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Convexity |
For the details on convex optimization, see [BV04].

e Convex set:
A set C' in a vector space is convex if for every z,y € C and
te[0,1]
tr+ (1 —t)y e C.

e Convex function:
Let C be a convex set. f: C — Ris called a convex function if for
every z,y € Candt € [0,1]

flte+ (1 =t)y) <tf(x)+ 1 -)f(y).

e Concave function:
Let C be a convex set. f : C — R is called a concave function if
forevery x,y € C and ¢t € [0, 1]

fltz+ (1 —=t)y) 2 tf(x)+ A =) f(y).
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Convexity Il
e Fact: If f : C — R is a convex function, the set

{reC|f(x) <o}

is a convex set for every a € R.
o If fi(x):C — R (t € T) are convex, then

f(x) = suprer fi(2)

is also convex.
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Convex optimization |

o A general form of convex optimization
f(@), hi(z) (1 <1< ¥): D — R, convex functions on D C R".
aiGR”,bj ER(].S]ST)’L)

hiz)<0 (1
1

min f(x) subject to {aTa:+b —0 ¢

z€D

h;: inequality constraints,
rj(z) = a] x + b;: linear equality constraints.

e Feasible set:
F={zeD|hi(z) <01 <i<{),rjx)=0(1<j<m)}.

The above optimization problem is called feasible if F # ().
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Convex optimization Il

e Fact 1. The feasible set is a convex set.
e Fact2. The set of minimizers

Xopt = {z € F| f(x) =inf{f(y) |y € F}}

is convex. No local minima for convex optimization.

proof. The intersection of convex sets is convex, which leads
(1).
Let
p* = infrerf(x).
Then,
Xopt = {z €D | f2) <p )N F.

Both sets in r.h.s. are convex. This proves (2) O
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Examples

e Linear program (LP)

. Az =
minc’z  subjectto ¢ b, .
Gz =< h.

The objective function, the equality and inequality constraints are
all linear.

e Quadratic program (QP)
.1 5 . . Az =
min 5z Pr+qz+r subject to {Gm<

where P is a positive semidefinite matrix.
Objective function: quadratic.
Equality, inequality constraints: linear.

Gz < hdenotes g7z < h; for all j, where G = (g1,...,9m)T.
J J

ation in learning of SVM
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Lagrange dual

e Consider an optimization problem (which may not be convex):
(primal) in f(x) subject to i
° b S (@)

e Lagrange dual function: g : R x R™ — [—o0, 00)

= inf L
g\, v) Inf (z,\,v),

where
Lz, A ) = f(2) + Yy Mha(x) + S0 vymj ().

A; and v; are called Lagrange multipliers.
e g is a concave function.

Optimization in learning of SVM

11/35



A quick course on convex optimization Optimization in learning of SVM
00000 0000000
O0®@00000 0000

(oo}

Geometric interpretation of dual function

G = {(u,v,t) = (h(x),r(x), f(r)) e R* xR™ xR | z € R"}.

Omit »(x) and v for simplicity.

For A >0,
(2.1) t
g(\) = inf, AT h(z) + f(z) 2
= inf{t + ATu | (u,t) € G). | A t=b
9
The hyperplane o /
t+ u=0 9(2)
\
intersects t-axis at b = g(\). aurt=g(a) Y

g(\) is the smallest ¢t-intercept among all
the hyperplanes intersecting G with the
fixed normal A.
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Dual problem and weak duality |
e Dual problem

(dual) max g(\,v) subjectto A = 0.

e The dual and primal problems have close connection.

Theorem 1 (weak duality)

Let
= inf{f(z) [ hi(z) <O (1 <i<L),rj(x) =0 (1 <j<m)}.
and
d* = sup{g(\,v) | A = 0,v € R™}.
Then,

d* <p*.

The weak duality does not require the convexity of the primal
optimization problem.

13

Optimization in learning of SVM
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Dual problem and weak duality Il

Proof. Let VA = 0,v € R™.
For any feasible point z,

Lix, A\ v) = f(2) + i Nihi@) + T vrs(@) < f(a).

(The second term is non-positive, and the third term is zero.)
By taking infimum,

Thus,

inf Lz, \,v) < p*.

x:feasible

g(A,v)=inf L(z,\,v) < inf L(z,\v) <p"

x€D x: feasible

forany A = 0,v € R™.

Optimization in learning of SVM
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Strong duality |

We need some conditions to obtain the strong duality d* = p*.
o Convexity of the problem: f and h; are convex, r; are linear.
o Slater’s condition
There is & € relintD such that

hi(Z) <0 (1<Vi<t), rj@) =a’3+b;=0 (1<Vj<m).

