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Abstract

Section A and Section B give the proofs for Section 3 and Section 4 of
the main manuscript respectively. Section C gives additional details for
the expectation-maximization (EM) algorithm introduced in Section 5.1
of the main manuscript. Section D gives the complete Gibbs sampler for
the MCMC algorithms introduced in Section 5.3 of the main manuscript.
Finally, Section E presents simulation studies for our model in negative
binomial regression with a log link.

A Proofs for Section 3

Before proving Theorem 1, it will be necessary to define some terminology.
Letting 7(3) denote the spike-and-slab group lasso (SSGL) prior (10), we can
express the SSGL log prior as

G
log(8) = Y pen(3,).

where
Pen(ﬂg) = log [(1 - 6)‘1’(189 | Ao) + 9‘1’(69 | )\1)] . (A1)
Recall that 6T (8, | M)
* _ g 1
Pi0a) = 598, Tx0) + (1 - )% (B, | o) (4.2
The derivative of pen(3,) with respect to ||3,]2 is
apen(ﬂg) — _)\* A
8”,69”2 AO(ﬁQ)? ( 3)
where
Ao(Bg) = A (Bg) + Ao [1 — p5(By)] - (A.4)



Under the objective function (13), it can then be seen from (5) and (A.3) that
any local maximizer 8 of (13) must satisfy

X, diag{¢'(XB)} (Y = V' (6(XB)) ) ~5(8,)0]1By 12 = O, for all g € {1,..., G},
(A.5)
where 0f denotes the subdifferential of f. From (A.5), we can obtain the nec-
essary first-order Karush-Kuhn-Tucker (KKT) conditions for 3 to be a local
maximizer of (13),
X diag{¢'(XB)}(Y — ¥/ (£(XB))) — X5(By) B4 = 0y,  for By # Oy,
X7 diag{€'(XB)}(Y — V'(E(XB))|, < X3 (Om,) for By = O,
(A.6)

Proof of Theorem 1 Recall that 3y = (,6'0507 T)T. To prove Theorem
1, we do the following two steps. First, we consider the subspace of vectors
T ={B € R : Bse = 0}. We show that on T, there exists a local maximizer

B = (B—Sro, 07)T of (13) under the SSGL prior (10) such that ||3—B|l2 = Op(ey).
Next, we show that 3 is a strict local maximizer of (13) under the SSGL prior
(10) on the entire parameter space R?.

Step 1 (local consistency). First we solve the constrained penalized likelihood
estimation problem on the subspace 7 = {8 € R? : Bsc = 0}. Then on T,

any estimator of By must be of the form B = (B\;O, 07)". We first show the

existence of such a B to the optimization problem,

B = argmax Q1 (8) = arg max{ )+ Zpen By), Bsg= 0} , (A7)
B B

where pen(8,) is defined as in (A.1) and B satisfies

18 = Bollz = Op(en), (A.8)

with €, = (solog G/n)'/? and By = (Bos,0")". Let A = (A ,07)", where
|Ag,ll2 = C. In order to establish (A.8), it suffices to show that, for some small
€ > 0 and sufficiently large C' > 0,

P{ sup Q1(Bo + enl) < Ql(ﬁ())} >1-¢, (A.9)

lAs,ll2=C

as n — oo. If (A.9) holds, this will imply that with probability at least 1 — ¢,
there exists a local maximum inside the ball {8y + €, A : ||Ag|l2 < C} as
n — oo. In order to establish (A.9), we must show that with probability tending



to one and sufficiently large C' > 0,

Q1(Bo + enA) — Q1(Bo)

S0

= [€a(Bo + €n ) — £a(Bo)] + ) [pen(Bog + enAg) — pen(Bog)]
2 1)+ (1) <o, (A.10)

asn — 0o. We bound the terms in (A.10) separately. We first focus on bounding
(I) := £n(Bo + €nA) — £ (Bo). Let Vs, and V3, denote the partial derivatives

with respect to Bos,. By a Taylor expansion and the fact that 8o = (87g,,0") ",
we have

(1) = €, Vs, n(Bo) " As, + "A V3 0. (B)As,
éJ1+J27 (All)

where ,5 lies on the line segment between By and By + €, A. Next, we bound
the terms J; and J; in (A.11) separately. We have

Vo ln(B0) = X4, diag{€' (XBo) }(Y — V' (£(XB)))-

Let do denote the largest diagonal entry in diag(£(XBg)), which we know is
finite and positive due to Assumption (A4)(ii). Then we have, for some A > 0,

P (s (B0l > Aner) < P (|2 XE00 - VB2 > 4%/ )

2
Cdin )& L oo
< A280 IOgG ;; [ ;ngk — b ( 1', /60)))

= mtr (XSOQ(ﬁO)XSO)

Lot
A250 logG (ng> e <nXS°Q(ﬂO)XSO)

d350Mmax 1+
< So%oMmax (=X Q(B)X
= A%50logG ™ ( (Bo)X:s,
- d3logn 1ot
NA2 Tog G/\max (nXSOQ(ﬂO)XSO) —0 as n — oo, (A.12)

where the last inequality of the display uses Assumption (A2) that mmax =
O(lognA(log G/logn)) and Assumption (A3)(ii) that Amax (n’lx—'s—oﬂ(ﬁo)Xso)
= o(log G/ logn). Therefore, from (A.12), we have that ||V s, ¢, (80)|l2 = Op(ney),
and so an upper bound for J; in (A.11) is

Ji < 1| < el Vsoln(Bo)ll2l| Asy ll2 = Ane; [ As, |2



for some A > 0. We also have by Assumption (A3)(ii) that

2

€n -~

B ==2AL {XEE@Xs, | As,
2

€ ~

< = Zmin (X, Z(B)Xs, ) A, 3
2

ne;

<Al
Therefore, an upper bound for (I) in (A.10) is
2 ne; 2

(1) £ Anel|As,lo — "2 As, 1B (A1)

Now we turn our attention to upper-bounding (II) in (A.10). We first focus on
bounding each of the summands in (II) from above. We first rewrite pen(3,) in
(A1) as

pen(By) = —A1l|Bgll2 — log [p5(B,)],

where pj(B,) is defined as in (A.2). Therefore, for any one group g,

pen(/BOg + 6nAg) - pen(la()g)
= A1 {l|Bogll2 = 1Bog + €nBgll2} + [log (5 (Bog)) — log (p5(Bog + €ndg))]
< Menl|Agllz — [log(pg(Bog + €ng)) — log(p5(Bog))]

