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COENT Hawkes BFEE LTHION A Z L2 72, HOEHENSER & B R 5 8
FIZOWT, 1971 FE0 5 1974 EEDOMICHER EN/2—H D 5 KOFHLIZ DWW TP, Alan Hawkes
ANDA VEF 2= ZHESLHDTE. MAT, TNSDHLDIEER D Alan Hawkes DL,
Hawkes BEEDWIEICR > TL B F T, YA ED PP o700, TFORIEI T2
EIZOoWVTHEWVWLDOPESTHEHoTWET,

F—U—F:!Fa2—, ETASTEFN, 4 FFx ), S, 4B, HREE.

REE . AL, Hawkes BFEDELEE TH A Alan Hawkes K72 B X L, Hawkes BFEDO WA
DEFUIZONWT, TELRLDOVLDPDHEMICHEL TWA22 LI DIFEFS LA
DERZERVE L, ERITE LW L2, Alan DVRAAMKIAL 2L &2 LzwEH L
TN FE L7z, Alan & Hawkes MO ER L72F —/8—Y ' TH 5% Jing Chen (B
) H Iz D EEDORFEFHEHIFE S TNBEEH TT.

CONEDHBIL Alan HHV2D O T 41 HOEHEZFIBH & 20 T4, KHEONE
WCZANDOFEENEDb> THWET.

1. 1FU®IC

DX BBLLNFEREERITT 5 Y v —FIVOEETIZ, Hawkes BREDERIZOWTE
FOEEE W R EREZZIE LT L2, BOUIZW AL O OEBA~RSHET 2 TE W)
REEWLREETILLY, 3IPLBHELEIE TV AZEwERVE LA ZORERZD
XETYT. ZOXHERPYEMIHTI2ROEEEZEATTH, LVELDTF—<IZo0THEW
TVET., ZOTF—<IZOWTORDOIFERIIWP O L 2012 SELUBEZ OBFIRE > T2 D
DWFFED 2 DICWREIC T BT . BHITOWTIE, RAORMETH 5 Jing Chen %% LT
WBEHATLI LG R o72TL ). BROBMIFFIIRKZNDOPDN TT. 20720,
R FBEZR IR > T NL L HIZBHVWE LT L. ZOXEDORTEIEFA (Alan) 2%
FEN2LOT, Jing PWHBREOFEHEZL LD ET, FHONBEIZZAOEENEDL > T
F9.
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1.1 BE

FUL 1960 4EIZF V7R - AL v Y - 0y FUOMFREFEL, & 5ITHMVARRZHIT O
FHEDO 1 ERBR 2 B0 L7202 —= T4 ALy Y -0y K OMGHEHRICEY T L2
ZOEDOKD Y IZIL, EEHEGEMEIZISH S TY AL TH B Z % L TV 5 Maurice
Bartlett #IZOIFED T CTHFEAEZIZ LD FE L2, 1 EBRIZOFRETHRMOR 45, &F
EFOMOEREZ R LEDOMIgEE T E Lz, BROEMRICIX 1965 £ L T L2,
Z DDA ERERE X David Cox #I% T L7z, David Cox ZIZIZIIMAIN CTEE R 7R ERED
B HDTTH, Cox HiZld Cox BEELIFIINS L L AMSNBREF NV ZRMIIED X
L7.

AR TR, RIEFEBITHHEBICOVWTHEIZ 2 OOMXEREL T Lz, BEEIZH
GO E D o U”H%’\%%Eﬁtk#ﬂliﬁbi L7z, Z0%IIMkA BT —<IZDOWTHE
WCADDWMLERELT L, 22— 4 - ALy Y -0y FVIEMRICEREDEH
ERAELTINFE Lz, 0y FUREN, 0¥ FrOMoREDHE (Cox X David Brillinger
D& BFEE)RHEN S OELLHMBLRRT A ENTELLIF—2HBELTINE
L7z, SAED S OF LRSI, BEZZHT S % 5 X BB ICEHBR L 7205 E Jerzy
Neyman % Peter Lewis 2% £ $ 9. Cox and Lewis (1966) &, W{ 29 DHEET IV E —F4
WCHEIRIRWE ) 7S5 7R BRLF LD, BIETF—FOMICEPFLTHE L Ride b bir
O OIERE TdH 5 Bartlett (1963) (24l % =T £ L7z, Bartlett (ZZ DL D H
T, ZO®HIZELR L LTHBRIZBIT S Bartlett ARZ MLVELTHOSNEZ LIZRDL D%
POTHAMALE L7z, I LIES S ORI BRSSPI REERBEWASH 2R L TS
THAHH) EVIHBICED F L7

2. WL DHPDOREMABEE

Z DETIX Hawkes WBREINZ DWW T D 5 KOG (Hawkes, 1971a, 1971b, 1972; Hawkes
and Adamopoulos, 1973; Hawkes and Oakes, 1974) 23E 2 1172 1971 4E00 5 1974 FEDEHIZD W
THEXFT. ZOUKRIETD DA A Hawkes BFE L FIFIENTE 59, HOBHE R OHEE)E S
W LIFEINTHWE L. AP ZZTHELS RN RO 2T LI2iE, BSEICE R LR
D5 DODEMDND 3 O DREFEThTHET.

REE D S5DEM 1 Hawkes BEEARB I NI, LX) LEBEREFTVICAZDYH D
¥ L72%. Hawkes BREEFIVRMEFT NV ZIBHTEICH2-o TORELR S TEL 72D DI
EDLHIBLDOTLIH.

1969 4128 T A RFIIE - 728, RIFBICHBERICOVWTHEANIE Z KO TWE L.
Mg, MEBEIIHLIEEOMLELED TITWVFE L7255, Poisson iﬂ’fi, V)= a—T7 Vi,
semi-Markov BFE (Hawkes, 1970 (ZIE DT —~< I T %530, UM Z T Neyman-Scott
R Bartlett-Lewis A2, Cox #FEZBRIFIEX, %< 0){‘7‘)1/533%“$%0)E§ LEEDTNHS X
INHMCIERZ FHATL . FAZHRIC Bartlett 12 B2 2T CWie7z0, HHVWH LWET
WVaREAL, €0 Bartlett A7 MVERDIFZZEHRTELZDd LG nERsT0E L.

SHRIEBRIIOVWT o LAV ERE L, FEHA75BE R @t i Markov 8K (Bl 3,
HHLRE ] CTHEBCREE 2 & O Markov #8f8), =2 — 80 Y D5K, BRISERITHEE, X T2A0RE
M, F0LIBARY FOFNEETMET LD THNEED L) LbDOTHoTHEH
WEOTWET.

ZOLIFH L o/ EREIE, FIREEETTH S Z2ED » 2FHRE L TR 5 2
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ETLZ, avyEa—FI3WHENICERCTERIICH D T LN, FENINS CHED BN
bOTL, V7 My =T 3EH#EEO N TRENTL. ETIIHMADOTAZ ETRELS
NV HVWRT TN Ay Ca—y EBREEHOYV 7 by 2 7HFIHTEETL, V7
72T D% L BMRAPOMEZEDOEHOBETERTHHTAZIENTEEY. IV Ea—%
DN—=FTxT7EVT7 N2 TOREE, BEEOSVWREDOT—%, Hl 2 13HEIR &/
TORIVBITLEOREIRENDT— %, Z#HEOLIEIREFHICL T L.

