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MLE 100 years from Fisher 1912

Information geometry
Power entropy and divergence

Two cultures in statistics and AdaBoost

Poincareé conjecture and Optimal transport theory

Likelihood for equation model



R. A. Fisher

Statistics

Population genetics

Ronald A. Fisher
(1890-1962 )

analysis of variance Genetical Theory of Natural Selection

maximum likelihood estimation Fundamental theorem of natural selection

Design of experiment Wright-Fisher model
Randomization test _ _

Fisher’s equation
Linear discriminant analysis



ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By R. A. Fisher, Gonville and Caius College, Cambridge.

1. IF we set ourselves the problem, in its essence one of
frequent occurrence, of finding the arbitrary elements in a
function of kunown form, which best suit a set of actual
observations, we are et at the outset by an arbitrariness
which appears to invalidate any results we may obtain. In
the general problem of fitting a theoretical curve, either to
an observed curve, or to an observed series of ordinates, it is,
indeed, possible to specify a number of different standards of
conformity between the observations and the theoretical curve,
which definitely lead to different though mutually approximate
results.  This mutual approximation, though convenient in
practice in that it allows a compnter to make a legitimate
choice of the method which is arithmetically simplest, 1is
harmful from the theoretical standpoint as tending to obscure
the practical discrepancies, and the theoretical indefiniteness
which actually exist.

Messenger of Mathematies, 41: 155-160, (1912). R A Fisher digital archive, Univ of Adelaide



Maximum likelihood

[f(.0)-yen2dr 24,0 =y}
i=1

e log P :j y(x)log f(x,0)dx
Fisher (1912)

n
log P'= Zlog f(x;,0)

i=1

The most probable set of values for the &'s will make P a maximum.

MLE 1912-2012, Aldrich (1997)

Efficiency, sufficiency, Fisher information,...
Boltzmann-Shannon entropy, Kullback-Leibler divergence
Max entropy distribution (exponential model)



Parametric Statistical Modeling by
Minimum Integrated Square Error

David Scott Technometrics (2001)

The likelihood function plays a central role in parametric and Bayesian estimation, as well as in
nonparametric function estimation via local polynomial modeling. However, integrated square error has
enjoyed a long tradition as the goodness-of-fit criterion of choice in nonparametric density estimation. In
this article, Iinvestigate the use of integrated square error, or L, distance, as a theoretical and practical
estimation tool for a variety of parametric statistical models. I show that the asymptotic inefficiency
of the parameters estimated by minimizing the integrated square error or L, estimation (L,E) criterion

| {1/ (x.0) =y} « -5 | y(o)log f(x,0) dx



Asymptotic efficiency

Statistical model M ={f(x,0), 0 €O}
n n
Maximum likelihood estimator ~ ¢ =argmax ) log f(X;,6)
Pec® -
Asymptotic normal If (X0 o /(x,0), then
D

Vn(@-6) - N(0, 15"
Asymptotic efficient vary (0) < vary (9) for any CAN estimator 6
Estimative distribution £(x,0)

Confidence interval Pr{C(r,))| f(0)}=1-«

C(r,)={6:nO-0)"1O)(O-0)<r 2}
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DEFINING THE CURVATURE OF A STATISTICAL PROBLEM
(WITH APPLICATIONS TO SECOND ORDER EFFICIENCY)

By BRADLEY EFRON

Stanford University

P lies have very
nice properties for estimation, testing, and other inference problems. Fun-
damentally this is because they can be considered to be ‘‘straight lines”
through the space of all possible probability distributions on the sample
space. We consider arbitrary one-parameter families .5~ and try to quantify
how nearly “‘exponential” they are. A quantity called ‘‘the statistical cur-
zero for ex-

ponential families, positive for nonexponential families. Our purpose is to
show that families with small curvature enjoy the good properties of ex-
ponential families. Large curvature indicates a breakdown of these prop-
erties. Statistical curvature turns out to be closely related to Fisher and
Rao’s theory of second order efficiency.

The Annals of Statistics
1975, Vol. 3, No. 6, 1189-1242



Statistical curvature

[+1
9(x) = F( 2 f) (1 +‘%’)—(f+1)/z
rror(3)

Lo O[3+ 187 + 19]
TN+ +)

f 1 2 5 10 20

- 0

re 2.5 1.063 .306 .107 .0334

~ 18/f?




