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For the details on convex optimization, see [BV04].

@ Convex set:
A set C'in a vector space is convex if for every x,y € C and
te[0,1]
te+ (1—t)y € C.

@ Convex function:
Let C be a convex set. f: C — Ris called a convex function if for
every z,y € Cand t € [0,1]

[tz + (1 =t)y) <tf(z)+ (1 —1)f(y).

@ Concave function:
Let C be a convex set. f: C — R is called a concave function if
forevery x,y € C and t € [0, 1]

fltz+ (1 —t)y) >tf(z)+ (1 —1)f(y).
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@ Fact: If f: C — Ris a convex function, the set
{reC|f(z)<a}

is a convex set for every a € R.
o If fi(z): C — R (t € T) are convex, then

f(@) = supser fi(x)

is also convex.
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@ A general form of convex optimization
f(x), hi(z) (1 <i<¥): D— R, convex functions on D C R™.
a; GR”,bj eR(1 <5< m).

. hi(z) <0 1<i<d),
min f(x) subject to T(x) - (1< Z,_
z€D ajx+b;=0 (1<j<m).

h;: inequality constraints,
rj(z) = a] « + b;: linear equality constraints.

@ Feasible set:
F={zeD|h(x) <0(1<i<l),rj(z)=0(1<j<m)}

The above optimization problem is called feasible if F # (.

@ In convex optimization, there are no local minima. It is possible to
find a minimizer numerically.
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@ Fact1. The feasible set is a convex set.
@ Fact2. The set of minimizers

Xopt = {z € F | f(x) =inf{f(y) | y € F}}

is convex.

proof. The intersection of convex sets is convex, which leads

(1)-
Let
pt = infa:e]-_f(x)'
Then,
Xopp ={ze€D| f(z) <p"}Nn7F.
Both sets in r.h.s. are convex. This proves (2) O
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Examples

@ Linear program (LP)

:b7

. A
min ¢’z subject to “ |
Gz < h.

The objective function, the equality and inequality constraints are
all linear.

@ Quadratic program (QP)

1 5 . Az =b
in~z" Pz + ¢tz + subject to ’
mlnz.’l/' X qT T j {ijh’

where P is a positive semidefinite matrix.
The objective function is quadratic, while the equality and
inequality constraints are linear.

'Gz < h denotes g7« < h; for all j, where G = (g1, .., gm)"
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@ Consider an optimization problem (which may not be convex):
(primal) min f(z) subject to {
@ Lagrange dual function: g : R x R™ — [~00, 00)
g\ v) = mlIelfDL(:L‘,)\,l/),

where
Lz, A ) = f(x) + Yoy Mha(z) + S vymj ().

A; and v; are called Lagrange multipliers.
@ g is a concave function.
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@ Dual problem

(dual) max g(\, v) subjectto A > 0.

@ The dual and primal problems have close connection.

Theorem (weak duality)

Let
=inf{f(z) | hi(z) <0 (1 <i<L),rj(x) =0 (1 <j<m)}.
and
d* = sup{g(\,v) | A = 0,v € R™}.
Then,
d* <p*.

The weak duality does not require the convexity of the primal
optimization problem.
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@ Proof. LetVA>=0,veR™.
For any feasible point z,

Sioihihi(@) + X7 vy (@) < 0.
(The first part is non-positive, and the second part is zero.)
This means for any feasible point z,

L(z, A\ v) < f(x).
By taking infimum,

inf Lz, \,v) <p*

x: feasible
Thus,
g\ v) = in7f:_) L(z,\,v) < inf L(z,\v)<p*
re

x: feasible

forany A = 0,v € R™. |
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We need some conditions to obtain the strong duality d* = p*.
@ Convexity of the problem: f and h; are convex, r; are linear.

@ Slater’s condition
There is z € D such that

hi(z) <0 (1<Vi<Y), ri(z) =0 (1<Vj<m).

Theorem (Strong duality)

Suppose the primal problem is convex, and Slater’s condition holds.
Then, there is \* > 0 and v* € R™ such that

gVt = d* = pt.

Proof is omitted (see [BV04] Sec.5.3.2.).
There are also other conditions to guarantee the strong duality.
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Geometric interpretation of duality

Figure
® G ={(h(z),r(x),f(x)) ER* xR™ xR |
x € R"}.
@ p* =inf{(u,0,t) € G| u <0}
@ For A\ > 0 (neglecting v),

g(\) = inf{(\, )T (u,t) | (u,t) € G}.

@ (\, )T (u,t) = g()\) is a non-vertical
hyperplane, which intersects with ¢-axis
at g(\).

@ Weak duality d* = sup g(\) < p* is easy
to see.