~ T
S )\16n||Ag||2 — €n M Ag,
B

g

where ,gg lies on line segment between Bo, and Bog + €, A4,

2

S €n||Ag||2 {Al + H~
We examine the second term in brackets in (A.14). Noting that

0By

1 . 1

- - . (A.15)
14 (52 (32)" exp (o = A8y lla) 1B

P5(Bg) =

we can see that when By # Oy,

pp(Byg) _ (Ao — A1)e(By) < By
9By (L1+c(Bg))? ~ IBgll2

Note that

(Ao — A1)c(By)

(1 4 C(,@q))2 < (AO - )\1)0(/69) =< 17



since the exponent term exp[—(Ag — A1) ||Bgl|2] in ¢(By) decays faster than (Ao —

A1) multiplied by the other terms in ¢(8y) as n — oco. Since it must be that 3,
in (A.14) is a nonzero vector, we have that for large n,

7

|32, < s,
aﬁg ||/69H2

and so we can further bound (A.14) from above by €, (1+A1)||Agyl|2. Therefore,
an upper bound for (II) in (A.10) is

2

S0
(D) S en > (14 M) Agll2 < soen(1 + A1) 12%0”Ag||2
o=1 ==
< so€n(1+ A1) As, 2 (A.16)

Combining the upper bounds in (A.13) and (A.16), it is clear that

2
ne
() + (1) S Aneg[[Asy 12 = [ Asollz + s06n(1+ A1) [ Asy |2,

and the right-hand side can be made negative by choosing C' := ||Ag,||2 large
enough. For large C' > 0, the negative term above is the dominating term. This
proves (A.10), and thus, 8= (,@SO,OT) is a local maximum over the subspace
T={B€RP:PBs: =0} asn — oc.

Step 2 (sparsity). Since log m(3) is a nonconvex function, the KKT conditions
(A.6) only give necessary conditions for B from Step 1 to be a local maximum
on 7. However, by suitably modifying Theorem 1 of Fan and Lv (2011) to
the grouped GLM setting with the log SSGL prior as the penalty function, we
can also obtain sufficient conditions for 8 € T from Step 1 to be a strict local
maximum over all of RP. This will be the case if, for sufficiently large n, 3 from
Step 1 satisfies

Amax {v% (B) + v2pen(ﬁg)} <0 forall B, #0,,,g€ S,  (A17)

where Vf] denotes the second partial derivative with respect to Bg, pen(3,) is
the penalty function in (A.1), and

X diag(€'(XB))[Y — V' (E(XB)]l2 < \j(0,,) forallge S5 (A.18)

That is, we require the KKT second order sufficiency condition to hold as n —
0o, and the second inequality in (A.6) has to hold with a strict inequality.
We first prove (A.17). For By # 0, we have by (6) and the chain rule for



second derivatives (with f(u) = pen(u) and u = g(v) = ||v||2) that

V24,(B) + V?pen(B,)
N

= —X2(B)X, + p5(B)[1 — pi(By)l (Mo — )=
1613

" 1 8,87
— \5(By) [Almg Ll ] . (A.19)
I AT 18,113

Note that Auin (18, 13 T, — 1B, 15 B,87) = 0. since T, ~ 13,1728, is the
annihilator matrix. Using the fact that Apax(—A) = —Amin(A) for a square
matrix A, it follows from (A.19) that

N { Vot (B) + V?pen(By) }
< —Auin (X BB)X, ) + 95(By) 1 p5(By))(ho — M)
L B o — A)?

AN

, where ¢(By) is as in (A.15)

(1+¢(By))?
< —n+c(By) (Mo — M1)?
S—n+1<0,

for sufficiently large n, where we used Assumption (A3)(ii) in the third line and
the fact that given our choices of hyperparameters for (8, Ag, A1) in Theorem 1,
c(By)(Ao — A1)? < 1 for any By # 0Oy, in the last line. Thus, we have shown
that (A.17) holds for large n. '

Next, we prove (A.18). It suffices to show that as n — oo,

-~

Ot (B)
9B,

> )\(S(Omg)> — 0.
2

P(EIQESS, H

To ease the notation, let A, (B) = 0¢, (B)/(“)ﬁg. By a Taylor expansion around
Bo and the fact that Bps; = 0, we have

he(B) = hg(Bo) + Vs, hg(B) (Bs, — Bos, ), (A.20)



where ,5 lies on the line segment between By and B By (A.20), we have that
P(3g€56 Ihy@Blz = X;(0m,))

A* O'IYL
<P (3gess Il > 20m))

U A5(0,n
P (30€85 [9aa(B) (Bs, — Pl = 25

G

< > P (Il > 25

g=so+1
2 )‘*(Omg)
+ Z (”VSO (B) " (Bs, — Bos,) 2 > ‘92)
g=so0+1
A
=T+ 1. (A.21)
We will bound each of the terms in (A.21) from above separately. First note

that since \g = (1 —0)/0 < G,¢ > 2, and A\; < n~!, we have that for some
constant M > 0,

1 1
oy (A mg+l?
e (5 () 1M

pg (Omg ) -

and thus,

A5(0m,) = Mpg(Om, ) + Ao [1 = p5 (0, )]
A A(Maag o Mo Xo
1+ Mnxge ™ 14 MnA)ot! 2"

(A.22)

for large n.

We first examine each of the summands in 77 in (A.21). Since all of the
entries of X satisfy |z;;| = O(logG) (by Assumption (A3)(i)), we have that
for some constant D > 0 and any g € {1,...,G}, [ X ll2,00 < DlogG/m, <
Dlog G\/Mmax- Thus, in light of (A.22), we have that for sufficiently large n,

P (Il = 2220 ) < (1, ol ¥ ~ VKB > 2 )

_P@YHHX%»M—QM%GJHW>

A3/(4D?(log G)*mumax) >
2[2nG + Lo/ (Dlog G/Mimax)]

< 2exp <

)\2
—2exp | — A2
P < 16D2(log G)21mmaxnnG + 8L o Dlog G- Wmax> (A.23)



where we used Assumption (A4)(i) and the Bernstein inequality (specifically,
Lemma 2.2.11 of van der Vaart and Wellner (2006)). Thus, from (A.23), we
have as an upper bound for 7} in (A.21),

)\2
Ty < 2exp (log G — : 0
PR (Og 16D2(log G)2mnaxnG + 8LAoDlog G-/itmax ) U
(A.24)

where we used the fact that Ao < G° ¢ > 2, and Assumptions (Al) and (A2)
that G > n and mupax = O(logn A (log G/logn)). Thus, the second term in the
exponent of (A.24) dominates the first term as n — oo.