Information geometry

Statistical model M ={f(x,0), 0 B}

. . 0
Information metric g;(0)= —Ef(_ﬁ){ 56,76, log f(x,0)}

Exponential connection

Lys(0)=E s 9){5969 log f(x,0) 5, log f(x,0)}

Mixture connection

= © o o 8
Lyk(0) =Tk (O)+E 1.0\ 5 108/ (.0) 5 10g £ (x,0) 15-log f (x,0)
l

Rao (1949) Amari (1982 )




Natural Gradient Works Efficiently in Learning

Shun-ichi Amari
RIKEN Frontier Research Program, Saitama 351-01, Japan

When a parameter space has a certain underlying structure, the ordinary
gradient of a function does not represent its steepest direction, but the
natural gradient does. Information geometry is used for calculating the

natural gradients in the parameter space of ”\perceptrons, the space of ma-
trices (for blind source separation), and the space of linear dynamical
systems (for blind source deconvolution). The dynamical behavior of
natural gradient online learning is analyzed and is proved to be Fi

phenomenon, which appears in the backpropagation learning algorithm
of multilayer perceptrons, might disappear or might not be so serious
when the natural gradient is used. An adaptive method of updating the
learning rate is proposed and analyzed.

13



m-geodesic and e-geodesic

m-geodesic  p(™ (x) = (1-1) p(x) +1g(x),

e-geodesic pt(e) (x) =c,exp{(—7)log p(x)+tlogqg(x)}

A model M is m-geodesic if
p(x), q(x) eM = p™ eM (vte(01)

A model M is e-geodesic if
p(x), q(x) eM = p¥ eM (vte(0)))

Exponential model M © = {p(x,0) = p,(x)exp{0"¢(x) - x(0)}; 6 € O}

Mean match model M ™ ={ p(x): E {t(x)}= E, {t(x)}}




Kullback-Leibler divergence

g(X)
f(X)

AlIC AIC(M)=-2 %lag L, (8)+2dim(0) (Akaike, 1973)

KL divergence (1951) D(g,f)=Eglog=—

D(p,r)=D(p,q)+D(q,r)
pt(m) =(-t)p+1q rs(e)(x) =c,exp{(1-s)logr+slogg}
= DV, =D, q)+ D(q,r?)  (¥(s,1) €[0,1]x[0,1])

' Nagaoka-Amari (1982)

p @

(m)



MLE on Exponential family

Exponential family M ) ={p(x,0)= Po (x) exp{0't(x) - x(0)}; 6 O}

.
Cumulant function & (0) =log{E p060 "3

.0 - 0°
1= @K(ﬁ) = Ep{t(x)} Py

x(0) = var,{r(x)}

n
Log likelihood function | (g) = Z log p(x;,80) = n{oTt‘ - x(0)}
=1

L(O — —
Maximum likelihood max Q = max{HT t—k(0)}=x*(t)
0O 0O

Lo : 0 ~ :
Likelihood equation 6—0K(0) =t Of ny, =1

Mean match model MM = £ p(x): E{t(x)}=n}

Barndorff-Nielsen (1978), Brown (1986),



T

Pair of (model, estimation) amariass2)

leaf

U, Zy=1g:0(8)=0}
0cO



Non-exponential family

t-distribution

T v+l il
Univariate f(x,1,0°,v)= ) {1+ —(x ”) I3
(nv)zr() o
r(%) ver
p-variate JACHTROE i)' 2 x-p)} >
(zv)zr(z)

Generalized Pareto distribution

1y

f(x,0,E)=00+&0x) ©

Unified view to power exponential family



Gibbs-Boltzmann-Shannon

Josiah Willard Gibbs Ludwig E. Boltzmann Claude E. Shannon

(1839 - 1903) (1844 - 1906) (1916- 2001)
GBS-entropy Hgps(p) = —E, log p(X)
n
Log-likelihood -1 > log p(x;,0) ~ Hags (p(-,6))
i=1

A new estimator if we extend GBS-entropy ?