Theorem 2 (Strong duality)

Suppose the primal problem is convex, and Slater’s condition holds.
Then, there is \* > 0 and v* € R™ such that

g()\*,l/*) = d* :p*'

Proof is omitted (see [BV04] Sec.5.3.2.).
There are also other conditions to guarantee the strong duality.
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Strong duality I
p* =inf{t| (u,t) € G,u < 0} (v omitted)
g\) = inf{\Tu+t| (u,t) € G}
d* = sup{g(A) [ A < 0}

Autt=g(4,)

AUt t=g(A) Autt=g(A*

strong duality duality gap
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Complementary slackness |

o Consider the (not necessarily convex) optimization problem
i T

min f(x) subject to {hi(m)

by z* and (\*

(1<i<y),
ri(z) =0 (1<j<m).
e Assumption: the optimum of the primal/dual problems are given
*) (A* = 0), and they satisfy the strong duality;
g(\*,v") = f(z").
o Observation:
f(@™) =g\,

v*) =infyep Lz, \*,v")
< L(z*, \",v")

)+ iy A ha(x
< fla*

[definition]
)
The two inequalities are in fact equalities

)+

Z] 1 j ( )
[2nd < 0 and 3rd = 0]
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e Consequence 1:
2* minimizes L(z, \*,v")
(Primal solution by unconstrained optimization)
e Consequence 2:
Arhi(x™) =0 for all

The latter is called complementary slackness.
Equivalently,
/\;k >0 = hl(l‘*) =0,

or
hi(z*) <0 = A =0.

Optimization in learning of SVM
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KKT conditions give useful relations between the primal and dual
solutions.

e Consider the convex optimization problem.
Assume D is open and f(z), h;(x) are differentiable.

1
1

\/\ I/\
\/\ |/\

min f(x) subject to { ),
m).

ri(z) =0 (

e z* and (A*, v*): any optimal points of the primal and dual
problems.

o Assume the strong duality holds.
e From Consequence 1 (z* = arg min L(z, \*, ")),

V(@) + XA Vaila™) + X5, v V(@) = 0.

19

35



A quick course on convex optimization

00000080

KKT condition Il

The following are necessary conditions.
Karush-Kuhn-Tucker (KKT) conditions:

hi(z*) <0 (i=1,...,¢) [primal constraints]
ri(z*)=0 (j=1,...,m) [primal constraints]

Ar>0 (i=1,...,0) [dual constraints]

Ahi(x*)=0 (i=1,...,¢) [complementary slackness]
VH@") + i A Vi) + 7L, V() = 0.

Theorem 3 (KKT condition)

For a convex optimization problem with differentiable functions, x*
and (\*,v*) are the primal-dual solutions with strong duality if and
only if they satisfy KKT conditions.
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Example

e Quadratic minimization under equality constraints.

1 .
min §xTP:1c +qlz+r subjectto Az =b,

where P is (strictly) positive definite.
o KKT conditions:

Az™ = b, [primal constraint]
VoL(z*,v*)=0 = Pz*+q+ATv" =0

e The solution is given by

(o)) =)
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Primal problem of SVM

The QP for SVM can be solved in the primal form, but the dual form is
easier.

SVM primal problem:

1
min §ijzlwiwjk(Xi,Xj) +CY L&,

(305 B Xjwi+b) > 1-¢
subj. to {?g:oglk(X“Xg)w] +b) > &,

23/35
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Dual problem of SVM
SVM Dual problem:

N
1 .
max E o — 3 g a0 ;Y K;;  subj. to

i=1 ij=1

0 S Qg S Ca
Zililaiyi =0

where KU = k(X“XZ)

Solve it by a QP solver.
Note: the constraints are simpler than the primal problem.

Derivation [Exercise].
Hint: Compute the Lagrange dual function g(«, 3) from

L(w,b,& 0, 8) = 50 jwiwik(Xi, X;) + YL €
+ a1 = V(O wik (X, X5) +0) — &+ S Bi(—&).

24/35



A quick course on convex optimization Optimization in learning of SVM

00000 O00®000
00000000 0000
(oo}

KKT conditions of SVM

KKT conditions

(1) 1=-Yif*(X;) =& <0 (Vi),
(2) =& <0 (Vi),

B) af >0, (Vi),

(4) BF =0, (i),

(5) i (1 =Yif*(Xi) = &) =0 (Vi)
(6) B¢ =0 (VZ),

(7) V

25/35
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Solution of SVM

SVM solution in dual form

fl@)=> " aYik(z, X;) + b
=1
(Use KKT condition (7)).

How to solve b? — shown later.