REZED S5 DER] 2 : Hawkes #BFEIZ E ) R o TERVO WD TT D). Hawkes BWERITFADE
FNBUFICHICI T FE L. REDECIIRBEDOZL LI OBEMOE Z \ZHIKDH 5 DT
FawnhrtBuig,

EREICEDIRSTEI Lrolzd, THEREFDIII 2PN TIL, Bo& 0 EiI3HE
ATVWERTA. WOPDIHOWRENY:, FHIRGGERITBENOIGH IO WTIEED
NTWE L7225, BIfEARIC N2 b O TLR. %< @AY Hawkes BFEIZIC 4 IZHED
WA T B DI E N2 v o T Hawkes BIEDH L ZEH XD T T4, ZHIIIEL
L BWZ B STY. 7272, Vere-Jones (1970) D BLBEZE W EH LAY Hawkes (1971a) THIH &
NTEVETH. oL SHEHFBOREREELZ - AFRH L L2, RIS RICrEHN
BT ELEITRELEZTCVD, RICHBOGHT 2R 58T L. Hawkes (1972) Tld~—
A EFHEEEERAL, (=X BEEOEFTVOHEF — ¥ ~DOHEIET T L RFED L.
Adamopoulos {2 X % [E W I EREEFDTVWE L7-.

Z ® Z & 1% Hawkes and Adamopoulos (1973) THEEZME O F L7z, FEE Hawkes MFEDFZHMN
BRBEANOMDTOHBATLZ, 7272, TS OBBEFRMNEA SN2 KE, FROFHEOHFIZIE
LHLAAMBEOZ LIS THATLE., TAIIIHBOMBMNIIEALEHYTRATLED
T, ZOMLIIFNBRVHLTIEH ) TEATLRD, HESZIHEVTREENH 5 LD
TWE L7 WEFRZRECOVTIL Ao THETND, MERE, HICELLRARAD
HEEMEIL, BEICA RS — A NVEEALT 2L EFLRLZENTETCEL
L, BELZBEHREFSVEEOAEL R ETAS EF V2B L TWE L7 (Ogata, 1998). &
NOHOZ LIZFRER 2 FHUT HUEEDMY LiFCnE Lz, LREBHFUOFIZOVTIE
Mohler et al. (2011) #ZH L TL 728 W,

wEE D 5> DB 3 MatiiEiRICOWT, ROHRTIEAXRY bv, BRHBEELTE—
A Y MZHEDCHED, BT — I CEICHV SN TV EEMZE 572D TTA, TEIZ
Heo CHEGREHEE) b i SN T L7z, SHUIARY T .

AREZEENES, HLHEH SN TS )L Cox and Lewis (1966) 25EH W\ Ty £ 928,
Lewis et al. (1969) 13 FN 5D FiEEFEH T 5720 % V>3 Ea—% 712 5 A (SASE IV)
ZHE L £ L7z, Metropolis-Hastings ¥ED & 9 %3 Y ¥ 2 — % 2% L 72 MCMC Bayes 13
FEMICH ) (RoOREOR Y Tid) MBI O— R Y —VITIZEZ R o TR o720
T3 . Hawkes and Adamopoulos (1973)1%, ¥ Z VD AR bV (EY F K75 4 LTI
52r3H5) LEEISRIINKEL I ECENSE L2 BRI 7% Bartlett 2-X27 MV LI,
BIEMT RS BMREBRO L) ot kb E VW) FEZITEILTARY PIVEEE]%
BMALE L.

R 1974425 T A RENH AT 4 ¥ T —RFITEB L, 1978 4EEIC David Vere-Jones %%
A4 vV —IGEREIR TN E L, BETIRE, — iR MOERIZ DWW T O Rubin (1972)
DFERITHEDOWTRIF (Ozaki, 1979) 255K L 72 Hawkes BEOSH TR LS AMSNABER
FUZOWTHFHI LT NF L7, Vere-Jones (ZZF DRI Y #HIr X 5 ICRIGZBZMNITHZ &
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ozt BnEd. wRKLED EM 70T X Al Dempster et al. (1977) DiFEH X
EWFZELLENICIE— i e N TV ELATLA. 4 Tld Hawkes 8% (Hawkes and Oakes,
1974) DIEGEEZ RIS L (DR THET.

3. hEf

REEDPSDEM 4 ZDOADPEHRL T T, BHIIREOR, BHOBERBEDH
BT T RO TV L2, TORS BB T, oMM, 2587 0T %078
WHRIZoT=DTY .

ROWHEZLE L TOF Yy Y TE2BLT, FICAIZEGZOZ L2 ARKRIIHAERRHZ LTS
TWE L7, RIEEFEGRO-OICHRZHET 5 2 L I3ECHL0EH ) FHATLE. B
3H AR Rt Ah 5 EELR BARNEEZ RS 5 2L 2irA 3. Zh oo HARR
HRFZFNIEEDOBEEL (EHEOBI) B 725 L L) RAFEATLE. =2 X
#15 =12 X E, D Hawkes D7 Hawkes (1971a) 232 E ENTH S 30 EOR, 5IHIX
XK 1.5 WTY. 5 HTRERK 200 BIOFIHZEH D 9. FAITEHGHH 2 ITHERCEY:
JEWC DWW TCEBICRLOEME T LI M@ EALE TV DL EIEEZFEATLE. R
3D o ERBRASFCTHZ E R RO TWE L7

A== 74 - H Ly Y -0y N CRILAED S EBAE O David Colquhoun @
ZEEMoTVWEL. HAFBNTVWAARTH Lo BFMEVE L2OTY. EWHEIFOR
(Colquhoun, 1971) OFEFRMEMEICET LIETHOBFEVE LE L7z, MR T—#D 231
7 RBBT LIS, EOL B VOBETRFICKER AN 7 2 BI85 2 L Hffsh b0
) B B IRIZRAANTRITHNT £ L7228, Hawkes (1970) 13 Z OE M5 A EIZE L TER
NBOTLHDFT. MLEFZOILZ L LERZ L Lo VvIZEMBIEL T T L
A%, ENHPEAME %2 RD TWIZEHMTL .

FOBRMBEA X v F ¥ VAN ZBABNERICOVTRICEMEZ LTEE L. A+ F vy
YERIVIIETICERE S B R A VMR EERDARTREEST, Rz LTIEEL4IIEL S
CLLEZLHILIML LI ML TERLS RV ET. A F v F X Y AVITEMIERICS
WTHEERYA MR EF. Bz, BB F v A VESELESEATE W
IIACLFETH, ZOZLICL o TERAIHAZELZVWEIICRDTET. RdAF v F x>~
ANIZOWTH T ) Hi#kdd ) TRATLZ2DS, David [IZHFH#EADH Y, MBLETH LI %
B Z B ENTE, ROFFLAMHT L LB TEE L.

ZFOEHITLTERA DETH 40 4ED DEHN 72 FERE S LWILFEFZE AT » £ L7z, David
BHDFELFHODH L AMTY. HIZLoN—YF 4 - ALy Y -0y Ry TERHEOEIES
JUOEVHEET7zu—LR), 3AD —NVEZEHFEMRELI L. BEALIELVA
MTHEKATT. LB DIIRELZEOTL.

