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A2 ml)GR: Semiparametrics

(Xl’yl) X =¢ t&
(xz,yz) Y, =05 +5i'

: £, & N(O,GZ)
(X0s ¥n) y

v = Ox /



Semiparametric #tETET IV

M ={p(x.0.r)]
p(x,6)=r(x-0) y

linear relation

y = 60X
{yi =05+ p(xy:0)=[p(xy:&0)(&)dé

X =¢ t¢

mle, least square, total least square
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REZERDHLHMETET I

A7 E#
p(x,0,¢&):

u(x,9,§):%log p(x,6,¢&)

v(x,@,g):%log p(x,6,¢&)



B HETE EFisher[HER =

X[,y X
u(x,0,c)=0
prpe  ZUK00)
> v(x,0,6)=0
Fisherf§ER1T5

g: —




FREREESERXE

E[w]=(uv)=0  RAFPEIXOE

E[uv]

E[v]

E[(u)°]=E[u"]-c*E[v’]

U=u-+cv : c=
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% PR {8 o 4} Bl B B—Neyman-Scott M &8

p(x,6,&) o
X1D p(X,6’,§1) KEHINTGA—A:
X, L p(X,Q,fz) 0,816,

Xy | p(X,H,é:n)

7762



Semiparametric Statistical Model

p(x,.0,&):x0¢
&y 0 z(€)

x. [ p(x,@,z):jp(x,e,g)z(g)dg

@ . parameter of interest
Z: nuisance parameter BEAX T

8762
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BE3xXRO7

VA {vt (x,6, z)} _ {v(x, 9, 5)} - mixture model

ulzu—jqwm

Projected score [E3X X7

10 /7 62



HEEBIRE estimating function

f(x,0):

E,,| f(x6)]=0: unbiased

S (x,0)=0: He bt

i=1

. 2] 1 E|f°
E{(@—@) }:HE[(EJ}Z}

11 /7 62
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T,= TgI (-BTHN (—DTQA
u'(x,0,z): i E BA%L

13/ 62



z=12(&¢,m)

p(x,0,2(&,1))—> 0.7
P (00.7) X
u'(x,60,7) OK
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Semiparametric Statistics

M ={p(x.0.r)]
p(x,6)=r(x-0) y

linear relation

y = 60X
{yi =05+ p(xy:0)=[p(xy:&0)(&)dé

X =¢ t¢

mle, least square, total least square
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Linear Regression: Semiparametrics

(Xl’yl) X =¢ té
(xz,yz) Y, =05 +5i'

: gi,gi' N(O,GZ)
(%01 Y ) y

v = OX /



Statistical Model

1 1

P(X, y\é’,é) =Cexp{_§(x_§)2 _E(y_‘%)z}

p(xi’yi ‘eiéi) TP

p(x.y10)=[p(x.y|6.£)z(£)de

semiparametric

17 / 62



Semiparametric statistical model
X, X, L p(X,60,2)

Estimating function
y(x,0) E,. | y(x,6)]=0
Ee',z [y(x,é’)] # 0

Estimating equation
>y(x,0)=0 =6

18 / 62



Example of estimating functions

f(x,y;0)=k(x+0y)(y—6x)
1 1

Jeexp -5 (X x=&) —E(Y—H'f)z
x(y—0x)k(x+0y)Z dxdyd}

=0, 0=0
# 0, 0 +0'

Zk(xi +HYi)(Yi —@Xi):O

19 /7 62






1 (X—f)z— 1

p(X,y;0,8)=expq—

| 20°
= exp- %(XJFQY)JFC(X’ y)—w(ﬁ,f)}

L O

20

s(X,Y;0)=Xx+0y

p(x,H,Z):jexp{fs(x, Y;0,)+C—wiZ(£)dE
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z(&)L N(,uf,agf)
u' (x,60,2)=(x+6y+c)(y—6x)
C= . /o

f(x,6;¢)=(x+0y+c)(y—6x)
2
c=u,)o
1
He :EZXi

o= ER () -

23/ 62



—Ilo
PY: gp

— 0 55[5‘3}..
V(0y:0,2)=E[(£)]]
=k{s(xy:0)f
(x,y,0)=u—E|uls]|
=k(x+0y)(y—0x)

u(x,y;0,2)=



p(x,6,Z)
Z($)=2(&m)

p(x,6,Z(-,n)) does not work

u' (x, 0, Z) estimating function



Generalization

y=0-X
X. =& +¢&
V. =0-& +¢
(xyé?) (y-0-x)k(x+y6)
X,¥;0)=(y—0-x)(x+yb+c)
yi —0-% ) (X +Vy,0+c)=0

C = szé_lé‘
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Fibre bundre of probability distributions

function space
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Least squares?