26/35
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Support vectors |

e Complementary slackness
a1 =Yif*(X3) = &) =0 (i),

(C=ai)§i =0 (Vi)
e Ifa; =0,then¢ =0, and

Yif*(X;) > 1. [well separated]
e Support vectors
e fO< af <C,then& =0and
Yif (X;) = 1.
o Ifaj =C,

Yif*(Xi) < 1.
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Support vectors

Sparse representation: the optimum classifier is expressed only with
the support vectors.

flx)= Z ofYik(z, X;) + b

i:support vector

support vectors
— 0O0<g<C
(Yifx) =1)
support vectors
o=C
(Yf(x) <1)
-8 — — °
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How to solve b

e The optimum value of b is given by the complementary
slackness.

e Foranyiwith0 < af < C,
Y (32 k(X X;)Y05 +b) = 1.

e Use the above relation for any of such 4, or take the average over
all of such i.
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Computational problem in solving SVM

e The dual QP problem of SVM has N variables, where N is the
sample size.

e If N is very large, say N = 100, 000, the optimization is very hard.

e Some approaches have been proposed for optimizing subsets of
the variables sequentially.

Chunking [Vap82]

Osuna’s method [OFG]

Sequential minimal optimization (SMO) [Pla99]
SVMlight (http://svmlight.joachims.org/)

31/35
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Sequential minimal optimization (SMO) |
e Solve small QP problems sequentially for a pair of variables
(ai7aj)'

e How to choose the pair? — Intuition from the KKT conditions is
used.

e After removing w, &, and 3, the KKT conditions of SVM are
equivalent to

N
0<aj<C, ) Yia =0,
1=1

a; =0 = Yif"(Xy) > 1,
#)0<af <C = Yif'(X:)=1,
a; =C = Y f'(Xi)<1

(see Appendix.)

e The conditions can be checked for each data point.

e Choose (i, 5) such that at least one of them breaks the KKT
conditions.
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Sequential minimal optimization (SMO) Il
The QP problem for («;, a;) is analytically solvable!

o For simplicity, assume (i, 5) = (1, 2).
e Constraint of a; and axs:

a1 + s1202 =7, 0<a,a0 <C,
where s12 =YY, and v = £ 3, 5 Yoy is constat.

e Objective function:

1 1
a1 + oo — 504%}(11 - 504ng2 — s1p001 02 K19

— Y1a12j23YjajK1j — Ygagzjzngangj ~+ const.

e This optimization is a quadratic optimization of one variable on
an interval. Directly solved.
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Other approaches to optimization of SVM

Recent studies (not a compete list).

e Solution in primal.

e O. Chapelle [Cha07]
e T. Joachims, SVMP"f [Joa06]
e S. Shalev-Shwartz et al. [SSSS07]

e Online SVM.

e Tax and Laskov [TLO3]
e LaSVM [BEWBO05]
http://leon.bottou.org/projects/lasvm/

o Parallel computation

e Cascade SVM [GCB*05]
e Zanni et al [ZSZ06]

e Others
e Column generation technique for large scale problems [DBS02]
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Appendix: Proof of KKT condition

Proof.
e z* is primal-feasible by the first two conditions.
From Af > 0, L(z, A*, v*) is convex (and differentiable).
The last condition V, L(z*, \*,v*) = 0 implies z* is a minimizer.
It follows

g\, v*) = in7f3 L(z, \*,v") [by definition]
fAS
= L(z", \*,v") [z*: minimizer]
= f(@*) + Tin Aha(a®) + X7 w5y ()
= f(z") [complementary slackness and r;(z*) = 0].

Strong duality holds, and z* and (\*, »*) must be the optimizers.
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Appendix: KKT conditions revisited |
e (8 and w can be removed by

Voo i Kyw) =300 05Ky (V).

o From KKT (4) and (6),

a; <C, E(C—al)=0 (Vi).

?

e The KKT conditions are equivalent to
(@) 1-Yif"(Xi) =& <0 (i),
(b) & =0 (V),
©) 0<a; <C (Vi)
(d) o (1—Yf (X3) = &) =0 (vi),
(e) ¢ 2‘) =0 (i),

and 51 C ag, 2?21 Kijw; = Z;L 1 ;Y5 K.
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Appendix: KKT conditions revisited
o We can further remove &.
e Case a; =0:
From (e), & = 0. Then, from (a), Y; f*(X;) > 1.
e Case 0 < aj <C:
From (e), & = 0. From (d), Y3 f*(X;) = 1.
e Case aj =C-
From (d) and (b), & =1 - Y f*(X;) > 0.
Note in all cases, (a) and (b) are satisfied.

e The KKT conditions are equivalent to
0<a;<C (Vi)
vazlyla;k =0,

af =0 = Yif'(Xi) =1, (§=0)
0<a;<C = Yif*'(Xy)=1, (&=0)
aj =C = Yif1(Xi) <1, (& =1-Yif* (X))
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