BL Y VTN - Ty YA VOBFOMREFVOREH L2 T L2, ZDOET N
W, HPAEE LA, AW E A HEIICHE T B EEHE RIS OV I 2 BR AT
ST EEWRICL, HOSOMRPOII2=F 4 TRLZIEDTELRVLDERD T LT
o nz, ABREWoEE, EICIIRHWICOWCIHREED 2 EHB RS, ChET
ToltlikbEELMAFLEZTCVET. ZRIIMZEOHFEDEHS LdboTLA. ek
20 DFHLEFRELI L2, ZORIEEL 10 DL % 2% Lk (Colquhoun and Hawkes,
1977, 1982, 1987, 1995a, 1995b; Colquhoun et al., 1996, 1997, 2003; Hawkes et al., 1990, 1992)
IR LE L7z, ROREETH S Assad Jalali LD, F v v AIVEPARERAH 25 ~ 4 7 10
FLUF &) IEFAHIFH L D e W DIBE TE v, W DD F ¥ ¥ VPR
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IZDW T D time interval ommision D EE L FIEOMIII K E L EHKE SN/ 2 & (Hawkes et
al., 1990, 1992; Jalali and Hawkes, 1992) B RTE QIR D FHA. 2OT—< TIIRADME
—DHAREWRL R HHZEDIFICSRLTBE T (A i, 1989).

IV AT LAORBEEICOVTH UOMXERRLELL., TOT7—<IZDOnTIL, 20
BFEO—HBA T F v ANV EHHTLIBICHWAZ2 D EMTIZWE L2AS, RIZERITE
RS H o 72bIFTRHY FRA. ZOF—<IH LD o 2 EREZIRE L7 2 LS E LR
TY. ZELMICIZTZOT—<IZBT % 8 DD (Cui and Hawkes, 1994, 2008; Cui et al.,
1995, 2012; Fawzi and Hawkes, 1990; Hawkes et al., 2011; Jalali et al., 2005; Zheng et al., 2006)
EFEODTHYET. 1ZE A LB T RSO Lirong Cui Z3% & M4 O OBGeAE & o33
T7.

ZOMkE % T =IOV RN G EEREIDHFVEL LV I RKOWLLIH D F L7

4. Hawkes BEADEF

2012 4F{Z Jing Chen &A1Y &) BEAH Y F L7, HLIE Hawkes MO T — < IZK 5
EIICREBELE L7z, MlE, Hawkes BN E&RSH CldAy VT —~]Thor 2k
R S8, e OfFRFRICHRE TS TR E L. RISz owvTida < Ak
HYFHATLESD, BEBELOICHHC LS BFEZHR L -ZNEFNOGEOFiED 5 5
Re, HO—#AFTLI L) T LA FABICHKIEZD SWAH LwES L Hawkes B
DI IZIEWVIBHERHIZOWTEBWDO L 20BN L L) EBwE LAz 7272, THIEARE
ZHETHLZEPHAIKRE Y F L2 O (Hawkes, 1971a) (345 TIX4EM 200 BLEF]
HaEInhtwid.

Fe 4 DSEFE T Hawkes MEEIZOW TR - EIFETHOZIE (T—2 v av S, Yy—F
FE4E S, H) X Jing EEEZ RHB LEM2Z LTNF LD T, ZORIEL DT D 5T T
WheREE .

REHE @ 4.1 BEIIPEFHEED T

4.1 Hawkes B2 & 2RIDRITDFESH

2010 fEICHRME A Y + ¥ YV —RFZOFEEHFIBICEMFOMMmE LTHEMELF L. 2011
FIZIZERIoOWZE, FICEEERGI O~ —7y b A 70 A N5 7F ¥ —DOWET,
Hawkes AR EE LY — VL) DOH B LIZGN D& L2, RRd T2, BT 5%E0
Alan Hawkes 225 #IZAHE 1L Hawkes BEDFZTTH L I LIZHANDE T Lz, WHENG]
OEELRFEO 121, ARV FPEIZE, BEIEZ 5= MNP EFICERTIIBTAELS
2l ENHRLELE I TR —L o THAETHILTYT. DI EITLD Hawkes #FE
T A2 HRGERENTEDNY 3. FEE, T3 TUIF2HHTHL I LINEHI N
TETBY, &RNCBIT 2D Hawkes MO X, BEMEZ BT 2 &2 b EHIEE 5
BRI Ty ZATEIS ED X 5 IZHlb o> T AP HET 5 720D H DT (Bowsher, 2007
& Large, 2007 # ZM). fRBRTid, Hawkes BEZffio Ty I A ¥ — & o THAET LR
K& ETFTIVALT BHFED W DHHTE F L7z (Stabile and Torrisi, 2010 & Dassios and Zhao,
2011 Z2M). RBGEEREEZ, BORER T 22 LR 2 R T B &gl A | & &
BT EVIEZRTT. 20X RIBAIL, REMIIIHEEMREOHREEICEHD-TL S
DT, HEVAZETMUIBWTE L DLATIERICEIRLE V) T EFbhroTVET.

NS OWIIZBIF S Hawkes BFED IS HIZFEH ICHIEZE WD O T . Hawkes BFEDT SR
DEVEL OB THROTEETH VHEICTEDE VD T &% Alan ICHEESELDIZ, FAICD
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IRNEIH D FHATL. 2012 FEICFKR A IZHFIIZEZ 1HD F L7z, Alan I ZFAICHEZRAE (OF
|2 Hawkes iBf%) & #eT#2 8 2, FFFICHD Alan IC&RIZ2 82 T L72. Alan I2& o TORL)
DEMOINHO—EIL, BOBERR Y v —FVITIRIB LTV WL O DRI TRE L Wt
EF v 73 AIEETL.

P& DY W o M OWIET — <12, Hawkes ¥ % ¥ 78 % GARCH &€ 7V IZH#
ARtz ETL., HEHEFIVIZHRE LT L2, BAICGE—EOERM) ¥ —2IZBVWT Yy
VT EBRITAODHEPLETL, HRAREDERLTVEIHED 122 FViEDE L
2hs, VxRS AEIA, BV Yy v TR R R LBRIS, RIS o TS
ZENWA DL ENDLRY T L. FORD, BARZEFOLIZRNTTD IWKIGERT
EEDbND, HILOWHERERLE L, A RIBOTEESBREEZLILZ L2 BRLW
DTTD, BELDPLINEFTOLEIA MY XY —FTNVediHFTAsZLICHLIZELTVE
T, SOk LT TWET. 7275, x0Ty MR, 7Yy DCIZBY
T, KREBUFEREGIFERE Cd 2 KRERE MW 1 ZH 4 (CFTO) il THRE LR, &<
i S F L7z, mEWICEAOH LW FEEZ WA Z L THS 2B LY v »
7 GARCHETWIZRY £ L7, EFNVIIEEMAETYT. BLAIZASZHEDOETVEHELUT,
VXY YTOREDL ) L HTFOWGOWRBIED, EDOXIITKRIT AV T AR LTNS
ONPEBFLIZVEBVET., 297, PL—F—Z1HOEDLYIIRT T4 T1DL
DIEMERTFMEZRONSL L)L A WHEESHDET. TOZLE ML —F—OHFEWNLRER
WEICBOTEBWIER, EHATEETT.

FFREIZ, FAIE Hawkes MAEDORE ST 25T LT 5 2 5 & 9 12 Quantitative Finance ¥ ¥ —
FLVEHELI L. VX —F SRS EORESOEMELR IR L2 EKHINTL
72, B TIE 2018 EOMOIZHRIE L E L7, Chen and Hawkes & ¥4 R LFRIFMEZIZ L -
TENPNTZ 32D (Chen et al., 2018; Khashanah et al., 2018; Yang et al., 2018) & Hawkes
12 & B85 (Hawkes, 2018) 28BS N CTwWE 5.

®#1Z, Khashanah et al. (2018) ® HAEFEHAE K Hawkes €7 )V % 8 U CTEBT S TOHEL
OFNEETFTMMEL T, ZHRIEOFHEERZH VI RPEOXE THEO L 0T, &4 id
—HDARY IIMBD Y 4 TDAXRY P EDOHEERIZLYBAT AL - FTHAETLLHIC
L7z, MHEREM -ZEHETIII L7 +— 2 ETFMELTWET.

