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supplementary material.

S1 Rationale for linear constraints in compositional regres-
sion

In this section, we clarify the motivation and justification for imposing the linear con-
straint

∑p
i=1 βi = 0 as well as utilizing the log transformation. Simply put, the constraint

is imposed for model interpretability. For reference, we rewrite the definitions of three
common modeling choices, listed in the main article:

� Modeling log-contrasts (with a reference component xp) (Aitchison, 1982, Aitchison
and Bacon-Shone, 1984, Bates and Tibshirani, 2019, Sun et al., 2020):

y = α+

p−1∑
i=1

βi log(xi/xp) + ϵ, (S1)

where x = (x1, . . . , xp) is the compositional variable (
∑p

i=1 xi = 1).

� Modeling clr-transformed compositions (Susin et al., 2020) :

y = α+

p∑
i=1

βi[log(xi)− p−1
p∑
j=1

log(xj)] + ϵ, (S2)

where clr(x) = (log(xi) − p−1
∑p

j=1 log(xj))i=1,...,p is called the centered log-ratio
(clr) transformation of x.

� Modeling log-transformed compositions (Greenacre, 2019, Lee et al., 2023, Lin et al.,
2014, Lu et al., 2019, Shi et al., 2016, Wang and Zhao, 2017) :

y = α+

p∑
i=1

βi log(xi) + ϵ. (S3)
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Other choices involving the ilr- or alr-transformations and utilizing the raw compositions
have also been discussed in the literature (Egozcue et al., 2003, Li et al., 2023).

The log-contrast model (S1) is equivalent to log-transformed model (S3) if and only
if the linear constraint

∑p
i=1 βi = 0 is imposed on (S3). Under the same constraint

imposed on both (S2) and (S3), the clr model is equivalent to the log-transformed model.
Furthermore, the clr transformation maps a p-part composition x to a p-dimensional real
vector with zero-sum constraint, meaning the transformed vector clr(x) lies in a (p − 1)-
dimensional hyperplane, necessitating a linear constraint on the coefficient vector to ensure
identifiability. See Section S1.1.

When the linear constraint is imposed, these three modeling choices are equivalent.
We choose to work with the log-transformed model (S3) with the constraints, as this
practice has become standard in compositional regression modeling with regularization
(e.g., Lin et al., 2014). These (equivalent) models ensure subcompositional coherence and
scale invariance, key principles in compositional data analysis (Bates and Tibshirani, 2019,
Greenacre et al., 2021). This is further discussed in Section S1.2.

S1.1 Equivalence of models (S1), (S2) and (S3) under the linear constraint

Equivalence of (S1) and (S3): If (and only if) the linear constraint
∑p

i=1 βi = 0 is
imposed to (S3), then one can rewrite (S3) in the form of the log-contrast model (S1).
It in fact provides a much greater flexibility in the choice of the reference variable. For
example, if x1 was the reference variable, the log-transformed regression model (S3) writes
to

y = α+ (−
p∑
i=2

βi) log(x1) +

p∑
i=2

βi log(xi) + ϵ,

= α+

p∑
i=2

βi log(xi/x1) + ϵ.

Equivalence of (S2) and (S3): The clr model (S2) can be written as

y = α+

p∑
i=1

βi[log(xi)− p−1
p∑
j=1

log(xj)] + ϵ

= α+

p∑
i=1

βi log(xi)− (

p∑
i=1

βi)p
−1

p∑
j=1

log(xj) + ϵ,
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from which one can see that the constraint
∑p

i=1 βi = 0 makes the model equivalent to
(S3) with the same constraint. Furthermore, the clr-transformed composition x is

clr(x) =

(
log(xi)− p−1

p∑
i=1

log(xi)

)
i=1,...,p

= log(z)− p−111T log(x)

= (Ip −P1) log(x).

Thus, the clr-transformed covariates are linearly dependent.

S1.2 Subcompositional coherence and scale invariance

By using either of the equivlaent models listed earlier, the statistician chose to assume
that the effect of variables to the response is linear with respect to the log scale, and
its effect is relative; that is, the effect of x1 (with respect to xp) on y should be the
same for both (x1, xp) = (0.2, 0.1) and (x1, xp) = (0.6, 0.3). This model thus captures
relative abundances with respect to a reference component and is scale-invariant, thereby
facilitating interpretation.

The requirement of subcompositional coherence refers to the following: any analysis of
subcompositional data should have the property that the analysis is unchanged whether
we are analyzing the entire data set or a subcomposition (see, e.g., Aitchison, 1982, 1986,
Bates and Tibshirani, 2019).

