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=

o N—RILE(CENFTHDESR)

- EEEA—FILIE, FEERZAELT,

ZEAT .

X

Q (original space)

>
O

mapping to
a Hilbert space

HEBEOBNRT,
F—ADIBIAE BRE—A RT3,

e.g. Support vector machine, kernel PCA, kernel CCA, etc.
— Kernelization: T—#%%RKHS IZE{&L, RKHSET#HEHB7ILT X L

N

\

e

D (X) =k( . X)

>
H (RKHS)



Consider more basic statistics!

— RKHSETEARMLGHMEZE(FEH X0 ..)e&EZ2 5L,
TTDERTH RS MICET AN A EEE LS.

Basic statistics Basic statistics
on Euclidean space on RKHS
Mean Mean
Covariance Cross-covariance operator
Conditional covariance Conditional-covariance operator

- EEEA—FIIEB /DT AN R AT
- AT — i
_ TR
_ RTINS AR
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RKHSIZE T4 314

(Q, B): JAIEZERE.
X: QITEZERAHHERLET .
k: QEDEAIZZ(E)IEFEEA—RIL. H: i3 HRKHS.

— $HHERIML
O(X)=k(-,X) : RKHSIZ{EZHEX 5 E Z # (random function)

— RKHS H 25174 X D F159:
m¥ = E[®(X)] eH.

- EE: m§ BHOT, $HHhEO LD

) BB E || o(X)|]= E[JK(X, X)|<0 DREDTFT,
HFEOFEEINMRIIEND.



- FEHOBELEN
(mg, f)=E[f(X)] (Vf e H)

- EfpEERA

Empirical mean 1% (u) = %Zf_lcp(xi) . %Zi“_lk(., X )

%Zﬂlf(xi) —  E[f(X)]
B R

— Explicit form:

mi (u) = E[k(u, X)] = [ k(u, x)dP(x)

) my () =(my k(- u)) = ELK(X, )]

e.g.) For Gaussian kernel, m (u) = jexp(— || Xx-=u ||2)p(x)dx

v



EHEFRE—AVE

— RKHSIZEI[TAFEHIE X DERE—AVDEHRZED.

Bk DEERMEREA)
X: R-valued random variable. k: pos.def. kernel on R.

KR ERDARSHREBEFZHDOEMRET .

k(u,X) = ¢, +C,(Xu)+c, (Xu)? +--- (c;>0)
e.g.) k(x,u)=-exp(xu)

HIZEBF2FEY mf (FE—AEESOREET S
m¥ (u) = E[k(u, X)] = ¢, + C,E[XJu +C,E[ X *Ju? +---

1 om¥ (u)
c, ou

— E[X']

u=0



FFEREIEEED—IL

®: FLAIZERE(Q, B) L DERAESK

(H,k): Q EQOBERTHAILGZER)EEEA—RILE, XHIET HRKHS.

Mp: HEEPec@ DHIZHEITHES

Def. IEE{EA—2ILk HN(@IZBEL T) $ri*#I(characteristic) TdHd &1,
Bi%

P —>H, P> mg
MIXM1ITHHEZELD.
- FHERGEH—RILIE, ERAEZFEICE O T—EICEDS.
m=m, < P=Q

l.e.
Ey o [k(U, X)] = By o[k(u,X)] < P=Q

— [FERSMIZEET A > IRKHSIZBITAEHIZREET A



— MFERESID—ARIE
Fourier kernel kq(x,y)= exp(ﬁ X' y)

Chif., (u) = E[k- (X,u)].

o BHMREIZIR" LDBorel EENHEZ—EIZEDHB.

o BMEMGA—RILIE, COHEED—HRE.
E) QIFaA—9)yRERTHESTHELL.

— Examples: R™ LD IEEED—RIL
e Gaussian RBF kernel .
koY) =exp{ 5 Ix- IF
O
» Laplacian kernel

ki (x,y) = EXp(_ azim:ll Xi = Yi |)




— BB —RILDOEDHBRKHSIE+2 LWL ESEH/N—T 5.

Theorem (Fukumizu et al 2009)
k: FLAIZERE(Q, 8) LB R TAAIGZIEEEED—RIL.
kK B TH OO DBE+HEHE, (Q ADEEDHE
SFHFPITHLTH + R A L2(P) TRZELGZETHS.

— ZIEXA—RILITEERI T,
e (Xy+c)d DEDHBDRKHS XL TDLIER
o d REYKZVWREMDE—AVKEIEETEAL.



