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Abstract

Section A and Section B give the proofs for Section 3 and Section 4 of
the main manuscript respectively. Section C gives additional details for
the expectation-maximization (EM) algorithm introduced in Section 5.1
of the main manuscript. Section D gives the complete Gibbs sampler for
the MCMC algorithms introduced in Section 5.3 of the main manuscript.
Finally, Section E presents simulation studies for our model in negative
binomial regression with a log link.

A Proofs for Section 3

Before proving Theorem 1, it will be necessary to define some terminology.
Letting π(β) denote the spike-and-slab group lasso (SSGL) prior (10), we can
express the SSGL log prior as

log π(β) =

G∑
g=1

pen(βg),

where
pen(βg) = log [(1− θ)Ψ(βg | λ0) + θΨ(βg | λ1)] . (A.1)

Recall that

p⋆θ(βg) =
θΨ(βg | λ1)

θΨ(βg | λ1) + (1− θ)Ψ(βg | λ0)
. (A.2)

The derivative of pen(βg) with respect to ∥βg∥2 is

∂pen(βg)

∂∥βg∥2
= −λ⋆

θ(βg), (A.3)

where
λ⋆
θ(βg) = λ1p

⋆
θ(βg) + λ0 [1− p⋆θ(βg)] . (A.4)
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Under the objective function (13), it can then be seen from (5) and (A.3) that

any local maximizer β̂ of (13) must satisfy

X⊤
g diag{ξ′(Xβ̂)}

(
Y − b′(ξ(Xβ̂))

)
−λ⋆

θ(β̂g)∂∥βg∥2 = 0mg for all g ∈ {1, . . . , G},
(A.5)

where ∂f denotes the subdifferential of f . From (A.5), we can obtain the nec-

essary first-order Karush-Kuhn-Tucker (KKT) conditions for β̂ to be a local
maximizer of (13),

X⊤
g diag{ξ′(Xβ̂)}(Y − b′(ξ(Xβ̂)))− λ⋆

θ(β̂g)
β̂g

∥β̂g∥2
= 0mg

, for β̂g ̸= 0mg
,∥∥X⊤

g diag{ξ′(Xβ̂)}(Y − b′(ξ(Xβ̂)))
∥∥
2
≤ λ⋆

θ(0mg
) for β̂g = 0mg

.

(A.6)

Proof of Theorem 1 Recall that β0 = (β⊤
0S0

,0⊤)⊤. To prove Theorem
1, we do the following two steps. First, we consider the subspace of vectors
T = {β ∈ Rp : βSc

0
= 0}. We show that on T , there exists a local maximizer

β̂ = (β̂⊤
S0
,0⊤)⊤ of (13) under the SSGL prior (10) such that ∥β̂−β0∥2 = Op(ϵn).

Next, we show that β̂ is a strict local maximizer of (13) under the SSGL prior
(10) on the entire parameter space Rp.

Step 1 (local consistency). First we solve the constrained penalized likelihood
estimation problem on the subspace T = {β ∈ Rp : βSc

0
= 0}. Then on T ,

any estimator of β0 must be of the form β̂ = (β̂⊤
S0
,0⊤)⊤. We first show the

existence of such a β̂ to the optimization problem,

β̂ = argmax
β

Q1(β) = argmax
β

{
ℓn(β) +

s0∑
g=1

pen(βg), βSc
0
= 0

}
, (A.7)

where pen(βg) is defined as in (A.1) and β̂ satisfies

∥β̂ − β0∥2 = Op(ϵn), (A.8)

with ϵn = (s0 logG/n)1/2 and β0 = (β⊤
0S0

,0⊤)⊤. Let ∆ = (∆⊤
S0
,0⊤)⊤, where

∥∆S0
∥2 = C. In order to establish (A.8), it suffices to show that, for some small

ε > 0 and sufficiently large C > 0,

P

{
sup

∥∆S0
∥2=C

Q1(β0 + ϵn∆) < Q1(β0)

}
≥ 1− ε, (A.9)

as n → ∞. If (A.9) holds, this will imply that with probability at least 1 − ε,
there exists a local maximum inside the ball {β0 + ϵn∆ : ∥∆S0

∥2 ≤ C} as
n → ∞. In order to establish (A.9), we must show that with probability tending
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to one and sufficiently large C > 0,

Q1(β0 + ϵn∆)−Q1(β0)

= [ℓn(β0 + ϵn∆)− ℓn(β0)] +

s0∑
g=1

[pen(β0g + ϵn∆g)− pen(β0g)]

∆
= (I) + (II) < 0, (A.10)

as n → ∞. We bound the terms in (A.10) separately. We first focus on bounding
(I) := ℓn(β0 + ϵn∆)− ℓn(β0). Let ∇S0 and ∇2

S0
denote the partial derivatives

with respect to β0S0 . By a Taylor expansion and the fact that β0 = (β⊤
0S0

,0⊤)⊤,
we have

(I) = ϵn∇S0
ℓn(β0)

⊤∆S0
+

ϵ2n
2
∆⊤

S0
∇2

S0
ℓn(β̃)∆S0

∆
= J1 + J2, (A.11)

where β̃ lies on the line segment between β0 and β0 + ϵn∆. Next, we bound
the terms J1 and J2 in (A.11) separately. We have

∇S0
ℓn(β0) = X⊤

S0
diag{ξ′(Xβ0)}(Y − b′(ξ(Xβ0))).

Let d2 denote the largest diagonal entry in diag(ξ′(Xβ0)), which we know is
finite and positive due to Assumption (A4)(ii). Then we have, for some A > 0,

P (∥∇S0
ℓn(β0)∥2 > Anϵn) ≤ P

(∥∥ 1
n
X⊤

S0
(Y − b′(ξ(Xβ0)))

∥∥2
2
> A2ϵ2n/d

2
2

)

≤ d22n

A2s0 logG
E


s0∑
g=1

mg∑
k=1

[
1

n

n∑
i=1

xigk

(
yi − b′(ξ(x⊤

i β0))
)]2

=
d22

A2s0 logG
tr

(
1

n
X⊤

S0
Ω(β0)XS0

)
≤ d22

A2s0 logG

(
s0∑
g=1

mg

)
λmax

(
1

n
X⊤

S0
Ω(β0)XS0

)

≤ d22s0mmax

A2s0 logG
λmax

(
1

n
X⊤

S0
Ω(β0)XS0

)
≲

d22 log n

A2 logG
λmax

(
1

n
X⊤

S0
Ω(β0)XS0

)
→ 0 as n → ∞, (A.12)

where the last inequality of the display uses Assumption (A2) that mmax =
O(logn∧(logG/ log n)) and Assumption (A3)(ii) that λmax

(
n−1X⊤

S0
Ω(β0)XS0

)
= o(logG/ logn). Therefore, from (A.12), we have that ∥∇S0ℓn(β0)∥2 = Op(nϵn),
and so an upper bound for J1 in (A.11) is

J1 ≤ |J1| ≤ ϵn∥∇S0ℓn(β0)∥2∥∆S0∥2 = Anϵ2n∥∆S0∥2.
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for some A > 0. We also have by Assumption (A3)(ii) that

J2 = −ϵ2n
2
∆⊤

S0

{
X⊤

S0
Σ(β̃)XS0

}
∆S0

≤ −ϵ2n
2
λmin

(
X⊤

S0
Σ(β̃)XS0

)
∥∆S0

∥22

≲− nϵ2n
2

∥∆S0
∥22.