Possible Generalization of
Boltzmann—Gibbs Statistics

Constantino Tsallis’

Journal of Statistical Physics, Vel. 52, Nos. 1/2, 1958

With the use of a quantity normally scaled in multifractals, a generalized form
is postulated for entropy, namely S, =k[1-3, p?]/(g—1), where geR
characterizes the generalization and { p;} are the probabilities associated with W
(microscopic) configurations (W e N). The main properties associated with this
entropy are established, particularly those corresponding to the microcanonical
and canonical ensembles. The Boltzmann—Gibbs statistics is recovered as the
g — 1 limit.

S (p)=i(1—% p%)
q q—l Pt J



Hill’s diversity index in 1973

Let p; be a relative frequency of aspeice j for j=1,....,

S 1
Da(p)=(> p;®)ta
j=1
lim log{D, (p)} = lim 1 (zS: 2)
a—0 NFalp as0l-a : j=1pj

S
Z_Z pjlog p; =H(p)
j=1



An Analysis of Transformations

By G. E. P. Box and D. R. Cox
University of Wisconsin Birkbeck College, University of London
SUMMARY

In the analysis of data it is often assumed that observations y;, ¥sy ..., ¥n
are independently normally distributed with constant variance and with
expectations specified by a model linear in a set of parameters 8. In this
paper we make the less restrictive assumption that such a normal, homo-
scedastic, linear model is appropriate after some suitable transformation
has been applied to the y’s. Inferences about the transformation and about
the parameters of the linear model are made by computing the likelihood
function and the relevant posterior distribution. The contributions of
normality, homoscedasticity and additivity to the transformation are
separated. The relation of the present methods to earlier procedures for
finding transformations is discussed. The methods are illustrated with
examples.

A1

logy (A=0),

y(l) =



Projective Entropy

| () g(x)ax

y-Cross entropy G (g f)=- 2
([ fe)"*7dx)1er

s
y-diagonal entropy H,,(f)=Cy(f,f)=—(J'f”?’)“?’
vy-divergence D,(g./)=C, (&)~ H,(g)

Cf. Good (1972) Fujisawa-Eguchi (2008) Eguchi-Kato (2010) Ferrari-Yang (2010)

Remark: The diagonal entropy is equivalent to Tsallis entropy
1
Sq<f)=q_1(1—j )

Sq(f)=l{Hy(f)q+1} where g=1+y
4



Three properties

Ce)= =[ T e (a=1+)

Linearity C,(ag+ph, [)=aC,(g,[)+BC,(h, f)
scale invariance C,(g.1)=C,(g.f) (VA>0)
Lower Bound C, (g H=zC(g,2)

These properties lead to uniqueness for C, ?




Theorem

Let T(g, /) =2([p(N) [ v(N)e
If T'(g, ) satisfies
() T(AN)=T(g.f) (Vi>0)
(i) T(g.f)2T(g.9)

then thereis aconstant >0 suct that I'(g,f)=C,(g,f)

Remark: —If (®(Y), p(f).y(f) = =7, £ f7),

then T'(g, f)= (j f(x)“”abc)_m j f7g=C(gf)




Proof

i) = air(g,zf) -0

(g, i [ [0 o] pan wiaseon+a] pn) LL pi Jgcos
Ology(X) [ _ w7 (4
x| =X (70,

. 0 w u
@) = o7 T@f)==0 i T@N=2(Lp(f)2e ()
! j=1 j=1

(*) r(g N)r- g—{cb(Zp(gj ))Z(g] )y“}p(g,)+{®(2p(gj ) Ir(g) =0 [ Gi)]

ap(g) ¥ Y 7+l
s =—C ——Cc——
o rg P(g) y1%
' _rH
Taking a sum of (*) overi, o) =— }/—HY, o)=Y 7
D(Y) y




Shannon-Khinchin axiom

W
Selp) =) _ g(pi)
=1

K1:|The requirement that S depends continuously on

p implies that g is a continuous function.

K2:|The requirement that the entropy is maximal for

the equi-distribution p; = 1/W (for all ) implies that
g is a concave function.

K3:[ The requirement that adding a zero-probability
state to a system, W +1 with pw+1 =0, does not
change the entropy implies g(0) = 0.