@ Strong duality d* = p* holds under some
conditions.
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@ Consider the (not necessarily convex) optimization problem:

it seps {50 05120,

@ Assumption: the optimum of the primal and dual problems are
attained by «* and (\*, v*), and they satisfy the strong duality;

g\ ) = f(a),
@ Observation:
f@®)=g(\*,v") = zig%L(x,)\*,u*) [definition]
< Lx*, A", v")
= f(@") + L Ahi(a®) + X0 (a)
< f(z¥) [2nd < 0 and 3rd = 0]

The two inequalities are in fact equalities.
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@ Consequence 1:
2™ minimizes L(z, \*,v")
@ Consequence 2:

Afhi(z*) =0 for all 4.

7

This is called complementary slackness.
Equivalently,

or
hi(z*) <0 = A7 =0.
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Solving primal problem via dual

If the dual problem is easier to solve, then we can sometimes solve
the primal using the dual.

@ Assumption: strong duality holds (e.g., Slater’s condition), and
we have the dual solution (A*, v*).

@ The primal solution z*, if it exists, should give min,cp L(x, \*, v*)
(previous slide).

@ If a solution of

rmnf()—i-z:le)\;k i(@) + 25 (@)

z€D

is obtained and it is primary feasible, then it must be the primal
solution.
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KKT conditions give useful relations between the primal and dual
solutions.

@ Consider the convex optimization problem. Assume D is open
and f(x), h;(z) are differentiable.

min f(x) subject to {Z’Eg ig 8

I/\ I/\
I/\ |/\

)
@ z* and (\*

v*): any optimal points of the primal and dual
problems.

@ Assume the strong duality holds.
@ Since

x* minimizes L(x, \*,v"),

Vi) + XL A Vi) + X v Vg (2*) = 0.
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The following are necessary conditions.
Karush-Kuhn-Tucker (KKT) conditions:

hi(x*) < (t=1,...,0) [primal constraints]

ri(z*)=0 (j=1,...,m) [primal constraints]

Af>0 (i=1,. E) [dual constraints]

Afhi(xz*) =0 (z =1,...,0) [ complementary slackness]

VF(@*) + Y N Vgi(a®) + X7 vV (a®) = 0.

0
0

Theorem (KKT condition)

For a convex optimization problem with differentiable functions, x*
and (\*,v*) are the primal-dual solutions with strong duality if and
only if they satisfy KKT conditions.
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@ Proof.
e z* is primal-feasible by the first two conditions.

e From A} >0, L(z, \*,v™") is convex (and differentiable).
e The last condition V, L(z*, \*,v*) = 0 implies z* is a minimizer.
o It follows

g(\",v")

zlng L(z,\",v") [by definition]

L(z™, \*,v") [z": minimizer]
=f($*)+25:1>\fhi( )+Z] 1 ] z”)

= f(z") [complementary slackness and r;(z*) = 0].

e Strong duality holds, and z* and (A", v*) must be the optimizers.
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@ Quadratic minimization under equality constraints.
1 .
min 5;z:TP:z: +q¢'z+r  subjectto Az =0,

where P is (strictly) positive definite.
@ KKT conditions:

Ax* =0, [primal constraint]
V.L(z*,v*) =0 = Pr*+q+ATv =0
@ The solution is given by
P AT\ [z* _(—q
A O v b )
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Lagrange dual of SVM |

@ The QP for SVM can be solved in the primal form, but the dual
form is easier.

@ SVM: primal problem

R N
o §Zi,j=1wiwjk(Xian) +C0Yim &

N

3 _ X Vs >1_¢.

subj. to {Yz(zj_lk(XhXJ)wj +0) =1-¢&,
& > 0.

@ Lagrange function of SVM:

L(w, b€, 0,5) = 5500w (Xe, X;) + OS2 &
+ 2N (1= Yif (X)) — &) + S Bi(—&),
where f(X;) = 3200 wik(X;, X;) +b.
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o . SEIE mal O za (SMO)
Optimization in learning of SVM (1:}(\1:::; '»":‘ AR (i

Lagrange dual of SVM I
SVM Dual problem:

N N
1 . 0<a; <C,
mj‘XZO‘i -5 ”2;1 a;a;Y;Y;K;;  subj. to {Zf\ilaiyi o

Notation: Kij = k(XZ,Xz)
Derivation.