We provide an example where the model (S3) with the linear constraint ensures the
subcompositional coherence. Consider a compositional regression model with raw variables
w = (w1, . . . , wp). If these raw variables do not constitute a composition, the closure
operation is applied:

x = (x1, . . . , xp) =

(
w1∑p
j=1wj

, . . . ,
wp∑p
j=1wj

)
∈ Sp−1.

If it is known that the first three components are related to the response, then one takes
a subcomposition, consisting of the first three component:

x′ = (x′1, x
′
2, x

′
3)

=

(
x1∑3
j=1 xj

,
x2∑3
j=1 xj

,
x3∑3
j=1 xj

)

=

(
w1∑3
j=1wj

,
w2∑3
j=1wj

,
w3∑3
j=1 xj

)
∈ S3−1.

The subcompositional coherence dictates that, if the first three components are truly
related to the response, then the model with all p components x should be equivalent to
the model with the subcomposition x′.
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The model with all p components x is

y = α+
3∑
i=1

βi log(xi) + ϵ

= α+
3∑
i=1

βi log

wi/(

p∑
j=1

wj)

+ ϵ

= α+
3∑
i=1

βi log(wi)− (
3∑
i=1

βi) log

 p∑
j=1

wj

+ ϵ (S4)

where the coefficient βi of log(xi) for i = 4, . . . , p is zero. The model with the subcompo-
sition x′ is

y = α+

3∑
i=1

βi log(x
′
i) + ϵ

= α+
3∑
i=1

βi log(wi)− (
3∑
i=1

βi) log(
3∑
j=1

wj) + ϵ. (S5)

Comparing (S4) and (S5), we conclude that the linear constraint
∑p

i=1 βi = 0 is necessary
to ensure that the two models are equivalent.

S2 Proofs and Technical Details

Throughout, we use the following notation. For a natural number p, [p] := {1, . . . , p}.
For a vector u ∈ Rd, the ℓp norm is denoted by ∥u∥p = (

∑d
k=1 |uk|p)1/p, and ∥u∥∞ =

max1≤k≤d |uk|, and ∥u∥0 = #{j : uj ̸= 0}. For a matrixAm×n, ∥A∥∞ = max1≤i≤n
∑p

j=1 |aij |
and define |A|∞ = maxi,j |aij | as element-wise maximum. In addition, for every symmet-
ric semi-definite matrix A, ∥A∥F , and ∥A∥ denote the Frobenius and spectral norms of
A, respectively. Note that if ρ1, . . . , ρk are the eigenvalues of A, we have that trace(A) =∑k

i=1 ρi, ∥A∥F =
√∑k

i=1 ρ
2
i and ∥A∥ = maxi=1,...,k ρi.

If J ∈ [M ], we define βJ as the vector obtained by selecting βGj
for j ∈ J . Additionally,

we defined J(β) = {j : βGj
̸= 0, j ∈ [M ]} and G(β) = |J(β)| where |J | denotes the

cardinality of set J ∈ [M ]. The set J(β) contains the indices of the relevant groups and
G(β) denotes the number of such groups. For any β ∈ Rp, we define the the mixed
(2, p)-norm of β for every p ≥ 1 as

∥β∥2,p =

 M∑
j=1

∑
k∈Gj

β2
k

p/2


1/p

=

(
M∑
i=1

∥βGj
∥p2

)1/p

,

and the (2,∞)-norm of β as ∥β∥2,∞ = max1≤j≤M ∥βGj
∥2.
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S2.1 On the validity of the constrained RE condition

This section provides additional discussion on the validity and behavior of the restricted
eigenvalue (RE) condition when a linear constraint of the form CTβ = 0 is imposed, as
in Equation (7) of the main article.

Recall that the RE(s) condition is said to hold with constant κ > 0 if the following
inequality is satisfied:

min
β

{
∥Z̃β∥2√
n∥βT ∥2

: |T | ≤ s, β ∈ Rp\{0}, β ∈ C(G)
0 (T )

}
≥ κ, (S6)

where C(G)(T ) is a cone defined by group-sparsity constraints. In the unconstrained set-
ting, this cone includes all vectors β satisfying a compatibility condition between com-
ponents inside and outside T . When the linear constraint CTβ = 0 is introduced, the

feasible domain is restricted to the intersection C(G)(T ) = C(G)
0 (T ) ∩ null(CT ). Although

this intersection may no longer form a cone, the RE condition can still be meaningfully
defined over this restricted domain.