Therefore, an upper bound for (I) in (A.10) is

(I) ≲ Anϵ2n∥∆S0
∥2 −

nϵ2n
2

∥∆S0
∥22 (A.13)

Now we turn our attention to upper-bounding (II) in (A.10). We first focus on
bounding each of the summands in (II) from above. We first rewrite pen(βg) in
(A.1) as

pen(βg) = −λ1∥βg∥2 − log [p⋆θ(βg)] ,

where p⋆θ(βg) is defined as in (A.2). Therefore, for any one group g,

pen(β0g + ϵn∆g)− pen(β0g)

= λ1 {∥β0g∥2 − ∥β0g + ϵn∆g∥2}+ [log (p⋆θ(β0g))− log (p⋆θ(β0g + ϵn∆g))]

≤ λ1ϵn∥∆g∥2 − [log(p⋆θ(β0g + ϵn∆g))− log(p⋆θ(β0g))]

≤ λ1ϵn∥∆g∥2 − ϵn

(
∂p⋆θ(β̃g)

∂β̃g

)⊤

∆g,

where β̃g lies on line segment between β0g and β0g + ϵn∆g,

≤ ϵn∥∆g∥2

{
λ1 +

∥∥∥∥∂p⋆θ(β̃g)

∂β̃g

∥∥∥∥
2

}
, (A.14)

We examine the second term in brackets in (A.14). Noting that

p⋆θ(βg) =
1

1 +
(
1−θ
θ

) (
λ0

λ1

)mg

exp [−(λ0 − λ1)∥βg∥2]
:=

1

1 + c(βg)
, (A.15)

we can see that when βg ̸= 0mg ,

∂p⋆θ(βg)

∂βg
=

(λ0 − λ1)c(βg)

(1 + c(βg))2
× βg

∥βg∥2
.

Note that

(λ0 − λ1)c(βg)

(1 + c(βg))2
< (λ0 − λ1)c(βg) ≺ 1,
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since the exponent term exp[−(λ0−λ1)∥βg∥2] in c(βg) decays faster than (λ0−
λ1) multiplied by the other terms in c(βg) as n → ∞. Since it must be that β̃g

in (A.14) is a nonzero vector, we have that for large n,∥∥∥∥∂p⋆θ(β̃g)

∂β̃g

∥∥∥∥
2

<

∥∥∥∥ β̃g

∥β̃g∥2

∥∥∥∥
2

= 1,

and so we can further bound (A.14) from above by ϵn(1+λ1)∥∆g∥2. Therefore,
an upper bound for (II) in (A.10) is

(II) ≲ ϵn

s0∑
g=1

(1 + λ1)∥∆g∥2 ≤ s0ϵn(1 + λ1) max
1≤g≤s0

∥∆g∥2

≤ s0ϵn(1 + λ1)∥∆S0∥2. (A.16)

Combining the upper bounds in (A.13) and (A.16), it is clear that

(I) + (II) ≲ Anϵ2n∥∆S0∥2 −
nϵ2n
2

∥∆S0∥22 + s0ϵn(1 + λ1)∥∆S0∥2,

and the right-hand side can be made negative by choosing C := ∥∆S0
∥2 large

enough. For large C > 0, the negative term above is the dominating term. This
proves (A.10), and thus, β̂ = (β̂⊤

S0
,0⊤)⊤ is a local maximum over the subspace

T = {β ∈ Rp : βSc
0
= 0} as n → ∞.

Step 2 (sparsity). Since log π(β) is a nonconvex function, the KKT conditions

(A.6) only give necessary conditions for β̂ from Step 1 to be a local maximum
on T . However, by suitably modifying Theorem 1 of Fan and Lv (2011) to
the grouped GLM setting with the log SSGL prior as the penalty function, we
can also obtain sufficient conditions for β̂ ∈ T from Step 1 to be a strict local
maximum over all of Rp. This will be the case if, for sufficiently large n, β̂ from
Step 1 satisfies

λmax

{
∇2

gℓn(β̂) +∇2pen(β̂g)
}
< 0 for all β̂g ̸= 0mg , g ∈ S0, (A.17)

where ∇2
g denotes the second partial derivative with respect to β̂g, pen(βg) is

the penalty function in (A.1), and

∥X⊤
g diag(ξ

′(Xβ̂))[Y − b′(ξ(Xβ̂))]∥2 < λ⋆
θ(0mg ) for all g ∈ Sc

0. (A.18)

That is, we require the KKT second order sufficiency condition to hold as n →
∞, and the second inequality in (A.6) has to hold with a strict inequality.

We first prove (A.17). For β̂g ̸= 0mg
, we have by (6) and the chain rule for
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second derivatives (with f(u) = pen(u) and u = g(v) = ∥v∥2) that

∇2
gℓn(β̂) +∇2pen(β̂g)

= −X⊤
g Σ(β̂)Xg + p⋆θ(β̂g)[1− p⋆θ(β̂g)](λ0 − λ1)

2
β̂gβ̂

⊤
g

∥β̂g∥22

− λ⋆
θ(β̂g)

[
1

∥β̂g∥2
Img

−
β̂gβ̂

⊤
g

∥β̂g∥32

]
. (A.19)

Note that λmin(∥β̂g∥−1
2 Img

−∥β̂g∥−3
2 β̂gβ̂

⊤
g ) = 0, since Img

−∥β̂g∥−2
2 β̂gβ̂

⊤
g is the

annihilator matrix. Using the fact that λmax(−A) = −λmin(A) for a square
matrix A, it follows from (A.19) that

λmax

{
∇2

gℓn(β̂) +∇2pen(β̂g)
}

≤ −λmin

(
X⊤

g Σ(β̂)Xg

)
+ p⋆θ(β̂g)[1− p⋆θ(β̂g)](λ0 − λ1)

2

≲ −n+
c(β̂g)(λ0 − λ1)

2

(1 + c(β̂g))2
, where c(βg) is as in (A.15)

≤ −n+ c(β̂g)(λ0 − λ1)
2

≲ −n+ 1 < 0,

for sufficiently large n, where we used Assumption (A3)(ii) in the third line and
the fact that given our choices of hyperparameters for (θ, λ0, λ1) in Theorem 1,
c(βg)(λ0 − λ1)

2 ≺ 1 for any βg ̸= 0mg
in the last line. Thus, we have shown

that (A.17) holds for large n.
Next, we prove (A.18). It suffices to show that as n → ∞,

P

(
∃ g ∈ Sc

0,

∥∥∥∥∂ℓn(β̂)∂βg

∥∥∥∥
2

≥ λ⋆
θ(0mg

)

)
→ 0.

To ease the notation, let hg(β̂) = ∂ℓn(β̂)/∂βg. By a Taylor expansion around

β0 and the fact that β̂0Sc
0
= 0, we have

hg(β̂) = hg(β0) +∇S0
hg(β̃)

⊤(β̂S0
− β0S0

), (A.20)
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where β̃ lies on the line segment between β0 and β̂. By (A.20), we have that

P
(
∃ g ∈ Sc

0, ∥hg(β̂)∥2 ≥ λ⋆
θ(0mg

)
)

≤ P

(
∃ g ∈ Sc

0, ∥hg(β0)∥2 ≥
λ⋆
θ(0mg

)

2

)
+ P

(
∃ g ∈ Sc

0, ∥∇S0
hg(β̃)

⊤(β̂S0
− β0S0

)∥2 ≥
λ⋆
θ(0mg

)

2

)
≤

G∑
g=s0+1

P

(
∥hg(β0)∥2 ≥

λ⋆
θ(0mg

)

2

)

+

G∑
g=s0+1

P

(
∥∇S0

hg(β̃)
⊤(β̂S0

− β0S0
)∥2 ≥

λ⋆
θ(0mg )

2

)
∆
= T1 + T2. (A.21)

We will bound each of the terms in (A.21) from above separately. First note
that since λ0 = (1 − θ)/θ ≍ Gc, c > 2, and λ1 ≍ n−1, we have that for some
constant M > 0,

p⋆θ(0mg ) =
1

1 +
(
1−θ
θ

) (
λ0

λ1

)mg
=

1

1 +Mnλ
mg+1
0

,

and thus,

λ⋆
θ(0mg

) = λ1p
⋆
θ(0mg

) + λ0

[
1− p⋆θ(0mg

)
]

=
λ1 + λ0(Mnλ

mg+1
0 )

1 +Mnλ
mg+1
0

> λ0

(
Mnλ

mg+1
0

1 +Mnλ
mg+1
0

)
>

λ0

2
, (A.22)

for large n.
We first examine each of the summands in T1 in (A.21). Since all of the

entries of X satisfy |xij | = O(logG) (by Assumption (A3)(i)), we have that
for some constant D > 0 and any g ∈ {1, . . . , G}, ∥Xg∥2,∞ ≤ D logG