We next examine each of the summands in T3 in (A.21). In light of (A.22)
that A5(0,,,) > Xo/2, we have that for each g € S§ and sufficiently large n,

~ A5(0,,
PQW%%WFW%—@%mﬁ“2”)

Vo (B)T (Bs, — Bos,) 2> )
(

SPQV%%
o
<4ne

. . A
X5, B)X, 2 B, ~ s > 32

)
Bl 1B, — Bosall > %2 )

S (A.25)
To arrive at (A.25), we used the fact that Vgohg(,a) = XEOE(E)XQ in the
second line. In the last line, we used Assumption (A3)(iii) that for all g € S,
IXE, B(8)X, 12,00 = O(n), the fact that [|Bs, — Bos, ll2 = Op(en), and Markov’s
inequality. From (A.25), the fact that A\g < G¢, ¢ > 2, and G > n, we have as
an upper bound for 75 in (A.21),

4Gne,, Gn n
Ty < o <G T g1 0 as n — oo. (A.26)

Combining (A.21), (A.24), and (A.26) allows us to conclude that (A.18) holds
for sufficiently large n, and the proof is finished. O

B Proofs for Section 4

To prove Theorems 2 and 3, we follow the proof strategy of Jeong and Ghosal
(2021). However, a crucial difference is that we study an absolutely continuous
spike-and-slab prior in this paper, whereas Jeong and Ghosal (2021) prove their
results for a point-mass spike-and-slab prior. The continuous nature of the
SSGL requires it to be handled quite differently from the point mass prior of
Jeong and Ghosal (2021). In particular, since SSGL (10) puts zero probability



on exactly sparse configurations of 3, we need to instead rely on notions of
“approximate” sparsity to appropriately bound the approximation error.

We first define some necessary notation. Let f; be the density of y; belonging
to the exponential family (1), where the natural parameter 6; is related to the
grouped covariates x; = (x;,...,%,) " through (3). Denote fo; analogously
with true natural parameter 6p;. Then the joint densities are f =[]\, f; and
fo =TI}_; foi- We define the average squared Hellinger metric between f and fy
os H2(f fo) = n ' S50y H(fin for), where H(fi, for) = (J (VT — v/ Tor)?) /2 is
the Hellinger distance between f; and fo;. The Kullback-Leibler (KL) divergence
and KL variation between f; and fo; are given by K (foi, fi) = [ foilog(foi/ fi)
and V (foi, i) = [ foi(log(foi/ fi) — K (foi, fi))? respectively. For a set  with
semimetric d, the e-covering number N (g, Q, d) is the minimal number of d-balls
of radius € needed to cover 2. Meanwhile, the e-packing number for €2, denoted
by D(g,Q,d), is the maximal number of d balls of radius ¢ needed to cover .

B.1 Proof of Theorem 2

We first prove a lemma that is needed to prove Theorem 2.

Lemma 1 (evidence lower bound). Assume the same setup as Theorem 2. Then
supPo(ES) — 0, where the set &, is defined as

5 _ {/H fz yz Z e—Clnst}’ (B].)

fOL yz

for some constant Cy > 0 and €2 = sglog G/n.

Proof. By Lemma 10 of Ghosal and van der Vaart (2007), this statement will
be proven if we can show that

I1(B,) 2 e~C1men, (B.2)

where the set B,, is defined as the event,

= {711 > K(foi fi) < €,
i=1

As established in Lemma 1 of Jeong and Ghosal (2021), the KL divergence and
KL variation for the exponential family (1) is given by

K (foi, fi) = (0oi — 05)b (80i) — b(0o;) + b(6;),
V(foir fi) = 0" (00:)(0; — 00:)°.
Recalling that 0; = £(x,' 3) and 0y; = £(x; Bo) where ¢ = (hob')~!, we have by
Taylor expansion in x;r B at x;'— Bo that
max { K (foi, fi), V (foi, fi)}
<" (00:)(€'(x] B0))* (%) B — x Bo)* + o((x B — %] B0)?)
= (A7 (% Bo)¢'(x/ Bo)(x] B—x] Bo)* + o((x} B—x/Bo)?).

S
M:

(fO'vaz) < 6%} . (Bg)

i=1



Note that h~! and & are strictly increasing. Thus, it must be the case that
if mas<ico (1) (] Bo)€ (x] Bo)(x; B — X Bo)*} < € — 0, then [x/ B —
x Bo| — 0 for all 1 < i < n. Recall Q(By) = diag{(h~1)(XBo) }diag{¢'(XBo)}-
Then both n=* 7" | K(fos, fi) and n= 3", V(foi, fi) can be bounded above
by a constant multiple of n=!||Q2'/2(80)X(8 — Bo)||3 on B,.

Thus, for sufficiently large n, we have for some constants C~’2, Cy >0,

15, > 1 (1 19/2(80)X(3 ~ o)l < C32 )
2
II Amax( X, Q(By)X ><leﬁq ﬂ0q|2> <Cje,

G
=1 <leﬁg ~ Buyllz < CJ{)

g=1

%

V

0| Y18, Bl < 20| 1 D18, - Bugll <

gESoH ES"

> TT 0 (18- uli < ) T1 (185518 < 1 )), (B.4)

g€So geSs

where we used Assumption (B3)(ii) in the third inequality and the Cauchy-
Schwarz inequality in the fifth inequality. Arguing similarly as in (D.17)-(D.20)
in the proof of Theorem 2 of Bai et al. (2022), we have that

2 50 ,— - n MG "
H II ('ﬂg 1609||2 ) > §%0¢ >\1H550H2 A1C2/24/n H (252})

9€So g€So

where Cg = 27mg777(mg71)/2[r((mg +1)/2)]7! and

C SO —a 4nGmmax(mmax + 1) G_SO
I Hﬂ || _2)2(1_9)0 s0 |:1_ :| .
ggc ( 9727 4n(G ~ so) A5C3s0

Thus, a lower bound on (B.4) is

G—s
H(Bn) Z 980(1 _ G)G—Soe—)\l”ﬁsoHze—)\lcz/Q\/ﬁ |:1 o 4nGmman(,;nmaX + 1):| 0
)\002 S0