_eZ:VF(1+d,1—cll1p,-) c
N l—c+cd l—c+ed

Se.d[P|

Cf. Hanel and Thurner (2011)



Max y-entropy

Equal moment space F(W2)={f(x):E (X)=u,V, (X)=Z}

y-entropy H,()==l1ly (g=1+y)
| 1
_ v 2§11 Ts-1 7
y-normal f,(x,u,%) =c, det27%) * {1 Sx, (x—p) 2 (x—u)}
Eguchi-Komori-Kato (2011)
_ H,(f,(u,2) = max H(f)
Max y-entropy y\Jy femu) ¥

7, 3)= {f € 77(u,3): Support (/) < xox—w)zlx - < %K},}

1
s 7% 3 b [ I .
. A o 2% ! .
0.25 / 0

0 a_-‘- -3 ]

-2 0 =k -1

0
-1 =, 1 -2

2

y=-0.3 (t-distribution) ¥ =0 (Gaussian) y=2 (Wigner)




v-Estimation

Parametric model M ={f(x,0): 0e®}

<

y-estimator

Gaussian

y-estimator éy

-Loss function L,(0) = —%z},(e)zn: f(x,6) . z,0) =( j f(x, 9)1+ydx)_ﬂ
i=1

L,0)~C,(g,f(-,0) if X%, ~g(x)

0, =argmin L, (0)
Oe ©
1

fux(x) =det(27%) 2 exp{- (x— )" =7 (x— p)}

N a3, Y x
_(ﬂyjzy) ,&J/ZZ fp},,z}, X;)s" X
2 5, )Y
o 2y, OOV G )oY
T X s ()Y

If y>0, (4, 3 ») 1s robust gainst much oulying



Escort normal family

fg/ ('a M, Z) = ?C(/ua Z)
1+
Escort distribution ¢,(/(x))= ?(;) (4=1+7)

I+y

1 -7
e,(fr, X)) =c, det®) 2{1-L(x—w)Z (x—p)} 7

[1]

1 1 y I+y

=c, {det@z®) 21 T (x— ) (det®) *TEN) (- )}

2 L4
=c, {det(®) 7 L (x— p)E(x—p)} 7

0
» [ e, (f,(m2)=0 = E;(.5X)=pu

%j eq(fy(x,/l,E))=O = Efy(-,y,Z){(X—,U)(X—/u)T}: v



y-estimation on y-normal model

Let (xy,...,x,) bearandom sample from f, (-, 1, %)

1y
: o T2t | _

y-loss function  L,(u,%) = det(%) **'{ I—EK},(xi—,u)TZ "(x, — 1)}

i=1

4
=det(®)"" ~ &, {(u=3) E(u=X) +tr(SE)}

L,(x,S)=minL,(wuV
MERY min (V)

Y

L, (1,2) =L, (%,8) = det(@) 722 =21, {(u—%) E(u =) +tr(SE)}
/4
—det(E)”7 7 + i, (S E))

- C}/(f?c,SJf,u,E)_C;/(ffc,Svffc,S) :Dy(f;?,Sﬂfy,Z) >0



Pythagoras triangle

Loss decomposition L (u#,X)-L,(%,8) =D, (f,(~X,9), [, 1,Z))

&  M,={g: E,(X)=x, V,(X)=S5}

Pythagorian D), (g, f,(,1.V)) =D, (8. f,(.X,8)) = D, (f, (. %.9). £, (- 1.V)



MLE for normal model

Equal moment space 7 (y,Z)={f(x): E (X)=p,V,(X)=2}

Gaussian fux(x)=det2rZ) 2expi— (x—p) T (x— p)}

Max O-entropy Hy(f,y) = max Hy(f) where Ho(f)=—[ flogf

JfeF (ux)

Likelihood Ly(1, )= log f,, 5 (x;)
=1

- Teicher’s theorem (1961)

Let g, be a location-scale family.