Importantly, imposing the constraint does not weaken the RE condition. Since the
feasible set under the constraint is a subset of the unconstrained domain, the minimum in
(10) is taken over a smaller set. As such, if the RE(s) condition holds in the unconstrained
case with constant κ, it necessarily holds in the constrained setting with the same or larger
constant. This implies that the presence of the constraint does not invalidate the RE
condition and may even strengthen it, depending on the geometry of the feasible set.

There are certain degenerate cases in which the constrained RE condition becomes
ill-defined. For instance, if the active group set T is too small, e.g., |T | = 1, the set

C(G)(T ) may be empty. In such cases, the left-hand side of (10) (with C(G)
0 (T ) replaced by

C(G)(T )) is undefined. To avoid these pathologies, we assume that such trivial cases are
excluded.

While the constrained restricted eigenvalue (RE) condition plays a central role in our
theoretical analysis, we note that directly verifying this condition for a given design matrix
is generally infeasible. This difficulty arises from the fact that the RE condition involves
a nonconvex optimization over coefficient vectors that lie in a sparsity-constrained cone
intersected with a linear subspace induced by the constraint CTβ = 0. The resulting
feasible set has a complex geometry that does not admit closed-form characterizations or
tractable verification procedures.

Accordingly, it is common practice in high-dimensional analysis to assume the RE
condition under general structural assumptions on the design matrix, without empirical
verification. This approach enables rigorous theoretical guarantees while maintaining flex-
ibility in modeling and analysis. Our theoretical results follow this standard convention.

S2.2 Proof of Theorem 1

We begin with intermediate lemmas.
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Lemma S1. (Cavalier et al., 2002) Let ξ1, . . . , ξn be i.i.d. N(0, 1), v = (v1, . . . , vn) ̸=
0, ηv =

1√
2∥v∥

∑n
i=1(ξ

2
i − 1)vi and m(v) = ∥v∥∞

∥v∥ . We have, for all x > 0, that

P(|ηv| > x) ≤ 2 exp

(
− x2

2(1 +
√
2xm(v))

)
.

Recall that the p× r constraint matrix C is defined as

C =


1p1 0 . . . 0
0 1p2 . . . 0
...

...
. . .

...
0 0 . . . 1pr

 , (S7)

and PC = C(CTC)−1CT = diag(Jp1/p1, . . . ,Jpr/pr). Then, for any p, we have

∥Ip −PC∥∞ ≤ 1, (S8)

for all p, and the diagonal elements of Ip − PC are greater than zero, as long as pi does
not diverge. Next result by Shi et al. (2016) generalizes this result.

Lemma S2. (Shi et al., 2016) For any matrix A, we have

∥(Ip −PC)A∥∞ ≤ |A|∞.

See Shi et al. (2016) for a proof for Lemma S2.
The following lemma plays an important building block in verifying Theorem 1. Recall

that the optimization problem (7) is

β̂ = argmin
β∈Rp

(
1

2n
∥y − Z̃β∥22 + λ∥β∥2,1

)
subject to CTβ = 0.

Lemma S3. Let β∗ be the true regression coefficient vector for the model (6) with C
given as (S7). Assume that M ≥ 2, n ≥ 1. Let Σ̂j = Z̃TGj

Z̃Gj/n (j = 1, . . . ,M), and Σ̂ =

Z̃T Z̃/n. Let q > 0 be any positive number. If the tuning parameter λ in the constrained
optimization problem (7) is chosen so that

λ ≥ max
j∈[M ]

{
2σ√
n

√
trace(Σ̂j) + 2∥Σ̂j∥(2q logM +

√
mjq logM)

}
, (S9)

Then with probability at least 1− 2M1−q, the following holds:
For any solution β̂ of (7) and for all β ∈ Rp satisfying CTβ = 0, we have, for all

j ∈ [M ],

1

n
∥Z̃(β̂ − β∗)∥22 + λ

M∑
j=1

∥β̂Gj − βGj
∥2 (S10)

≤ 1

n
∥Z̃(β − β∗)∥22 + 4λ

∑
j∈J(β)

min(∥βGj
∥2, ∥β̂Gj − βGj

∥2),

1

n
∥Z̃TGj

Z̃(β̂ − β∗)∥2 ≤ λ(k0
√
mjM + 1/2). (S11)

where mj = |Gj |.
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Proof of Lemma S3. We largely follow the argument used in Lounici et al. (2011). For all
β ∈ Rp satisfying CTβ = 0, we have

1

n
∥Z̃β̂ − y∥22 + 2λ

M∑
j=1

∥β̂Gj∥2 ≤
1

n
∥Z̃β − y∥22 + 2λ

M∑
j=1

∥βGj
∥2

and, using (6), we have

1

n
∥Z̃(β̂ − β∗)∥22 ≤

1

n
∥Z̃(β − β∗)∥22 +

2

n
ϵT Z̃(β̂ − β) + 2λ

M∑
j=1

(∥βGj
∥2 − ∥β̂Gj∥2).

