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Supplementary Material

S1. Conditions for Theorem 2

We outline five conditions to explore the statistical properties that un-

derlie the convergence of our method and to determine the convergence rate

of .//\Z

Condition S1.1. {(X,;,Y;):i=1,2,...,n} are i.i.d. from (X,Y), where
vec(X;) follows a sub-Gaussian distribution such that || vec(bcirc(&;)) |y, <

Ko < 0OQ;

Condition S1.2. The function b(x) satisfies |b"(x)] < M < oo for any
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r € R and [b"(z)| < |z|™ for |z| > 1;
Condition S1.3. The matrix H (M) satisfies Ayin(H (M*)) > K > 0;
Condition S1.4. || M™ ||p> ay/dd; for some constant «;

Condition S1.5. Let X € R%*%xXds he 5 3-D tensor with tSVD decom-
position of X =U xS « V*. If X — 0, there exists a constant ¢; > 0 such

that | 8@, =) 1< e || S(1,5:) [1,i=1,2,... . ds.

Remark S1.1. Conditions are typically necessary for ensuring
the consistency of the M-estimate in high-dimensional data, as discussed
in Fan et al.| [2018]. It’s important to note that a majority of real-world
datasets adhere to these conditions, and the corresponding b(-) functions in
generalized linear regression models, such as the Logistic model, negative
binomial regression, Poisson regression, and others, also fulfill the afore-
mentioned bounded conditions.

Condition demonstrates the boundedness of the tensor. In real-
ity, when decomposing general real tensor data using tSVD, the resulting
f-diagonal tensor possesses elements that are interrelated along the third
dimension, and their numerical magnitudes frequently adhere to linear con-

straints.



S2. Some Useful Lemmas for Tensors with Proofs

Lemma S2.1. If A € Rhx(ctdxds B c Rlctd)xdexds po diided as A =

B
[A]_,AQLB — w/&th Al c RleCXdS,AQ c RledXdS,Bl c chdgxdg,
B

and By € R¥*%*ds - Then we have

B
AxB=[AL Al | | = A +Bi+ A+ By,

B,

Proof :

For k=1,2,...,ds, we have

(AxB)H —A®BL £ AG-DBER) ... A+ L)

BF) B§d3)
=[A", Al oo 4 (AT, AT p
1 P

Bé ) Bé 3)

_(APBWY L Al BE 4 g gl

—(AL % By + Ay 5 By)®.



The proof of this lemma is completed. O

Lemma S2.2. Let A € Rl@ita)xdexds B o Rdax(bitb)xds con pe divided

A,
as A = B = By, By] with A; € R*dxds | A, ¢ Roxdexds B, ¢

A,

Ré2xbixds g d By € R%2%02%43 - Then we have

Al Al*Bl Al*BQ
AxB= x [By, By| =

A Ay« By Ay x By

Proof :

For any k =1,2,...,ds, we have

(A x B)(k) —A®BL L AG-pB@) ... A+ Bds)

Agk) Agk—H)
=| | BB (BB
+
A2 A2

(A1 % Bl)(’“) (_,41 % Bz)(’“)

(AQ * Bl)(k) (AQ * BQ)(k)

- (k)
A1 * Bl Al * BQ

Ay« By Ay x By

The proof of this lemma is completed. 0



Lemma S2.3. A € Rixxds B c RIXd2Xds e haye

(AxB) =B x A"

Proof :
AxB = (B« &) cquals to (A= B = (B A'))® for any

k=1,2,...,ds. Because

(A * B)(k) = APBO 4 AC-DBE) 4 ... 4 AG+) Blds) (S2.1)

and

B* % A" = fold(C),

where

-(B(l))* (B@)* (B(d:s))*- -(A(l))*-
(ds))* (1)y* (ds—1)y* (d3))*

o |B B By |
[(BO)y (B . (BY)F | [(A®)




then it is easy to derive that

(B % A))W = AWBO L AC-DBE 4 .y ABDB@)  (S29)

which is equal to (S2.1)). This completes the proof of this Lemma. 0

Lemma S2.4. Considering D and Dyy defined by (2.11) and (2.12) in the

main body, we have that D,y is the projection of D in W.

