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Definition of positive definite kernel

Definition. Let X be aset. k: X x X — R is a positive definite kernel
if k(x,y) = k(y,z) and for every x;,...,x, € X and c¢y,...,c, €R

Z CiCjk(!Ei,!Ej) Z 0,
i,j=1
i.e. the symmetric matrix

k(z1,21) - k(z1,zn)

(k(fi’fj))?,j:l =

k(zn,w1) - Kk(zn,

is positive semidefinite.

e The symmetric matrix (k(z;, x;))};—, is often called a Gram
matrix.
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Definition: complex-valued case

Definition. Let X be aset. k: X x X — C is a positive definite kernel
if forevery z1,...,2, € X and ¢y, ...,c, € C

Z ciij(xi,xj) 2 0.

i,j=1

Remark. The Hermitian property k(y, z) = k(z, y) is derived from the
positive-definiteness. [Exercise]
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Some basic Properties

Fact. Assume k: X x X — C is positive definite. Then, for any z,y in
X’

1. k(xz,x) > 0.

2. k(x,y)|> < k(z,2)k(y,y).

Proof. (1) is obvious. For (2), with the fact k(y, z) = k(x,y), the
definition of positive definiteness implies that the eigenvalues of the

hermitian matrix
(k(%x) k’(fmy))
k(z,y) k(y,y)

is non-negative, thus, its determinant k(z, z)k(y,y) — |k(z,y)|? is
non-negative. O
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Examples
Real valued positive definite kernels on R™:

- Linear kernel
ko(z,y) = a"y

- Exponential
ki(x,y) = exp(BzTy) (8> 0)

- Gaussian RBF (radial basis function) kernel
1 2
ko(@.y) = exp(~ 5 lle —yl?) (0 >0)
- Laplacian kernel
kir(e.y) = exp(—aSl zi—wl)  (a>0)
- Polynomial kernel

kp(z,y) = (z"y+¢)?  (¢>0,deN)
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Operations that Preserve Positive Definiteness |

Proposition 1

Ifk;: X x X — C (i=1,2,...) are positive definite kernels, then so
are the following:

1. (positive combination)  aky + bko (a,b>0).

2. (product) kiky  (ki(z,y)k2(z,y)) -

3. (limit) limi—ooki(x,y), assuming the limit exists.

Remark. From Proposition 1, the set of all positive definite kernels is
a closed (w.r.t. pointwise convergence) convex cone stable under
multiplication.

Proof.
(1): Obvious.
(3): The non-negativity in the definition holds also for the limit.
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Operations that Preserve Positive Definiteness |l

(2): It suffices to show that two Hermitian matrices A and B are
positive semidefinite, so is their component-wise product. This is
done by the following lemma. O]

Definition. For two matrices A and B of the same size, the matrix C
with C;; = A;; B, is called the Hadamard product of A and B.

The Hadamard product of A and B is denoted by A © B.

Lemma 2

Let A and B be non-negative Hermitian matrices of the same size.
Then, A ® B is also non-negative.
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Operations that Preserve Positive Definiteness Il

Proof.
Let
A=UANU*

be the eigendecomposition of A, where
U = (u',...,uP): a unitary matrix

A: diagonal matrix with non-negative entries (A,...,\p)
=T
Us=U".

Then, for arbitrary ci,...,¢c, € C,

> cej(A®B); = Z)\ cicjulul Byy = Z/\ ¢T Bge,
1,j=1 a=1
where ¢ = (ciuf, ..., cut)’ € CP.

Since ¢T B¢e and ), are non-negative for each a, so is the sum. [

11/47
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Basic construction of positive definite kernels |
Proposition 3
Let V be an vector space with an inner product (-, -). If we have a map
XV, oz B(2),
a positive definite kernel on X is defined by
k(z,y) = (2(z), 2(y))-
Proof. Let x1,...,z, in X and ¢y, ...,c, € C.
Do e CiGik(xi, xy) = 300 i iy (@(xs), D(2y))
= (S ei®(), X0 () )
= ||

> 0.