Cg < Alc )'HLQ
X . (B.5)
ggo g 250\/>

Now, since \g = (1 — 0)/0 < G° ¢ > 2, and 59 = o(n'/?/log G) and M.y =
O(logn A (log G/logn)) by Assumption (A2), we have that

{1 _ AnGmunax (Mmax + 1)]GS°

1 G S0
> |1 — —~ e tasn — .
A5C3 50 { ]

~ G—SO

10



Furthermore, 6 =< and thus,

_1
Gc+1 )

(1—0) > (1- L\ —e !
~ G — S0 ’

Thus, using Assumption (B4) that ||Bo||cc = O(log G) and ||Bs, |2 < /50|80l
we can further lower bound (B.5) as

H(Bn) P (GC_|_1)—(eoe—>\1(\/%10gG+Cl/2\/ﬁ) H Cg ( MOy ) g,

g€So g 250\/>
and since A\; < 1/n, we have
- IOgH(Bn)
2
< 2¢s0log G+ /sglog G + Z [log (mg!) —log(Cy) + my log ( ;Ugﬁ)] .
oy 1Ca
(B.6)

Similar to (D.24) in the proof of Theorem 2 of Bai et al. (2022), the first term
of (B.6) can be shown to be the dominating term, and thus, —log I1(B,,) < ne2.
This establishes (B.2) and the proof is finished. O O

Proof of Theorem 2 We follow the proof strategy of Theorem 2 in Jeong
and Ghosal (2021) but work with the generalized dimensionality |v(3)| (20).
Let &, be the event defined in (B.1), where ¢, = (solog G/n)'/2. Define the
set A, = {08 : |v(B)] < Kisp}, where K7 > C7 V 1, and C} is the constant in
Lemma 1. Then we have

Eoll(A7 | Y) < EoIl (A7 [ Y) Le, + Po(E5)-

By Lemma 1, Pg(ES) — 0 as n — o0, so it suffices to show that EqII(AS |
Y)lg, — 0. Note that

n fi(yi)
f_Ac 1=1 fOL(:zh)dH(ﬁ)
ST fibl((zf)) dI(B)

(A7 1Y) = (B.7)

On the set &, the denominator in (B.7) is bounded below by e—Cine, by Lemma
1. On the other hand, an upper bound for the expected value of the numerator

e fz( Yi
Eo (/A H1 o) ) / dI1(8) = T1(|8| > K1s0). (B.8)

11



Now, since (8, | 0) < 20C, A} e~ 1IBsllz for all ||B,||2 > w,, we have (arguing
as in (D.30) of Bai et al. (2022)) that

I(jv(8)| > Kiso) < Y 219 H/ AP e MlBslz g,

S:|S|>Css0 ges ’89H2>w9

X H/ Bg)dBy

geSe ﬁg”2<w9

DD

S:|S|>K1so

where we bounded the first bracketed term from above as [[ . 5(1/n)™s < n~1S|

and the second bracketed term from above by one. Now, since 6 < 1/G?, we
have

S gl < i (i)(;)ks ZGj (%)

S:|S|>K150 k‘:[Clng+1 k‘:LKlngJrl

< i <GLK120J n 1)k

k=|Kiso]+1
< G~ (Kasol+D) < o=Fane, (B .g)

Combining (B.7)-(B.9) and Lemma 1 gives EoII(AS | Y)lg, < e~ (Ki=Cu)ne
— 0, since K7 > C7. This completes the proof. O

B.2 Proof of Theorem 3

We first prove a lemma which verifies that the prior puts sufficient mass on the
event that the generalized dimensionality |v(8)| (20) equals s, where s is the
true number of nonzero groups in Gy.

Lemma 2. Assume the same setup as Theorem 2. Then for some constant
C3 >0,

(|w(8)] = s0) > e~ Tsmen

Proof. Note that 7w(8,) > (8, | Ao) for all 3,4. Further, for 8, ~ U (8, | Ao),
we have that || B2 follows a gamma distribution with shape parameter m4 and

12



scale parameter A\g. Thus,

e 1
(|8, ll2 > wg) > / v

Wy F(mg)/\glg

1 o0
> 77”/ xmg—le—x/)\(,dm
F(mg)AO ! Ao

1 /OO _
> = e zp‘“dx
F(mg))\o o

6_1 e_l 6_1
= = > . B.10
F(mg) B F(mmax) mmax! ( )
Meanwhile,
Ldg 1
(B, 1> < wy) > / Ll memteigy
’ ! o T(mg)r"
=1 / %fﬂm"fleﬂ/’\odx
wy F(mg)Ao
Z 1- eXP(_)\Owg + mmax)
1

= 1= B.11
- G — SQ7 ( )

where we used the tail bound for the gamma density on p. 29 of Boucheron
et al. (2013) and the inequality 1+x —+/1+ 2z > (z —1)/2 for = > 0 (similarly
as in Ning et al. (2020)) to bound the integral in the second line from above by
exp(—Aowg + Mmax)-

From (B.10)-(B.11), we can bound II(|v(8)| = so) from below as

(jv(8)] = s0) = <mm‘> (1 B Gis())G_so

-1 S0
€
Z m )
M

where we used the facts that (1—1/(G—s0))¢ 7% — e~ asn — oo, and x! < 2%
in the second line of the display. Therefore, we see that for sufficiently large n,

—logII(|(B)| = 50) < S0Mmax 108 Mmax + S0 < S0 log G, (B.12)

by Assumptions (Al) and (A2) that G > n and mmyax = O(lognA(log G/ logn)).
This proves the lemma. O O

Proof of Theorem 3 The proof of Theorem 3 is broken up into two parts and
follows the proof strategy of Theorems 2 and 3 of Jeong and Ghosal (2021). In
the first part, we establish the posterior contraction rate in terms of the average
squared Hellinger metric. In the second part, we convert the Hellinger contrac-
tion rate result to a contraction rate for the regression coefficients themselves.