By the Cauchy-Schwarz inequality, the second term of the right-hand side of the above
inequality satisfies

1

n
ϵT Z̃(β̂ − β) ≤ 1

n

M∑
j=1

∥(ϵT Z̃)Gj∥2∥β̂Gj − βGj
∥2.

Consider the random event A = ∩Mj=1Aj , where Aj = { 1
n∥ϵ

T
Gj

Z̃∥2 ≤ λ
2}. We note that

P(Aj) = P
({

1

n2
ϵT Z̃Gj Z̃

T
Gj

ϵ ≤ λ2

4

})
= P

({∑n
i=1 vj,i(ξ

2
i − 1)√

2∥vj∥
≤ xj

})
,

where ξ1, . . . , ξn are i.i.d. N(0, 1), vj,1, . . . , vj,n denote the eigenvalues of the matrix

Z̃Gj Z̃
T
Gj

/n, among which the positive ones are the same as those of Σ̂j , and xj is de-
fined as

xj :=
λ2n/(4σ2)− trace(Σ̂j)√

2∥Σ̂j∥F
.

We apply Lemma S1 to upper bound the probability of the complement of the event Aj .

Specifically, we choose v = vj = (vj,1, . . . , vj,n), x = xj and m(v) = ∥Σ̂j∥/∥Σ̂j∥F and
conclude from Lemma S1 that

P(Acj) ≤ 2 exp

(
−

x2j

2(1 +
√
2xj∥Σ̂j∥/∥Σ̂j∥F )

)
.

We now choose the tuning parameter λ (which also affects xj) so that the right-hand
side of the above inequality is smaller than 2M−q that yields

xj ≥
√
2A+

√
2A2 + 2q logM (S12)

where A = ∥Σ̂j∥/∥Σ̂j∥F q logM . Using the subadditivity property of the square root and

the inequality ∥Σ̂j∥F ≤ √
mj∥Σ̂j∥, it is verified that for λ satisfying the condition (S9)

satisfies (S12).
With λ chosen to satisfy (S9), we have P(Acj) ≤ 2M−q for all j ∈ [M ]. A simple

application of the union bound gives that P(Ac) ≤ 2M1−q.
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With probability at least 1− 2M1−q, we have the following:

1

n
∥Z̃(β̂ − β∗)∥22 + λ

M∑
j=1

∥β̂Gj − βGj
∥2

≤ 1

n
∥Z̃(β − β∗)∥22 + 2λ

M∑
j=1

(∥β̂Gj − βGj
∥2 + ∥βGj

∥2 − ∥β̂Gj∥2)

≤ 1

n
∥Z̃(β − β∗)∥22 + 4λ

∑
j∈J(β)

min(∥βGj
∥2, ∥β̂Gj − βGj

∥2).

Then by the KKT condition of optimization problem (7), for every j ∈ [M ],

1

n
∥Z̃TGj

(y − Z̃β̂) + (Cη)Gj∥2 ≤ λ,

for some η ∈ Rr. Then, we have

∥Z̃T (y − Z̃β̂) +Cη∥22 =
M∑
j=1

∥Z̃TGj
(y − Z̃β̂) + (Cη)Gj∥22 ≤ Mn2λ2.

implying ∥Z̃T (y− Z̃β̂)+Cη∥∞ ≤ nλ
√
M . Using the fact that Z̃(I−PC) = Z̃, CTC = Ir,

and Lemma S2, we have

∥Z̃T (y − Z̃β̂)∥∞ = ∥(I−PC)(Z̃
T (y − Z̃β̂) +Cη)∥∞

≤ ∥Z̃T (y − Z̃β̂) +Cη∥∞ ≤ nλ
√
M.

Moreover, on the event A, using (6) and triangle inequality, we have

1

n
∥Z̃TGj

Z̃(β̂ − β∗)∥2 ≤
1

n
∥Z̃TGj

(Z̃β̂ − y)∥2 +
1

n
∥Z̃TGj

ϵ∥2

≤ √
mjλ

√
M + λ/2 = λ(

√
mjM + 1/2).