Proof :

To prove this lemma, we need to prove the following two parts: (i).
Dy CW; (ii). D—Dy L W.

Proof of Part (i). According to (2.9) and (2.10) in the main body, we

have

hor(U") = {By € RWMB|B = U" x Xy, Xy € R XY,
hOT‘(VT) _ {B2 c ]Rd1><1><dg,|B2 =V x X27X2 c Rdlexd:z,},
lat(Dy) = {Bs € R?**%|By = Dj,, « X3, Xy € R

hor(Dy) = {B, € Rdlxlxd3|B4 =Dy * Xy, X, € Rdlexd;;}‘



For any A; € lat(Dyy), As € hor(Dyy), we have

A =D, « Y1 = U xS+« (V")) « Y1
=V % (S} % (U") * Y1) € hor(V"),
Ay =Dy« Yo =U"xS11 (V') x Y

=U" % (S * (V") *Ys) € hor(U"),

where Y, € R4x1xds y, ¢ R¥x1xds Thys, D), C W is proved. We have
proved the first part of the lemma.
Proof of Part (ii). For any A € W, X € R4x1xds gnd Y ¢ RI2x1xds,

there exist X, Y, € R%2*1x% gatisfying

A+ X =V % Xy, (52.3)

AxY =U" Y, (S2.4)

Altogether the results of Lemma and Lemma [S2.3] it can be easily

proved that there exists Z € R"™"*% such that A = U" * Z x (V)"



Therefore, we have

(A, D —Dy) =U * Zx (V)" U 5«8 x(V )V +U xS (V)
_i_urJ‘ *522 * (VTL)*>

=0. (52.5)

Because A is arbitrary, we have D — Dy, L. W. This completes the proof.

O

Lemma S2.5. For any tensor A € R>¥% the tubal rank of Ay is no

more than 2r, where W and r are defined by (2.7) in the main body.

Proof :

As Ajy; can be writen as follow:

N S S N
Aiz [urjuT ]* * [vr7v7‘ ]*’
821 0
we have
S S

rank(Ayy) = rank



Su Se| . |80 sU
Denote that & = , SO = ,i=1,2,...,d3. Then
Sa 0 sY 0

we have rank(S(i)) < 2r. Because Discrete Fourier Transformation is in-

vertible, we have rank(g(i)) = rank(8") < 2r. Therefore,

rank(Ayy) = rank(S) = max mnk(g(i)

) < 2r.
i=1,...,d3

This completes the proof. 0

Lemma S2.6. For any tensor A € R4>*%Xds e have

I Allr< Vs | A

Proof :

Considering the provided tensor A, we have

1, — 1 —
Allr=—= | A||r < —= || A |s=Vd3 || A« .
Al NG | Allr< NG | All=vds| Al
This completes the proof. O

Lemma S2.7. For any tensors A, B € R4xdxds if (A B) =0, we have

[A+B .= Al.+[B]..
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Proof :

For any A and B, we have

1
FA+B | = - | beirc(A+B) .
3
_ di | beirc(A) + beire(B) |-
3
. L
= — | beirc(A) ||« +— || beire(B) |-
i is

=l Al +1B]..

The proof is finished. O

Lemma S2.8. For any tensors A,B € RU*%2xd ywe have (A, B) <||

A llopll B .-

Proof :

For any A and B, we have

(A B) = d%(bcirc(A), beire(B))
<[ beirc(A) llop (d% | beire(B) [[.)

=l Allopll B |- -

The proof is concluded. OJ
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S3. Proof of Theorem 2

In this part, we propose the following two lemmas to help justify Theo-
rem 2. The proof details of the two lemmas are given in the supplementary

material.

Lemma S3.1. Under the Conditions S1.1 and S1.2, for any v > 0, there
exists some constant v > 0 satisfying if % < v, the following inequality

holds for some constants CY and W :

IV dd
P12 SO WM X)) = Y- 2 Ly 2] < O expl—ca).

i=1

Lemma S3.2. Under the Conditions S1.1-51.5, assume A > v % with
v defined in Lemma[S3.1. Define N := {M € R¥>*¥xds || M — M* ||2<
CO A0 M — M* € COV, WV, M)}, If pAI=9 is small enough, L(M)
is such that LRSC’(C(W,WL, M N K, 1) with a probability at least 1 —
CQ(Q)exp(—cf)ddg), where T, = 082);))\2_‘7, 0< k< Ky and c§2), 6’52), CfQ) and

02(2) are constants.

