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Q=R"
m Fourier
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RBF )
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O Reproducing Kernel Hilbert Space
m 0 H
X Q ¢ H f H
(f.¢,)=T(x)
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O RKHS
RKHS
k(x,y) Hy (
¢, =K(,X) = (f.g)="T(x)
RKHS A
k(y,x)=o,(y)
—

k(y.9)=8,(0)=(8.4,)
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RKHS H,
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=[ £[*(k(x, x) = 2k(x, y) + k(y,y)) >0 (x> y)
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k OK

(@(x),@(y)) = (K(-, x), k(. ) =k(x,y)

O $¢Xi Hk<’>
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R2 K(,y) = (XTy )2 = (XgYq + XoY,)?
K H, ®:R? - H,
H:R?

f(z) =2 +ay, (\/52122) +0py2,

22,\22,2,, 2
f(2) = a2} + o, (N22,2,) + 022, 9(2) = Buzl + P, (N22,2,) + Py, 27

< f, Q>H =y Py + A, By + Ay By
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k(-,x)e H k(z,X) =|x|- 22 +2x.X, - /22,2, + X3
H f(2) = a2 +a,(N22,2,) + 2

(f,K(, X)), =00, X + V2%, +ap,Xe = T(X)

X2

1
D) =k(-,%) < | V2%, 2:,\22,2,, 2}
X;

(@(x),@(y)),, =K(X,¥) = (XY, +X,¥,)°
H Q

K(x,y)
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PCA Scholkopf et al 98
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L] PCA
K
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‘Wine’

PCA

UCI Machine Learning Repository
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CCA,
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Yy, o Yy
Y b (a.b)
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— max (a Vxx xvxx VXYVYY XVYY b)
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gl Vxlal Vb
beR
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M CCA Akaho 2001, Bach and Jordan 2002
Xy, oo Xy =) Frr PN
Yy, oo Yy .., By
Kk, $F =Ky (-, X,)eH,
¢]( =ky ( ’Yj) < HkY
CCA f, g

PCA F=SN 0,45, a=3".84
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f :Z:Lailzx (-, X)), g :Zil\ilﬁile (-,Y;)
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SVM:
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(XLYD,... (XN, YY) X, eR"
Y e {1}
f(X)=ax+b {:ngizg = y=1( )
X =
W= (ab) WX)<0 = y=1( )
. y =f,(X)

f(x)<0
f(X)

f,x) O 39
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1

min (- (a" X' +b))
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| Representer
. i i ﬂ'
min SN A-YI(F(X )+b))++§Hf I

f(x) =2 ak(xX")

Representer theorem, )

—

min 30 Sk X ) 4b) + 75 k(XX )

i) j=1

L‘f‘b‘,g o' Ka+CYL ¢ g((Kg)i +h)>1-&
Kij = k(X;, X))
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m SVM

SVM

http://svm.dcs.rhbnc.ac.uk/
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min Y7 (Y ~ £, (X"))?
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W= (X"X)*X'Y
f.(x)=Y"X(XTX)™"x

f,,(X) =wTx
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O Ridge regression

o min TN - (X)) + A w]

W=(X"X+A1,)*XTY
fo () =YTX(XTX +Al)7x

. XTX
1 Bayes )

f,(X) = w'x
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min SN (Y - £, (X)) + A w?
‘ e
min (- X2

H: k

Representer theorem FO) =3 ak(x, X1
min Y —Ke|* + ia"Ka
FO)=YT(K+21,)"g(x)

Kij = k(X', XJ)
0;(x) = k(x, X)
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a.k, (X, y) +a,k,(x,y)

K(x,y)=hmk,(x,y) X, y

O

ki(x,y) ky(x,y) Q

(1) a

(2) K (X, Y)K, (X, y)
O

KX, y), K(XY), ... kK(XYy), ... Q

K(X,y)

E Q)
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K(x,y) Q f: Q-5 R
K(x,y)=fOOk(x, y) f(y)

k(x,X)>0 x Q

K(X,y)
JKO, )k (y, y)

normalized

k(x,y) =

k(x,y)=(X"y+¢)* = k(x,y)=

(x"y

+)°

c>0

(X' X+¢C)

d/2

(y'y+c)

d/2
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Xpp oo Xy Q Cyeery Gy R

sroy Ap

) -
Zi,j:lcicjk (X, X;) = Zi,j:lcicj

FOGOKOG ;) T(X;)

:Zi,j:lci f(x)c; f(x;)k(x,x;) =0

d.