We are now ready to give a proof of Theorem 1.

Proof of Theorem 1. Let T = {j : βGj
̸= 0} and let h = β̂ − β∗. By inequality (S10), on

the event A = ∩Mj=1{ 1
n∥ϵ

T
Gj

Z̃∥2 ≤ λ
2}, we have

1

n
∥Z̃h∥22 ≤ 4λ

∑
j∈T

∥hGj∥2 ≤ 4λ
√
s∥hT ∥2. (S13)

Furthermore, by the same inequality, on the event A, we have that
∑M

j=1 ∥hGj∥2 ≤
4
∑

j∈T ∥hGj∥2, implying
∑

j∈T c ∥hGj∥2 ≤ 3
∑

j∈T ∥hGj∥2. Since the RE(s) condition is
satisfied with κ1, we have

∥hT ∥2 ≤
∥Z̃h∥2
κ1

√
n
. (S14)
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Then, using (S13) and (S14) we have the following:(
1√
n
∥Z̃h∥2

)2

≤
(

4

κ1
λ
√
s

)2

,

which proves (12). Moreover, inequality (13) follows by noting that

∥h∥2,1 =
M∑
j=1

∥hGj∥2 ≤ 4
∑
j∈T

∥hGj∥2 ≤ 4
√
s∥hT ∥2 ≤ 4

√
s
∥Z̃h∥2
κ1

√
n

≤ 16λs

κ21
.

Let T ′ be the set of indices in T c corresponding to the s largest values of ∥hGj∥.
Consider the set T2s = T ∪ T ′. Note that |T2s| ≤ 2s. Let j(k) be the index of the kth
largest element of the set {∥hGj∥ : j ∈ T c}. Then, we have

∥hGj(k)
∥2 ≤

∑
j∈T c

∥hGj∥2/k.

This inequality, along with the fact that
∑

j∈T c ∥hGj∥2 ≤ 3
∑

j∈T ∥hGj∥2 on the event A,
implies the following:

∑
j∈T c

2s

∥hGj∥22 ≤
∞∑

k=s+1

(
∑

ℓ∈T c ∥hGℓ
∥2)2

k2

≤
(
∑

ℓ∈T c ∥hGℓ
∥2)2

s
≤

9(
∑

ℓ∈T ∥hGℓ
∥2)2

s

≤ 9s∥hT ∥22
s

≤ 9∥hT2s∥22.

Therefore,
∥hT c

2s
∥22 ≤ 9∥hT2s∥22

which leads to the following inequality

∥h∥22 ≤ ∥hT2s∥22 + ∥hT c
2s
∥22 ≤ 10∥hT2s∥22. (S15)

Next, from (S13), we observe that

1

n
∥Z̃h∥22 ≤ 4λ

√
s∥hT2s∥2. (S16)

Additionally,
∑

j∈T c ∥hGj∥2 ≤ 3
∑

j∈T ∥hGj∥2 directly implies∑
j∈T c

2s

∥hGj∥2 ≤ 3
∑
j∈T2s

∥hGj∥2.

Combining RE(2s) condition is satisfied with κ2 with inequality (S16), on the event A,
we have

∥hT2s∥2 ≤
4λ

√
s

κ2
.
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By putting all these results together, we obtain the following ℓ2 estimation bound for
group compositional lasso as follows:

∥h∥2 ≤
4λ

√
10s

κ2
,

which completes the proof.

S2.3 Poof of Lemma 1

Proof. Write the ℓth row of Z̃ by Z̃Tℓ , so that Σ̂ = 1
n

∑n
ℓ=1 Z̃ℓZ̃

T
ℓ . Since Σ1/2Θ1/2Z̃ℓ =

(Ip −PC)Z̃ℓ = Z̃ℓ, we have

ΘΣ̂− (Ip −PC) =
1

n

n∑
ℓ=1

{ΘZ̃ℓZ̃
T
ℓ − (Ip −PC)}

=
1

n

n∑
ℓ=1

{Θ1/2Θ1/2Z̃ℓZ̃
T
ℓ Θ

1/2Σ1/2 − (Ip −PC)}.

Define v
(ij)
ℓ = Θ

1/2
i,· Θ1/2Z̃ℓZ̃

T
ℓ Θ

1/2Σ
1/2
·,j − (Ip −PC)i,j , so that

(
ΘΣ̂− (Ip −PC)

)
i,j

=
1

n

n∑
ℓ=1

v
(ij)
ℓ .