L(Q):Z(yi_exi)zﬁmin :é:ZXi_yi
X S
mle, TLS

Z(yi —0x)(0y, +%)=0

Neyman-Scott

28 /62



Poisson process

Poisson Process: Instantaneous firing rate is constant over time.

dt

-
T

For every small time window dt,
generate a spike with probability Cdt.

Cortical Neuron
! (Softky & Koch, 1993)
DCI-

p(T; &=0.1)

Poisson Process

0.00 002 004 0.06 008 0.10

p(T)=&"

Poisson process cannot
explain inter-spike
interval distributions.




Gamma distribution

Gamma Distribution: Every k-th spike of the Poisson process is left.

q(T; &,x) = (ex)” T teerT Two parameters S: Firing rate
I'(x) K: lrregularity
T Q|
H‘ ‘H“ ‘ - —— k=1 (Poisson)
=1 (Poisson) % S
| e
> S | | | | | T T
K=3 00 05 10 15 20 25 30
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Gamma distribution

£y =) etgqp (i)

['(x)
=1 : Poisson
K —> o0 : regular

Integrate-and fire

Markov model

31/ 62



temporal correlations

O:  x(1)x(2)L x(N)

independent with firing probability I (t)

=P spike counts: Poisson
ISI: exponential

renewal:

I’(t) =K (t -t ) : last spike

ISI distribution T (t)

f (T):ck(T)exp{]k(t)dt}

0
32/ 62



Irregularity K is unique to individual
neurons.

Regular (largex)

LI
L,

Irregular (smalli)

~ 1 Irregularity varies among neurons.
(Baker & Lemon 2000; Shinomoto et.al., 2003)

=p We assume that K is independent of time.

33762



Irregularity K is unique to individual
neurons.

Regular (largek)

LI
L,

Motor neuron of Pyramidal cell of Purkinje cell of cerebellum
spinal cord hippocampus

] Irregularity varies among neurons.
Irregular (smallk) )

A

= \We assume that K is independent of time.

34 /62




Information geometry of estimating
function

*Estimating function y(T,«): eMaximum likelihood Method:

— 3 y(Tyix) =0

d N
> g PM) M) =2 ulTix) =0
Ely(T,x)]=0

How to obtain an estimating function y:
u(Tox, K) = dlog p(T;x, k)
Score dx
functions V(Tok K) = o log p(T;x, k)
K(<)
<u-v>

(See poster for details) 35/ 62 <V-:V>



temporal correlations
O:  x(1)x(2)L x(N)

independent with firing probability r (t)

=P spike counts: Poisson
ISI: exponential

renewal:
r(t) = k(t—ti) : last spike
ISI distribution f (t)

f (T):ck(T)exp{]k(t)dt}

0
36/ 62



Estimation of K by
estimating functions

1. No estimating function exists if the neighboring firing rates are different.

2. m(=2) consecutive observations must have the same firing rate.

Example: m=2 Model: p(T,.T,;x,k) = [a(T,;&,6)(T,; €, )k (&)dE
0

Ithset: (T'.T,)

& Estimating function:
(ELy]=0)

» t T,T,

y = Iogm+2¢(2x) 2¢(x)

1 T, T,
y=—Z|Og +20(2x)—2¢(k) =0
N = (T +T, )2

37/ 62



Case of m=1
(spontaneous discharge)

Firing rate continuously changes

> and is driven by Gaussian noise.
T: Correlation

A

»
»

<

39 40

36 37 38

35

34

t

K can be approximated if the
firing rate changes slowly.