According to Lemma and A\ = 2vy/dds/n, we can learn that there
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exist constants C; and ¢; satisfying

IP(A <2| %Z[b’((M*, X)) =Y Xi [lop )

=1

:]P’(Qu\/ddg/n <2 %Z[b’((M*, Xi)) = Y] X [|op >

(11 WM ) = Y- 2, > 1) )
§O4 exp(—clddg). (SS6)

Then by Lemma [S3.2] there are some constants Ci, ¢ and Cs, while

pds(dds/n)~2/2 < O, we can get

]P(L(M) doesn’t satisfy LRSC’(C(W,WL, M N K, Tg))

< Csexp(—cadds). (S3.7)
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Combining ([S3.6) and (S3.7)), we can obtain that

n

IP’(A > 2 || %Z[b’((M*, X)) = Y] Xi|op

=1

and L(M) satisfy LRSC(C(W,WL, M N K, 7'@))

n

1 IP’(A <2 - SUME X)) - Y- Xl

=1

or L(M) doesn’t satisfy LRSC(C(W,WL, M) N, Rk, Tg))

21-p(3 <2 DY WMD) - Y] Xl )

=1

— ]P’(L(M) doesn’t satisfy LRSC(C(W,WL, M), N K, Tg))

>1 — Cyexp(—cidds) — Csexp(—cadds). (S3.8)

reveals that A > 2 || 237" [V/((M*, X)) = Y] - X; || and
L(M) satisty LRSC’(C(W,WL, M) Nk, 1) are established at the same
time with a high probability of at least 1 —Cy exp(—c1dds) — Csexp(—codds).
So that, it remind us that if we can prove the convergence of our method in
the above situations, then we can consider our method to be able to converge
with high probability. In the following proof, we shall demonstrate this fact
in detail.

Let M, = M* + t(M — M), where t = 1 if || M — M |F< ¢, and
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t=1t/| M =M |pif | M =M |[p>( Let D=M—M"D, =
M, — M*.

Applying Lemma [S2.7, we have

| M+ D .= || Myy + Dy |« = [| My + Dy |
> [| Moy + Dy [ls = [ My |l = | Dy I«

= [l Moy [l + 1l Py e = [l Myyr [l = [ Dz I+ -
As | MT <[ My [ls + | Moy |, we have
| M+ D[l = | M L2l Dy [l = I Dy [l =2 [ My [l - (S3.9)
Due to the results of Lemma[S2.8land the convexity of L(-), we get that

LM" + D) — L(M") = =[(VL(M"), D)
> — [ VLIM) Jlop| D |+

A
1k
_A

2

v

(I Py s + 1l Dy 14)- (53.10)
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We calculate A(S3.9)+(S3.10) and have

LM+ D)+ A | M*+ D [l. =(LM*) + A || M" )

>

Do >

(Il Dy [l =3 | Dy e =4 Y a;(M)). (S3.11)

j>rt1

Obviously, replacing D with 13, the left part of (S3.11) < 0. Then we
refer that if A > 2 || L3 [V/((X;, M*)) = Yi] - X; |lop, D belongs to the

following set:

COVW M) = {| Dy [L.<3 | Dy [l +4 Y o5(MY)}. (S3.12)

jzr+1

Additionally, D, alse falls in this set because D, is parallel to D. Since

| Dy ||.< ¢ and L(M) satisfies LRSC(C, N, ks, 7;), we can prove that
ko || Dy |2 =70 < (VL(M,) = VL(M*), D;) =: D} (M,, M*), (S3.13)

where Dy(My, My) = L(M,) — L(My) — (VL(Ms, My — M,)) > 0 and
D} (M, M) = D (My, M)+ D (Mo, M;), with help of the convexity
of the function L(-).