Since EΘZ̃ℓZ̃
T
ℓ = ΘΣ = (Ip −PC), we have Ev(ij)ℓ = 0, for any i, j = 1, . . . , p and for any

ℓ = 1, . . . , n.
Let ∥X∥ψ1 be the sub-exponential norm of a random variable X, which is defined as

∥X∥ψ1 = sup
q≥1

q−1(E|X|q)1/q.

It is shown on p. 2897 of Javanmard and Montanari (2014) that for two random variables
X and Y , ∥XY ∥ψ1 ≤ 2∥X∥ψ2∥Y ∥ψ2 . This fact and Remark 5.18 of Vershynin (2012) yield
that

∥v(ij)ℓ ∥ψ1 ≤ 2∥Θ1/2
i,· Θ1/2Z̃ℓZ̃

T
ℓ Θ

1/2Σ
1/2
·,j ∥ψ1

≤ 2∥Θ1/2
i,· Θ1/2Z̃ℓ∥ψ2∥Σ

1/2
·,j Θ1/2Z̃ℓ∥ψ2

≤ 2∥Θ1/2
i,· ∥2∥Σ1/2

·,j ∥2∥Θ1/2Z̃ℓ∥ψ2∥Θ1/2Z̃ℓ∥ψ2

≤ 2
√

σmax(Σ)σmax(Θ)ϕ2

≤ 2
√
Cmax/Cminϕ

2 ≡ ϕ′,

Let ai = (Ip−PC)ei. Then, for any i ∈ [p], j ∈ [M ], we use the sub-Gaussian quadratic
form concentration inequality (Cai et al., 2022, Lemma 6) to obtain

P
(
∥(ai)Gj −

1

n
Z̃TGj

Z̃Θei∥2 ≥ γ

)
≤ 2 exp

{
Cm− n

6
min

(
(
γ

eϕ′ )
2,

γ

eϕ′

)}
, (S17)
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where m = maxj∈[M ]mj . Take γ = c
√
(logM)/n we have

P

(
∥(ai)Gj −

1

n
Z̃TGj

Z̃Θei∥2 ≥ c

√
logM

n

)
≤ 2eCmM−c2/(6e2ϕ′2)

= 2eCmM−(c2Cmin)/(24e
2ϕ4Cmax).

Therefore, by union bounding over all pairs of i ∈ [p] and j ∈ [M ],

P

{
∥ΘΣ̂− (Ip −PC)∥2,∞ ≥ c

√
logM

n

}
≤ 2peCmM−(c2Cmin)/(24e

2ϕ4Cmax)+1.

S2.4 Proof of Theorem 2

Proof. Note that using our model (6), we have

β̂d − β∗ = β̂ − β∗ +
1

n
Θ̂Z̃T ϵ+

1

n
Θ̂Z̃T Z̃(β∗ − β̂)

=
1

n
Θ̂Z̃T ϵ+ (Θ̂Σ̂− Ip)(β

∗ − β̂)

=
1

n
Θ̂Z̃T ϵ+ (Θ̂Σ̂− (Ip −PC))(β

∗ − β̂), since CTβ∗ = CT β̂ = 0.

Thus,
√
n(β̂−β∗) = B+∆ where B = 1√

n
Θ̂Z̃T ϵ. Also note that (Ip−PC)Σ̂(Ip−PC) = Σ̂,

and B = 1√
n
Θ̂Z̃T ϵ = 1√

n
Θ̂(Ip −PC)Z

T ϵ. Thus,

B|Z ∼ N(0, σ2Θ̂(Ip −PC)Σ̂(Ip −PC)Θ̂
T ) = N(0, σ2Θ̂Σ̂Θ̂T ).

Note that

|⟨x,y⟩| = |
M∑
j=1

⟨xGj ,yGj ⟩| ≤
M∑
j=1

∥xGj∥2∥yGj∥2 ≤ ∥x∥2,∞∥y∥2,1.

Using the above relationship, we have

∥∆∥∞ = max
i

|⟨(Ip −PC)ei − Θ̂Σ̂ei, (β̂ − β∗)⟩|

≤
√
n∥Θ̂Σ̂− (Ip −PC)∥2,∞∥β̂ − β∗∥2,1.