KIZ, Chen et al. (2018) 1%, FAFEL D AR D — A IV OEED HFEIRT 5720, KiblEH=
F:#E (AIC), Bayes THHtRH%E (BIC) K& UF Hannan-Quinn T5#HEHHE (HQ) @ 3 > D MEIH 72 1%
WEEHEZ LB L TV ET.

F L, T8 7 7 4 F Y AMERPILBD22H D F LA LD, =2a—RAITXoTHED
B IEEDAAE LTl 2 B2 L TV 2 OIEBETY . Yang et al. (2018)1, EDXHIZLT
BB B 2 likg & RIB OB X SHEANEH T 2 05 % BfFT 572012, HAFE Hawkes
HEZEHLE L, R4, 55122008 SEDOERGEHELEICB VT, T A ML —4—
DEEZ T 5= 2 — AED, ~—4 v POLHZHFET S LTI HRMICE->TET
WL EEFERLTVWET.

COREFICIFESICHIO 6 ROEBS LumXdbBREINTWE T, 7 —<IZHHW
BODEERNRLOMA T, PleB 5L, BIEEXT Y 7 HOBEXIERE Hawkes €7
)V (Achab et al., 2018; Lu and Abergel, 2018), ¥ —2 - 7—J)V - FL—54 ¥ 7 (Gao et al.,
2018), &RICBII AT v v 7L T ¥ 7 (Calcagnile et al., 2018), FLEhME ~FEFEENEIE K
ZhF (Schneider et al., 2018) R OEHR AR — 7 + 1) 4B (Buccioli and Kokholm, 2018) T7F.

SRS T D Hawkes BREDINHZ S 512D 5720, TAIZHAED H 11, The European
Journal of Finance D EFDRMEXED TVWET. XTITA4 VT4 -2 TFRAFY 7, &
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Vv, Ay b —2, K= 74V FR#L, FOL)LERICBITLEDINE
ROV TERT L TETY. TORETITIIERMIZH T S Hawkes ¥ ¥ ¥ 7THHUZD
WT D Hawkes 12 & %5 (Hawkes, 2021) WIS F 5.

Txlx, A—=7147 Q0ITHE), A+ vy IV— QUSHE) Rz -V r—V—HF—FK—
FYDAT 4 =T ATEKE (2019 4F) TO—HED 3 DD T —2 ¥ 3 v 7T Hawkes WD
EREHD LTEE L. A+ YTV —TORMHEIE Alan © 80 M HOFAEH ZHH 2 HFHIZ
D725 DT L7, David Colquhoun 284 4 ¥ F ¥ ¥ AWV T 5 Alan DEBICOWTHEE
LE L7 Moo REH L4 TO Hawkes BRI T 5250 TLZ. AL VA —F—
1¥ Mathieu Rosenbaum, Frédéric Abergel. Steve Hardiman & Judith Rousseau (Paris), Valérie
Chavez-Demoulin & Matthias Kirchner (Switzerland), Khaldoun Khashanah & Steve Yang (New
Jersey) , Fabrizio Lillo (Italy) , Mark Tippett (Australia) , Lirong Cui (China), Anton Merlushkin
(Credit Suisse, London), Enrico Scalas(Sussex, UK)Z LTCT% b5 A Alan Hawkes. &5 L
WEEAEH T L7z,

Hawkes #%E & Z DISHOFERED S ) 1 DDOEH L, HEEA— A V2 bo LEHTLI L2k
952 LT, Chenetal (2021)1F, W% ETAS EFNVOREFH H —F V2B SRR
572012, Mittag-Lefler Bl A — A2V EBEALTWEF. It & % L7 Mittag-Leffler
DT 77 2ALEMEFHT 5 2 EDHHET, €I X o T Hawkes ET VDWW D D¢
OFHEOEMEALZWHEIZ L 3. Cui et al. (2020) 13> { D5 D Hawkes MFEOFHEDE— 2 ~
FEROTLHEERHELTCNET.

FalZ= 2 — ARG L MBATEIOMZE b #kFE L CWE T . Liuet al. ® 2205w (2020a,
2020b) I+ Hawkes #8#2 &2{fibF ¥ PO ¥ =DV TWEF. Liuet al. (2020a) 1%, fifi
BEEZ 22— R X5 THRP S NLHRMOMNE ERILT ST PaE— |20 ERE
AL, BN Lo ThRA 5 A TORGHTEIRHHOL ¥V — A 2R L TWE ¥, 11 EHO
Za—ALWHT—FICHERDE, GRHSRY TV - 754 A (2008 FFEOHENEE L — O
BERER) ORROFI% THA ZBEROMNICEZLEIN TV L2 BRALTWET. HHRO
MNANDOKIGIE, 7Ly Iy —RHENOIREICE D 5 ERBERO LT L > 220 e s T
WX 9. Liuetal. (2020b) ZHPLY PBE—2ZHWT, Z2—XZd4§5 b L= —D G
PEBOWIEHFIZT > L DBFEL LY, Lo TX DRRN MR BRI, Mikks
Za—ADOWMFHIZ Lo TEPENBHEREIW) ANLLERH L L V) I EZHERALTVET.

5. Hawkes BfEDIRTE & [k
REE P Alan OFEIZEY FL X 9. TIIRBOEMTY.

WEED S DER 5 Hawkes ET VORI D TR LIGHIZOWT E ) BE 2 T H. Hawkes
EFIVORROFERIIEDL I RO L EHEFLTVET .

Hawkes WA 30 D DHEHEHEIN T2 L2 E 2 5L, O 54FEMO Hawkes 18
BROBHTGHEEZRTEBEVTVET. B2 —F—ThrHEFEEHISD LBIGTR
TY. REDZI—F—DHTIZER, V—Y v VAT A TRHFHHZOITF CERLB XL
CRONFETL, #RA2OSE, WURERLENITHOLH TS —EDWRGE Lo E T.
Hawkes B2 H W72 ORITHE IV INEDEE VTV EFHL TWE 5%, Poisson
BEBZEITHAHIINE, HAELEVWIZEIFIHEWTLED. HAEAIIIEMEXET.
Hawkes #8213, N— 28, Ry — 2V (WEL LI~ —27 L ZMARMA ), SEERE
OMEMEHOBIRICBVTTILF TN TT. FFHARRKIZE) LKA LR ) HTEET
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HZEBURETY. HA Ik 4 %58 T2 O PEOMEAIN 72 FIH OWFFE 2SRRI HE 2 T <
EFPHELTVwET.

BBV Z & 121, AL (Hawkes, 1971a) TOREIZ S B H 59, Hawkes BEEIIHEZ
EFMET B0 V20 LhERA. ETAS L W) ¥4 FVAVRIRT HNRZDH DT
TH, EEHITEFLDH T ) Hawkes L TEH LT EHA. Fiflao ;2 4V ZEGED
HIZAWEBOZL 2L LE L. BELMOPTIEIZOY 4 7Oz W Tiadsplfi
TRVWEETA. ENMDPEELLOLOPRBD 5 IIEHR T EL720TY. BIREWZ &2,
LIZLIE R N A5 L, Y FIv 7 2m2 b HAD=2— ATV 2 HTL 55
5T

Hawkes MO —W L FHD72012, F-AIZ LoD EF A MINIERTATTRER Y
TET 2T EETNVHEATEOESN 2ty NORBEATVERS>TWE T, LRk E €T
WEEBREE 2 A DTN, ZFIIFICERETT.