Define Q(t) = Dy (M,, M*). It is easy to prove that Q(¢) is convex

and Q'(t) = (VL(M,) — VL(M"), D) = 1 D3 (M,, M*),0 < t < 1, which
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yield that

D3 (M, M*) = tQ'(t) < tQ'(1) = tD% (M, M”).

Then, using the above inequalities in (S3.13)), we conclude that

ke | Dy |2 =m0 <D3 (M, M)
<tD} (M, M)

—~

=(VL(M) — VL(M*),D,). (S3.14)

For A € R4 wwhen rank(A) < r, we have

vV ng

| A Y= v Al
3

1 —
I Al=Z 1Al

Due to the fact that M is the solution of optimization problem (3.16)
in main body, we can easily refer that VL(.//\\/I) + A€ = 0, where & is the
subgradient of the || M ||, at M = M. It is known from Theorem 3.2 of

Lu et al.|[2020] that &€ = {U*xV +WU W = 0, WV =0, | W ||,,= 1},
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where M = U * 8 x V*. Altogether the result in (S3.14]), we have

—~ %

ke | Dy |2 —7 < —(VLIM') + \E, D)

—~ %

<| VLM ) + A€ llopll D |-

< (I VLM llop +2 llop € lop) | D |l

A . _
<[5 +HAMNUV lop + I W llop)] | e |l
2

<25\ || Dy |l

< 10X || (Do)yp 1« +10A )~ oy(M)

jzr+l

< 10AV2r || (Dy)yy llr +10A Y 0;(M)

j>r+1
<10AV2r || Dy [lp +100 D oj(M?). (S3.15)
j>r+1

Choosing r = #{j € {1,2,...,d}o;(M"*) > 7} with 7 > 0, it can be

easily promoted that

Z oj(M*) < 7le Z oj(MH)1 < i, (S3.16)

j>r+1 j>r+1

At the same time, p > > . 0;(M™)? > r79 then we have r < pr—%

Ji<r

Setting 7 = \/ky, the results of (S3.15)) and (S3.16)) and 7, = C’Op)\2’q//<é_q

reveal that for some constant C7, || Dy ||p< Cry/p(2)173. If we choose

Ke
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[ > C’f\/ﬁ(%)l_% in advance, we have D; = D. Via an application of

Lemma , we can easily get rank(’ﬁw) < 2r. Consequently, we have

I'D |l <l Dy I+ + [ Dy |l

<4 Dyg [l +4 > o (M)

j>r+1

<AV | Dy llr +4 ) 05 (MY)

j>r+1

<AV | Dllp+4 Y oj(M)
j>r+1
q A_q
<4272 CY/p(-) 2 AT
0

K

— (4120 + 4>p<%>1-q. (83.17)

Since then, there exist constants Cg, C; and k¢, we have

— A\ 274
| M — M [5< Cop (5) , (S3.18)

— A\ 1
| M —M"|.<Cqrp (H—) ) (S3.19)
¢
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Put A = 2vy/dds/n into (S3.18) and (S3.19)), we have

— . A\ dds\ '~
| M= M3 Cop (—) _ Cop (—) ,
Ry n

dd3> (1-q)/2

— A 1—¢q
Ke n

where Cy = Cﬁ(i—j)g_q, Cs = C’7(i—';)1_q are constants.

Therefore, we finish the proof of Theorem 3.1.

S4. Proof of Lemma

Set nf = (M*, X;),n* = (M* X). Since

we have

n n

|- SS00) ~ YO =l - S 0 0) — Y X, ~ BIH ()~ V)X [y

=1 =1

(S4.20)

Consider the following set "' = {u € R™ :|| u ||,= 1}. N"~! denotes

the 1/4 covering on "', and ®(A) = Sup,cprasz—1 yeprass—1 w’ beirc(A)v

for any A € R¥xdxds,
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Since N9~ is the 1/4 covering on S%:~1 given u € S~ v €
S3=1 there exist

uO E Nddgf].’,vo E Ndd3*1’

which satisfy || w —ug ||< .|| v — vy [|< 1. So that, we have

uTbeire(A)w
—uTbeirc(A)yvo + ulbeirc(A)(v — vo)
4 (w — o) Theire(A)vy + (u — uo) beire(A) (v — vo)
<O(A) + 7 | beire(A) oy + || eire(A) [y -+ || beire(4) [,