RKHSIZHI[TAE

) DHETE =

e RKHSEMDEZEAREH
— RKHSEODO#ETEIlL, T—2I2&

— XW, ., xMNM-jjd. sample

> D(X,),...,D(X):

HEEITES.

1.i.d. sample on RKHS

N N
Empirical mean: iy :%Z@(Xi):%Zk(.,Xi)
=1 i=1

Theorem (strong /N -consistency)

E[k(X,X)]<o ZIRETS. iid HoTIL X, ..., Xy [ZFL
(" —mé[=0,/VN) (N = o)

SLEARK : $82/K2010% R &.




DD —EAND

« 2IRA[ERE
Data: X, ..., X, Yq, .., Y,

BRE: 2D2DHYUTIL(XEY) BRI—DamhoREL-N?
- 'Jﬁa?%ﬂigﬁ Px = PY
- J#TL{&E‘R Px # PY

BEEHD—RILERAWNT, 25 ORIEE, RKHSIZHITAEH DR
REICEEHZS.

- REME 1 : 1
= = 2 n n m m
L = W D =S AL CRARE=-DIAND

i=1 a=1 m a,b=1

— EEMAIIAREEREETIIARE. B8/K(2010 IR FE-XREXSHE.
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RKHSIZEITAHE 508k

(X, Y): QX Qy ITEZHDHEREH.
(Hy, ky), (Hy, ky): Q LU Q, EDERKHS.
Assume E[k, (X, X)] <o, E[k, (Y,Y)] < .

— Def. #HE #58EA 3% (Cross-covariance operator):3,, :H, — H
UTORRATESR

(9,2 f)=E[9(Y) f (X)]-E[g(Y)IELf (X)]
= Cov[ T (X),g(Y)]

Y

4 )

forall feH,,geH,
-

— c.f. Euclidean case
Vyx = E[YXT] = E[Y]E[X]" : covariance matrix

b'V,,a=Cov[b'Y,a' X]

15



- WZERMICHHRHTHILERE
(9.2, f)=Cov[g(Y), f (X)]

=Ep [T(X)9(Y)]-Ep ep [T(X)g(Y)]
=(10.Me,, ~Mr0r, ) o

H,®H, : K.k, TEEINDIEZESM
P, ®R Rl DMILIE

« MBBERETUVILEER—RT HE

ZYX — mPXY _mPX®PX
EEZTELN.



JRIALTE DR DT
- HEADHERROMIT T

Theorem (Fukmizu et al 2004)
H—ILDIE K K, DOy x Q, EDIFERMLD—RILTHDBLEE,

XEYPHEI o 3, =0

proof)
Xxy =0 < Mp =Mp gp

& Py =P ®R (by characteristic assumption)
— ¢l ADREHDEE
XLY < V,, =0 ie EHBEH

— c.f. FrERA#
X J.LY PN E)(Y [eﬁ.(ux +VY)] _ Ex [leluX ]EY [eﬂvY]



HEASRIEFRAZRO#EE=

(X1 Y1), (X Yy) 1 ii.d. sample on Qy x Qy
SAMHEHRK ﬁ:‘ﬁﬂ’ﬁﬁﬁ%
A 1 & - -
Z\((I;!) :WZ{(DY(Yi)_mY}{CDX(Xi)_mX}
i=1

s N
Theorem ( +/N -consistency)

>~ Zyx HHS :Op(l/m) (N — o)

\. J

Def. ¥fERZ& A: H, & H, A’ Hilbert-Schmidt{ff = ThH 5 &(E, H, H, D
TE @IE*E_'E_ LEE {p}, {y} IZHL

ZZ‘ wl AgpI ‘ < o0

i=l j=1

DEE | Al = ZZK A¢i>‘2. (175 D Frobenius/ JL L)

=l j=1
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KEFEERE

o JEIT1E KTEERE (HSIC, Hilbert-Schmidt Independence
Criterion, Gretton et al 2005)

Myx = [2vx as

My =0 < XLY kyk, :characteristic

 Empirical dependence measure

7 (N) _ [P
Myx™ =2 HHS

My x BEU MDY #REE  BIHEORELLTRAVNDIENTES.

20



HEXDFBIERZEDHS/IL L

—~ HEEEDOGram{Td| &R
HS-norm (X &F 7 ZEfE Span{CD (X;)- m(N)} Span{CD (i) - m(N)}
TEIREINILOK.
= M- 5TM6,6,]
Gy, Gy: FilMEGramiT 4l
RETAHE

= 7 KXk O Y,-)—Ni > K, (XX Dk (1Y)

i,j,k=1

Zk (X;, X)Zk (Y, Y))

| j=1 k,/=1

q(N) _
Myx

HS



IEfRRiEEsn -4 H &

C o RE R

* Normalized Cross-Covariance Operator

~1/2 ~1/2
NOCCO WYX :ZYY ZYXZXX

o JHITTEDRHOT
B D—RILERLDE,

W, =0 o X1Y

W, A¥Hilbert-SchmidtTéH (X

— KEFE A RGIEREELTRZAVLSIENTES.