12/47
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Basic construction of positive definite kernels Il
Proposition 4

Letk : X x X — C be a positive definite kernel and f : X — C be an
arbitrary function. Then,

k(z,y) = f(z)k(z,y)f(y)

is positive definite. In particular,

and

(normalized kernel)

are positive definite.

Proof is left as an exercise.
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Proofs of positive definiteness of examples

Linear kernel: Proposition 3
Exponential:

3
() + o (@Ty) 4

62

exp(BzTy) =1+ Ba"y + o

Use Proposition 1.
Gaussian RBF kernel:

1 2\ _ [Els aly ly[I?
o (=gallr —ol) = e~y er(T) e (0 )
Apply Proposition 4.
Laplacian kernel: The proof is shown later.
Polynomial kernel: Just sum and product.

14/47
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Vector space with inner product |

Definition. V': vector space over a field K = R or C.
V is called an inner product space if it has an inner product (or scalar
product, dot product) (-,-) : V x V — K such that for every z,y,z € V

1. (Strong positivity)  (z,z) > 0, and (x,2) = 0 if and only if z = 0,
2. (Addition) (z+y,2) = (x,2) + (y,2),

3. (Scalar multiplication)  (az,y) = a(z,y) (Va € K),

4. (Hermitian) (y,x) = (z,y).

16/47
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Vector space with inner product

(V, (-,-)): inner product space.

Norm of z € V:

o]l = ()72,

Metric between x and y:

d(z,y) = llz - yl|.

Theorem 5
Cauchy-Schwarz inequality
|, »)| < ll=llllyll-

Remark: Cauchy-Schwarz inequality holds without requiring
|zl =0= 2 =0.
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Hilbert space |

Definition. A vector space with inner product (H, (-,-)) is called Hilbert
space if the induced metric is complete, i.e. every Cauchy sequence’
converges to an element in .

Remark 1:
A Hilbert space may be either finite or infinite dimensional.

Example 1.
R™ and C™ are finite dimensional Hilbert space with the ordinary inner
product

(7, y)rn = Z?:lxiyi or (z,y)cr = Z?leiE'

A sequence {z,}2, in a metric space (X, d) is called a Cauchy sequence if

(T, zm) — 0forn,m — oo.

ernel Hilbert sp

aces

18/47
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Hilbert space |l

Example 2. L2(, ).
Let (2, B, 1) is a measure space.

Ez{f:QaC‘/\f|2du<oo}.

The inner product on £ is define by
(.9) = [ Fadn

L?(Q, u) is defined by the equivalent classes identifying f and g if
their values differ only on a measure-zero set.

- L?(Q, 1) is complete. [See e.g. [Rud86] for the proof.]
- L*(R", dx) is infinite dimensional.
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Orthogonality

e Orthogonal complement.
Let H be a Hilbert space and V' be a closed subspace.

Vii={rcH]|(z,y)=0forallycV}

is a closed subspace, and called the orthogonal complement.

e Orthogonal projection.

Let H be a Hilbert space and V' be a closed subspace. Every
x € H can be uniquely decomposed

r=y+2z, yeV and zeVt,

that is,
H=VaV=™

Hilbert spaces

21/47



Positive definite kernel Quick introduction to Hilbert spaces Reproducing kernel Hilbert spaces
00000 0000 000000000
0000 00000 000000000

Complete orthonormal system |

e ONS and CONS.
A subset {u; };c; of H is called an orthonormal system (ONS) if
(ug, u;) = d;5 (0; is Kronecker’s delta).

A subset {u;};c; of H is called a complete orthonormal system
(CONS) ifitis ONS and if (z,u;) =0 (Vi € I) implies z = 0.

Fact: Any ONS in a Hilbert space can be extended to a CONS.

e Separability
A Hilbert space is separable if it has a countable CONS.

Assumption
In this course, a Hilbert space is always assumed to be separable.

22/47
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Complete orthonormal system |l

Theorem 6 (Fourier series expansion)
Let {u;}2, be a CONS of a separable Hilbert space. For each x € H,

z =30 (@ u)u;, (Fourier expansion)
2] = 302, (=, w;)|?.  (Parseval’s equality)
Proof omitted.
Example: CONS of L?([0 27], dx)

un(t) = A=eV" " (n=0,1,2,..)