√
mg ≤

D logG
√
mmax. Thus, in light of (A.22), we have that for sufficiently large n,

P

(
∥hg(β0)∥2 ≥

λ⋆
θ(0mg )

2

)
< P

(
∥Xg∥2,∞∥Y − b′(ξ(Xβ0))∥2 ≥ λ0

2

)
≤ P

(
∥Y − b′(ξ(Xβ0))∥2 ≥ λ0

2DlogG
√
mmax

)
≤ 2 exp

(
− λ2

0/(4D
2(logG)2mmax)

2[2nG+ Lλ0/(DlogG
√
mmax)]

)
= 2 exp

(
− λ2

0

16D2(logG)2mmaxnG+ 8Lλ0DlogG
√
mmax

)
(A.23)
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where we used Assumption (A4)(i) and the Bernstein inequality (specifically,
Lemma 2.2.11 of van der Vaart and Wellner (2006)). Thus, from (A.23), we
have as an upper bound for T1 in (A.21),

T1 < 2 exp

(
logG− λ2

0

16D2(logG)2mmaxnG+ 8Lλ0DlogG
√
mmax

)
→ 0,

(A.24)
where we used the fact that λ0 ≍ Gc, c > 2, and Assumptions (A1) and (A2)
that G ≫ n and mmax = O(logn∧ (logG/ logn)). Thus, the second term in the
exponent of (A.24) dominates the first term as n → ∞.

We next examine each of the summands in T2 in (A.21). In light of (A.22)
that λ⋆

θ(0mg
) > λ0/2, we have that for each g ∈ Sc

0 and sufficiently large n,

P

(
∥∇S0

hg(β̃)
⊤(β̂S0

− β0S0
)∥2≥

λ⋆
θ(0mg

)

2

)
< P

(
∥∇S0hg(β̃)

⊤(β̂S0 − β0S0)∥2≥
λ0

4

)
≤ P

(
∥∇S0

hg(β̃)∥2,∞∥β̂S0
− β0S0

∥2 ≥ λ0

4

)
≤ P

(
∥X⊤

S0
Σ(β̃)Xg∥2,∞∥β̂S0

− β0S0
∥2 ≥ λ0

4

)
≲

4nϵn
λ0

, (A.25)

To arrive at (A.25), we used the fact that ∇S0
hg(β̃) = X⊤

S0
Σ(β̃)Xg in the

second line. In the last line, we used Assumption (A3)(iii) that for all g ∈ Sc
0 ,

∥X⊤
S0
Σ(β̃)Xg∥2,∞ = O(n), the fact that ∥β̂S0 −β0S0∥2 = Op(ϵn), and Markov’s

inequality. From (A.25), the fact that λ0 ≍ Gc, c > 2, and G ≫ n, we have as
an upper bound for T2 in (A.21),

T2 ≺ 4Gnϵn
λ0

≺Gn

Gc
=

n

Gc−1
→ 0 as n → ∞. (A.26)

Combining (A.21), (A.24), and (A.26) allows us to conclude that (A.18) holds
for sufficiently large n, and the proof is finished. □

B Proofs for Section 4

To prove Theorems 2 and 3, we follow the proof strategy of Jeong and Ghosal
(2021). However, a crucial difference is that we study an absolutely continuous
spike-and-slab prior in this paper, whereas Jeong and Ghosal (2021) prove their
results for a point-mass spike-and-slab prior. The continuous nature of the
SSGL requires it to be handled quite differently from the point mass prior of
Jeong and Ghosal (2021). In particular, since SSGL (10) puts zero probability
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on exactly sparse configurations of β, we need to instead rely on notions of
“approximate” sparsity to appropriately bound the approximation error.

We first define some necessary notation. Let fi be the density of yi belonging
to the exponential family (1), where the natural parameter θi is related to the
grouped covariates xi = (x⊤

i1, . . . ,x
⊤
iG)

⊤ through (3). Denote f0i analogously
with true natural parameter θ0i. Then the joint densities are f =

∏n
i=1 fi and

f0 =
∏n

i=1 f0i. We define the average squared Hellinger metric between f and f0
as H2

n(f, f0) = n−1
∑n

i=1 H
2(fi, f0i), where H(fi, f0i) = (

∫
(
√
fi −

√
f0i)

2)1/2 is
the Hellinger distance between fi and f0i. The Kullback-Leibler (KL) divergence
and KL variation between fi and f0i are given by K(f0i, fi) =

∫
f0i log(f0i/fi)

and V (f0i, fi) =
∫
f0i(log(f0i/fi) −K(f0i, fi))

2 respectively. For a set Ω with
semimetric d, the ε-covering number N(ε,Ω, d) is the minimal number of d-balls
of radius ε needed to cover Ω. Meanwhile, the ε-packing number for Ω, denoted
by D(ε,Ω, d), is the maximal number of d balls of radius ε needed to cover Ω.

B.1 Proof of Theorem 2

We first prove a lemma that is needed to prove Theorem 2.

Lemma 1 (evidence lower bound). Assume the same setup as Theorem 2. Then
supP0(Ec

n) → 0, where the set En is defined as

En =

{∫ n∏
i=1

fi(yi)

f0i(yi)
dΠ(β) ≥ e−C1nϵ

2
n

}
, (B.1)

for some constant C1 > 0 and ϵ2n = s0 logG/n.

Proof. By Lemma 10 of Ghosal and van der Vaart (2007), this statement will
be proven if we can show that

Π (Bn) ≳ e−C1nϵ
2
n , (B.2)

where the set Bn is defined as the event,

Bn =

{
1

n

n∑
i=1

K(f0i, fi) ≤ ϵ2n,
1

n

n∑
i=1

V (f0i, fi) ≤ ϵ2n

}
. (B.3)

As established in Lemma 1 of Jeong and Ghosal (2021), the KL divergence and
KL variation for the exponential family (1) is given by

K(f0i, fi) = (θ0i − θi)b
′(θ0i)− b(θ0i) + b(θi),

V (f0i, fi) = b′′(θ0i)(θi − θ0i)
2.

Recalling that θi = ξ(x⊤
i β) and θ0i = ξ(x⊤

i β0) where ξ = (h ◦ b′)−1, we have by
Taylor expansion in x⊤

i β at x⊤
i β0 that

max {K(f0i, fi), V (f0i, fi)}
≤ b′′(θ0i)(ξ

′(x⊤
i β0))

2(x⊤
i β − x⊤

i β0)
2 + o((x⊤

i β − x⊤
i β0)

2)

= (h−1)′(x⊤
i β0)ξ

′(x⊤
i β0)(x

⊤
i β − x⊤

i β0)
2 + o((x⊤

i β − x⊤
i β0)

2).
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Note that h−1 and ξ are strictly increasing. Thus, it must be the case that
if max1≤i≤n{(h−1)′(x⊤

i β0)ξ
′(x⊤

i β0)(x
⊤
i β − x⊤

i β0)
2} ≤ ϵ2n → 0, then |x⊤

i β −
x⊤
i β0| → 0 for all 1 ≤ i ≤ n. Recall Ω(β0) = diag{(h−1)′(Xβ0)}diag{ξ′(Xβ0)}.

Then both n−1
∑n

i=1 K(f0i, fi) and n−1
∑n

i=1 V (f0i, fi) can be bounded above
by a constant multiple of n−1∥Ω1/2(β0)X(β − β0)∥22 on Bn.

Thus, for sufficiently large n, we have for some constants C̃2, C2 > 0,

Π(Bn) ≥ Π

(
1

n
∥Ω1/2(β0)X(β − β0)∥22 ≤ C̃2

2ϵ
2
n

)

≥ Π

λmax

(
1

n
X⊤

g Ω(β0)Xg

)( G∑
g=1

∥βg − β0g∥2

)2

≤ C̃2
2ϵ

2
n


≥ Π

(
G∑

g=1

∥βg − β0g∥2 ≤
C2

√
s0√
n

)

≥ Π

∑
g∈S0

∥βg − β0g∥2 ≤
C2

√
s0

2
√
n

Π

∑
g∈Sc

0

∥βg − β0g∥2 ≤
C2

√
s0

2
√
n


≥
∏
g∈S0

Π

(
∥βg − β0g∥22 ≤ C2

2

4n

) ∏
g∈Sc

0

Π

(
∥βSc

0
∥22 ≤ C2

2s0
4n(G− s0)

)
, (B.4)

where we used Assumption (B3)(ii) in the third inequality and the Cauchy-
Schwarz inequality in the fifth inequality. Arguing similarly as in (D.17)-(D.20)
in the proof of Theorem 2 of Bai et al. (2022), we have that∏
g∈S0

Π

(
∥βg − β0g∥22 ≤ C2

2

4n

)
≥ θs0e−λ1∥βS0

∥2e−λ1C2/2
√
n
∏
g∈S0

Cg

mg!