By Lemma 1, when choosing γ = c
√

(logM)/n, Θ̂ is a feasible solution of the optimization

problem (16) with probability at least 1−2peCmM−c′ . Therefore, ∥Θ̂Σ̂−(Ip−PC)∥2,∞ ≤
c
√
(logM)/n with probability at least 1− 2peCmM−c′ . By Theorem 1, take

λ = max
j∈[M ]

2σ√
n

√
trace(Σ̂j) + 2∥Σ̂j∥(2q logM +

√
mjq logM),

11



then we have

P
(
∥β̂ − β∗∥2,1 ≤

16λs

κ2

)
≥ 1− 2M1−q,

where q is a positive parameter. Altogether, we have

P
{
∥∆∥∞ >

16cλs
√
logM

κ2
√
n

}
≤ P

{
∥β̂ − β∗∥2,1 ≤

16λs

κ2

}
+ P

{
∥ΘΣ̂− (Ip −PC)∥2,∞ ≤ c

√
logM

n

}
≤ 2M1−q + 2peCmM−c′ .

S2.5 Poof of Theorem 3

Theorem 3 is verified by the following lemma, which closely follows the results of Sun and
Zhang (2012) and Mitra and Zhang (2016). First, define

µ(λ, ξ) =
2ξλ2

κ
, τ− =

2µ(λ, ξ)(ξ − 1)

ξ + 1
, τ+ =

τ−
2

+ µ(λ, ξ)(k0
√
mM + 1/2),

where m = maxj∈[M ]mj . Lastly, define a constant

A∗ =
(ξ + 1)/(ξ − 1)

{
√
1− 2µ(λ∗, ξ)(ξ + 1)/(ξ − 1)}+

.

Then, based on the idea of Theorem 6 in Mitra and Zhang (2016), we have the following
lemma.

Lemma S4. Let (β̂, σ̂) be a solution of the optimization problem (20) and β∗ be a vector
with supp(β∗) ⊂ GS∗ for some S∗ ⊂ T = [M ]. Let ξ > 1. Suppose RE(s) condition holds
with κ and τ+ < 1. Define the following event

E =

{
max

j∈[M ],CTβ∗=0

Z̃TGj
(y − Z̃β∗)

λnσ∗/
√
1 + τ−

<
ξ − 1

ξ + 1

}
, (S18)

where σ∗ = ∥y − Z̃β∗∥2/
√
n is the oracle noise level. Suppose λ ≥ A∥XGj/

√
n∥Sλ∗ with

A ≥ A∗. Then,
P(E) ≥ 1− δ (S19)

with the event E is in (S18). Moreover, if
√
nµ(λ, ξ) → 0, then σ̂ is a consistent estimator

of σ, in the sense that for any ϵ > 0,

lim
n,p→∞

P
(∣∣∣∣ σ̂σ − 1

∣∣∣∣ ≥ ϵ

)
= 0.

12



Proof of Lemma S4

Proof. We follow the proof in Mitra and Zhang (2016), Sun and Zhang (2012). Let t ≥
σ∗/

√
1 + τ−, hGj = β̂Gj (tλ) − β∗

Gj
, and h = β̂(tλ) − β∗. Then, using y = Z̃β∗ + ϵ, we

have

(σ∗)2 − ∥y − Z̃β̂(tλ)∥22/n = (Z̃h)T (2ϵ− Z̃h)/n

= (Z̃h)T ϵ/n+ (Z̃h)T (y − Z̃β̂(tλ))/n. (S20)

Suppose E happens so that ∥Z̃Gjϵ∥2/n ≤ tλ(ξ − 1)/(ξ + 1). It follows that

|(Z̃h)T ϵ/n| =
∣∣∣∣ M∑
j=1

hTGj
Z̃TGj

ϵ/n

∣∣∣∣ ≤ M∑
j=1

∥hGj∥2∥Z̃Gjϵ∥2/n ≤ ξ − 1

ξ + 1
tλ∥h∥2,1.

Moreover, the KKT condition implies

|hT Z̃T (y − Z̃β̂(tλ))/n| ≤ ∥Z̃T (y − Z̃β(tλ))∥2,∞∥h∥2,1.

Note that by Lemma S3, we have

∥Z̃T (y − Z̃β(tλ))/n∥2,∞ = max
j∈[M ]

∥Z̃TGj
(y − Z̃β(tλ))/n∥2

≤ max
j∈[M ]

∥Z̃TGj
(Z̃h)∥2∥Z̃TGj

ϵ∥2

≤ tλ

(
k0
√
mM +

1

2
+

ξ − 1

ξ + 1

)
.

Hence, we have the following inequality

|hT Z̃T (y − Z̃β̂(tλ))/n| ≤ tλ

(
k0
√
mM +

1

2
+

ξ − 1

ξ + 1

)
∥h∥2,1.