MLE (4,%) is the sample mean and variance (%,S)
If and only if g5 is Gaussian.

where (X,95)= (%in, %Z(x,- —X)(x; _f)T)




y-estimator leads to y-normal model

(4,.2,)=argmin L (g(- 11, 5))
(V)

I
where g(x, 11,%) =c;, detzX) 2 h(—% (x— )27 (x— 1))

g D)= f,(n 1D &= (4,%,)=(F,5)

y =0 (Gaussian) Cf.Teicher (1961)



(y-estimator , y’-model)

model
0-model y-model
loss function
0-loss (X, S) M-estimator

(- log-likelihood) MLE

emergence (X, S)

y-loss _
y-estimator y-estimator




U-entropy and U-divergence

U is a convex and increasing function Cf. Eguchi-Kano (2001)

U-cross entropy  Cy (g, f) = —ng(f(X))+f UEun)

U-entropy Hy(f) = =Ep E(f(XO)+ [ UES)
where ¢£=(U)"!

U-divergence Dy (g, /) =Cy(g, f)-Hy(g)

Example 1. Boltzmann-Shannon entropy.
(U(1), &(s))=(expt,logs)
Co(g.f)=—[ glog f+1  Hy(f) =~ flogf +1
Dy(g.f) = [ g(logg—log f)




Example 2. Power entropy. Tsallis (1988) Basu et al (1998) Cf. Box-Cox (1964)
+8

U@, Es)=(ED " Sl o< gy

1+ B

fr-1, g S
C , = —_ = — Z
ple =] -g =+ — Hp(D = [ ot

—fﬁ gﬂ+1_fﬂ+1

B
Dy(g./) =] g% Tsallis entropy (q=4+1)

Ji] [£+1

Example 3. Sigmoid entropy. Takenouchi-Eguchi (2004)
(U().E@)=(¢' —nt, log(s+m))  (0<n<7)
Cp(g.N)==[ (g+mlog(f +m)  H,(f)=~[ (f +mlog(f +n)

D,(g.f) = [ (g+m{log(g+m) —log(f +m)}




max U-entropy model

Let p,(x) be a pdf and let t (x) be a statistic of dimension d.

Consider a problem MmaxXx HU (p)
pe(pp)

where (py) ={p: Ep#(X)=E, #(X)}

Mean-equal space

The Lagrangian L(p,0,1) = I {-p&(p)+U (E(p))+0" (t—70) phdx

leads to  &(p(x))=0"#(x)+ const.

So  p(x)=U(0"t(x)-xy (0)) , we call U-model




U-estimation

Let x,,..., x, be from p(x) and let p,(x) be a model function.

U-loss function  1,,(p)) = -3 &(py(x)+ [ UE(py)
i=l1

U-estimator 0, = argmin L ;,(py)
0cO

Note: E Ly (pg)=Cu(p,po) 5 Ly (po) :CU(P,PQ) as n — oo

Consistency éU — O(p) asn—> o
a.s.

where O(p) = argmin Cy; (p, py)
ASLC

Asymptotic normality \/E(éU -0(p)) > N(O,V;(0,p)) asn— ©
D



U-method

U-cross entropy

\ E
mpirical

U-loss

~~

— | U-entropy |—> | U-divergence

\ MaxEnt

U-estimator

~

(U-estimator, expo-model)

\ Pythagoras

U-model (U-estimator, U-model)

l Moment estimate

Statistical analysis

/

Robustness



U,-estimator under exp-model

model
Exponential U,-model
loss function
U, = likelihood MLE Robust
M-estimate
U,-loss ROl?USt Moment estimator
U,-estimotor




Po

P1

Minimax game

max  min Cy(p,q)=Cy(p,p )= min max Cy(p.q)

peg(po) qgeo”

q g peg(po)

where p” =argmaxHy, (p)
pe(py)

Cf. Grunwald and Dawid (2004)

(Po)
’ 17

(P1) V%\/ I




Statistical Modeling: The Two Cultures

Leo Breiman

Abstract. There are two cultures in the use of statistical modeling

reach conclusmns from data. One assumes that the data are generted
l. The other uses algorit s and
treats the data mechanism as unknown. The statistical community has
been committed to the almost exclusive use of data models. This commit-
ment has led to irrelevant theory, questionable conclusions, and has kept
statisticians from working on a large range of interesting current prob-
lems. Algorithmic modeling, both in theory and practice, has developed
rapidly in fields outside statistics. It can be used both on large complex
data sets and as a more accurate and informative alternative to data
modeling on smaller data sets. If our goal as a field is to use data to
solve problems, then we need to move away from exclusive dependence
on data models and adopt a more diverse set of tools.