(
λ1C2

2s0
√
n

)mg

,

where Cg = 2−mgπ−(mg−1)/2[Γ((mg + 1)/2)]−1 and∏
g∈Sc

0

Π

(
∥βg∥22 ≤ C2

2s0
4n(G− s0)

)
≥ (1− θ)G−s0

[
1− 4nGmmax(mmax + 1)

λ2
0C

2
2s0

]G−s0

.

Thus, a lower bound on (B.4) is

Π(Bn) ≥ θs0(1− θ)G−s0e−λ1∥βS0
∥2e−λ1C2/2

√
n

[
1− 4nGmmax(mmax + 1)

λ2
0C

2
2s0

]G−s0

×
∏
g∈S0

Cg

mg!

(
λ1C2

2s0
√
n

)mg

. (B.5)

Now, since λ0 = (1 − θ)/θ ≍ Gc, c > 2, and s0 = o(n1/2/ logG) and mmax =
O(logn ∧ (logG/ logn)) by Assumption (A2), we have that[

1− 4nGmmax(mmax + 1)

λ2
0C

2
2s0

]G−s0

≳

[
1− 1

G− s0

]G−s0

→ e−1 as n → ∞.
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Furthermore, θ ≍ 1
Gc+1 , and thus,

(1− θ)G−s0 ≳

(
1− 1

G− s0

)G−s0

→ e−1.

Thus, using Assumption (B4) that ∥β0∥∞ = O(logG) and ∥βS0
∥2 ≤ √

s0∥β0∥∞,
we can further lower bound (B.5) as

Π(Bn) ≳ (Gc + 1)−s0e−λ1(
√
s0 logG+C1/2

√
n)
∏
g∈S0

Cg

mg!

(
λ1C2

2s0
√
n

)mg

,

and since λ1 ≍ 1/n, we have

− log Π(Bn)

≲ 2cs0 logG+
√
s0 logG+

∑
g∈S0

[
log(mg!)− log(Cg) +mg log

(
2s0

√
n

λ1C2

)]
.

(B.6)

Similar to (D.24) in the proof of Theorem 2 of Bai et al. (2022), the first term
of (B.6) can be shown to be the dominating term, and thus, − log Π(Bn) ≲ nϵ2n.
This establishes (B.2) and the proof is finished. □

Proof of Theorem 2 We follow the proof strategy of Theorem 2 in Jeong
and Ghosal (2021) but work with the generalized dimensionality |ν(β)| (20).
Let En be the event defined in (B.1), where ϵn = (s0 logG/n)1/2. Define the
set An = {β : |ν(β)| ≤ K1s0}, where K1 ≥ C1 ∨ 1, and C1 is the constant in
Lemma 1. Then we have

E0Π(Ac
n | Y) ≤ E0Π(Ac

n | Y)1En
+ P0(Ec

n).

By Lemma 1, P0(Ec
n) → 0 as n → ∞, so it suffices to show that E0Π(Ac

n |
Y)1En

→ 0. Note that

Π(Ac
n | Y) =

∫
Ac

n

∏n
i=1

fi(yi)
f0i(yi)

dΠ(β)∫ ∏n
i=1

fi(yi)
f0i(yi)

dΠ(β)
. (B.7)

On the set En, the denominator in (B.7) is bounded below by e−C1nϵ
2
n by Lemma

1. On the other hand, an upper bound for the expected value of the numerator
is

E0

(∫
Ac

n

n∏
i=1

fi(yi)

f0i(yi)
dΠ(β)

)
≤
∫
Ac

n

dΠ(β) = Π(|β| > K1s0). (B.8)
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Now, since π(βg | θ) < 2θCgλ
mg

1 e−λ1∥βg∥2 for all ∥βg∥2 > ωg, we have (arguing
as in (D.30) of Bai et al. (2022)) that

Π(|ν(β)| > K1s0) ≤
∑

S:|S|>C3s0

2|S|θ|S|

∏
g∈S

∫
∥βg∥2>ωg

Cgλ
mg

1 e−λ1∥βg∥2dβg


×

∏
g∈Sc

∫
∥βg∥2≤wg

π(βg)dβg


≲

∑
S:|S|>K1s0

θ|S|,

where we bounded the first bracketed term from above as
∏

g∈S(1/n)
mg ≤ n−|S|

and the second bracketed term from above by one. Now, since θ < 1/G2, we
have

∑
S:|S|>K1s0

θ|S| ≤
G∑

k=⌊C1s0⌋+1

(
G

k

)(
1

G2

)k

≤
G∑

k=⌊K1s0⌋+1

( e

kG

)k
<

G∑
k=⌊K1s0⌋+1

(
e

G⌊K1s0⌋+ 1

)k

≤ G−(⌊K1s0⌋+1) ≲ e−K1nϵ
2
n . (B.9)

Combining (B.7)-(B.9) and Lemma 1 gives E0Π(Ac
n | Y)1En

≺ e−(K1−C1)nϵ
2
n

→ 0, since K1 > C1. This completes the proof. □

B.2 Proof of Theorem 3

We first prove a lemma which verifies that the prior puts sufficient mass on the
event that the generalized dimensionality |ν(β)| (20) equals s0, where s0 is the
true number of nonzero groups in β0.

Lemma 2. Assume the same setup as Theorem 2. Then for some constant
C3 > 0,

Π(|ν(β)| = s0) ≥ e−C3nϵ
2
n

Proof. Note that π(βg) ≥ Ψ(βg | λ0) for all βg. Further, for βg ∼ Ψ(βg | λ0),
we have that ∥βg∥2 follows a gamma distribution with shape parameter mg and

12



scale parameter λ0. Thus,

Π(∥βg∥2 > ωg) ≥
∫ ∞

ωg

1

Γ(mg)λ
mg

0

xmg−1e−x/λ0dx

≥ 1

Γ(mg)λ
mg

0

∫ ∞

λ0

xmg−1e−x/λ0dx

≥ 1

Γ(mg)λ0

∫ ∞

λ0

e−x/λ0dx

=
e−1

Γ(mg)
≥ e−1

Γ(mmax)
>

e−1

mmax!
. (B.10)

Meanwhile,

Π(∥βg∥2 ≤ ωg) ≥
∫ ωg

0

1

Γ(mg)λ
mg

0

xmg−1e−x/λ0dx

= 1−
∫ ∞

ωg

1

Γ(mg)λ
mg

0

xmg−1e−x/λ0dx

≥ 1− exp(−λ0ωg +mmax)

≥ 1− 1

G− s0
, (B.11)

where we used the tail bound for the gamma density on p. 29 of Boucheron
et al. (2013) and the inequality 1+x−

√
1 + 2x ≥ (x−1)/2 for x > 0 (similarly

as in Ning et al. (2020)) to bound the integral in the second line from above by
exp(−λ0ωg +mmax).

From (B.10)-(B.11), we can bound Π(|ν(β)| = s0) from below as

Π(|ν(β)| = s0) ≥
(

e−1

mmax!