13



Step 1: Hellinger contraction rate. We first show that there exists Cy > 0 such
that
EoI (B € R?: H,(8,80) > Cye, | Y) = 0 as n — oc. (B.13)

Define the set A, = {8 € R? : [v(B)| < K150}, where K7 is the constant from
Theorem 2. Then for every € > 0,

EoIl (ﬂ c RP: Hn(,@,ﬁo) > € | Y)
< EolI (,3 cA,: Hn(ﬁ,ﬁo) > € | Y) ]lgn -‘rEoH(A; | Y) + Pogﬁ,

where &, is in the event in (B.1). By Lemma 1 and Theorem 2, the second and
third terms on the right-hand side above tend to zero uniformly over By. Hence,
in order to prove (B.13), we only focus on the first term. That is, it suffices to
show that for ¢ = Ce,,, where C' > 0 and ¢, = (solog G/n)'/2,

ElI (B € A, : Hy(B,60) >€¢|Y) as n — o0, (B.14)
uniformly over By. Define the sieve,
A ={Be A B Bol< GM}, (B.15)

where M > 0 is defined as in Assumption (B3)(ii). By Lemma 2 of Ghosal and
van der Vaart (2007), there exists a test function ¢, such that for any 3; with

Hn(ﬂOaﬁl) > €,

Eopn < exp(—ne2/2), sup Eg(l—¢n) < exp(—n62/2).
B:Hn(B,81)<e/18

We want to use Lemma 9 of Ghosal and van der Vaart (2007). In order to do
so, we need to show that log N (e, /36, A%, H,) < ne? for e, = (solog G/n)'/2.
Since the squared Hellinger distance is bounded by one half of the KL divergence,
we have by a Taylor expansion that for any 3,82 € A},

HQ(fﬁhi?fﬁz,i)
< K(fﬁlg’f:@%i)
(h=1)'(x{ B)E (x{ B1)

= 5 (x{ B1 =% B2)* + o((x Br — X B2)*).

It then follows that

H2(fo,, f3) = 5 1912 (BX (81 — 821 + 0 (1X (81 — 52)])

2
1 1 S
< 5 max, (/\max (nX;Q(@)Xg)) <g§_1||ﬁ1g - ﬁ2g||2>

+ o0 (|IX(B1 — B2)13)
< Glog G||Br — Ball5 + | X
< G181 — Ball3,

5 00llB1 — B2ll3
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where we used Assumption (B3)(ii) that Amax(n™'X] 2(81)X,) < logG and
the fact that all of the entries of X are uniformly bounded, and thus, ||X||2,c0 S
G'/2. Thus, for some Cs > 0, we can bound N(e, /36, A%, H,) from above by

C5€n
* < * .
N(en /36, 45, H,) < N (G0 A5l

C56n
=N ( s6c (B E€Aw 1B = Boll2 < G}, ||'|2) . (B.16)
Denote by w,

- 1
w =
Ao — A1

1 — 0 N\
log [ 0 ] ,

0 )\'inmax

It is clear that given our choice of hyperparameters for (6, Ao, A1), the threshold
wy in (21) is an increasing function of my. Therefore,

{B €Ay, 1B Boll < GM}
C{BER?: ||Bs, — Bos,ll2 < GM, and ||B,|2 < @ for all g € S5}

C {lIBsy — Bos,ll2 < GM} x [-@, @] “Frso,

By Lemma S4 of Shen et al. (2024), for any set of the form E = A x[~§,§]9~* C
R® where A C R® and s < Q,

D(, E,||l2) < D((1 = T7)%¢, 4, |1||2),

if 6 < ¢/(2[T(Q— s)]'/?), for some T > 1, where D denotes the packing number.
In order to use Lemma A4 of Shen et al. (2024), we can check that for sufficiently
large n and T = 2,

- 1 1—0 Ny < Mmax log G Cse, /36G
o e |~ TGP 2[2T(G — 50)] /2

where we used Assumptions (Al)-(A2) and the fact that A\g = (1 —6)/0 <
p¢,¢> 2, and A\; < 1/n. Hence, by Lemma S4 of Shen et al. (2024) and the fact
that we can upper bound the covering number by the packing number, we can
further upper bound (B.16) by

G C5€n M
(K180>D<36G\/§7{|BS_/BOS”2<G },|||2>
Kiso
< ( G ) (MGMH> , (B.17)

K130 C56n
noting that on the set A, |S| < Kjsg. From (B.16)-(B.17), we have that

log N (e, /36, Ay, Hy) < K150log G + Kisg [(M + 1) log G + log(108v/2n)
S nep, (B.18)
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where we used the fact that (K?SO) < G150, Having established (B.18), we can
now use Lemma 9 of Ghosal and van der Vaart (2007), which implies that for

every € > €,, there exists a test @, such that

1
Eopn < = exp (C’Gnei — ne/2) , sup Eg(1 — @) < exp(—ne?/2).
2 BEA;:H,, (B.B0)>c

for some Cg > 0. By Lemma 2, II(|v(8)| = so) > e~C5ne for some Cy > 0, and
thus,

E()H (ﬁ S An : Hn(ﬁ,,g()) > € | Y)
S EOH (16 S An : Hn(/aaﬁ()) > € | Y) ]]-Sn(l - @n) +E0§bn

< sup Eg(1 — @,) +II(A, \ A7) e“snen 4 Eoy,.
BEAX:H,(B,80)>€

All of the terms in the display except II(A, \./4;)603”Ei go to zero by choosing
€ = Cy4¢, for a sufficiently large Cy > C5. To complete the proof then, we must
show that

II(A, \A,*l)ecwei — 0 asn — oo. (B.19)
To establish (B.19), note that
(A, \ A;) = (B € RP : [v(B)] < Kiso, |8 — Bollz > GM)
<I(IB — Boll2 > G™)
<> T(IByllz > GM = 1IBogll2) + Y T (I1Byll2 > GM) .
g€So geS§

(B.20)

We examine each of the terms in (B.20) separately. Notice that m(8,) < ¥ (3, |
A1) for all B,. Moreover, for W(8, | A1), ||Bgll2 follows a gamma distribution
with shape parameter m, and scale parameter A\; Letting X, denote a gamma
random variable with shape and scale parameters m, and A, and recalling that
M > 1, we have

> U (IBgllz > GM —Bogllz) < D P(Xy > GM — | Bogl2)

g€So g€So
<Y P(X,>GM - CrVGlogG)
9g€So
< Z exp [f)\l(GM — C7\/510g G)+ mmax}
g€So

= exp [—AlGM + )\107\/élOgG + Mpmax + log so} , (B.21)

where in the second line, we used the fact that by Assumption (B4), ||Bogll2 <
VG||Bollse < C7V/Glog G, for some constant C; > 0. In the third line of the

16



display, we used same gamma density tail bound that we used to prove (B.11).
Using a similar argument as (B.21), we also have

S I (IBylla > GM) < Y P(X, > GM)
geSS geSS
geS§
= exp [—AlGM + Mmax + log(G — so)] . (B.22)
Combining (B.20)-(B.22), we have that for sufficiently large n,
(A, \ A%) < 2exp {f/\lGM +MCVGlog G +1og G + mmax]
< exp(—Cysp log G), (B.23)

where we can choose Cy > C3 so that —A;G™ is the dominating term in the
first line of the display, and further, GM > Cysonlog G when n is large. Thus,
from (B.23), we can see that (B.19) holds, and we have established the posterior
contraction rate with respect to the average squared Hellinger metric (B.13).