Then,
ft) =30 ganun(t)

is the (ordinary) Fourier expansion of a periodic function.

23/47
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Bounded operator |

Let H; and H, be Hilbert spaces. A linear transform 7' : Hy — Hs is
often called operator.

Definition. A linear operator H; and H, is called bounded if

sup || Tx||n, < oo.
llz 2, =1

The operator norm of a bounded operator T is defined by

T.’IT H
1T = sup [Tafn, = sup L2,
llll7¢, =1 e#0 %],

(Corresponds to the largest singular value of a matrix.)
Fact. If T : H; — Hs is bounded,

1T, < ITNlll#,-

24/47
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Bounded operator Il

Proposition 7
A linear operator is bounded if and only if it is continuous.

Proof. Assume T' : H; — Hs is bounded. Then,
[Tz — Taol| < ||T[[|lz — 2ol

means continuity of 7.

Assume T is continuous. For any € > 0, there is § > 0 such that
|ITz|| < e forall z € Hy with ||z| < 26.

Then,

1 €
sup [Tz = sup <|Tal| < .
lzll=6

llzll=1

25/47
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Riesz lemma |

Definition. A linear functional is a linear transform from H to C (or R).

The vector space of all the bounded (continuous) linear functionals
called the dual space of H, and is denoted by #*.

Theorem 8 (Riesz lemma)
For each ¢ € H*, there is a unique y, € H such that

o(x) = (x,yp) (Vx € H).

Proof.
Consider the case of R for simplicity.
<) Obvious by Cauchy-Schwartz.

Hilbert spaces

26/47
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Riesz lemma Il
=) If ¢(z) = 0 for all z, take y = 0. Otherwise, let

V={zeH]|¢() =0}

Since ¢ is a bounded linear functional, V is a closed subspace, and V' # H.
Take z € V* with ||z|| = 1. By orthogonal decomposition, for any = € H,

z—(z,2)z € V.

Apply ¢, then

Take yo = ¢(2)z. O




Positive definite kernel Quick introduction to Hilbert spaces Reproducing kernel Hilbert spaces

00000 0000 €00000000
0000 00000 000000000

Positive definite kernel

Quick introduction to Hilbert spaces

Reproducing kernel Hilbert spaces
RKHS and positive definite kernel

28/47



Positive definite kernel Quick introduction to Hilbert spaces
00000 0000
0000 00000

Reproducing kernel Hilbert spaces
0®0000000
000000000

Reproducing kernel Hilbert space |

Definition.

Let X be a set. A reproducing kernel Hilbert space (RKHS) (over X)
is a Hilbert space H consisting of functions on X such that for each
x € X there is a function &, € H with the property

(fy k) = f(x) (VfeH) (reproducing property).

k(-,x) := k(-) is called a reproducing kernel of H.

Fact 1. A reproducing kernel is Hermitian (symmetric).

Proof.

k(y, 2) = (k( 2), ky) = (ko ky) = (ky, ka) = (k( ), k) = Bz, ).

O
Fact 2. The reproducing kernel is unique, if exists. [Exercise]

29/47
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Positive definite kernel and RKHS |

Proposition 9 (RKHS =- positive definite kernel)
The reproducing kernel of a RKHS is positive definite.

Proof.

i CiCik (@i, xy) = 300 eici(k(, i), k(- 25))
= <Z:’L:10ik('7xi)7Z?:lcjk('vxj» >0

30/47
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Positive definite kernel and RKHS I

Theorem 10 (positive definite kernel = RKHS.
Moore-Aronszajn)

Letk : X x X — C (orR) be a positive definite kernel on a set X.
Then, there uniquely exists a RKHS Hy, on X such that

1. k(-,z) € Hy foreveryx € X,
2. Span{k(-,z) | x € X'} is dense in Hy,
3. k is the reproducing kernel on Hy, i.e.
(f k(- 2)n) = f(x) (Vo € X, Vf € Hy).