(kO x))
K (X5 X}) = Z:):l’lpu IiOU rJ)
= ek 0, X))k, (X, X))

d.

J

= Zp:lZi,j:lCiCjZPU UKo (X, %))

_ zl(z:jzlciulicjuljkz(xi,xj

))+“‘+ A, (Z:jzlciurincjursz(xi ’ Xj)) =0
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Marginalized kernel

Z=(X,Y)
‘- €9) HmMm
Y.
p(xy)  (X) y
K,(21, 2,) Z
=)
k(X1’ Xz) — ZZ p(Yl | Xl) p(yz | Xz)kz ((Xl’ yl)’(XZ’ yz))
Yi Yo
K, (21 2,) = K(Y, Yo) Y OK
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Xy
Xy + ¢
(xTy + c)¢
1 Fourier

1CJXJ

exp(ﬂwT (X — y)): exp(«/j 1" x)exp(— J-10" y)

= f(x)f(y)

o
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exp[— HXZH ]: (Zi)m Lm exp[—a;]exp(ﬁlex)da)

Fourier
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" J
FQn1

m Bochner
k(x,y) = ¢(x y) R™
Az)
#(2)=|. f(2)explV—1o"z)dw
Fourier (
#z) Fourier
Az)
Bochner
Fourier exp(«/—ilcoT (X — y))

)

f(2)
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Representer Theorem

[ |
min 30— FOX)) +2)
SVM min SN A=Y (XY +b)), + 4] f [
[ |
k: H: k

Xl’ "y XN’ y]_, reay yN
h,(X), ..., hy(x)

min L) Ay 00+ Zbn o) < w( 12 )

) feH
(bg)eROI

61



m Representer Theorem

3 Y [0, o0)
Hy =span{k(-,x),....K(,xy )}  {k(,x)}

—

() f H

f(x) =2 ok (x, %)

min LAy F 0+ 2 bh O ) + (7))
feH (b)eR

= min L({Xi(;}iNl,{yi}iNl,{Z'j“1Kija 4300000 )+ P(aKa)
(@)eR" (b)<R K= ()

H
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m Representer theorem
min LI, Lyt 1 00+ Z5ubh, o))+ £7)

H=H,®H,
f=f, +f,
(fk(,x))=0 |
=)
= () =(FKC %)) =(Fy+ fLKE %)) =(Fyk(,x)) = fy(x)
S L f
o I = Rl
R f,
= -
feH,
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0
O
1 Normalization
O

m Bochner
Ax y) R™

m Representer thoerem

= ¢ Fourier
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kX, y) Xy

SVM,

PCA,

K(Xi, Xj)
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O pX
O pX
N 2={ab,cd,..,z}

cat, head, computer, xyydyaa,..

2P P
00X s = xv
p=0
. 20={s}
S:S;S,...S,
| s | S =n
s[i:)] S S
s, t st=s;S,...S, 4, t, ...t
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S, t

)

Dynamical Programming DP)
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|
2=20
/LES_DROME LKLLRFLGSGAFGEVYEGQLKTE. . . .DSEEPQRVAIKSLRK. . . . ...
ABL1_CAEEL I IMHNKLGGGQYGDVYEGYWK . .. . . . .. RHDCTIAVKALK. . . ... ..
BFR2_HUMAN LTLGKPLGEGCFGQVVMAEAVGIDK .DKPKEAVTVAVKMLKDD. . . .. A
TRKA_HUMAN IVLKWELGEGAFGKVFLAECHNLL . . . PEQDKMLVAVKALK. . . .. ...
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SCOP Structural Classification of Proteins
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| 2|=m, u 2P
¢up(s)=‘{(wl,wz)ez*x2*|s:wluwz}{ S u
®:3" S>H=R™,  ®°(s)=(4"())...