)s0 (
1− 1

G− s0

)G−s0

≳

(
e−1

mmmax
max

)s0

,

where we used the facts that (1−1/(G−s0))
G−s0 → e−1 as n → ∞, and x! ≤ xx

in the second line of the display. Therefore, we see that for sufficiently large n,

− log Π(|ν(β)| = s0) ≤ s0mmax logmmax + s0 ≲ s0 logG, (B.12)

by Assumptions (A1) and (A2) thatG ≫ n andmmax = O(log n∧(logG/ log n)).
This proves the lemma. □

Proof of Theorem 3 The proof of Theorem 3 is broken up into two parts and
follows the proof strategy of Theorems 2 and 3 of Jeong and Ghosal (2021). In
the first part, we establish the posterior contraction rate in terms of the average
squared Hellinger metric. In the second part, we convert the Hellinger contrac-
tion rate result to a contraction rate for the regression coefficients themselves.
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Step 1: Hellinger contraction rate. We first show that there exists C4 > 0 such
that

E0Π(β ∈ Rp : Hn(β,β0) > C4ϵn | Y) → 0 as n → ∞. (B.13)

Define the set An = {β ∈ Rp : |ν(β)| ≤ K1s0}, where K1 is the constant from
Theorem 2. Then for every ϵ > 0,

E0Π(β ∈ Rp : Hn(β,β0) > ϵ | Y)

≤ E0Π(β ∈ An : Hn(β,β0) > ϵ | Y)1En
+ E0Π(Ac

n | Y) + P0Ec
n,

where En is in the event in (B.1). By Lemma 1 and Theorem 2, the second and
third terms on the right-hand side above tend to zero uniformly over β0. Hence,
in order to prove (B.13), we only focus on the first term. That is, it suffices to
show that for ϵ = Cϵn, where C > 0 and ϵn = (s0 logG/n)1/2,

E0Π(β ∈ An : Hn(β,β0) > ϵ | Y) as n → ∞, (B.14)

uniformly over β0. Define the sieve,

A⋆
n =

{
β ∈ An : ∥β − β0∥2≤ GM

}
, (B.15)

where M > 0 is defined as in Assumption (B3)(ii). By Lemma 2 of Ghosal and
van der Vaart (2007), there exists a test function φn such that for any β1 with
Hn(β0,β1) > ϵ,

E0φn ≤ exp(−nϵ2/2), sup
β:Hn(β,β1)≤ϵ/18

Eβ(1− φn) ≤ exp(−nϵ2/2).

We want to use Lemma 9 of Ghosal and van der Vaart (2007). In order to do
so, we need to show that logN(ϵn/36,A⋆

n, Hn) ≲ nϵ2n for ϵn = (s0 logG/n)1/2.
Since the squared Hellinger distance is bounded by one half of the KL divergence,
we have by a Taylor expansion that for any β1,β2 ∈ A⋆

n,

H2(fβ1,i, fβ2,i)

≤ K(fβ1,i, fβ2,i)

2

=
(h−1)′(x⊤

i β1)ξ
′(x⊤

i β1)

2
(x⊤

i β1 − x⊤
i β2)

2 + o((x⊤
i β1 − x⊤

i β2)
2).

It then follows that

H2
n(fβ1

, fβ2
) =

1

2n
∥Ω1/2(β1)X(β1 − β2)∥22 + o

(
∥X(β1 − β2)∥22

)
≤ 1

2
max

1≤g≤G

(
λmax

(
1

n
X⊤

g Ω(β1)Xg

))( G∑
g=1

∥β1g − β2g∥2

)2

+ o
(
∥X(β1 − β2)∥22

)
≲ G logG∥β1 − β2∥22 + ∥X∥22,∞∥β1 − β2∥22
≲ G2∥β1 − β2∥22,
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where we used Assumption (B3)(ii) that λmax(n
−1X⊤

g Ω(β1)Xg) ≲ logG and
the fact that all of the entries of X are uniformly bounded, and thus, ∥X∥2,∞ ≲
G1/2. Thus, for some C5 > 0, we can bound N(ϵn/36,A⋆

n, Hn) from above by

N(ϵn/36,A⋆
n, Hn) ≤ N

(
C5ϵn
36G

,A⋆
n, ∥·∥2

)
= N

(
C5ϵn
36G

,
{
β ∈ An, ∥β − β0∥2 ≤ GM

}
, ∥·∥2

)
. (B.16)

Denote by ω̃,

ω̃ =
1

λ0 − λ1
log

[
1− θ

θ

λmmax
0

λmmax
1

]
,

It is clear that given our choice of hyperparameters for (θ, λ0, λ1), the threshold
ωg in (21) is an increasing function of mg. Therefore,

{β ∈ An, ∥β − β0∥2 ≤ GM}
⊂
{
β ∈ Rp : ∥βS0 − β0S0∥2 ≤ GM , and ∥βg∥2 ≤ ω̃ for all g ∈ Sc

0

}
⊂
{
∥βS0

− β0S0
∥2 ≤ GM

}
× [−ω̃, ω̃]G−K1s0 .

By Lemma S4 of Shen et al. (2024), for any set of the form E = A×[−δ, δ]Q−s ⊂
RQ where A ⊂ Rs and s < Q,

D(ϵ, E, ∥·∥2) ≤ D((1− T−1)1/2ϵ, A, ∥·∥2),

if δ < ϵ/(2[T (Q−s)]1/2), for some T > 1, where D denotes the packing number.
In order to use Lemma A4 of Shen et al. (2024), we can check that for sufficiently
large n and T = 2,

ω̃ =
1

λ0 − λ1
log

[
1− θ

θ

λmmax
0

λmmax
1

]
≲

mmax logG

G2
<

C5ϵn/36G

2[2T (G− s0)]1/2
,

where we used Assumptions (A1)-(A2) and the fact that λ0 = (1 − θ)/θ ≍
pc, c > 2, and λ1 ≍ 1/n. Hence, by Lemma S4 of Shen et al. (2024) and the fact
that we can upper bound the covering number by the packing number, we can
further upper bound (B.16) by(

G

K1s0

)
D

(
C5ϵn

36G
√
2
,
{
∥βS − β0S∥2 ≤ GM

}
, ∥·∥2

)

≤
(

G

K1s0

)(
108

√
2GM+1

C5ϵn

)K1s0

, (B.17)

noting that on the set An, |S| ≤ K1s0. From (B.16)-(B.17), we have that

logN(ϵn/36,A⋆
n, Hn) ≤ K1s0 logG+K1s0

[
(M + 1) logG+ log(108

√
2n)
]

≲ nϵ2n, (B.18)
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where we used the fact that
(

G
K1s0

)
≤ GK1s0 . Having established (B.18), we can

now use Lemma 9 of Ghosal and van der Vaart (2007), which implies that for
every ϵ > ϵn, there exists a test φ̄n such that

E0φ̄n ≤ 1

2
exp

(
C6nϵ

2
n − nϵ/2

)
, sup
β∈A⋆

n:Hn(β,β0)>ϵ

Eβ(1− φ̄n) ≤ exp(−nϵ2/2).

for some C6 > 0. By Lemma 2, Π(|ν(β)| = s0) ≥ e−C3nϵ
2
n for some C3 > 0, and

thus,

E0Π(β ∈ An : Hn(β,β0) > ϵ | Y)

≤ E0Π(β ∈ An : Hn(β,β0) > ϵ | Y)1En
(1− φ̄n) + E0φ̄n

≤

{
sup

β∈A⋆
n:Hn(β,β0)>ϵ

Eβ(1− φ̄n) + Π(An \ A⋆
n)

}
eC3nϵ

2
n + E0φ̄n.

All of the terms in the display except Π(An \A⋆
n)e

C3nϵ
2
n go to zero by choosing

ϵ = C4ϵn for a sufficiently large C4 > C3. To complete the proof then, we must
show that

Π(An \ A⋆
n)e

C3nϵ
2
n → 0 as n → ∞. (B.19)

To establish (B.19), note that

Π(An \ A⋆
n) = Π(β ∈ Rp : |ν(β)| ≤ K1s0, ∥β − β0∥2 > GM )

≤ Π(∥β − β0∥2 > GM )

≤
∑
g∈S0

Π
(
∥βg∥2 > GM − ∥β0g∥2

)
+
∑
g∈Sc

0

Π
(
∥βg∥2 > GM

)
.