31/47
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Positive definite kernel and RKHS Il

One-to-one correspondence between positive definite kernels and
RKHS.

k — Hp

e Proposition 9: RKHS — positive definite kernel k.
e Theorem 10: k — Hy, (injective).

32/47



Positive definite kernel Quick introduction to Hilbert spaces Reproducing kernel Hilbert spaces
00000 0000 000800000
0000 00000 000000000

RKHS as a feature space

If we define

then,

RKHS associated with a positive definite kernel k gives a desired
feature space!!

33/47
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Another characterization
Proposition 11

Let H be a Hilbert space consisting of functions on a set X. Then, H
is a RKHS if and only if the evaluation map

ez:HHK? em(f):f(x)’
is a continuous linear functional for each x € X.

Proof. Assume H is a RKHS. The boundedness of ¢, is obvious from
lex(F) = [{f, k) < kI FII-

Conversely, assume the evaluation map is continuous. By Riesz
lemma, there is k,, € H such that

(f k) = ea(f) = f(2),

which means H is a RKHS with &, a reproducing kernel. O

34/47
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Some properties of RKHS

The functions in a RKHS are "nice" functions under some conditions.

Proposition 12

Let k be a positive definite kernel on a topological space X, and Hy,
be the associated RKHS. If Re[k(y, z)] is continuous for every
x,y € X, then all the functions in Hy, are continuous.

Proof. Let f be an arbitrary function in Hj.
[f (@) = f()| = [(F kCow) = kG| < FIITRG 2) = kG o)l
The assertion is easy from
k(- 2) = k(,9)lI* = k(z,z) + k(y,y) — 2Re[k(z, y)].

O
Remark. It is also known ([BTA04]) that if k(x, y) is differentiable, then
all the functions in H,, are differentiable.

c.f. L? space contains non-continuous functions.

35/47



Positive definite kernel Quick introduction to Hilbert spaces Reproducing kernel Hilbert spaces
. 0000 000000800
00000 000000000

Proof of Theorem 10

Proof. (Described in R case.)
e Construction of an inner product space:

Hy := Span{k(-,z) | z € X}.

Define an inner product on Hy:
for f = Z?:l aik(-, Z‘i) and g = Z;nzl bjk‘(',yj),

(fr9) =201 Dojmaibik(wi, y5).

This is independent of the way of representing f and g from the
expression

(f,9) = 271bi f(y;) = 2oy aig(@s).

36/47
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e Reproducing property on Hy:

(f k(@) = Eiyaik(ai, x) = f(x).

o Well-defined as an inner product:
It is easy to see (-, -) is bilinear form, and

IF11* = 325 aiash(zi, ;) > 0

by the positive definiteness of f.
If || f|| = 0, from Cauchy-Schwarz inequality,?

|f(@)] = [{f, kG )] < IfIEC 2)]| =0
for all x € X’; thus f = 0.

2Note that Cauchy-Schwarz inequality holds without assuming strong positivity of
the inner product.
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e Completion:
Let H be the completion of Hy.

e H, is dense in H by the completion.

e H is realized by functions:
Let {f.} be a Cauchy sequence in H. Foreach z € X, {fn(x)} is
a Cauchy sequence, because

|fn(@) = fm (@) = [(fn = fon, K 2))] < [ frr = Fnll[[RC )]

Define f(z) = limy,, fn(z).
This value is the same for equivalent sequences, because
{fn} ~ {gn} implies

[fn(@) = gn(@)] = [(fn = gn, K, 2)) < [[fn = gnlllk(, 2)]] — 0.

Thus, any element [{f.}] in H can be regarded as a function f on
X.

38/47
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RKHS of polynomial kernel

Polynomial kernel on R:

k(z,y) = (zy +c)? (¢>0,d eN).

Proposition 13
Hy. is d + 1 dimensional vector space with a basis {1,z,z2,... z%}.

Proof. Omitted. Hint: Use

d d d
k(x,z) = 242+ (1>czd1xd1+ <2> A2 2472y <d 1) a4l

40/47
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RKHS as a Hilbertian subspace

X': set.
C*¥: all functions on X" with the pointwise-convergence topology?®.
G = L*(T, ), where (T, B, 1) is a measure space.