Statistical Science
2001, Vol. 16, No. 3, 199-231



Pattern recognition

Feature vector X = (Xpn Xp)

Class label y e {-1,+1}
Classifier x = y=f(x)
Training data D ={(x;, Y ), (x,,Y,)}

Statistical classifier ~ f (x) = sgin (F (x))




Set of weak learners

Decision stamp
f;(x,a,b)=%sgn(x,—b): je {l,+, p},be R |

stamp {

Linear classifiers

11near {f(x ﬂ) Sgn(ﬁl x_I_IBO) ﬂ (ﬁl ﬁO)e ]Rp+1}

F c F.

stamp — linear
No stronger, but exhaustive!

ANNs SVMs k-NNs



Adaboost

L. Initial setting : wy())== (i=1-n), Fo(x)=0
2. Fort=1,---T  &(f)=> 1(y; = f(x;))w (i),

(@) gt(f(t)) = I'frlll!_’l &(f)

(b) & =7log—
(C) Wt+1(i) = Wt(i)eXp(—Olt f(t) (xi)yi)

3. sign(FT(x)), where F; (x)=iozt f(x)

Freund-Schapire (1997).



Learning process

w, (1), ---, w(n)

A}f(l)(x)\
&1

— =

{(x;, y1)

..... (x,, ¥Ya)} /

\

W, (1),---, w,(n) | o) (x)
&

\/QQ
- [

W (1)1”" W (n)

f(T)(x)

]
Final decisionby  F; (x) =) a, f(x)
t=1

=
Z 2 f(t) (x)
t=1




91ed 10449 bulurea |

0.2

0.15

0.1

0.05

Learning curve

50 100 150 200

Iteration

250



Stopping rule

Dtrain :{ (xiﬂyi) : l.Il,..., n}

Training data

.
Final decision function F. (x) = Z a, f(t) (x)
t=1

How to find 7T ?

X T, = argmin Err ™" (h; )

T>0

X T, =argmin Err' (h, )

T>0

O T,, = argmin CVEr o r)

T7>0



10-fold CV Error rate

D = {(xi, yi)}inzl’ FT(x):iat Ty (X)

Validd@glavaldation  Thiaiiing

1 |2 3| 4 9

10

e() €(2) £(3)

10
= Averaing by iZg(k)
1045



Update of exp-loss

n

1
Exponential loss functional ~ Lex(F) = HZ exp{-y;F(x;)}

i=1

Consider one updateas F(x) > F(x) + a f(x)
LolF +a ) == 3 expfyF (x)expiay,f (x)}

- %ieXp{_yiF(xi)}[eﬂ(f (%)= y)+e“I(f(x)= yi)]

= L, (F){e"s(f) +e(1-&(f))}

S () % W) exp{-yFx)}
where  g(f)=-=
Lo (F)




Sequential minimization

L., (F+af)=L (F){e(f)e“+1-¢e(f))e "}

exp exp

g(f)e” +(1—g(f))e™

:{\/1‘;(” —1/g(f)e“} 2o (D)-e(F)}

> 2./e(D){l—-&(f)}

Equality iff a, = %Iog 1‘(‘:(;)
E




Adaboost = sequential min expo-loss

g]ellrg Lexp(Ft—l T f(t)) — Lexp(Ft—l)\/g( f(t)){ 1- g( f(t))}

Oy = %Iog 1;(815(2(;))
(a) fio :argrpin &(f)
(b) a, =arg rgin Lo (Fy +a fiyy)
() W, (1) o< w (1) exp{e,y; T, (X))}




Bayes risk consistency

Expected loss functional

Lep(F) = X [ exp{-y F(x)}dP(y, x)

y=%1

= [{e W p(+1]x)+e" ™ p(=1] x)} (x) dx

Optimal discriminant function

p(+1]x)
p(-1]x)

1
F opt (x) = 5 log

I—exp(F) - I—exp(Fopt)

= [{eF W p(+1]x) +e" ¥ p(=1] x) - 2/ p(+1] x) p(-1[ x)}f (x) dx

= [{e @ pr1]x) —eF P p(-1]x) P f(x)dx 20



A simulation
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Feature space

[-1,1] X [-1,1]