(B.20)

We examine each of the terms in (B.20) separately. Notice that π(βg) ≤ Ψ(βg |
λ1) for all βg. Moreover, for Ψ(βg | λ1), ∥βg∥2 follows a gamma distribution
with shape parameter mg and scale parameter λ1 Letting Xg denote a gamma
random variable with shape and scale parameters mg and λ1, and recalling that
M ≥ 1, we have∑

g∈S0

Π
(
∥βg∥2 > GM − ∥β0g∥2

)
≤
∑
g∈S0

P (Xg > GM − ∥β0g∥2)

≤
∑
g∈S0

P (Xg > GM − C7

√
G logG)

≤
∑
g∈S0

exp
[
−λ1(G

M − C7

√
G logG) +mmax

]
= exp

[
−λ1G

M + λ1C7

√
G logG+mmax + log s0

]
, (B.21)

where in the second line, we used the fact that by Assumption (B4), ∥β0g∥2 ≤√
G∥β0∥∞ ≤ C7

√
G logG, for some constant C7 > 0. In the third line of the
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display, we used same gamma density tail bound that we used to prove (B.11).
Using a similar argument as (B.21), we also have∑

g∈Sc
0

Π
(
∥βg∥2 > GM

)
≤
∑
g∈Sc

0

P (Xg > GM )

≤
∑
g∈Sc

0

exp
[
−λ1G

M +mmax

]
= exp

[
−λ1G

M +mmax + log(G− s0)
]
. (B.22)

Combining (B.20)-(B.22), we have that for sufficiently large n,

Π(An \ A⋆
n) ≤ 2 exp

[
−λ1G

M + λ1C7

√
G logG+ logG+mmax

]
≲ exp(−C4s0 logG), (B.23)

where we can choose C4 > C3 so that −λ1G
M is the dominating term in the

first line of the display, and further, GM ≫ C4s0n logG when n is large. Thus,
from (B.23), we can see that (B.19) holds, and we have established the posterior
contraction rate with respect to the average squared Hellinger metric (B.13).

Step 2: Contraction rate for the regression coefficients. We first define the
uniform compatibility number ϕ1 as

ϕ1(s;Ω) = inf
β:1≤|ν(β)|≤s

∥Ω1/2Xβ∥2|ν(β)|1/2

n1/2∥β∥1
,

and the smallest scaled singular value ϕ2 as

ϕ2(s;Ω) = inf
β:1≤|ν(β)|≤s

∥Ω1/2Xβ∥2
n1/2∥β∥2

.

According to Theorem 3 of Jeong and Ghosal (2021), as long as

s20 logG∥X∥max

ϕ2
1 ((K2 + 1)s0;Ω(β0))

= o(n), (B.24)

then for some C8 > 0,

{β : Hn(β,β0) ≤ C4ϵn} ⊂
{
β : ∥β − β0∥2 ≤ C8ϵn

ϕ2 ((K2 + 1)s0;Ω(β0))

}
,

(B.25)
where ϵn = (s0 logG/n)1/2. Notice that for any set S such that s := |S| ≤
(K2 + 1)s0, we have

ϕ2(s;Ω(β0)) = inf
β:1≤|ν(β)|≤s

∥Ω1/2(β0)Xβ∥2
∥β∥2n1/2

≥
[λmin

(
X⊤

SΩ(β0)XS

)
]1/2∥β∥2

∥β∥2n1/2

=

[
λmin

(
1

n
X⊤

SΩ(β0)XS

)]1/2
≳ 1, (B.26)
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by Assumption (B3)(ii). We also have ∥X∥max ≲ logG by Assumption (B3)(i),
and ϕ1(s;Ω) ≥ ϕ2(s;Ω). It follows from (B.26) that

s20 logG∥X∥max

ϕ2
1 ((K2 + 1)s0;Ω(β0))

≲
s20(logG)2

ϕ2
2 ((K2 + 1)s0;Ω(β0))

≲ s20(logG)2.

Thus, by Assumption (A2) that s0 = o(n1/2/ logG), it must be that (B.24)
holds. Thus, for some K3 > 0, we have by (B.25) and Theorem 2 that

E0Π(β : ∥β − β0∥2 ≤ K3ϵn | Y) ≥ Π(β : Hn(β,β0) ≤ C4ϵn) → 1 as n → ∞,

where the smallest scaled singular value ϕ2((K2 + 1)s0;Ω(β0)) is a positive
constant (by (B.26)) that is absorbed into the constant K3. We are done. □

B.3 Proof of Proposition 1

Throughout, we use P0 and E0 to respectively denote the probability and ex-
pectation operators under the law induced by the model Y ∼ Nn(β0, In).

The posterior contraction proof in Proposition 1 follows a similar strategy as
the proof of Theorem 7 in Castillo et al. (2015). However, it should be noted that
Castillo et al. (2015) deal exclusively with the case where β0 = (β01, . . . , β0n)

⊤

is the zero vector, i.e. β0 = 0n, and the individual regression coefficients β0i, i =
1, . . . , n, are endowed with univariate Laplace(0, λ−1) priors. In contrast, we
consider the grouped scenario where β0 = (β⊤

01, . . . ,β
⊤
0G)

⊤ with β01 ̸= 0m1 ,
and the groups β0g, g = 1, . . . , G, are endowed with independent multivariate
Laplace priors (9).

Proof of Proposition 1 We first prove (25). Let Y = (Y⊤
1 , . . . ,Y

⊤
G)

⊤,
where the indices of Yg correspond to those of β0g in β0 = (β⊤

01, . . . ,β
⊤
0G)

⊤ for
all g = 1, . . . , G. When Y ∼ Nn(β0, In), the group lasso estimator has a closed
form,

β̂g =

(
1− λ

∥Yg∥2

)
+

Yg, for all g = 1, . . . , G,

where x+ = min{x, 0}. Therefore, we must have ∥β̂g∥2 < ∥Yg∥2 for all g ∈
{1, . . . , G}. We can decompose the expected squared ℓ2 risk as

E0∥β̂ − β0∥22 = E0∥β̂1 − β01∥22 +
G∑

g=2

E0∥β̂g∥22, (B.27)

We first upper-bound the first term in (B.27). Since Y1 ∼ Nm(β01, Im),

∥β̂1∥2 < ∥Y1∥2, and β̂1 = 0m when ∥Y1∥2 ≤ λ, we have

E0∥β̂1 − β01∥22 ≤ 2E0∥Y1 − β01∥22 + 2E0∥β̂1 −Y1∥22
≤ 2m+ 2E0{∥Y1∥22I(∥Y1∥2 ≤ λ)}+ 2E0{λ2I(∥Y1∥2 > λ)}
≤ 2m+ 2λ2 + 2λ2P0(∥Y1∥2 > λ)

≤ 2m+ 4λ2 ≍ 2 log n, (B.28)
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since m is constant and λ ≍
√
2 logn. Next, we upper-bound the second term

in (B.27). Again, using the fact that ∥β̂g∥2 < ∥Yg∥2 and β̂g = 0m when
∥Yg∥2 ≤ λ, each of the summands can be upper-bounded as

E0∥β̂g∥22 ≤ E0{∥Yg∥22I(∥Yg∥22 > λ2)}.

Since Yg ∼ Nm(0m, Im) for all g ̸= 1, ∥Yg∥22 ∼ χ2
m. Letting Γ(a, x) =∫∞

x
ta−1e−tdt denote the incomplete gamma function, we proceed to upper-

bound the individual summands as

E0∥β̂g∥22 ≤
∫ ∞

λ2

[
Γ
(m
2

)]−1 (u
2

)m/2

e−u/2du

= 2
[
Γ(

m

2
)
]−1

Γ
(m
2

+ 1, λ2
)

≤ 2
[
Γ
(m
2

)]−1 (m
2

+ 1
)
e−λ2

(λ2)m/2 for large n

≍ n−2(log n)m/2, (B.29)

where we used the bound Γ(a, x) ≤ ae−xxa−1 when a ≥ 1 and x > a (Pinelis,
2020) in the third line, and the fact that m is fixed and λ ≍

√
2 logn in the last

line. Combining (B.27)-(B.29) gives

E0∥β̂ − β0∥22 ≲ 2 log n+ (G− 1)n−2(log n)m/2 = 2 log n+ o(1) as n → ∞,

where we used the fact that G = n/m and m is a constant. This completes the
proof of (25).