Suppose
H(;x) € LA(T,p) forallz € X.

Construct a continuous embedding
j: LT, p) — CY,
F e f@) = [ FORGdu() = (.13 ).

Assume Span{H (t;z) | x € X} is dense in L?(7, ). Then, j is
injective.

8fn — f © fu(z) — f(x) for every .
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RKHS as a Hilbertian subspace Il
e Define H := Imj.
e Define an inner product on H by

(fr9)n = (F.G)g  where f=j(F),g=j(G).

e We have j : L?(7,u) = H (isomorphic) as Hilbert spaces, and
H={feC¥ |3F e (T, f0) = [ FOHGIdn(t)}.

Proposition 14
'H is a RKHS, and its reproducing kernel is
ka,y) = GO ), G 9o = [ Bt G 5)duce).

Proof.

f(@) = (F,H(,x))g = (f,J(H(,)))n-

42/47
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Explicit realization of RKHS by Fourier transform

Special case given by Fourier transform.
o G=L*R,p(t)dt).  p(t): continuous, p(t) > 0, [ p(t)dt < oco.
o H(t;z) =e V1ot
Note: Span{H (t;x) | * € X} is dense L(R, p(t)dt).

H:{feLQ(R,dx)‘/lf(t2|2dt<oo}.
/f )4(t)
t

k() = / eV TE=t ()t 4

- Fact.

4We can directly confirm this a positive definite kernel.
43/47
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Explicit realization of RKHS by Fourier transform |l
Proof. Let f = j(F). By definition,

= [F(t)eV=T"p(t)dt.  (Fourier transform)

Since F(t)p(t) € L'(R,dt) N L?(R, dt)°, the Fourier isometry of
L?(R, dt) tells

f(x) € L*(R,dz) and f(t) = o= [ flx)e V1o dr = F(t)p(t).
Thus,

\_/

f(
F(t —=
(t) = D)
By the definition of the inner product, for f = j(F) and g = j(G),

(t) g(t t)g(t
o = (.G)s = [ K3 otoa = 1 L0

In addition,

F e LA(R,p(t)dt) < f;gg € L*R,p(t)dt) & [ 'f“)' dt < oo.

5Because p(t) is bounded, F € L2(R, p(t)dt) means |F'(t)|2p(t)? € Ll(R, dt)

44/47
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Explicit realization of RKHS by Fourier transform |l

Examples.
o Gaussian RBF kernel: k(z,y) = exp{— 52z |z — y|*}.

e Letp(t) = = exp{—§t2},

1

02,2
—e 27 dt).
2776 )

ie. G=L*R,

e Reproducing kernel = Gaussian RBF kernel:

o2
k(z,y) = %/e\g(“y)te*thdt = éexp(fré(x ~9)?)
2
H= {f € L*(R, dx) ‘ /\f(t)\zexp(%tQ)dt < oo}.

/ f exp 2) dt

45/47
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Explicit realization of RKHS by Fourier transform IV

e Laplacian kernel: k(z, y) = exp{—p|z — y|}.

. _ 2 dt
ie. G = L°(R, e+ 52))'

e Reproducing kernel = Laplacian kernel:

T V= (e _ 1 Al
k(x,y) = %/e t2+62dt— % exp( Bl yl)

[Note: the Fourier image of exp(|z — y|) is ﬁ.]

{feL (R, dz) /|f (£ + §%)dt < oo}

/f G(t)(£* + B*)dt

46/47
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Summary of Sections 1 and 2

We would like to use a feature vector & : X — H to incorporate
high order moments.

The inner product in the feature space must be computed
efficiently. Ideally,

(®(x), ®(y)) = k(z,y)-

To satisfy the above relation, the kernel k£ must be positive
definite.

A positive definite kernel k& defines an associated RKHS, where &
is the reproducing kernel;

(k(2), k() = k(z,y).

Use a RKHS as a feature space, and @ : = — k(-, z) as the
feature map.
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