Estimating function (m=2):

1 T,'T,
y=—2|og | | +20(2K) - 2¢(k) =0
N (T1 +T, )2
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Independent Component Analysis

observations: x(1), x(2), ..., x(t)
recover: s(1), s(2), ..., s(t)

41/ 62



X=As == y=WXx W=A"
observations: x(1), x(2), ..., x(t)

A: unknown matrix

r(s) =r(s)r,(s,)...r,(s,)
Independent distribution
r(s): unknown E[s]=0

S: unknown

ol (y,W ) cost function:
oW degree of non-independence

42 / 62

AW =—n



Semiparametric Statistical

~——NIoder

e i

PO W, ) =

W | r(Wx)

W=A", r(s): unknown 1 =1IIr

x(1), x(2), ..., x(t)



Cocktail party experiment

Five mixture signals
10 T y ™ T T T

2 o
= " " " 1 " N " " N
%\/ % 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Recovered three sources

1 T T T T T T ' T

o
— ; AR
2 o = %
: —\{q birdchirps
= 1000 2000 3000 4000 5000 6000 7000 8000 S000 10000 Z
B s :

= o <Py
oo : i 7 A . . " :
9 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
s - - v . . v v
I} AR
= o[- - hetlo
o 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 2/
LSO Y T T T T LT TT T W TVTIIVR Y
ey . ) 1 - E ! . ) : & L%
) 1000 2000 3000 4000 5000 6000 7000 8000  S000 10000 2

Time

e 5 microphones (sensors) and only 3 speakers
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1. Motivation 3

Example of color image separation :

Five original images (but unknown to the neural net)

Five mixed images for separation

45/ 62

Final (etable statec) of five separated imaces



Natural Gradient

max  dl =1(6+d8)-1(6)

‘dﬁ‘z =& 1(0

VI=G™(6)VI




Space o Ices : Lie grou

W +dW 4
¢ dX =dWW

| +dX

[dW |* = tr(dXdX " ) = tr (dWW W Tdw ")
ol

Vi=—W'W
oW

dX : nhon-holonomic basis

47 1 62






Natural Gradient Learning Algorithm

AW =-nF(y)
F(y)={l-o(y)y'IW ; y=Wx

A\Nij = _nz{@k — &, (Yi ) yk}\Njk

d

D, (yi):_d_ylogqi (yi)

49 / 62



Estimating Functions
AW = _UF(y,W)

Ey . [F(YW)] -

estimating equation

ZF(yt’W):O Y, =WX,
t

learning

AW, =-nk (tht)

507 62



Admissible class

F(yW)={l-@(y)y W

Fa

F—R(W) (yW) {ao(y)y,-oly, )y

> R(W =0: estimating equation
on-line Iearnlng . AWt =-nR(W,)F (W,x, )
.~ oF

=
oW



Canonical Estimating Function

---Newton Method

A

F =Vl
(VVI)™VI: Newton Method



Stabilization—Newton Method

1
AW"— (t) =1}, 252k k. _1|:Ui2kj§0(yi)yi _gﬂ(yl')yi :|W

:Ut{a¢(yi)yj _¢(yj)yi}\N
Uiz = E[yiz]’ k; = E[o, '(y;)]

efficient algorithm

—)

adaptive method

537 62



Stability Analysis




Estimating function

Yy =W-X
T(X,w) =p(y)X—yp(y)w
Wiy =W, _Ut{¢(yt)xt — ytgp(yt)wt}

Newton’s Method FastiCA




Estimating Function in Noisy Case

X=As+n

- :(Fab)

F; = yigyj -3V Vi Y —3Y; Y; +3Vv;V;
v; =E[nn, |

AV, = _C(Vij —VYiY; )

56 / 62



Temporal Correlation

3(1),5(2),...,3(*[),...

A(r) =s(t)s(t —z)=diag[4,, ..., 4]

V(r)=x(t)x(t—7) = As(t)s(t—7r)A
= AA(7)A'

Simultaneous Diagonalization

WV (z)W' =A(z) 7=0,1 2,

57 /62



Estimating Function In
Temporally Correlated Case

F(YW)=1-9(§)oB(z")y
. @ (yu ) B, (Z_l)yt
Y/i = Bi (Z_l)yi — Zbikyi (t_k)

class of admissible estimating functions:
maximum likelihood; joint diagonalization

8762



Spatial mixing

(X1:a181+”°+ansn
X, =5+ +2,5,

lemporal mixing—conyvolution

x(t)=as(t)+a,s(t-1)+---+a,s(t—n)

X(t) =jA(t—r)S(r)dr

59762



Manifold of Linear Systems

dX (z‘l) =dwW (z‘l)W‘l(z‘l)

Lie group
Fisher information




Manifold of Linear Systems

Topological Structure

{ v(t+1)=Fv(t)+Gs(t)

-1
(F.G,H/T {TFT

parameter




Non-Holonomic Basis

dX =dww
AW = —7 A \wrw
oW
ol

AX = —n— @mx

2 1
OX0oX ) 0OX
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