Decision boundary

X, =sin(27x x,)

{ (xi: yi) : i=1,---,1000}

x, e[ 1]x[-1,1]
y, € {-1, +1}



Set of linear classifiers

Linear classifier

+11f rx, +rx,+1 =20

X, X, )=sgn(rx, +rx, +r)= .
J(xp,x;)=sgn (rix, +1,X, + 1) {—11fr1x1+7‘2x2+’”3<0

Random generation

i, n, ny ~ UL




Learning process

1 1 1

0.5

1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
-1 -0.5 0 0.5 1

-1 -0.5 0 0.5 1

|
-
i

-0.5 0 0.5

[

-1 -0.5 0 0.5

Iter = 23, train err = 0.10 Iter = 31, train err = 0.095 lter = 47, train err = 0.08



Final decision

-1 -0.5 0 0.5 1

Contour of F(x) Sign(F(x))



U-boost for classification

Let (x, y) be avariable with feature vector x and label y

Decisionrule  h(x)=argmax g(y|x)

vedl,...g}
U-boost: q,(y|x) = = u(a, f,(x,y)+&(q,,(v]x)))
Step 1. J,=argming,(f[q,,)
f
Step 2. a,=argmin L, (af +&(q,.,))
Lf;mp (&(q,))— Lf;mp (&(g1)=Dy(q41-9,)

Murata et al (2004)



U-Boost for density estimation

Uross function Lo (1) == (1 ()] U(ECT (s
Dictionary of density functions

o ={ g;(x):9,(x)>0, j g,(x)dx=1 AeA}
Learning space = U-model

" =N eo(E()) =L ET( D 71 (9, (x)}

AeA

o Let f(x,m)=¢7( 2 7, £(9,(x)). Then e 0oL 0)=0:()
AeA

*

o U, o

Goal : find f " =argmin L, (f)

fecy



U-Boost algorithm

(A) Find fi = argminLy(9g)
ge &

(B) Update 1:k - fk+1 =§_1((1—(Zk+1)§( fk)+ak+1§(gk+1)) st

(@, Oka) = argmin - Ly (& ((AL-a)E(f) +aé(9)))
(e, 9)e(0,1)x &

(C)  Select K, and f =& ((1—ay )E(fa) +akE(9k))

1
Example 2. Power entropy " (x)= (X7 9 (0 ) #
k

If =0, f*(x)zexp(Zﬂk log gk(x)) =[] o9c(x)™  Friedman et al (1984)
K K

If p=1, f (x)= D 7 9k (x) Klemela (2007)
k



Learning?

dictionary &/

Boosting is a forward stagewise algorithm



Inner step in the convex hull

o ={g(x,0) :0e®} —— " =convex()

Goal: " =argminly(f) f'(x) = 7y fy () 4+ 2 T (%)
fec)

g(x, ‘ ‘

f(x)



Loss decomposition

Lu (M- a)é(fi) +aé(9)) = L-a)Ly (i) +aly (9) - Ay (i, 9, @)

where A, (fy,0,0) = [ {0-@U(E(f)+ AU (E(@) -U(@- () + (@)}

T U(c(2)
Note 1. (1) A (T, 9,0) >0, V
(2) Ay (f,0,0)=0<= f, =g (a.e.) U(ﬂ]%/
7 l—ata
Min problem: grzi(g\{aLU (9)—Ay (T, 9. 2)} U | @)

Make L, (g) smaller,and Ay (f,0,«) larger in g simultaneously.



Non-asymptotic bound  Naitoand Eguchi (2012)

Theorem. Assume that a data distribution has a density p(x).
Then we have

E,Dy (p. fx) < FA(p. &y ) +EE(p, & ) + IE(K),
where
FA(p,cxy’) = inf Dy(p, f)  (Functional approximation)

Je o’

EE(p, ) = 2E ;{ sup Iiié(gm»— E&(g(x))|}  (Estimation error)

ge” =1

IE(K) = K[erC (b,,cy are constants) (Iteration effect)
u

Remark. Trade between FA(p,@[‘J*) and EE(p, &)




Statistical applications

(kernel) U-PCA U-ICA (mixture)
U-Boost U-SVM

Robustness (outliers) (Exp-model, U-loss)
Redescendency (hidden structure) (U-model, U-estmate)

U-Boosting density  Evolve (U-model, U-loss)

. -y




Drawback of Boosting

(5 , f*) is suffered from over - learning by employing the same dataset D

because (8. f,) = argmin L, ((1-8) f, +5 £,. D)
(0.f) €F

O  Bagging: (5’, f;) is learned from bootstraped samples D’'s and avaraging

Breiman (1996)

@) Predetermi nd mixing ratio as J = (Jy,..., 0;,....)