Lagrange dual function

g(a, ) = m;l%L(w b,&, o, B)

20y

The minimizer (w*, b*,£*) is given by

Vo : Ej | Kijw3 —i—ZJ YK (Vi)
Vi : Z?_l a;Y; =0,
Vg: —al ﬁl—O (Vl)
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From these relations,

JRY, - 1~
§Zi,j:1wi wiKij = 521,j:1ai@jinjKij7

> i1(C =i = ;) =0,

* N N
Eilai(l - Yi(ZjKijwj +b) =20 — Zi,jzlaiajyiyjKij.
Thus,

g(a’ﬁ) = L(w*ab*vg*aaaﬁ)
1
= Z =1% — *Zﬁjzlaiajyin‘[(zj-

From «; > 0 and 8; > 0, The constraints of «; is given by
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KKT conditions of SVM

KKT conditions

(1) 1=Yif*(Xi) =& <0 (Vi),

(2) =& <0 (Vi),

(3) af 20, (v9),

(4) gr =0, (Vi),

(6) of (1 -Yif*(Xs) = &) =0 (Vi),

(6) 5;& =0 (v9),

(7) Vi : ijlKijw;f+Z?:1a;f}/jKij,

Vb : Z;;la;‘Yj = 0,
Ve: C—af—pf=0 (Yi).
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@ Complementary slackness

aj(1=Yif*(Xi) = &) =0 (Vi),
(C—ai)g =0 (Vi)
@ Ifaf =0,then¢; =0, and
Yif*(X;) > 1L [well separated)]

@ Support vectors
o If0<af <C,then¢ =0and

Yif*(Xi) = 1.
o Ifaj =C,
YZf*(X,) <1.
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Support vectors |l

@ Sparse representation
The optimum classifier is expressed only with the support
vectors:
flz) = Z o] Yik(z, X;) + b

i:support vector

support vectors

— 0<g<C
(YAX) =1)
support vectors
a,=C
(Yfx) <1)
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How to solve b

@ The optimum value of b is given by the complementary
slackness.

@ Foranyiwith0 < af < C,

@ Use the above relation for any of such i, or take the average over
all of such s.
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31/38



Dual problem and support vectors
Sequential Minimal Optimization (SMO)

Optimization in learning of SVM Other approaches

Computational problem in solving SVM

@ The dual QP problem of SVM has N variables, where N is the
sample size.

@ If N is very large, say N = 100, 000, the optimization is very hard.

@ Some approaches have been proposed for optimizing subsets of
the variables sequentially.

Chunking [Vap82]

@ Osuna’s method [OFG]

e Sequential minimal optimization (SMO) [Pla99]

e SVMlight (http://svmlight.joachims.org/)
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@ Solve small QP problems sequentially for a pair of variables
(O[% aj)

@ How to choose the pair? — Intuition from the KKT conditions is
used.

o After removing w, &, and 3, the KKT conditions of SVM are
equivalent to

N
0<ai<C, ) Yiaj =0,
i=1

a; =0 = Yif'(Xy) > 1,
(x4 0<af <C = Yif'(X:)=1,
af=C = V(X)) <1

(shown later.)

e The conditions can be checked for each data point.

e Choose (4, j) such that at least one of them breaks the KKT
conditions.
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The QP problem for («a;, «;) is analytically solvable!

@ For simplicity, assume (i, j) = (1,2).
@ Constraint of oy and aw:

a1 + s1200 =7, 0<ag,00 <C,

where s12 = Y1Yo and v = £ 3,5 Yoy is constat.
@ Obijective function:
1

2 2
a1 + ag — ialKu - §a2K22 — 51200100219

— Y1a12j23}/jajKlj — YQO&QZ]-Z?)}GO[]'KQJ' + const.

@ This optimization is a quadratic optimization of one variable on
an interval. Directly solved.
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@ (3 and w can be removed by

Ve: Bi=C—al=0 (Vi)
Vi Y Kyw) = =370 0;Y;K; (V).

@ From (4) and (6),
aj 20, §(C—aj)=0 (Vi)

@ The KKT conditions are equivalent to

(@) 1-Yif*(X;)—& <0 (¥i),
(b) & >0 (Vi),

() 0<af <C (Vi),

(d) af(1—Yif*(X;)—&) =0 (¥i),
(e) &(C—ai)=0 (¥i),

(f) YL, Yiaf =0.
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@ We can further remove ¢&.
o Caseaj =0:
From (e), & = 0. Then, from (a), Y f*(X;) > 1.
e Case 0 < aj < C:
From (e), & = 0. From (d), Y f*(X;) = 1.
e Caseaj =C:
From (d), & =1 - Yif"(Xi).

Note in all cases, (a) and (b) are satisfied.
@ The KKT conditions are equivalent to

0<af <C (Vi),

sz\ilna: =0,

ar =0 = Yif*(Xi)>1, (§=0)
0<a;<C = Y f*(Xi)=1 (& =0)
af =C = Yif"(X;) <1, (§=1-Yif"(Xy)).
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Recent studies (not a compete list).

@ Solution in primal.

@ O. Chapelle [Cha07]
o T. Joachims, SVMP*"/ [Joa08]
e S. Shalev-Shwartz et al. [SSSS07]

@ Online SVM.

e Tax and Laskov [TLO3]
e LaSVM [BEWBO05]
http://leon.bottou.org/projects/lasvm/

@ Parallel computation

e Cascade SVM [GCB™05]
@ Zanni et al [ZSZ06]

@ Others
e Column generation technique for large scale problems [DBS02]
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