Step 2: Contraction rate for the regression coefficients. We first define the
uniform compatibility number ¢, as

122X 8]|2|v(B8)['/?
BA<|v(B)|<s nt/2|| 8|1 ’

and the smallest scaled singular value ¢ as

b1(s;92) =

192X 3|2
5; Q) = in —_—.
P = o< n AL
According to Theorem 3 of Jeong and Ghosal (2021), as long as
56108 G| X || max
¢7 (K2 +1)s0; 2(Bo))

=o(n), (B.24)
then for some Cg > 0,

{8 Ha(B,Bo) < Cien} C {ﬁ 8=l = 5 s, ﬁj:o%ﬂwo)) }
(B.25)

where €, = (sologG/n)'/2. Notice that for any set S such that s := |S| <
(K2 + 1)sg, we have

| ) 1921/2(80) X8|z
$2(s: 2(Bo)) = gzlgllxrfl(ﬁ)\és Bl

_ Panin (X59Q(B0)X5)]'/]| B2
N 18]lan/>

) 1/2
_ [Amm (nxgmﬁo)xs)] >1, (B.26)
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by Assumption (B3)(ii). We also have ||X||max < log G by Assumption (B3)(i),
and ¢1(s;Q) > ¢a(s; Q). It follows from (B.26) that

55 log G| X || max < s3(log G)?
o7 (K2 +1)s0; 2(Bo)) ~ ¢35 (K2 + 1)s0; 2(Bo))

Thus, by Assumption (A2) that so = o(n'/?/log @), it must be that (B.24)
holds. Thus, for some K3 > 0, we have by (B.25) and Theorem 2 that

EoIl (B : ||B — Bollz < Kzen | Y) 2 TL(B : Hu(B,B0) < Caep) — 1 as n — 00,

< 55(log G)?.

where the smallest scaled singular value ¢o((K2 + 1)so;2(80)) is a positive
constant (by (B.26)) that is absorbed into the constant K3. We are done. O

B.3 Proof of Proposition 1

Throughout, we use Py and Eg to respectively denote the probability and ex-
pectation operators under the law induced by the model Y ~ N, (8o, 1,,).

The posterior contraction proof in Proposition 1 follows a similar strategy as
the proof of Theorem 7 in Castillo et al. (2015). However, it should be noted that
Castillo et al. (2015) deal exclusively with the case where By = (Bo1, ..., Bon) "
is the zero vector, i.e. By = 0,,, and the individual regression coefficients Sy;, 7 =

1,...,n, are endowed with univariate Laplace(0, \™!) priors. In contrast, we
consider the grouped scenario where By = (B¢, ..,B0g)" With Bo1 # O,
and the groups Bo4,9 = 1,...,G, are endowed with independent multivariate

Laplace priors (9).

Proof of Proposition 1 We first prove (25). Let Y = (Y{,...,Y.)",
where the indices of Y, correspond to those of By, in By = (Bays - ,,6'(—;(;)—r for
allg=1,...,G. When Y ~ N, (B, L), the group lasso estimator has a closed
form,

~ A
/Bg_<].|Y2) Yg, for all g:].,...,G7
9 +

where zy = min{xz,0}. Therefore, we must have |\Bg||2 < IY4ll2 for all g €
{1,...,G}. We can decompose the expected squared {5 risk as

G
EollB — Boll3 = EollB1 — Buill3 + > _ EollByl3, (B.27)

g=2
We first upper-bound the first term in (B.27). Since Y; ~ Nu(Bo1,1Im),
||,§1H2 < ||Y1]l2, and B1 = 0,, when Y12 < X, we have
EolB1 — Boill3 < 2Eo[[ Y1 — Boull3 + 2Eo||B1 — Y113
< 2m + 2B {1 |21 Y1 2 < A} + 2Eo (N2 Y1 2 > A))
<2m 4202 + 222 Py (|| Y12 > N)
< 2m +4X\?* < 2logn, (B.28)
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since m is constant and A =< /2logn. Next, we upper-bound the second term
n (B.27). Again, using the fact that ||Byll2 < | Yy4ll2 and By = 0,,, when
Y ll2 < A, each of the summands can be upper-bounded as

Eol|Byl3 < Eo{|[Y,31(Y 13 > A*)}-

Since Y, ~ Ny, (0,,,L,) for all g # 1, [[Y,]I3 ~ x2. Letting I'(a,z) =
f;o t*le~tdt denote the incomplete gamma function, we proceed to upper-
bound the individual summands as

BB [ [T(3)] (3)" e

afrcp] (3 )

<2 [F (%)} o (% + 1) e (A2H)™/2 for large n
= n"2(log n)m/2, (B.29)

where we used the bound I'(a,z) < ae~*2%"! when @ > 1 and = > a (Pinelis,
2020) in the third line, and the fact that m is fixed and A < v/2logn in the last
line. Combining (B.27)-(B.29) gives

EOHﬂ Bol2 < 2logn + (G — 1)n"2(logn)™? = 2logn + o(1) as n — oo,

where we used the fact that G = n/m and m is a constant. This completes the
proof of (25).

Next, we prove (26). We follow the proof strategy of Theorem 7 in Castillo
et al. (2015). According to Lemma 7.1 of Castillo and van der Vaart (2012),
EoII(B : [|B — Boll2 < sn | Y) — 0 for any s, for which there exists a sequence

7, such that
H(B: |8~ Bollz < sn) 22
(B : 1B~ Boll2 < ra)

Since the prior is Gy “ U(By | A) forall g =1,...,G, ||Bi]l2 ~ Gamma(m, \)
and 2511\|ﬂg||2 ~ Gamma(n, A) where n = mG.