NOCCO = Wy [

il

22



H—RILIZIRTFELEZ LRI

/Theorem (Fukumizu et al. NIPS 21, 2008)
Assume

P,y have density py, (X,Y)
kX kY is characteristic.
W, is Hilbert-Schmidt.

Then, :
Wy (s =”( Py (X,Y) —1j Px (X) py (y)dxdy

Px (X) Py (Y)

=

- EBIEA—RIILEAVWTERLEDY, BLIEEROAITIKTFT 5.

- il y2-divergence (mean square contingency)&L TXLEIHNT=
KFEHERETHS.



GUTIVICEDIETEE
Cross-covariance operator®H# € & (FBEH : 2
BTH > EBME: T o (S0 vel)

Wy =20/°20 25" DEEFEHEETEERADL,

NOCCO,,, =Tr[RyR,]  (dependence measure)

1

where R, =G, (G, + Ngyly ) Gy : FiMEGramiT 5l

NOCCO,,,, [¥x>-divergence. DFLMEEEEZ5Z 5.
—HMEFOIEMN BN TLVS (Fukumizu et al 2008)



JRILERRTE

o EFEMEH—RILVERWN/ D INTAN) Y IIEIRI HRTE
Data: (X, Yy, ..., (X Yy) I.1.d.
— Null hypothesis H,: X and Y are independent
— Alternative Hy: X and Y are not independent

MY & NOCCO,,, #REMEIBELTRANDIENTES.

— MY IZHLTIE, RERER, SLREEDEETOHIES AL
L TL VS (Gretton et al 2008, 2010).

— NOCCOq,, IZHLTIX, BHEDMIEGDESHH BN TULVRLY.

— ELLITHLTH, WRBFZETE * [LATEE.

x WAREZRE: (X, Y)IZHLT, YDIEFESUF LIZEZDZEIC
ST, IRERZEMNOSDYUTINELZIaL—IT BHE.

>|<1 >|<2 >|<3 >|<4 >|<5 >|(6 >|<7 = X1 Xo K3 X4 Xg Xg X7



RILTERTEAND ISR

 Toy example

0=0 0=rnl4 0=rmnl2

%5 : ;

K 9% ° o 0% o '8. ® 2.00..

LR O ,’!} . 2 gd

Y 1 Y2 ..‘é' "#'o: Y3 :; ;’ ‘s.:

0.0:. o"
Xl XZ X3

independent dependent iIndependent

They are all uncorrelated, but dependent for 0 < < n/2

26



N = 200.
Permutation test is used.

indep. more dependent
Angle 0.0 4.5 9.0 13.518.022.5
HSIC (Median) 93 92 63 5 0 O
HSIC (Asymp. Var.) 93 4 1 O 0 O
NOCCO (&= 10% Median) 94 23 0 O O O
NOCCO (¢=10%, Median) 92 20 1 O O O
NOCCO (¢= 108, Median) 93 15 0 O 0 O
NOCCO (Asymp. Var.) 94 11 0 0 0 O
MI (#NN = 1) 93 62 11 O O O
MI (#NN = 3) % 43 0 O O O
MI (#NN = 5) 97 49 0 O O O
Power Diverg. (#Bins=3) 9% 92 43 9 1 O
Power Diverg. (#Bins=4) 98 29 O O O O
Power Diverg. (#Bins=5) 94 60 2 0 O O

# acceptance of independence out of 100 tests (significance level = 5%)
MI. mutual information estimated by the nearest neighbor method.



Power Divergence (Ku&Fine05, Read&Cressie)

- SEEEAEIA),, | BRTEQEORRIHE (BBEITHE L
FAMDT—ABRABESIZT B)

— Power-divergence

_ 214 _ (k) /1_
Ty =21 (X’m)_NZ(Z Z)EPJ{( Hp j }

1= Ml
I = Mean Square Conting.

P; : frequency in A,
p): marginal freq. in r-th interval

— IFERERRIL)DLETOENE T

2
v = ZqN—qN+N—1



THXFAMIR T DIRILERTE

— Data: Official records of Canadian Parliament in English and French.

 Dependentdata: 5 line-long parts from English texts
and their French translations.

* Independent data: 5 line-long parts from English texts
and random 5 line-parts from French texts.