9
=P(A) + 16 | A lop, (S4.21)
where

A llop =II beire(A) o

= sup u”beirc(A)v
ueNdds—1 yeArddg—1

9
< B(A) + = | Al (54.22)
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Hence, we conclude that

16
A llop= —P(A). (54.23)

Let z; = (n) = Y; and a; = nf. Because

Bexp(tz1) = [ ely) oL expluty — ey
— [ ctwyesp (e + oty - e + o)

+ b(a; + ¢t) — b(a;) — tb'(a;)]dy

b(a; + ¢t) — b(a;) — Cbtbl(ai))
)
¢

)

— exp(

< exp(

)

ngth’/(a*)
¢

< exp(pMt?),

= exp(

where a, € (a;,a; + ¢t) is a certain point, it yields

I 2i [y < Co/ oM. (S4.24)

where Cj is a positive constant. Thus, for any given u € N-1 v ¢
Ns=1 et Z; = ulbcire(X;)v, Z = ulbcire(X)v, we have |Z;]| <||
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beire(X;) |lop= SUD||q)|<1,acR%s | beirc(X;)a |l2. So that || Z; |4, <||
vec(beire(X;)) [y, < ro, and || (0'(nf)=Yi) Zi |y, <[ 0'(0F) =Y [ |l Zi [l <
Cov/dMkg. By an application of Proposition 5.16 (Bermstein-type inequal-
ity) in [Vershynin| [2010], for sufficiently small ¢, it follows the following
inequality

1 n
“

- izl(b’(n;‘) ~Y))Z —E[(V' (") — Y)Z]‘ > t> S 2exp (_ ;%7:3)

(S4.25)

where ¢; is a positive constant.

Combining the union bound over all points on A/@3=1 x Afdds=1 jp

(S4.25)) and the results in (S4.23)), we get

P s |2 S o000 - vz - B0 - )2 1)

veNdd3—1 =1

cynt?
< X (i)

ueNdd3—1 ye Ndd3—1

t2
< 2N 2 xp (— an ) (S4.26)
MR

where |[N9-1 is the cardinality of N~1 According to Corollary 4.2.13

in [Vershynin| [2018], for our i-net N%s~1 we have |[N%s~1| < 9. Then
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the above inequality in (54.26) can be deflated as

ueENd3—1 | N 4

P[> owon - oz - w0 - v 1)

veNdds=1 | i=l
t2
< 9. g oy < _ L)
GMr?
2 (Qdd log 9 Cl”tz) (S4.27)
= 2exp 3log9 — — ). .
¢M K

Furthermore, combining the above inequalities ((S4.23)) and (S4.27)), we have

1 i 16
P15 D00 - Y, > 1)

=1

i=1

(
(1123000~ Yowire( ) > 1)
(

|53 0) — Y2~ B[ r) - Y)2] > 1)

i=1

1 n
<P (x| S 0/00) - Y20 - B{0r) - Y21 > )
u,v n -
=1
cynt?
<2exp (2dd3 log9 — —), (54.28)
AMr

where u, v € N3-1,

Choosing t =< /% and selecting a constant v > 0 such that 4 < ~,
n n
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it is easy to obtain the following inequality

IP’( |y %Z(b’((M*, X)) = Y) X o> 14 /%) < Cexp(—cddy).