Achab, M., Bacry, E., Muzy, J. F. and Rambaldi, M. (2018). Analysis of order book flows using a non-
parametric estimation of the branching ratio matrix, Quantitative Finance, 18(2), 199-212.

Bartlett, M. S. (1963). The spectral analysis of point processes, Journal of the Royal Statistical Society
B, 25, 264-296.

Bowsher, C. G. (2007). Modelling security market events in continuous time: Intensity based, multi-
variate point process models, Journal of Econometrics, 141(2), 876-912.

Buccioli, A. and Kokholm, T. (2018). Constant proportion portfolio insurance strategies in contagious
markets, Quantitative Finance, 18(2), 311-331.

Calcagnile, L. M., Bormetti, G., Treccani, M., Marmi, S. and Lillo, F. (2018). Collective synchro-
nization and high frequency systemic instabilities in financial markets, Quantitative Finance,
18(2), 237-248.

Chen, J., Hawkes, A. G., Scalas, E. and Trinh, M. (2018). Performance of information criteria for
selection of Hawkes process models of financial data, Quantitative Finance, 18(2), 225-236.

Chen, J., Hawkes, A. G. and Scalas, E. (2021). Fractional Hawkes processes, (eds. F. Mainardi,
R. Garrappa and L. Beghin), Nonlocal and Fractional Operators: Theory and Applications to
Physics, Probability and Numerical Analysis, SEMA SIMAI Springer Series, 121-131, Springer,
Cham, Switzerland.

Colquhoun, D. (1971). Lectures on Biostatistics, Clarendon, Oxford.

Colquhoun, D. and Hawkes, A. G. (1977). Relaxation and fluctuations of currents that flow through
drug operated ion channels, Proceedings of the Royal Society of London B, 199, 231-262.

Colquhoun, D. and Hawkes, A. G. (1982). On the stochastic properties of bursts of single ion channel
openings and of clusters of bursts, Philosophical Transactions of the Royal Society of London
B, 300, 1-59.

Colquhoun, D. and Hawkes, A. G. (1987). A note on correlations in single ion channel records, Pro-
ceedings of the Royal Society of London B, 230, 15-52.

Colquhoun, D. and Hawkes, A. G. (1995a). The principles of the stochastic interpretation of ion-
channel mechanism, Single-Channel Recording (eds. B. Sakmann and E. Neher), 2nd ed.,
397-482, Plenum Press, New York.

Colquhoun, D. and Hawkes, A. G. (1995b). Desensitisation of N-methyl-D-aspartate receptors: A prob-
lem of interpretation, Proceedings of the National Academy of Sciences, USA, 92, 10327-10329.



Hawkes & OfE A B 131

Colquhoun, D., Hawkes, A. G. and Srodzinski, K. (1996). Joint distributions of apparent open times
and shut times of single ion channels and the maximum likelihood fitting of mechanisms, Philo-
sophical Transactions of the Royal Society of London A, 354, 2555-2590.

Colquhoun, D., Hawkes, A. G., Merlushkin, A. and Edmonds, B. (1997). Properties of single ion chan-
nel currents elicited by a pulse of agonist concentration or voltage, Philosophical Transactions
of the Royal Society of London A, 355, 1743-1786.

Colquhoun, D., Hatton, C. J. and Hawkes, A. G. (2003). The quality of maximum likelihood estimation
of ion channel rate constants, The Journal of the Physiology, 547(3), 699-728.

Cox, D. R. and Lewis, P. A. W. (1966). The Statistical Analysis of Series of Events, Methuen, London.

Cui, L. and Hawkes, A. G. (1994). Availability of a series system with warm spares, Microelectronics
Reliability, 34(6), 1057-1069.

Cui, L. and Hawkes, A. G. (2008). A note on the proof of the optimal consecutive-k-out-of-n: G line
for n < 2k, Journal of Statistical Planning and Inference, 138(5), 1516-1520.

Cui, L., Hawkes, A. G. and Jalali, A. (1995). The increasing failure rate property of consecutive-k-out-
of-n systems, Probability in Engineering and Informational Sciences, 9(2), 217-225.

Cui, L., Du, S. and Hawkes, A. G. (2012). A study on a single-unit repairable system with state
aggregations, IIE Transactions, 44(11), 1022-1032.

Cui, L., Hawkes, A. and Yi, H. (2020). An elementary derivation of moments of Hawkes processes,
Advances in Applied Probability, 52(1), 102-137.

Dassios, A. and Zhao, H. (2011). A dynamic contagion process, Advances in Applied Probability, 43(3),
814-846.

Dempster, A. P., Laird, N. M. and Rubin, D. B. (1977). Maximum likelihood from incomplete data via
the EM algorithm, Journal of the Royal Statistical Society B, 39(1), 1-38.

U4 FLUIE, MEPSE, R, R 75 2 G A—2 2 (1989). EiEUEI~ v 2 7HBEEFVIZE B
R 5 DT — 2T P VEERX—2, 3IREZ S ORTF ¥ 2V 7 — ST OY &, B
b fE XM EE D, J72-D2(11), 1926-1934.

Fawzi, B. B. and Hawkes, A. G. (1990). Availability of a series system with replacement and repair,
Journal of the Applied Probability, 27(4), 873-887.

Gao, X., Zhou, X. and Zhu, L. (2018). Transform analysis for Hawkes processes with applications to
dark pool trading, Quantitative Finance, 18(2), 265-282.

Hawkes, A. G. (1970). Bunching in a semi-Markov process, Journal of the Applied Probability, 7,
175-182.

Hawkes, A. G. (1971a). Spectra of some self-exciting and mutually-exciting point processes, Biometrika,
58, 83-90.

Hawkes, A. G. (1971b). Point spectra of some mutually-exciting point processes, Journal of the Royal
Statistical Society B, 33, 438-443.

Hawkes, A. G. (1972). Spectra of some mutually exciting point processes with associated variables,
Stochastic Point Processes: Statistical Analysis, Theory, and Applications (ed. P. A. W. Lewis),
261-271, Wiley, New York.

Hawkes, A. G. (2018). Hawkes processes and their applications to finance: A review, Quantitative
Finance, 18(2), 193-198.

Hawkes, A. G. (2021). Hawkes jump-diffusions and finance: A brief history and review, European
Journal of Finance, Published online 23 April 2020.

Hawkes, A. G. and Adamopoulos, L. (1973). Cluster models for earthquakes - regional comparisons.
Invited paper at the ISI conference, Vienna, Bulletin International Statistical Institute, 45(3),
454-461.

Hawkes, A. G. and Oakes, D. (1974). A cluster process representation of a self-exciting process, Journal



132 MEIEFL Heok F2m 2021

of the Applied Probability, 11(3), 493-503.

Hawkes, A. G., Jalali, A. and Colquhoun, D. (1990). The distributions of the apparent open times
and shut times in a single ion channel when brief events cannot be detected, Philosophical
Transactions of the Royal Society of London A, 332, 511-538.

Hawkes, A. G., Jalali, A. and Colquhoun, D. (1992). Asymptotic distributions of apparent open times
and shut times in a single channel record allowing for the omission of brief events, Philosophical
Transactions of the Royal Society of London B, 337, 383—404.

Hawkes, A. G., Cui, L. and Zheng, Z. (2011). Modeling the evolution of system performance under
alternative environments, IIE Transactions, 43(11), 761-772.

Jalali, A. and Hawkes, A. G. (1992). Generalised eigenproblems arising in aggregated Markov processes
allowing for time interval omission, Advances in Applied Probability, 24(2), 302-321.