P mP

Ko(s.)= ZaP(s)gP (1) = (@P(s), @ (1))

uexP

H

70



s = “statistics” t = “pastapistan”

3-
s. sta, tat, ati, tis, iIst, sti, tic, 1Ics
t: pas, ast, sta, tap, api, pis, iIst, sta, tan

sta|tat | ati | tis | ist | sti | tic | ics |pas| ast | tap | api | pis | tan

®s)| 1|11 ]1|212]1|12]1|0]l0|]O0]|O]|O]|oO

ot) |2|olojo|l1]|o]o|lo|1|1|21|1]1]1

Ke(s,t) 12+11=3
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m p-
Ko, = ZgP(s)gP (1) = (@P(s), @ (1))
uex®
i u s
S [ [T 11 1]
SHEN
- t
- t CL L 11 |J|u|| ||II
suffix : >
prefix) 0]
1P (s.t) = {1 s p-prefix t  p-prefix
S p-prefix =t  p-prefix
sl-p+iftt-p+1 .
K,(s,t) = Zi Zlhp(s[l:|+ p-1,t[j:j+ p—-1])
i= j=
Ol s |l t])
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m D- W)
|S|+|t] O(p(Is|+]t]))

Suffix Tree
suffix
ababc

ababc
babc
abc
bc

C

Vishwanathan & Smola 03, Gusfield 97.
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All-subsequences Kernel

gap
| 2|=m, u X~

4, (s) ={ | s[i1=u}
T:[i iy, 0, ] @50 <1, <+ <1, €] 8)
s[|]—s S, S, S,
S: statS|t|cs i =[2,3,9] s[i]= tac

®: X" 5>H=R”,  ®)=(4,5)), .-

(s.0= SHEOA0 = (@(0),00)
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m gap
ATGACTAC _ ATGACTAC U = ATGCA
CATGCGATT CATG CGATT
[ |
s: ATG g
t: AGC c|A|T|IG|C|IA|A|A|TI|G
TIG|C|G|C
K(s,t) =4

o6 )|1|1]1]1]lol1|1]0]1]0
ot) |1/12|/0|21]|1]|0]|1]1]0]1

olr| 4>
Rl o]l OO >




m All-subsequences kernel

(s, €) =k(t, &) =1 s, t
K(s, t) k(sa, t) =7?
K(sa, t)
S t
a

—k(s,)+ S K(s,tL: j—1])
1T

Jitfj]=a

A

A
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K(s,t[L: j—1])

It

a

k(sa,t) =k(s,t)+ >

j
J: 1]

1

t2 3 t4

tl

O(ls|It]?)

- >Q@ >0 -0 —>0> O

T -0 >0 >0 >0 /0

1T >0 >0 >0 >0, 0

mEE Eel B B BN )
—i —i —i —i — —
W — (Q\| ™ < L0
(7p) w (9p) (9p) (9p)

(qv)
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m All-subsequences kernel (1N

k(sa,t) =k(s,t) 4 Y K(st[L: j—1])
17 t

It =a

@ K (sa,t)

L L1 [ L] 2
t - t F
K(sa,th) = STk(s,t[l: j—1])+ S, k(s,1)
1 j = |tb]
=k (sa,t) +5,.k(s,1)
{ k(sa,t) =k(s,t) +K (sa,t) (s
k (sa,th) =k (sa,t) + S k(s,t)  (t
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k(sa,t) =k(s,t) +k (sa,t)

k (sa,tb) =k (sa,t) + 5,.k(s,t)

sl
S2
s3
s4
S5

t1 t2 t3 t4

N T = =

1 1 1 1
..—’..—’..—’..—’.

hRs

’o*‘.*‘oﬁ*‘o—”

=0(|s|]t])
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" S
Gap-welighted subsequence kernel