=1

(S4.29)

We prove the theorem completely. O

S5. Proof of Lemma

We will complete the proof divided into three parts as:

1. For all D € R4 with probability greater than 1 — exp(—cydds):

dds

n

vee(D)" - H(M") -vee(D) 2 - | D [ —Cods 1D L% -

(S5.30)

2. RSC at L,,(M™) over C(W,WL,M*).
3. LRSC of L, (M) around M".

Proof of Part 1:
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As D — 0, we have

L(M* + D) — L(M*) — (VL(M*), Zb” (M*, X)) (X, D)?
—vec(D)T - H(M) - vee(D),

where D =U * S * V* denotes the t-SVD of D. We can easily obtain that

|| vee(8) |l2=|| D ||r. So that
vee(D)T - H(M?) - vec(D)
:_Zb// M* X“D>
=—Z (VM X)X U8 V)]

:ﬁZ VM ZN U X5 V,8)]

=vec(S)T - ig\,k -vec(S)

=vec(S)! - L35 - vee(S) + vec(S)T (53555( — Y55 -vee(S), (S5.31)

where X; = /U ((M*, X)) U+ X %V, i)};{ =15, vec(X;)-vee(X;)T,
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and X33 = Eik;(. In addition, we have

Amin(V ) = inf vec(Z:1)" Y g zvec(2,)
Zl,deRdXdXd3
IZ1llF=l22]lF=1

=infE )" (M X))U *X;xV, Z) U « X; %V, Z5)]
=inf BB ((M*, X)X, U x Z1 x V)X, U x Z5 % V"))
—infvecU x Z1 % V)T - H(M") - vec(U % Z4 % V)

Amin (H(M*)) > k. (S5.32)

Therefore, according to Lemma [S2.6], we have

vee(D)T - H(M*) - vee(D)
>k || DI} —lvee(S)” - (Srz — Sxz) - vee(S)|
>k | DI~ | 2z — Zax ol S

>k | D s —eds || ez — Sxz =l DI - (55.33)

Let S1xds = {Y € R || Y || p= 1}, N¥1*% he the 1/8 covering on
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2 2
S 1xds  For any A € R¥4*@° s define

P(A) = sup vec(Uy * V)T - A -vec(Uy x V3),
U1,u265d><1><d3
v17v268d><1><d3

Dp(A) = sup vec(Uy * VT - A - vec(Uy x V3).
u17u2€'/\/’d><1><d3
Vl,VQGNdXIXd3

Applying the similar argument as that to prove the results in (54.21]) and

(S4.23)), we conclude that

vecUy * V)T - A -vec(y x Vi) < Dp(A) + %@(A). (S5.34)

Thus, we have

B(A) < (16/7)Dr(A) (85.35)

Lemma 5.14 in|[Vershynin| [2010] yields that for any U, Uy, V1, YV, € SP1xds,
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we have

| (U= V5, X3) Uz = V5, X3 ||y,
(H U+ VXD [l + || U2 % V5, X0 ly,)
< WUy Vi VM X)) U« X V) |2,
+ | Ua * V3, V(M X)) - U X5 V) |12,

<OM#2. (S5.36)
Applying Bernstein Inequality in |Vershynin| [2010], we have

P(|vec(ul * V’I)T(ixk = Yxx)vecUsz x V3)| > t)

ni )] (S5.37)

<2e —cmin(——, ——

At last, when we vectorized the tensors, the union bound over (U, U3, V1, Vs) €
N@xIxds oo AfdxIxds o Afdx1xds o AfdX1Xd3 cap he seen as the union bound over

(vec(Uy), vec(Us), vec(V1),vec(Vs)) € N1 x Ndds=1 s N\fdds—1 5 \fdds =1,
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Hence, we have

P(| sup vecUs + V)T (Spx — Sp)veclhs + V3)| > t)

(S5.38)

2
< 2exp {4dd3 log 17 — c¢min ( nt nt )} ;

M2?k3 M2

where Uy, Uy € S*¥1Xd Y, VY, € SdxIxds,

dds
no

Choosing t =< we have that for some appropriate constants cs, ¢4

and Cf,

]P’(| sup vec(U * V’{)T(f}k;{ — Yya)vecUsz x V3)| > Ci/ %) < cyexp(—cqdds),

(S5.39)

where U17U2 < SdX1Xd3, V1, VQ S SdX1Xd3.

Combining ((S5.33|) and (S5.39), we can conclude that
a dds
Pl | 255 — Zxx lloo> Ch — < cyexp(—cqdds). (S55.40)

We complete the proof of the first part.