Jalali, A., Hawkes, A. G., Cui, L. and Hwang, F. K. (2005). The optimal consecutive-k-out-of-n : G
line for n < 2k, Journal of Statistical Planning and Inference, 128(1), 281-287.

Khashanah, K., Chen, J. and Hawkes, A. (2018). A slightly depressing jump model: Intraday volatility
pattern simulation, Quantitative Finance, 18(2), 213-224.

Large, J. (2007). Measuring the resiliency of an electronic limit order book, Journal of Financial
Markets, 10(1), 1-25.

Lewis, P. A. W., Katcher, A. M. and Weis, A. H. (1969). SASE-IV: An improved program for the sta-
tistical analysis of series of events, Research Report RC-2365, IBM Thomas J. Watson Research
Center, Yorktown Heights, New York.

Liu, A., Chen, J., Yang, S. Y. and Hawkes, A. G. (2020a). The flow of information in trading: An
entropy approach to market regimes, Entropy, 22(9), Published online 22 Sept 2020.

Liu, A., Chen, J., Yang, S. Y. and Hawkes, A. G. (2020b). Information transition in trading and its
effect on market efficiency: An entropy approach, Proceedings of the First International Fo-
rum on Financial Mathematics and Fintech (ed. Zhiyong Zheng), Chapter 5, Springer Verlag,
Singapore.

Lu, X. and Abergel, F. (2018). High-dimensional Hawkes processes for limit order books: Modelling,
empirical analysis and numerical calibration, Quantitative Finance, 18(2), 249-264.

Mohler, G. O., Short, M. B., Brantingham, P. J., Schoenberg, F. P. and Tita, G. E. (2011). Self-exciting
point process modeling of crime, Journal of the American Statistical Association, 106(493),
100-108.

Ogata, Y. (1998). Space-time point process models for earthquake occurrences, Annals of the Institute
of Statistical Mathematics, 50(2), 379-402.

Ozaki, T. (1979). Maximum likelihood estimation of Hawkes’ self-exciting point processes, Annals of
the Institute of Statistical Mathematics, 31(B), 145-155.

Rubin, I. (1972). Regular point processes and their detection, IEEE Transactions on Information
Theory, 18, 547-557.

Schneider, M., Lillo, F. and Pelizzon, L. (2018). Modelling illiquidity spillovers with Hawkes processes:
An application to the sovereign bond market, Quantitative Finance, 18(2), 283-294.

Stabile, G. and Torrisi, G. L. (2010). Risk processes with non-stationary Hawkes claims arrivals,
Methodology and Computing in Applied Probability, 12, 415-429.

Vere-Jones, D. (1970). Stochastic models for earthquake occurrence, Journal of the Royal Statistical
Society B, 32, 1-62.

Yang, S. Y., Liu, A., Chen, J. and Hawkes, A. (2018). Applications of a multivariate Hawkes process to
joint modeling of sentiment and market return events, Quantitative Finance, 18(2), 295-310.

Zheng, Z., Cui, L. and Hawkes, A. G. (2006). A study on a single-unit Markov repairable system with
repair time omission, IEEE Transactions on Reliability, 55(2), 182-188.



Proceedings of the Institute of Statistical Mathematics Vol. 69, No. 2, 123-143 (2021) 133

A Personal History of Hawkes Processes

Alan Hawkes! and Jing Chen?

1School of Management, Swansea University
2School of Mathematics, Cardiff University

This paper is based on an interview with Alan Hawkes about the series of five papers
published 1971-1974 on self-exciting and mutually-exciting point processes that came to
be known as Hawkes processes. This is supplemented by additional material describing
the background before the papers were published, why it was 40 years before he returned
to the subject of Hawkes processes and some of the things that have since been achieved.

Key words: Queue, ETAS model, ion-channel, reliability, finance, stochastic process.



134
Appendix
A Personal History of Hawkes Processes

Alan Hawkes' and Jing Chen?

1School of Management, Swansea University, Bay Campus, Fabian Way, Swansea SA1 8EN, UK;
a.g.hawkes@swansea.ac.uk
2School of Mathematics, Cardiff University, Senghennydd Road, Cardiff CF24 4AG, UK;
Chenj60Q@cardiff.ac.uk

The editor: 1 thought that it was a great idea to invite Alan Hawkes, the inventor of the Hawkes
process, to answer some questions about the early history related to it. I was so delighted that
Alan told me that he would like to do more than that. Prof. Jing Chen, the key person who had
brought Alan back to the direction of Hawkes processes, would also tell the readers the facts in
recent years.

The first part of this article has been written by Alan, and Jing is the main author of Section

4.1. Both authors contributed to each section.

Abstract

This paper is based on an interview with Alan Hawkes about the series of five papers pub-
lished 1971-1974 on self-exciting and mutually-exciting point processes that came to be known as
Hawkes processes. This is supplemented by additional material describing the background before
the papers were published, why it was 40 years before he returned to the subject of Hawkes
processes and some of the things that have since been achieved.

1. Introduction

I was very honoured to be asked to contribute something on the history of Hawkes processes
to a special issue of a journal produced by such an illustrious Institute. At first it was suggested
that I might answer a few questions, but I thought that I would like to say a bit more: the
result is this article which covers more topics as well as including answers to those questions. My
work on this topic falls distinctly into two parts: the early work and a late return starting in
2012. The latter would never have happened without my colleague, Professor Jing Chen, who has
contributed so much. I therefore asked her to be co-author. The first part of this article has been
written by me (Alan) and Jing is the main author of the second part, but we both contributed

to each section.

1.1 Background

I graduated in Mathematics from King’s College London in 1960 and moved to the Statistics
Department in University College London (UCL) to study a one-year postgraduate diploma in
Statistics. At the end of that year, I started as a research student under the direction of Professor
Maurice Bartlett, working on queueing theory applied to problems in road traffic. One year later
I was appointed to a lectureship in the department and continued my research alongside teaching

and other duties. My thesis was completed in 1965: the external examiner was Professor David
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Cox who, amongst many of his important original works, introduced a well-known point process
model called the Cox process.

On completion of my thesis, I published two more queuing theory papers then decided that it
was time to broaden my research area. I published another four papers on a variety of topics.
UCL provided excellent facilities for research. London University had seminars that enabled one
to meet scholars from other colleges in London (such as Cox and David Brillinger) and distin-
guished visitors from abroad, including Jerzy Neyman and Peter Lewis, to name just a few who
made contributions to point process theory. Cox and Lewis [1] published an interesting mono-
graph with some theoretical models, but mostly concentrating on data analysis. Most of all, I
was stimulated by a paper by my PhD supervisor, Bartlett [2], in which he introduced what soon
became known as the Bartlett spectrum for a point process. I decided that point processes might

provide an interesting area to concentrate on for a while.

2. Some exciting point processes

In this section I discuss the time, 1971-1974, when those five early papers on Hawkes pro-
cesses, [3]-[7], were written. Of course, they were not called Hawkes processes at that time but
self-exciting and mutually-exciting point processes. What I have to say includes answers to three

of the five questions that I mentioned were posed to me.

Editor’s Question 1: At the time when the Hawkes process was proposed, what point
process models were popular? What were the main difficulties of applying Hawkes

models and other models?

When I moved to Durham University 1n 1969 I had already begun to think seriously about
point processes. There was some interest in point processes at that time but, it seemed to me
then, not many models apart from the obvious Poisson, renewal, semi-Markov processes (Hawkes,
1970, [8] was on the latter topic) together with Neyman-Scott, Bartlett-Lewis and Cox processes.
I was influenced particularly by Bartlett so that I thought maybe I could introduce a new model
and find its Bartlett spectrum.