— Kernel: Bag-of-words and spectral kernel

Results of permutations test with HS measure
Topic Match BOW(N=10) Spec(N=10) BOW(N=50) Spec(N=50)

Agri- Random 0.94 0.95 0.93 0.95
culture Same 0.18 0.00 0.00 0.00

Fishery Random 0.94 0.94 0.93 0.95
Same 0.20 0.00 0.00 0.00

Immig- Random 0.96 0.91 0.94 0.95
ration Same 0.09 0.00 0.00 0.00

Acceptance rate (a = 5%) (Gretton et al. 2007)



MM ERRTE : LEER

— Brownian distance covariance (Székely & Rizzo AOAS 2010)

o BEMERAEICE DI MRTE
XLY o dy =44
by (@) =E[e7°], ¢ (&) =E[e ], gy (0,&) = E[e X9,

. BHMEES LD IERE:
[ (0.8) = 8y (@) (£)] W(o, E)ded £

+ EAHWELFESL, LOBEA L, HSICOH—FILE
K(X1, %) =% =%, TEBEHA-HBEFD(ETEMBTIIALY.



LEBRRER

angle

0

Indep. ———> more dependent

n/l2 w/6 /4

dy = dy=2
N =128

HS
SR

0.94
0.95

0.77 0.48 0.42
0.83 0.66 0.65

Oy = dy= 2
N =512

HS
SR

0.92
0.93

0.47 0.17 0.12
0.49 0.38 0.33

dy=dy=4
N = 1024

HS
SR

0.92
0.93

0.60 0.35 0.23
0.68 0.48 0.47

dy=d,= 4
N = 2048

HS
SR

0.92

0.94

0.44 0.15 0.12
0.46 0.29 0.27

Rotation 6 = /8

== o

HS: Hilbert-Schmidt norm.
Gaussian kernel
o = med{[IX; - X[}
SR: Szekely & Rizzo

% of acceptance of indep. in permutation tests (o = 5%).

(Gretton, F, Sriperumbudur. 2010. AOAS Discussion)
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HIL T T A DI
o JIT RS 54T (Independent Component Analysis, ICA)

- R
o m BRI LE SR

« mEDEBICERYE--EFZEAIE

R, t
/ @I)z X,(t)

0 fy A -§ k0 XO=ASO
o \ ;. A: m x m invertible
S5(t) 4 “'{3 X3(1) matrix

— iR

o HIEE XeAWTHIIZ{ETSZETE L.
S — BX B: m x m orthogonal matrix



« HSICZFRL\/=ICA
X (1),..., X (N) -+ ii.d. observation (m-dimensional)
RPZEDMHIMEREIZT 5.

Minimize L(B)=§:ZI\7I(Ya,Yb) Y = BX

a=lb>a

Ek:pEsE (R e Sk] SR8
> E BB ENewton;EIZ & D /IME
Fast Kernel ICA (FastKICA, Shen et al 2007)

o ICADMDIZAER S L

See, for example, Hyvarinen et al. (2001).



* EXxperiments (speech signal)

—> A

@ :
/ @l);txl(t) T~ / v
)

—> '@I)‘zu.gxz(t) —> B i

Three speech
signals

/randoml)x %ﬁjwi% 0 / \\ )

generated

Fast KICA



FEATIRIIENDFERE

— PATT:
RKHSET, £ (HEE) X2 BERAFETEZ 5.

_ 1 :
ZYX|Z =2y —2yzZzzZzx - Hy —Hy
2W|z =2y _ZYZZ?ZZZY . Hy =>H,

FHAHIIMENFEOITONS
(APRPFEDT7FAD—)

— I
o AT IRILMERRTE (Fukumizu et al 2008)
o FE 4D HEER (Sun et al 2007, Mooij and Janzing 2010)
o [AIIFRMEREIZE TS RITHIB (Fukumizu et al 2009)

— FMIZDOLVTIE, f87K(2010, EiR), f2/K (2010, #Et#iE) SR



a3 6NEED

e RKHSIZHITAIEWY
— BT H—RILERAWNSE, BELSTINEHICE>T—EIZEES.
[ %HIZBET AR > TRKHSTOEYIZRET HHEER ]

e RKHSETHOHDEUZKDIKRTFIEREMT
— HEEXEDHERRICEYIRIIEOSEH DA ATEE
— EAZO/IILLERNT, B IREEREESEETES.
— JSTHREICKY, IR EA AL,

o SLIEAHEERE
— FHAHIIE~NDFEKE
— BayesHtin~DEE
BayesEZMEENDRKHSTHDEHEETHE T HEMNTES.
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