Gap
| 2|=m, u 2P, O<A 1
HOEDWAR M =[i,..i,]
sl OEEHAI
CTGACTG _ +_ o
"ot =) T =[146] =) (()=6
gap
®:3" S>H=R™,  ®°(s)=(4°(s))...
p m?
Ko(s,)= 242 ()gP(t) = (@P(5), P (1)),
uexP
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Gap-weighted subsequences kernel

s: ATGC AT |AG|AC | TG | TC |GC | GT | CT
t: AGCT
0=2 d(s) M3 M2 32| 0|0
(1) ML A2 A8 | M 0| A2 | A8 | a2
K(s,t) = A% + A5 + 2)°8 + A7
O(pls||t])
~ k (s,t
kp(S,t): p( )
JKp (8,8)k, (t,1)

Lohdi et al. (JMLR, 2002)
Rousu & Shawe-Taylor (2004)
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T1 Fisher kernel: Jaakkola & Haussler (1999)

1 Mismatch kernel. Leslie et al. (2003)
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" J
Marginalized kernel

z=(x)
X :

Y.

pxy)  (XY)

K, (24, Z,) Z

=)

k(xl’XZ):

Yi Yo
SCARSLICARILA(C AN CND)
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o unknown unknown |
y, 122122122 y, 1 221221 exonlintron
X, ACGGTTCAA x, ACCGTAC DNA
known known
p(X, y) HMM y:
1
K,(2,2,) = 2 2 Cu(z)C,(zy) 1/1(1]1|2]2]|2|2
12012, 500 AT G0 Alc|lG|T|Alc|G|T
C.i(2: (a1 1{1/11|0]2|1|1]|2
. 1111112222
Marginalized kernel alclelTlalclalT
K(%, %) =22 P(Y: [ %) P(Y2 [ X)K, (21,2,)  [1]1]1]{0]1|2][0]1

Yi Yo
HMM

84



[Tl

node, vertex
edge V xV
E
(a,b) E a b
m a (b,a) E
O a (a,b) E
E

directed rooted tree
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D : T > ®T) € H

m All-subtrees kernel

k(Tl’TZ) S: Z¢s (T1)¢s (Tz)

¢(T)—{1 !
U0 T s
. o(T,l IT,)

Collins & Duffy (2002, NIPS)
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Jeff ate the apple.
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(V, E, h)

G =

E
h:V E - L

V:

d
C—C
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m Marginalized graph kernel

SHRVARVARVARVIRVA
= H(s) = h(v))h(e,)h(v,)h(eys)h(vs)h(vss)h(vs)
= yaacPBbabp

1/(i ) (i,))eE
p(Vj|Vi):{O (i,j)%E

p(s) = P(V;) P(V, [ V1) P(V5 [V2) P(Vs | V3) P(Vs [ V5)---
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1 (H1 = Hz)

K, :L xL, K, (H,,H,) =
L (Hy Hy) {0 et

Marginalized graph kernel

G,=(Vy B hy), Go=(V, By hy)
K(G,,G,) = 2. p(s) p (1)K (H,(s), H, (1))

seV,
teV,

H, H,: hy, h,
Vx5, V> vy, V,

s Marginalized kernel

Kashima et al. (2003), Mahé, et al. (2004)
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Laplacian

Diffusion Kernel

1

0.3 <3
2%5

0.4 4 00 0.2
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- 1
Laplacian 3
G=(V,E) n 2 4
A
A 1 (i,))eE 1 2 3 4
i "0 (i,j)eE 0 1 1 0)1
A 1 01 02
Laplacian L 11 1 0 113
L=D-A 0 0104
D D; =4, :Zr']: A
e 2 -1 -1 0
Normalized Laplacian | - -1 2 -1 0
E: D—l/ZLD—l/Z _ I_D—l/ZAD—]./Z -1 -1 3 -1
0 0 -1 1
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m Laplacian
V f:Vv >R (f(2), f(2), ..., f(n))

(1.L6) =, Z(F0)- F (D))

)

(f, Lf) o
L ()
c.f) R" Laplacian

2 2 2
Af = 82+ 52+---+ 82 f
OX;  OX, OX

n



" A
Diffusion Kernel

m Diffusion Kernel
p>0

K=e™ | +ﬂL+%,B2L2+$,B3L3+---

L

n
(f.9), = fletg=f"K™g

nxn

%H (x,t) = AH (x,1)
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V={1,...n} RKHS n