Proof of Part 2:
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Recall the definition of C(WT,WTL, M) as:

— % *
COV W, , M) = {]| Dyge .3 || Dy, [l +4 Y o5(M)},

j>r+1

where 1 <r < d. For any D € C(WT,Wj,M*), we have

1Dl <l Py, lI+ + | Dyze I+

< 4| Dy, [l +4 Y o5(M)

Jjzr+l

<4V2r || Dyy, [lr +4 ) (M)

Jj>r+1
<AV | Dlp+4 ) oj(M). (S5.41)
j>r+1

Set & = (1/8)k. Taking 7 = A/kandr = #{j € {1,2,...,d}|o;(M") > 7},

we get

Z oj(M*) < 7le Z oj (M < 719 = NTaRT ), (S5.42)

j>r+1 j=r+1

At the same time, p > > . 0;(M™)? > 179 sor < p77? = pRIA~L Put

j<r

these results into ((S5.41]), we have

| D |[.< 44/2pX 12872 || D ||p +4X "R p. (S5.43)

30



Choosing A = 2v %, we have pd2(dds/n)1~9/2 < C4 for some constants

cs and C. Considering ((S5.30) and (S5.43), we have

vee(D)T - H(M?*) - vee(D)

>k || D |7 —Codg\/g{?(‘l\ﬂ_ﬂ)\_q/%q/z | D [|r)* + 24N "9R7 " p)?
=(k — Crodz\' "1pR7) || D |7 —CooR* 2N\ p?

=(k = Cudi)\' ") | D |7 —Cou N’ pd}

>(k = CdiX~p) | D || —CanCeX* pd;

>R || D ||F —csdipA*, (S5.44)

with high probability, where p(dds/n)~9/2 < Cg holds for k—Cyd2\'"9p >
k. We complete the proof of the second part.

Before we present the proof of the third part, we establish the following

lemma.

Lemma S5.1. If || M" ||p> ay/dds and {vec(X;)}!, are sub-Gaussian,
Amin(R(M™)) > k1, where k1 is a positive constant, for a universal constant

7> 0.

Proof:

Because (M, X;) is a linear transformation of a sub-Gaussian vector,

31



it is a sub-Gaussian variable, and its mean is 0 and its sub-Gaussian norm
is bounded by kg || M ||p. When || M ||r> a/dds, taking a sufficiently

small ¢y, we have

P((M. X,)| > e1/dds) ZP((M.X,)| > ey | M| o)

=P([(M, X[/ | M |[r> cr/a)

po+1
5

> (S5.45)

Additionally, we have

I llop= [I beire(Xs) lop

- uede3{I}i}ésdd3f1 | <’U,, bCZTC(Xi)’U> |

_ T ‘ |
B uedezarfr%%,}éde371 |<’U/U ’ bczrc(.}t’z» | .

Let N%~1 denote a 1/4-net on §%~! and then we have

16
max |(wv”, beire(X;))| < — max [(uv”, beirc(X;))].
ueSddz—1 T uesddz—1
peSdds—1 vesddz—1

Since || vec(X;) ||p< ko, we have| (uv”, beirc(X;)) ||y, < ko for any

u € N:=1 gy € Ns=1 According to Definition 2.5.6 in [Vershynin| [2018],
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for some sufficiently small ¢ and some positive constant C', we have

2
P(|(uv”, beire(X,))] > 1) < 2exp (_C_t> |
Ko

Hence, we have

t2
IP’( max |<u,fuT7 beire(X;))| > t) < 2exp (2dd3 log9 — 0_2)

ueSH3~1 pesdds—1 K

For some positive constant ¢y > /4log9x2/C, we choose t = cov/dd3

and obtain that

P(| X llop< c2v/dds) > (po +1)/2, (55.46)

Therefore, altogether (S5.45)) and (S5.46)), we have

P(|[(M, X:)| > ci/ca || Xillop)
>P((M,X})| > e11/dds) + B(|| X; ||op< c21/dd3)

>(po+1)/2+ (po+1)/2 =1 = po.

Because vec(X;) is sub-Gaussian, the fourth moment is bounded. For
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2
any v € R4, we have

Th(M*)v

B[S V(M X)) (vec )" zb" (M) - L - (vee(X,)To)?