Nowadays I have a much broader definition of point processes to include anything that models
streams of events, such as queueing theory, continuous-time Markov chains (i.e. Markov processes
with discrete states in continuous time), neuron firing, epidemic processes, systems reliability etc.

The main difficulties in those days were computing and availability of ample accurate data.
Computers were physically large and remote, though small in capacity and slow in speed. Soft-
ware was limited in scope. Today you can have an incredibly powerful machine on your desk and
a huge range of software, much of it freely available as the result of work of scholars from around
the World. The developments in computer hardware and software have also made it much easier
today to get large amounts of reliable data, for example in physiology or recording transactions

on financial markets every few milliseconds.

Editor’s Question 2: How did the process come out in your idea? This process ap-
peared before I was born. I wonder many researchers who are younger than I might be

interested in the answer to this question.

I do not have a clear memory of exactly how or why things turned out the way they did.
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The motivation was purely mathematical, although some possible applications were mentioned,
particularly epidemic processes. Many people begin articles on Hawkes processes saying that
they were originally invented to describe earthquake sequences. This is clearly not true, although
the interesting paper by Vere-Jones [9] was cited in Hawkes [3]. At this time I acquired a PhD
student and I thought that he should do something practical, so I set him to work on analysing
earthquake data. Hawkes [5] introduced marked exciting processes and included the remark “A
marked process model is being fitted to earthquake data by L. Adamopoulos at Durham”.

This came to fruition in Hawkes and Adamopoulos [6], which was indeed the first application
of Hawkes processes to any practical subject: but earthquakes were certainly not on my mind
when those processes were first introduced. It was not a particularly good paper, because we
knew little about earthquakes, but Seismologists felt that it had interesting possibilities. Since
they do know about earthquakes they, particularly the famous Japanese experts, have been able
to do much better with sensible exciting kernels and developing the well-known ETAS models,
including important spatio-temporal versions (Ogata, 1998, [10]). These have also been taken up

by people predicting criminal activity, see for example Mohler et al., 2011, [11].

Editor’s Question 3: On statistical inference, in my impression, spectrum, generating
functional and moment-based methods were the main techniques used in point process
data analysis. Likelihood based method (MLE) was just introduced. Is this true?

I think that is true. The methods most in use were described in Cox and Lewis [1] while
Lewis et al. (1969, [12]) provided useful computer programs (SASE IV) to apply those meth-
ods. Computer-intensive MCMC Bayes methods, such as Metropolis-Hastings, were in their
infancy but (as far as I can recall) had not yet become common tools for analysing point pro-
cesses. Hawkes and Adamopoulos [6] introduced “a spectral likelihood” method that relied on the
idea that the ratio of the sample spectrum (sometimes called periodogram) and the theoretical
Bartlett spectrum computed at various well-chosen frequencies were approximately distributed
as i.i.d exponential random variables.

I moved from Durham to Swansea university in 1974 and about 1978 David Vere-Jones visited
Swansea to give a talk in which he described the now well-known likelihood formula for Hawkes
processes published by Ozaki (1979, [13]) following a result of Rubin (1972, [14]) for general point
processes. I believe Vere-Jones had some part in encouraging Ozaki to work on that problem.
The EM algorithm for maximum likelihood was not generally known before the notable work of
Dempster et al. (1977, [15]): now it is often used on the branching process representation of the
Hawkes process [7].

3. The middle years

Editor’s Question 4: As many people have noticed, you gave up to continue your
work in self-exciting process for many years, what are the main reasons? During these

years what were your main research focuses?

Throughout my academic career I have always thought of myself primarily as an applied proba-
bilist. I have not been particularly interested in developing mathematical theory for its own sake.
I like to work on a concrete problem that has some practical importance. Those self-exciting

processes did not seem to have generated all that much excitement: according to Google Scholar,
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over the next 30 years the first Hawkes paper [3] received on average about 1.5 citations per year:
nowadays it gets about 200 citations per year. I did not feel that I had sufficient knowledge to
make a practical contribution to, say, earthquakes or epidemics. But I found something much
more interesting to do.

I had known pharmacologist, David Colquhoun, from my time at UCL. I had made a small
contribution to a book he was writing, on biostatistics [16] by helping him with the chapter
on stochastic processes. Also, Hawkes [8] was written in response to a question he asked me
about how often you might expect to see extra-large spikes when observing a series of spikes in
a nerve system. The paper generalised it and abstracted it out of all recognition, but that was
the question he wanted answered.

Then he started asking me questions about minute electric currents passing through ion-
channels, an essential part of the complex communication system that carries electrical signals
around the body, without which we would be unable to feel, think, move or do anything at all.
They are also important sites of drug action. For example, local anaesthetics close channels so
that no signal can pass and therefore the patient feels no pain. I did not know much about ion
channels, but David did and was able to communicate what he needed to know and to understand
the mathematics that I produced.

So began a wonderful collaboration between us that lasted for about 40 years. David is im-
mensely talented: he became professor of Pharmacology at UCL, a Fellow of the Royal Society
(FRS) who worked with three Nobel prize-winners. Such a nice man and good friend, it was a
great pleasure to work with him.

Together we pioneered the stochastic modelling of single-channel dynamics which came to be
indispensable to the worldwide community of pharmacologists, physiologists and biophysicists
who were thereby enabled to extract detailed understanding of the experimental results that
they routinely measure. I regard this as the most important work that I ever did, having prac-
tical importance for our understanding of the bodies of people, animals and even plants. And
the mathematics was nice too! We published 21 papers, of which 10 of the most important are
included in the bibliography [17]—[26]. I should also mention that my colleague, Dr Assad Jalali,
also made a significant contribution to solving the important problem of time interval omission
([20], [21], [27]), when some open or shut channel periods may not be observed because they
last for such a short time; less than about 25 us. Under this topic I also note my only previous
publication in Japanese [28].

I also published 14 papers on systems reliability. I was not so motivated by this topic, although
some of the mathematics was similar to that used for describing ion-channels. I was mainly drawn
into this by students or former students of mine who were interested in that subject and wanted
my help from time to time. The bibliography includes 8 of these papers, [29]-[36], mostly in
collaboration with Professor Lirong Cui, from Beijing Institute of Technology, and some of his
research students.

There were also 15 papers of little lasting importance on a miscellaneous collection of topics.

4. Return to Hawkes processes

In 2012 I got to know Jing Chen, who persuaded me to return to the subject of Hawkes pro-

cesses, which she assured me was a “hot topic in finance” and invited me to work with her on
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that subject. I knew nothing about finance but once again I found myself working with a talented
specialist in their field who understood the mathematics sufficiently well to guide my efforts. At
the same time, I thought I might try to catch up with all the new mathematics and the very broad
range of applications of Hawkes processes. This proved to be an impossible task: the original
paper [3] now gets over 200 citations per year.

As Jing motivated and organised almost everything we did on Hawkes processes in Finance
(workshops, journal special issues ... ), she will continue the story.