We first upper-bound the numerator in (B.30). Since ||Bo|l2 = ||Bo1ll2 = L
and |3 — Boll2 > |81 — Bo1l|2, we have that for sufficiently large n such that
sp > L,

= o(1). (B.30)

(B : ||B = Bollz < sn) <IL(By : [|B1 — Boll2 < sn)
<T(B1 = |I1B1ll2 = 1Borl2| < sn)
=1(B1 : [|B1ll2 < sn + L)
_ /Sn+L AT wm 16—/\udu
0 L'(m )
M
= T+

(B.31)
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Next, we lower-bound the denominator in (B.30). For sufficiently large n so
that r, > L, we have

(B : (I8 = Bolla <) = T(B : [|Bll2 + [|Boll2 < 7n)
(BBl < —1L)

G
> 11 (ﬁ : ZHﬁg”2 <Tp— L)

g=1

rn—L
n )\TL 1
= u" e Mdu
/o T(n)

A"L
nl'(n)

CRA e (R AU (B.32)

Combining (B.30)-(B.32) gives
L(n)  (sn+L)™ sgrn-1)

H(IB ||l6 B /80||2 < Sn) m—n
TG 18— Boll<rm) =" T(mt1) (ra—L)y°

n
5 ez\\/ﬁrn (8’ﬂ>

T’ll

— exp [A\/ﬁrn —nlog (”)} . (B.33)

Sn

Setting r, = /n(A"* A1) and s,, = ér, for  small enough in (B.33) satisfies
(B.30), and thus, by Lemma 7.1 of Castillo and van der Vaart (2012),

IEOH<,8:||,8B0||2<5\/71(§\/\1) ‘Y)%O as m — oo.

By setting A < 1/2log n in the above display, we obtain the posterior contraction

rate of \/n/logn in (26). O

C Additional details for the EM algorithm in
Section 5.1

C.1 Derivation of the EM algorithm

Recall that the log-likelihood function ¢,,(3) is given in (4). With the reparam-
eterization of the hierarchical SSGL prior in (30) and the B(a, b) prior (27) on
6, we can write the log-posterior log7(3,0 | Y) in (28) as

G
log 7(8,0 | Y) = €a(8) + Y log (1 = ) Ag e 0lPslls 4y AT e 211185 1)
g=1

€] €]
+ <a1+27g> log 6 + <b1+piyg> log(1 — ).

g=1 g=1
(C.1)
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From (C.1), it is straightforward to verify that E[y, | Y, 3, 0] = p}(By, 0), where
Py(Bg,0) is as in (31).

In the E-step of our EM algorithm, we treat 4 as missing data and take ex-
pectation with respect to ~y, for all g =1,..., G, holding the parameters (3, 0)
fixed at their previous values. That is, we compute p;(tfl) = p* (ﬂg*l), G(t_l)) =
Ely, | Y,B8¢"D,00V] for all ¢ = 1,...,G, given the previous estimates
(81,91,

For the M-step, we then maximize the following function:

G
Ellog (3,0 | Y) | 841,004 "D] = £,(8) = > X513, ]l2
g=1

G G
+ (a -1+ Zp;(t_1)> log 0 + <b -14+G- Zp;(t_1)> log(1 — 6),
g9=1 g=1
(C.2)

where X;(t_l) = Alp;(t_l) + Mo(1 fp;(t_l)). From (C.2), it is easy to derive the
update for 6 in (32) by taking the derivative of (C.2) with respect to §. The
update for B in (33) is obtained by isolating the terms on the right-hand side
of (C.2) that only depend on 3. We discuss the M-step for updating 3 in detail
in the next section.

C.2 M-step for updating the regression coefficients

In the M-step of our EM algorithm, we need to solve the optimization problem
(33), or equivalently,

G
B = arg min {—Mﬁ) + oA IIﬁgllz} : (C3)
g=1

where —¢,,(3) is the negative of the log-likelihood in (4). While (C.3) may
appear to be intractable, we can apply the standard iteratively reweighted least
squares (IRLS) algorithm (McCullagh and Nelder, 1989) for GLMs to efficiently
solve (C.3).

The IRLS algorithm in GLMs is based on a quadratic approximation of
the negative log-likelihood. Denote the mean response as p; = b'(6;), and
let V(u;) = b"((0')"1(wi)) be the variance function, where b is the cumulant
function in (1). With the link function h in (3), we define the “working re-
sponse” vector Z at the kth iteration of the optimization problem (C.3) as

Z = XB"* + ¢ where Q(k) = h’(,ugk))(yi - ul(-k)), i = 1,...,n. Similarly,
we define the weights matrix W = diaug(wyc)7 . ,wﬁf“)), where the weights are

w® = VY (uF))2)71. As shown in McCullagh and Nelder (1989), the
negative log-likelihood for any GLM in the exponential dispersion family (1.1)
can then be approximated as

—(,(8) = (Z — XB)'W(Z - XB). (C4)

DN =
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Thus, substituting the approximation (C.4) for —¢,,(8) in (C.3), we see that the
M-step (C.3) for B can alternatively be written as

G
B = arg min {;z ~-XB) ' W(Z-XB)+) A;“‘“Hﬁgllz} . (C5)

g=1

With the quadratic approximation to the negative log-likelihood, (C.5) is now
a standard linear regression model with a group lasso penalty (Yuan and Lin,
2006) and group-specific weights )\g(tfl) for each gth group. Solving (C.5) can be
done with any standard block coordinate descent algorithm for the regular group
lasso (Yuan and Lin, 2006) in linear regression. In particular, if the canonical
link function h = (¢')~! is used, then the Fisher information matrix and the
negative Hessian matrix are equal, and we use the majorization-minimization
(MM) algorithm in Breheny and Huang (2015) to solve (C.5). On the other
hand, if a non-canonical link function is used, then we use the least squares
approximation (LSA) approach of Wang and Leng (2007) with a group lasso
penalty.

The SSGL MAP algorithm is on average slower than the numerical algo-
rithms used for group lasso, group SCAD, or group MCP. This is because each
iteration of the EM algorithm requires numerically solve the optimization prob-
lem (C.3) in the M-step. Therefore, if the EM algorithm takes B total iterations
to converge, we expect the average runtime of the SSGL method to be on the
order of B times slower than that for group lasso, group SCAD, and group
MCP. However, we observed that our EM algorithm tended to converge within
a small number of iterations (typically fewer than 10), at least in all of the sim-
ulation settings we considered. Thus, the computation time for SSGL for fixed
Ao was still reasonably quick. For example, in Simulations 4 and 8 of the main
manuscript where p = 1600, the SSGL runtime for any fixed Ay was under 30
seconds in all replications.