Early stopping (Zhang-Yu,2005), Clemela (2008)

O Boosted Lasso (Zhao - Yu, 2004), Buhlmann (2006)

Meinshausen and Buhlmann (2011), Stadle-Buhlmann-van de Geer (2010)



Poincaré conjecture 1904

Every simply connected, closed 3-manifold is
homeomorphic to the 3-sphere

Ricci flow by Richard Hamilton in 1981
Perelmann 2002, 2003

Optimal control theory due to Pontryagin and Bellman

Wasserstein space  dy (f,g) = min{\/E I X=Y|?:X~f,Y~g

Optimal transport ¢, , = argmin{/E|| X —4(X)|> : X ~ £,4(X)~ g}



Optimal transport

Theorem (Brenier, 1991) There exists a convex function ® such that VO = Drq

Assume that 3K >0 st —uT{

0 2
lo X)eu>K || u
° logg(x)} ul

Talagrand inequality D(f,g) = % dy (f.8)°
Log Sovolev inequality D(f,(I)zg) < % E, | VO ||2

Optimal transport theory is extending on a general manifold

C. Villani (2010) Optimal transport theory as Fields medal

Geometers consider not a space, but a distribution family on the space.




Fisher's equation in 1937

Fisher-Kolmogorov equation (2—7; =Au+u(l—u)

Reaction—diffusion systems Z—Z =Au+ f(u)

Ecology, physiology, combustion, crystallization, plasma physics,
phase transition problems cf. Wiki (reaction diffusion process)

10m 1.0 1.0
5 05 .05 .. 05 oA
) ) ©
€ 0.0 € 0.0} £
B T .§ 0.0
8 8 8
05 .05 o5k

-1.0 1.0 -1.0 POl

“10 05 00 05 1.0 ) '-1.0 05 00 05 1.0 10 05 00 05 1.0
coordinate x coordinate x coordinate x

Noisy initial conditions at £ = 0. State of the system at ¢ = 10. Almost converged state at 7 = 100.



Observed population g

[
AL

o Log(fyly, e))

Statistical inference for noisy nonlinear

ecological dynamic systems

8000 || |

Simon N. Wood
b
250
I
| ‘ : =
501 i"il ;’ll A "\ |‘| | ,',\ |“ | '“ill .
JVLIVU LA | —ecce
5 10 20 30 40 6
Time
d
000 —
=100
| _-:n—SOO
,000 —
=500
3.0 3.5 4.0 45 5.0
log(r)

1 ] 1 ] 1
3.0 3.5 4.0 4.5 5.0
log(r)



Statistical algorithm

Data-to-statistics transform

. SNr

Estimate pg, X,

i b ——

|
S

MVN log likelihood

Sufficient statistic

T
s =(51,52,53)

o o 20 3a
Vi =81 VitV 83, +&



Simulated curved normal model

Ricker map N, =rN,exp(—N, +¢,)
where {e,} are independent N (O,(Tez)

Sampling y, ~ Poisson (¢ N,)

Statistical parameter 0= (r,o>, ¢) defines f(y,e,0)

%
0 — (Yr¥y) — (81.58y)
simulate

M ¢ M ¢ * T
Ho :ZSZ' , Vo :Z(Si — Mo )(S; — Hy)
i=1 i=1

1(0)==5(s=tg)' Vo (s f1g) — 5 log det27 V)



Conclusions and Future directions

Release Fisher’s mind control

MLE 1912

MCMC
Simulation modeling

Monte Carlo search

Big data

From log to power function

Two cultures

Optimal transport theory

Simulated likelihood

Dynamics and statistics