KG,j)  i=1...n)

g(x) = Zinzlwi

g = Kw

nxn

K (x,i)

RKHS
f(x)=>"" uK(x,i)
f =Ku
(£.9), = (T UKD, XL WK, j),) =u"Kw
= (f,g9), =fK™g
K

(f,g9), =fK"g  Mahalanobis
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Laplacian, Diffusion Kernel

O semi-supervised learning)

min 3 (v~ f@)° +4/

min - 30y, — 1) + 4] £
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m p-spectral kernel, all-subsequences kernel, gap-weighted
kernel, ...
0 Laplacian Diffusion Kernel
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X, Y
I:)XY
X Y
0
X Y
Fourier

Py, Py

< Eyy

= €

Py (AxB) =P, (A)R, (B)

leﬁlafx oV J: E, leﬁlafx | E, leﬁwv |
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e
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X Y
< Exy[F(X)a()]=Ex[f ()] E[g(Y)]

He Hy RKHS

forall feHy, geHy

Bach and Jordan 02

102



mXm

103



0 CCA ICA
U= (X,Y)T = AZ
Hy , Hy RKHS
X Y N COVXY[f(X)’g(Y)]:O (VvieH,,geH,)
N Covig [ (X),9(Y)]

max _
fed,  Var[ f (X)]V?Var[g(Y)]"?

geHy

) ORI VR PR Y
&lZi“’ Ky ("Xi)>|_|x<gl Ky (- ’Yi)>HY
MaX

=0
et S K X)) gk (L Y),, ]

CCA

104



" A
L CCA ICA

p max ¢ KX KYﬂ

—> A
it J“ (Ky +ely “JﬂwKY+ANYﬂ

A=(ai,az) :QN(kx(aiTZi’alTZj)pN

K
R, =Qu(k (@] Z,,a)Z,) Ry

5:(Kx+deR§KAKY+dNF
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m Kernel generalized variance ICA

-1 ~ ~

Iy = (K +ely KK (K, +4ey )

i\:xy = lZx IZY i\:xx = (Kx +5IN)2 i\:w = (K, +5IN)2

Iy 2 o ) _(Z O 2 Iy [Z O
IS Iy 0 I i Z N O 2y

Kernel generalized
variance
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p(Y [X)

X:m
B=(b,,....,0by) mxd

p(Y | X) = p(Y |B"X)

B™X =(b,"X, .., b,™X) Y
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— 2 +N(0; 0.1%) 2
1+exp(—2Xy) o
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X (U, V) = (B™X, C™X) (B,C) € O(m)
U .V

< Pyx (YIX) = pypu (Y B'X)
< pygy (YIuv)=pyy(ylu) forall y,u,v

S Y VoU Y1V |U
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O
OX Y
Var[Y | X] Vyy = Vyy Vi 1 Vyy Y X
Var[Y | X] X Y
OX Y
m X=(U,V)
E,[Var[T(Y)[X]] < Ey[Var[f(Y)|U]] f
Y
"= Y 1lV|U
Ey[Var[T(Y)[ X]] = Ey[Var[f(Y)|U]] f
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RKHS

Ex[Var[T(Y)[ X]] = Ey[Var[t(Y)|U]]
Y LV |U

A f(Y) Y Yes

Hy RKHS
Y1V |U

& E [Var[f(Y)| X]I=E,[Var[f(Y)|U]]  V¥feH,

Fukumizu et al. 04
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) STRITD (VA ST f%
f :Zi’ilaikY (-,Yi)

E Var[f (V)| X]] ~ o By S8,

iXY =Ky Ky ixx = (K +‘9IN)2 iW = (K, +8IN)2

c.f.) Vyy = Vyx Vit Viy
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E,[Var[(Y)|U]] U =BTX

N N

:> zw o 2Yu ZL_JlU 2UY

Kernel Dimensionality Reduction (KDR)