Next, we prove (26). We follow the proof strategy of Theorem 7 in Castillo
et al. (2015). According to Lemma 7.1 of Castillo and van der Vaart (2012),
E0Π(β : ∥β − β0∥2 < sn | Y) → 0 for any sn for which there exists a sequence
rn such that

Π(β : ∥β − β0∥2 < sn)

Π(β : ∥β − β0∥2 < rn)
e2r

2
n = o(1). (B.30)

Since the prior is βg
iid∼ Ψ(βg | λ) for all g = 1, . . . , G, ∥β1∥2 ∼ Gamma(m,λ)

and
∑G

g=1∥βg∥2 ∼ Gamma(n, λ) where n = mG.
We first upper-bound the numerator in (B.30). Since ∥β0∥2 = ∥β01∥2 = L

and ∥β − β0∥2 ≥ ∥β1 − β01∥2, we have that for sufficiently large n such that
sn > L,

Π(β : ∥β − β0∥2 < sn) ≤ Π(β1 : ∥β1 − β0∥2 < sn)

≤ Π
(
β1 :

∣∣∥β1∥2 − ∥β01∥2
∣∣ < sn

)
= Π(β1 : ∥β1∥2 < sn + L)

=

∫ sn+L

0

λm

Γ(m)
um−1e−λudu

≤ [λ(sn + L)]m

Γ(m+ 1)
. (B.31)
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Next, we lower-bound the denominator in (B.30). For sufficiently large n so
that rn > L, we have

Π(β : ∥β − β0∥2 < rn) ≥ Π(β : ∥β∥2 + ∥β0∥2 < rn)

= Π(β : ∥β∥2 < rn − L)

≥ Π

(
β :

G∑
g=1

∥βg∥2 < rn − L

)

=

∫ rn−L

0

λn

Γ(n)
un−1e−λudu

≥ λn

nΓ(n)
e−λ(rn−L)(rn − L)n. (B.32)

Combining (B.30)-(B.32) gives

Π(β : ∥β − β0∥2 < sn)

Π(β : ∥β − β0∥2 < rn)
≤ nλm−n Γ(n)

Γ(m+ 1)

(sn + L)m

(rn − L)n
eλ(rn−L)

≲ eλ
√
nrn

(
sn
rn

)n

= exp

[
λ
√
nrn − n log

(
rn
sn

)]
. (B.33)

Setting rn =
√
n(λ−1 ∧ 1) and sn = δrn for δ small enough in (B.33) satisfies

(B.30), and thus, by Lemma 7.1 of Castillo and van der Vaart (2012),

E0Π

(
β : ∥β − β0∥2 < δ

√
n

(
1

λ
∧ 1

) ∣∣∣∣ Y)→ 0 as n → ∞.

By setting λ ≍
√
2 logn in the above display, we obtain the posterior contraction

rate of
√

n/ logn in (26). □

C Additional details for the EM algorithm in
Section 5.1

C.1 Derivation of the EM algorithm

Recall that the log-likelihood function ℓn(β) is given in (4). With the reparam-
eterization of the hierarchical SSGL prior in (30) and the B(a, b) prior (27) on
θ, we can write the log-posterior log π(β, θ | Y) in (28) as

log π(β, θ | Y) = ℓn(β) +

G∑
g=1

log
(
(1− γg)λ

mg

0 e−λ0∥βg∥2 + γgλ
mg

1 e−λ1∥βg∥2

)

+

(
a− 1 +

G∑
g=1

γg

)
log θ +

(
b− 1 + p−

G∑
g=1

γg

)
log(1− θ).

(C.1)
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From (C.1), it is straightforward to verify that E[γg | Y,β, θ] = p⋆g(βg, θ), where
p⋆g(βg, θ) is as in (31).

In the E-step of our EM algorithm, we treat γ as missing data and take ex-
pectation with respect to γg for all g = 1, . . . , G, holding the parameters (β, θ)

fixed at their previous values. That is, we compute p
⋆(t−1)
g := p⋆(β

(t−1)
g , θ(t−1)) =

E[γg | Y,β(t−1), θ(t−1)] for all g = 1, . . . , G, given the previous estimates
(β(t−1), θ(t−1)).

For the M-step, we then maximize the following function:

E[log π(β, θ | Y) | β(t−1), θ(t−1)] = ℓn(β)−
G∑

g=1

λ⋆(t−1)
g ∥βg∥2

+

(
a− 1 +

G∑
g=1

p⋆(t−1)
g

)
log θ +

(
b− 1 +G−

G∑
g=1

p⋆(t−1)
g

)
log(1− θ),

(C.2)

where λ
⋆(t−1)
g = λ1p

⋆(t−1)
g + λ0(1− p

⋆(t−1)
g ). From (C.2), it is easy to derive the

update for θ in (32) by taking the derivative of (C.2) with respect to θ. The
update for β in (33) is obtained by isolating the terms on the right-hand side
of (C.2) that only depend on β. We discuss the M-step for updating β in detail
in the next section.

C.2 M-step for updating the regression coefficients

In the M-step of our EM algorithm, we need to solve the optimization problem
(33), or equivalently,

β(t) = argmin
β

{
−ℓn(β) +

G∑
g=1

λ⋆(t−1)
g ∥βg∥2

}
, (C.3)

where −ℓn(β) is the negative of the log-likelihood in (4). While (C.3) may
appear to be intractable, we can apply the standard iteratively reweighted least
squares (IRLS) algorithm (McCullagh and Nelder, 1989) for GLMs to efficiently
solve (C.3).

The IRLS algorithm in GLMs is based on a quadratic approximation of
the negative log-likelihood. Denote the mean response as µi = b′(θi), and
let V (µi) = b′′((b′)−1(µi)) be the variance function, where b is the cumulant
function in (1). With the link function h in (3), we define the “working re-
sponse” vector Z at the kth iteration of the optimization problem (C.3) as

Z = Xβ(k) + ζ(k), where ζ
(k)
i = h′(µ

(k)
i )(yi − µ

(k)
i ), i = 1, . . . , n. Similarly,

we define the weights matrix W = diag(w
(k)
1 , . . . , w

(k)
n ), where the weights are

w
(k)
i = [V (µ

(k)
i )(h′(µ

(k)
i ))2]−1. As shown in McCullagh and Nelder (1989), the

negative log-likelihood for any GLM in the exponential dispersion family (1.1)
can then be approximated as

−ℓn(β) ≈
1

2
(Z−Xβ)⊤W(Z−Xβ). (C.4)

21



Thus, substituting the approximation (C.4) for −ℓn(β) in (C.3), we see that the
M-step (C.3) for β can alternatively be written as

β(t) = argmin
β

{
1

2
(Z−Xβ)⊤W(Z−Xβ) +

G∑
g=1

λ⋆(t−1)
g ∥βg∥2

}
. (C.5)

With the quadratic approximation to the negative log-likelihood, (C.5) is now
a standard linear regression model with a group lasso penalty (Yuan and Lin,

2006) and group-specific weights λ
⋆(t−1)
g for each gth group. Solving (C.5) can be

done with any standard block coordinate descent algorithm for the regular group
lasso (Yuan and Lin, 2006) in linear regression. In particular, if the canonical
link function h = (b′)−1 is used, then the Fisher information matrix and the
negative Hessian matrix are equal, and we use the majorization-minimization
(MM) algorithm in Breheny and Huang (2015) to solve (C.5). On the other
hand, if a non-canonical link function is used, then we use the least squares
approximation (LSA) approach of Wang and Leng (2007) with a group lasso
penalty.

The SSGL MAP algorithm is on average slower than the numerical algo-
rithms used for group lasso, group SCAD, or group MCP. This is because each
iteration of the EM algorithm requires numerically solve the optimization prob-
lem (C.3) in the M-step. Therefore, if the EM algorithm takes B total iterations
to converge, we expect the average runtime of the SSGL method to be on the
order of B times slower than that for group lasso, group SCAD, and group
MCP. However, we observed that our EM algorithm tended to converge within
a small number of iterations (typically fewer than 10), at least in all of the sim-
ulation settings we considered. Thus, the computation time for SSGL for fixed
λ0 was still reasonably quick. For example, in Simulations 4 and 8 of the main
manuscript where p = 1600, the SSGL runtime for any fixed λ0 was under 30
seconds in all replications.