! H (Mo - E[Zb"«M* B <vec<xi>Tv>4] EY 1y

=1

>nk || v |3 —nMK\/1—po || v |3, (S5.47)

where M is an global upper bound of ”(-) and K is the largest eigenvalue of
the fourth moment of X’;. Let 1—pg to be small enough that M K+/1 — py <
k/2. Then we can easily prove that Ay (h(M*)) > k/2 > 0, and thus
h(M") is positive definite. O

Now we turn to present the third part of the justification in Lemma
53.21
Proof of Part 3:

Define h(M) = LS V(ML X)) L 2 57 a0p ) 0EC( X ) vec( X )T
and h(M) = E(h(M)) for constants 7 and ~.

Based on Lemma , we choose an appropriate 7 to make h(M")

positive definite. Following the similar description as that in Part 1 and
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Part 2, we can easily prove that
vec(D)T - h(M*) -vece(D) > i1 || D ||% —ced2pA> 9, (S5.48)

for some positive £ with high probability.

On the other hand, we have that

A

|vec(’13)T . fAL(M*) . vec(’ls) —vec(D)T - E(M) . vec(’ls)]
<) LS M ) - 1M )
LM 2 Xy - vEC( X Jvec( X)) - vee(D)
—vec(D)" - %Z (M, X)) (M — M, X))

. 1{|(M*,X >|>T||Xz‘Hop} . Uec(Xi)vec(Xi)T . vec(’f)), (8549)

%

where M is a middle point between M* and M. Hence, M, which is
centered at M™ with radius ¢, is also in the nuclear ball.
If the indicator function equals to 1, we have | (M, X;)| > [(M*, X;)|—

(M =M, X)) > (1—0) || Xi|lop. According to Condition (5) in Lemma
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3.9, if [(M, ;)| > 1, we have

D" ((M, X)) (M = M5 LX) - L 205712}
& llopl M = M |l

B (M, X))

& llopl| M = M |l

B € O N 2 | P

<t (S5.50)
T/

Meanwhile, || X; ||, is bounded by 1/(7 — £) and [0 ((M, X;))(M —
M X)Lz ooy < O | M=M" L] X [lop< C- 5, where

C is the upper bound of "”'(x) for |z| < 1. Thus, we have

o~

lvec(D)T - R(M*) - vee(D) — vee(D)T - h(M) - vec(D)|

<vec(D Z vee( X vee(X;)T - vee(D), (S5.51)

T—€

where €} = max(C, 1).
Let Sxx = Ly vee(X;) - vee(X;)! and Sxx = ESxx. Denote the

upper bound of the eigenvalues of Yy x as K(K < 00), and recall the proof
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process of (S5.39)), we have

—~ l n ~
vec(D)T - % ZZI vee(X;)vec(X;)" - vec(D)
14 -~ ~ ~
_ G A vec(D)! - Yxx - vec(D)
I
_ | T e = SVES T
=" vec(D)" - Lxx - vec(D) +vec(D)" - (Exx — Lxx) - vee(D)
P
Col [~ S A
<— |KI Py +vee(D)” - (Exx — Bxx) - vee(D)|
< Gt -K D |2 T, (5 D (2
<o |K NP IE A+ sup u - (Zax — Zax) -ul [ D F
T - uERdeii
llull2=1
Cie | -~ dds | ~
<O K ID o/ 1 B
2KC U | ~
< IDIi (85.52)

with high probability.

In summary, if the constant ¢ is sufficiently small and satisfies 2K C ¢/ (17—
0) < i1/2, we have vec(D)T -h(M)-vec(D) > &y || D ||%, where fiy = 71 /2.
This claims that ;\L(M) is locally positive definite around M* with high
probability. Consider that H(-) > h(-), we can easily prove that H (M)

is also locally positive definite around M™. Therefore, there exists some

37



constant ¢ > 0, for any || M — M" ||,.< ¢, we have

n

-~ 1

vee(D)' - — Zb"((M, X ) wec(X)vee(X)T - vee(D) > iy || D |2 —ced2pA> 9,
n
i=1
(85.53)
for all D € C(W,, W,%, M*) with high probability.
The whole Lemma is proved. O
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