M

YY

Kernel generalized
variance

113



m \Wine data

Data

13 dim. 178 data.
3 classes

2 dim. projection

KDR

R

oF
o®

£ W

- SIR

LY
° ® .ﬁ.: ° °
o -
% ° ®
° oo oo .e.. ..-
» % &®

pHd

0% °©
%
o

) ":'

% :'43.‘.3.. ¢
e @ o:o. °

114



"

0
O
p(Y[X) )
XY Y OK.
SIR, pHd, CCA, PLS, etc
O ICA KDR )
T NXxN

- Incomplete Cholesky decomposition
O
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1 RKHS
m L2

ICA
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0 SVM

Vapnik

Parzen 61
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RKHS
Q
1 1
2 —
k( ,t)
RKHS = X,
k(1) < X

K(t,s) = E[ X X]

K(s,t)

L2
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http://www.kernel-machines.org
http://www.euro-kermit.org Kernel Methods for Image and Text
SVM Java applet: http://svm.dcs.rhbnc.ac.uk/
SVM C++ Web Job GIST
http://svm.sdsc.edu/cgi-bin/nph-SVMsubmit.cqgi
UCI Machine Learning Repository
http://www.ics.uci.edu/~mlearn/MLRepository.html

Journal of Machine Learning Research
http://jmlir.csail.mit.edu/

Neural Computation

Neural Information Processing Systems (NIPS, Conference)

International Conference on Machine Learning (ICML)
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Scholkopf, B. and A. Smola. Learning with Kernels. MIT Press. 2002.

In
2003.
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SVM

= Scholkopf, B., C. Burges, and A. Smola (eds).
Advances in Kernel Methods - Support Vector Learning. MIT Press, 1999.

= Smola, A., P. Bartlett, B. Scholkopf, and D. Schuurmans (eds).
Advances in Large Margin Classifiers. MIT Press, 2000.

= Vladimir Vapnik. Statistical Learning Theory. Wiley, NY, 1998.
Kernel PCA

m Scholkopf, B., A. Smola, K.-R. Miller. (1998) Nonlinear Component Analysis as a
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Kernel CCA

= Akaho, S. (2001) A kernel method for canonical correlation analysis. International
Meeting on Psychometric Society (IMPS2001).

m See also Bach and Jordan (JMLR, 2002) in Kernel ICA.
String kernel

m Lodhi, H., C. Saunders, J. Shawe-Taylor, N. Cristianini, C. Watkins. (2002) Text
Classification using String Kernels. J. Machine Learning Research, 2 (Feb): 419-444,

m Leslie, C., E. Eskin, A. Cohen, J. Weston and W. S. Noble. (2003) Mismatch string
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= Rousu, J., and J. Shawe-Taylor. (2004) Efficient computation of gap-weighted string
kernels on large alphabets. Proc. PASCAL Workshop Learning Methods for Text
Understanding and Mining.
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1997.
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= Jaakkola, T.S. and D. Haussler. (1999) Exploiting generative models in discriminative
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in Neural Information Processing Systems 14.
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m Tsuda, K., T. Kin, and K. Asai. (2002) Marginalized kernels for biological sequences.
Bioinformatics, 18. S268-S275.
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m Kashima, H., K. Tsuda and A. Inokuchi. (2003) Marginalized Kernels Between Labeled
Graphs. Proc. 20th Intern Conf. Machine Learning (ICML2003).
= Mahé, P., N. Ueda, T. Akutsu, J.-L. Perret and J.-P. Vert. (2004) Extensions of
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Diffusion kernel

= Kondor, R.1., and J.D. Lafferty (2002) Diffusion Kernels on Graphs and Other Discrete
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Kernel ICA / Kernel Dimensionality Reduction

= Bach, F.R. and M.I. Jordan. Kernel independent component analysis. J. Machine
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RKHS
m Parzen, E. (1961) An Approach to Times Series Analysis. The Annals of Statistics, 32.
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Computational biology

= Schlkopf B., K. Tsuda, J-P. Vert (Editor) Kernel Methods in Computational Biology.
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= Berlinet, A. and C. Thomas-Agnan. Reproducing Kernel Hilbert Spaces in Probability
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