The Editor: Section 4.1 was narrated by Jing Chen

4.1 Recent history of Hawkes processes and Finance

In 2010 I joined Swansea School of Management as a lecturer in Finance. In 2011 I realized
that Hawkes processes were becoming important tools in Finance research, particularly in high
frequency trading (HFT) and market microstructure. I also realized that Emeritus Professor
Alan Hawkes, in my department, was actually the author of Hawkes processes. One of the im-
portant features of HFT is that the events (e.g. trades and quotes) occur at extremely high speed
(in milliseconds) and, often, in clusters. This provides a natural environment to apply Hawkes
processes. This, indeed, has proved to be the case and the early Hawkes process applications in
finance are to understand how limit order book activities related to bids and asks that would
move trading prices (See Bowsher, 2007 [37] and Large, 2007 [38]). In insurance, a few researches
also appeared using Hawkes processes to model the clusters in arrivals of insurance claims (see
Stabile & Torrisi, 2010 [39] and Dassios & Zhao, 2011, [40]). The idea is to consider the claim
process as a “dynamic contagion process” that exhibits the self- or mutual-exciting characteris-
tics. Such applications are often found highly useful in credit risk modelling as they ultimately
relate to the classic problem of the probability of ruin

These early applications of Hawkes processes are fascinating, and I hesitated no more to con-
vince Alan that Hawkes processes will be hugely important and helpful in many more areas in
Finance. In 2012, we started to work together, Alan teaching me Stochastic processes — espe-
cially Hawkes processes — and Statistics, while I taught him Finance. Part of his initial training
in Finance was to check the Mathematics and Statistics in several papers that I was submitting
to Finance journals.

Our first research idea that we worked on was to incorporate a Hawkes jump process into a
GARCH financial model. Having developed a theoretical model, we needed a method of identify-
ing jumps in a series of financial returns. We started using one of the most popular methods: we
found that it was sometimes very poor at identifying jumps, especially when the jumps showed
a contagious property. Therefore, we devised a new method that would behave well in those
circumstances. Unfortunately, we have so far found it difficult to persuade quality journals to
publish what we think are quite important results — but we keep trying. Our method of jump de-
tection was, however, well received when presented in a talk to the Commodities Futures Trading
Commission (CFTC), a US government financial regulatory body in Washington DC. Eventually,
we returned to our planned jump-GARCH model, using our new methods of detection, and are
close to completion. We hope, through our model, to understand how intra-day behaviour, such
as occurrence of jumps, is related to volatility. Subsequently, traders may be able to get more

accurate forecasts of volatility at the end of each day, which are practically achievable and feasible
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for their routine decision making.

Meanwhile, I persuaded the journal Quantitative Finance to publish a special issue on Hawkes
processes, and they asked me to be its chief editor. The issue was published in early 2018. It
included three papers written by Chen and Hawkes with various other co-authors, [41], [42] and
[43], and a review paper by Hawkes [44].

First, we model order flows in a financial market through a birth-death-immigration Hawkes
model in Khashanah, Chen and Hawkes [41]. This is opposite to most literature using positively
exciting processes: we model trades and quotes in a mutual-exciting bi-variate setting so that
one stream of events occurs at a decreasing rate due to interactions with the other type of events.

Second, Chen, Hawkes, Scalas and Trinh [42] compare three typical information criteria for
choosing from a collection of possible exciting kernels: Akaike’s information criterion (AIC),
Bayesian information criterion (BIC) and the Hannan-Quinn criterion (HQ).

In the meanwhile, behaviour finance research has been prevailing. Especially, it is clear that
news sentiment exists and drives market prices to move. Yang, Liu, Chen and Hawkes [43]
applied a mutually-exciting Hawkes process to understand how positive/negative price and sen-
timent movements interact. We find that, in particular post the 2008 financial crisis, the news
sentiment that reflects traders’ belief about the market has become more dominant in leading
the market to fluctuate.

Another half dozen excellent papers are also published in this special issue, addressing various
theoretical and practical issues such as high-dimensional, non-linear Hawkes model for limit order
book (Achab et al., [45]; Lu & Abergel, [46]), dark pool trading (Gao et al., [47]), financial jumps
and co-jumps (Calcagnile et al., [48]), liquidity/illiquidity spillover (Schneider et al., [49]) and
constant proportion portfolio insurance (Buccioli & Kokholm, [50]).

To further advance the applications of Hawkes processes in Finance, we are currently editing
another special issue of The Furopean Journal of Finance. Many more important issues in finance
such as volatility clustering, financial jumps, financial networks, portfolio optimisation etc. will
be discussed. This will also include a review by Hawkes (2021, [51]) on Hawkes jump-diffusions
in Finance.

We have also promoted Hawkes processes by a series of three Workshops in Cardiff (2017),
Swansea (2018) and Stevens Institute in Hoboken, New Jersey (2019). The Swansea meeting
was a 2-day affair to celebrate Alan’s 80*" birthday. David Colquhoun talked about Alan’s work
on ion channels. Most of the other talks were about Hawkes processes in Finance. Main speak-
ers were Mathieu Rosenbaum, Frédéric Abergel. Steve Hardiman and Judith Rousseau (Paris);
Valérie Chavez-Demoulin and Matthias Kirchner (Switzerland); Khaldoun Khashanah and Steve
Yang (New Jersey); Fabrizio Lillo (Italy); Mark Tippett (Australia), Lirong Cui (China), Anton
Merlushkin (Credit Suisse, London), Enrico Scalas (Sussex, UK) and, of course, Alan Hawkes. It
was a great birthday!

Another strand of development in Hawkes processes and their applications is to consider using
more complex kernels.: Chen, Hawkes and Scalas (2020, [52]) introduce a Mittag-Leffler type
kernel to replace the classic ETAS models’ power law kernel. This can take advantage of the
well-studied Laplace transform of the Mittag-Leffler function, thus providing a simpler calcula-
tion of some properties of such a Hawkes model. Cui, Hawkes and Yi (2020, [53]) develop a
method for finding moments of properties of some Hawkes processes.

We also continue the research in news sentiment and price behaviour. Two papers by Liu, Yang,
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Chen and Hawkes (2020) do not involve Hawkes processes at all, but are based on entropy. [54]
introduces entropy-based measures to quantify information flows driven by prices or news, and
thus identify different types of trading behaviours and market regimes. Based on 11 years of news
and market data, we find that the financial market has been dominated by different information
flows before and after the double crises period (the 2008 liquidity and euro-zone debt crises).
The responses to information flows are well studied in finance literature of Granger causality
studies. [55] again uses entropy to further find traders’ responses to news have become much
more pre-dominant during the crisis and, therefore, the more effective price discovery process

will need to adopt both price- and news-driven information.

5. The present and the future of Hawkes processes
Editor: Let us back to Alan again. And now the final question.

Editor’s Question 5: How do you think about recent developments and applications

of Hawkes models? How do you expect future development of Hawkes models will be?

It has been amazing to see the volume and scope of applications of Hawkes processes over the
last five years, considering that they were virtually ignored for about 30 years. The traditional
users, the seismologists, are still active. Among the more recent users we find plenty of activity
in finance, social media and mathematical theory, with some regular work also in Neuroscience;
crime and acts of violence. We suppose that the frequency of publications using Hawkes processes
will die down eventually but, like the Poisson process, it will never entirely fade away: it is just
too useful. The processes are flexible in choice of base process, and exciting kernels, with marks
and spatial effects if needed, and interaction with exogenous processes. They can also be modified
in various ways to suit particular circumstances. We expect an increasing number of researches
in various fields of study will continue to make ingenious use of these properties.

It is interesting to note that, despite the suggestion in [3], that these processes might be useful
for modelling disease, and the obvious implications of the title ETAS, epidemiologists have not
made a great deal of use of Hawkes processes. The arrival of COVID-19 has brought a sudden
spurt of interest. We do not refer to any particular publication of this type in the bibliography as
it is too early to decide which are the important ones. It is interesting to note that the branching
ratio, often called R, is a regular part of the daily news reporting of the pandemic.

For the general use of Hawkes processes we would like to see development of a coherent set
of model-fitting techniques with well-tested, freely available, software. Bayesian methods show

particular promise, combining time-varying properties and model-learning features.
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