [IK (z,y)Pdzdy| f]|2-.

21/27
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Hilbert-Schmidt operator |

‘H: separable Hilbert space.

Definition. An operator T" on H is called Hilbert-Schmidt if for a CONS
{pi}iey - )
YicilTeill” < oo

For a Hilbert-Schmidt operator T, the Hilbert-Schmidt norm ||T|| g s is
defined by

o 1/2
1T s = (o, ITeill?)

e ||T||ms does not depend on the choice of a CONS.
*.") From Parseval’s equality, for a CONS {%;}

o]
j=1

ITI1rs = 323 1Tl * = 32720 3252 15, Tpi) 2
= 2 T g 0P = 5 1T 5%

22/27
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Hilbert-Schmidt operator Il

o Fact: |T) < |IT||as-

e Hilbert-Schmidt norm is an extension of Frobenius norm of a
matrix:

ITlEs = D> 15, T

i=1 j=1

(v, Ty;) is the component of the matrix expression of T" with the
CONS’s {¢;} and {¢;}.

23/27
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Hilbert-Schmidt operator and integral kernel |
Recall

Tif)@) = [ K@iy (f € @)
with square integrable kernel K.

Theorem 12

Assume L?(S), 1) is separable. Then, Ty is a Hilbert-Schmialt
operator, and

ITx s = [ [IK (z,y)*dwdy.
Proof. Let {¢,} be a CONS. From Parseval’s equality,

JIK @ y)Pdy = ¥, |(K(x,), 02 |* = ] [K (@, 9)0:()dy|” = 5, Tk i),
Integrate w.r.t. z, {tpi} is also a CONS)

JK (@ y)Pdedy = || Tx@ill* = | Tx |3 s-

24/27
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Hilbert-Schmidt operator and integral kernel Il

Converse is true!

Theorem 13

Assume L?(S2, 1) is separable. For any Hilbert-Schmidt operator T on
L?(Q, i), there is a square integrable kernel K (x,vy) such that

Te = [K(x,y)e(y)dy.

Outline of the proof.
Fix a CONS {¢;}. Define

Kn('ray) = Z?:1(T<Pi>(ﬂf)%(y) (n: 1’2735"'7>'

We can show {K,(x,y)} is a Cauchy sequence in L2(Q x Q, u x p),
and the limit works as K in the statement. O

25/27
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Integral operator by positive definite kernel

Q: compact Hausdorff space.
w: finite Borel measure on .

K(z,y): continuous positive definite kernel on €.
Tif)@) = [ K@iy (f € @)

Fact: From Proposition 11

(T f, Pz 20 (Vf € LX(Q,p).

In particular, any eigenvalue of T is non-negative.

26/27
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Mercer’s theorem
K(x,y): continuous positive definite kernel on Q.
{Ni}24, {wi}2: the positive eigenvalues and eigenfunctions of T.

Al > X >-- >0, hm)\Z:O

Trpi = Aigi, JK (z,y)0i(y)dy = Nii(x).
Theorem 14 (Mercer)
K(z,y) =) _ dipi()oi(y),
=1

where the convergence is absolute and uniform over Q) x €.

Proof is omitted. See [RSN65], Section 98, or [Ito78], Chapter 13.
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