To further accelerate the computational efficiency for SSGL, we could em-
ploy alternative optimization strategies that obviate the need to introduce latent
indicator variables. For example, we could potentially approximate the SSGL
prior with a neuronized prior (Shin and Liu, 2022), which is a product of a
Gaussian weight variable and a scale variable transformed from Gaussian via
an activation function. This approximation would allow for a fast coordinate
ascent algorithm which avoids the need to marginalize out latent indicator vari-
ables (Shin and Liu, 2022). We leave the investigation of more computationally
efficient algorithms for SSGL for future work.

D Complete Gibbs sampling algorithms for Sec-
tion 5.3
Recall that 8 = (ﬁf,...,ﬁg)—r, where B8, € R™s,9 = 1,...,G, and 7 =

(T1,...,7¢) " is defined in (5.14). Let PG(a,b) denote the Pdlya-gamma distri-
bution (Polson et al., 2013), and let GZG(a, b, ¢) denote the generalized inverse
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Gaussian distribution with density function f(z;a,b,c) x zole—(b/zten)/2 e

define k = (K1,...,K,) ", where fori=1,...,n,
P B 0.5 for logistic regression, (D.1)
71 0.5(y; — M)  for Poisson regression. '
We also define w = (wy,...,wy,) ", where fori = 1,...,n,
w; ~ PG(1,x] B) for logistic regression, (D.2)
w; ~PG(M,x] B —1log M)  for Poisson regression. '
Finally, define the vector Z = (z1,...,2,) ", where fori =1,...,n,
R Jwi for logistic regression, (D.3)
! ki/w; +log M for Poisson regression, '

and k is defined as in (D.1).

The Gibbs sampler for grouped logistic or Poisson regression with the SSGL
prior (5.4) is given in Algorithm 1.

When p = Z§=1 myg is larger than n, we can use the fast sampling algorithm
of Bhattacharya et al. (2016) to sample 3% in Step 4 of Algorithm 1 in O(n?p)
time instead of O(p?) time. This sampling algorithm is given in Algorithm 2.

E Simulation studies for negative binomial re-
gression with a log link

Since the mean and variance are equal for the Poisson distribution, Poisson
regression may be inappropriate for modeling count data that exhibit overdis-
persion. In this case, it may be more appropriate to use negative binomial
regression. That is, we assume that y; ~ NB(a, u;),i = 1,...,n, where a > 0
is a size parameter, and the probability density function (pdf) for each y; is

I(y; + ) i yi o *
) ) — =0,1,2,...
f(yz | O‘a,uz) yi!F(a) i+ o it y  Yi y 4y 4,

Since Var(y;) = p;+ p?/a, the negative binomial distribution is better equipped
to handle overdispersed count data than the Poisson distribution.

For negative binomial distributed responses, the natural parameter is 6; =
log (i /(p; + @)).  With the link function h(u) = log(u), we have b(u) =
—alog(l — e*) in (1). It is readily seen that E(y;) = v'(6;) = p;. For the
function € = (ho®')t, we have &£(u) = —log(ae™™ + 1). Since &(u) # wu,
negative binomial regression with the log link is an example of a GLM with a
non-canonical link function.

We now present simulation results in grouped negative binomial regression
for the SSGL model (10). We compared our results to group lasso (GL), adaptive
group lasso (AdGL), group SCAD (GSCAD), and group MCP (gMCP). We used
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Algorithm 1 MCMC algorithm for grouped logistic and grouped Poisson re-
gression with the SSGL prior

Input: Initial values 39, 9O +©O T (number of MCMC samples to run),
B (number of samples to discard as burn-in)

Output: MCMC samples for regression coefficients 3
fort=1,...,7T do

1. for:=1,...,ndo
i. Sample w® as in (D.2) and set Q = diag{w®)}

ii. Update Z(*) as in (D.3)

2. forg=1,...,G do
i. Sample *yg(,t) ~ Bernoulli < =L ), where

T1+7o

r1 = 00X exp (Al f2)

and my = (1 —6¢~1) )\gngH exp (—A%Tétil)ﬂ)
ii. Sample 7\ ~ GIG (%, 185112, (/\;)2>, where
Ny =780+ (1=
3. Sample §() ~ Beta (a + Zle A b+ G- 25:1 Tg(t))

4. Sample BY) ~ N (g, Eg), where pug = X QZ,
Y5 = (XTOX +D;Y)"! and D, = Bdiag (7T, ..., 73 ng)

return g5+ . 30

the same methods for choosing the hyperparameters, regularization parameters,
and weights as those described in Section 6.1 of the main article. For our
simulation study, we fixed o = 1 and generated the responses independently as
yi | x; ~ NB(ayexp(6;)),i = 1,...,n. We conducted the following simulation
studies:

Experiment 1. We set n = 500 and G = 30. The design matrix X and
the regression coefficients 3 were generated the same way as in Experiment
1 in Section 6.3 of the main manuscript. Then we modeled

log(f) =x' 8.

Experiment 2. We set n = 500 and G = 30. We generated the entries
of the n x G design matrix X from independent Uniform(—1,1) random
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Algorithm 2 Algorithm for sampling 8 in Step 4 of Algorithm 1 when p > n

Input: Most recent updates of ©Q, D, and Z
Output: An exact sample of 8 in Step 4 of Algorithm 1

1. Set X = Q/2X

2. Sample m ~ N(0, D) and 6 ~ A (0,1,) independently
3. Set v =Xm+ 6 and v* = Q1/2Z — v

Set A = XD, X' +1,

e

5. Set w = A~ lo*
6. Set B=m+ D,X w

return 3

variables. Then we modeled

2

log (0) = 1.5sin(3x1) — 250573
We represented each covariate as a six-term B-spline basis expansion.

We repeated each experiment 200 times. Table 1 reports our results averaged
across the 200 replications. In Experiment 1, SSGL had the lowest MSE and the
second lowest MSPE. Meanwhile, all five methods had a TPR of 1, indicating
that all methods had equally high power to detect the significant groups in this
particular setting. However, SSGL had the highest average TNR and precision,
indicating superior overall group selection performance.

In Experiment 2, SSGL also had the lowest MSPE, indicating superior av-
erage prediction on out-of-sample data. In this experiment, all five methods
once again had a TPR of 1. However, SSGL had the highest average TNR and
precision, indicating that SSGL was the best suited for function selection in this
particular generalized additive model.
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