To further accelerate the computational efficiency for SSGL, we could em-
ploy alternative optimization strategies that obviate the need to introduce latent
indicator variables. For example, we could potentially approximate the SSGL
prior with a neuronized prior (Shin and Liu, 2022), which is a product of a
Gaussian weight variable and a scale variable transformed from Gaussian via
an activation function. This approximation would allow for a fast coordinate
ascent algorithm which avoids the need to marginalize out latent indicator vari-
ables (Shin and Liu, 2022). We leave the investigation of more computationally
efficient algorithms for SSGL for future work.

D Complete Gibbs sampling algorithms for Sec-
tion 5.3

Recall that β = (β⊤
1 , . . . ,β

⊤
G)

⊤, where βg ∈ Rmg , g = 1, . . . , G, and τ =
(τ1, . . . , τG)

⊤ is defined in (5.14). Let PG(a, b) denote the Pólya-gamma distri-
bution (Polson et al., 2013), and let GIG(a, b, c) denote the generalized inverse
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Gaussian distribution with density function f(x; a, b, c) ∝ xa−1e−(b/x+cx)/2. We
define κ = (κ1, . . . , κn)

⊤, where for i = 1, . . . , n,

κi =

{
yi − 0.5 for logistic regression,
0.5(yi −M) for Poisson regression.

(D.1)

We also define ω = (ω1, . . . , ωn)
⊤, where for i = 1, . . . , n,{

ωi ∼ PG(1,x⊤
i β) for logistic regression,

ωi ∼ PG(M,x⊤
i β − logM) for Poisson regression.

(D.2)

Finally, define the vector Z = (z1, . . . , zn)
⊤, where for i = 1, . . . , n,

zi =

{
κi/ωi for logistic regression,
κi/ωi + logM for Poisson regression,

(D.3)

and κ is defined as in (D.1).
The Gibbs sampler for grouped logistic or Poisson regression with the SSGL

prior (5.4) is given in Algorithm 1.

When p =
∑G

g=1 mg is larger than n, we can use the fast sampling algorithm

of Bhattacharya et al. (2016) to sample β(t) in Step 4 of Algorithm 1 in O(n2p)
time instead of O(p3) time. This sampling algorithm is given in Algorithm 2.

E Simulation studies for negative binomial re-
gression with a log link

Since the mean and variance are equal for the Poisson distribution, Poisson
regression may be inappropriate for modeling count data that exhibit overdis-
persion. In this case, it may be more appropriate to use negative binomial
regression. That is, we assume that yi ∼ NB(α, µi), i = 1, . . . , n, where α > 0
is a size parameter, and the probability density function (pdf) for each yi is

f(yi | α, µi) =
Γ(yi + α)

yi!Γ(α)

(
µi

µi + α

)yi
(

α

µi + α

)α

, yi = 0, 1, 2, . . .

Since Var(yi) = µi+µ2
i /α, the negative binomial distribution is better equipped

to handle overdispersed count data than the Poisson distribution.
For negative binomial distributed responses, the natural parameter is θi =

log (µi/(µi + α)). With the link function h(u) = log(u), we have b(u) =
−α log(1 − eu) in (1). It is readily seen that E(yi) = b′(θi) = µi. For the
function ξ = (h ◦ b′)−1, we have ξ(u) = − log(αe−u + 1). Since ξ(u) ̸= u,
negative binomial regression with the log link is an example of a GLM with a
non-canonical link function.

We now present simulation results in grouped negative binomial regression
for the SSGL model (10). We compared our results to group lasso (GL), adaptive
group lasso (AdGL), group SCAD (GSCAD), and group MCP (gMCP). We used
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Algorithm 1 MCMC algorithm for grouped logistic and grouped Poisson re-
gression with the SSGL prior

Input: Initial values β(0), θ(0), τ (0), T (number of MCMC samples to run),
B (number of samples to discard as burn-in)

Output: MCMC samples for regression coefficients β

for t = 1, . . . , T do

1. for i = 1, . . . , n do
i. Sample ω(t) as in (D.2) and set Ω = diag{ω(t)}

ii. Update Z(t) as in (D.3)

2. for g = 1, . . . , G do

i. Sample γ
(t)
g ∼ Bernoulli

(
π1

π1+π0

)
, where

π1 = θ(t−1)λ
mg+1
1 exp

(
−λ2

1τ
(t−1)
g /2

)
and π0 =

(
1− θ(t−1)

)
λ
mg+1
0 exp

(
−λ2

0τ
(t−1)
g /2

)
ii. Sample τ

(t)
g ∼ GIG

(
1
2 , ∥β

(t−1)
g ∥22, (λ⋆

g)
2
)
, where

λ⋆
g = γ

(t)
g λ1 + (1− γ

(t)
g )λ0

3. Sample θ(t) ∼ Beta
(
a+

∑G
g=1 γ

(t)
g , b+G−

∑G
g=1 τ

(t)
g

)
4. Sample β(t) ∼ N (µβ,Σβ), where µβ = ΣβX

⊤ΩZ,

Σβ = (X⊤ΩX+D−1
τ )−1, and Dτ = Bdiag (τ

(t)
1 Im1 , . . . , τ

(t)
G ImG

)

return β(B+1), . . . ,β(T )

the same methods for choosing the hyperparameters, regularization parameters,
and weights as those described in Section 6.1 of the main article. For our
simulation study, we fixed α = 1 and generated the responses independently as
yi | xi ∼ NB(α, exp(θi)), i = 1, . . . , n. We conducted the following simulation
studies:

Experiment 1. We set n = 500 and G = 30. The design matrix X and
the regression coefficients β were generated the same way as in Experiment
1 in Section 6.3 of the main manuscript. Then we modeled

log(θ) = x⊤β.

Experiment 2. We set n = 500 and G = 30. We generated the entries
of the n × G design matrix X from independent Uniform(−1, 1) random
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Algorithm 2 Algorithm for sampling β in Step 4 of Algorithm 1 when p > n

Input: Most recent updates of Ω, Dτ , and Z
Output: An exact sample of β in Step 4 of Algorithm 1

1. Set X̃ = Ω1/2X

2. Sample m ∼ N (0,Dτ ) and δ ∼ N (0, In) independently

3. Set v = X̃m+ δ and v⋆ = Ω1/2Z− v

4. Set A = X̃Dτ X̃
⊤ + In

5. Set w = A−1v⋆

6. Set β = m+Dτ X̃
⊤w

return β

variables. Then we modeled

log (θ) = 1.5 sin(3x1)− x5e
0.5x2

5 .

We represented each covariate as a six-term B-spline basis expansion.

We repeated each experiment 200 times. Table 1 reports our results averaged
across the 200 replications. In Experiment 1, SSGL had the lowest MSE and the
second lowest MSPE. Meanwhile, all five methods had a TPR of 1, indicating
that all methods had equally high power to detect the significant groups in this
particular setting. However, SSGL had the highest average TNR and precision,
indicating superior overall group selection performance.

In Experiment 2, SSGL also had the lowest MSPE, indicating superior av-
erage prediction on out-of-sample data. In this experiment, all five methods
once again had a TPR of 1. However, SSGL had the highest average TNR and
precision, indicating that SSGL was the best suited for function selection in this
particular generalized additive model.
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Shen, Y., Soĺıs-Lemus, C., and Deshpande, S. K. (2024). Estimating sparse
direct effects in multivariate regression with the spike-and-slab lasso. Bayesian
Analysis (to appear).

Shin, M. and Liu, J. S. (2022). Neuronized priors for Bayesian sparse linear
regression. Journal of the American Statistical Association, 117(540):1695–
1710.

van der Vaart, A. W. and Wellner, J. A. (2006). Weak Convergence and Em-
pirical Process: With Applications to Statistics. Springer.

Wang, H. and Leng, C. (2007). Unified lasso estimation by least squares ap-
proximation. Journal of the American Statistical Association, 102:1039–1048.

Yuan, M. and Lin, Y. (2006). Model selection and estimation in regression
with grouped variables. Journal of the Royal Statistical Society: Series B
(Statistical Methodology), 68(1):49–67.

27