As (Z̃h)T (2ϵ− Z̃h)/n ≤ 2(Z̃h)T ϵ/n, inserting these inequalities to (S20) yields

−tλ

(
k0
√
mM +

1

2
+ 2

ξ − 1

ξ + 1

)
∥h∥2,1 ≤ (σ∗)2 − ∥y − Z̃β̂(tλ)∥22/n

≤ 2
ξ − 1

ξ + 1
tλ

M∑
j=1

∥h∥2,1.

A rescaled version β̂(tλ) can be written as

β̂(tλ)

t
= argmin

CTb=0

 1

2n
∥y/t− Z̃b∥22 + λ

M∑
j=1

∥bGj∥2

 ,

as the group Lasso estimator with target β∗/t and noise vector ϵ/t. As t ≥ σ∗/
√
1 + τ−,

λ

t

M∑
j=1

∥hGj∥2 =
M∑
j=1

∥β̂Gj (tλ)/t− β∗
Gj

/t∥2 < µ(λ, ξ).

13



As τ− = 2µ(λ, ξ)(ξ − 1)/(ξ + 1) and τ+ = µ(λ, ξ)
(
k0
√
mM + 1

2 + 2 ξ−1
ξ+1

)
, we have

−τ+t
2 = −

(
k0
√
mM +

1

2
+ 2

ξ − 1

ξ + 1

)
t2µ(λ, ξ) < (σ∗)2 − ∥y − Z̃β̂(tλ)∥22/n

< 2
ξ − 1

ξ + 1
t2µ(λ, ξ) = τ−t

2.

The upper bound above for t = σ∗/
√
1 + τ− implies

t2 − ∥y − Z̃β̂(tλ)∥22/n < t2 − (σ∗)2 + τ−t
2 = 0,

so that σ̂ > t = σ∗/
√
1 + τ−. Similarly, combining the results from the lower bound yields

σ∗
√
1 + τ−

≤ σ̂ ≤ σ∗
√
1− τ+

.

This implies with the condition on µ(λ, ξ),
√
nµ(λ, ξ) → 0,

|σ̂/σ∗ − 1| = oP (µ(λ, ξ)) = oP (n
−1/2)

Therefore, by the central limit theorem and σ∗/σ ∼ χn/
√
n, which completes the proof.

S2.6 Proof of Theorem 4

Proof. In Theorem 2, when choosing proper λ, then we have
√
n(β̂dGj

− β∗
Gj

) ∼ Nmj (0, σ
2VGj ,Gj ),

where ∆ =
√
n(Θ̂Σ̂ − (Ip − PC))(β

∗ − β̂) and V = σ2Θ̂Σ̂Θ̂T . Additionally, using
Theorem S4, we have

lim
n,p→∞

P
(∣∣∣∣ σ̂σ − 1

∣∣∣∣ ≥ ϵ

)
= 0.

Since Θ̂Σ̂Θ̂T is not random, we can conclude that

lim
n,p→∞

P
(
∥V̂ −V∥∞ ≥ ϵ

)
= 0,

which completes the proof.

S2.7 Computation complexity

In this section, we provide the computation complexity of the proposed methods, Compo-
sitional Group Lasso (CGL) and the debiased CGL, CGL(D). In short, the computation
complexities of these methods are:

� CGL: O(kLT (np+Mm2)),

� CGL(D): O(p4/c+ FT (np+Mm2) + np2).

Here, n, p, and M denote the numbers of samples, variables, and groups, respectively,
and m is the maximum group size. k is the number of cross-validation folds, L is the
number of candidate values for λ, and (T, F ) denote the numbers of iterations for the
block coordinate descent and the scaled group lasso operation, respectively.

14



CGL. We implemented the CGL estimator using the R package gglasso (Yang et al.,
2024), solving the group lasso optimization problem with compositional constraints (Equa-
tion (4) in the main article). The package employs block coordinate descent. The com-
plexity per iteration is approximately

O(np) +O(Mm2),

where O(np) accounts for residual computation, and O(Mm2) arises from group-wise
soft-thresholding and updates. Over T iterations, the total cost is

O(T (np+Mm2)).

Considering L candidate values for λ and k-fold cross-validation, the total complexity
becomes

O(kLT (np+Mm2)).

CGL(D). Obtaining the debiased compositional group lasso estimates involves three
steps:

Step 1: Precision matrix estimation (Algorithm 1)

Step 2: Noise variance estimation (Scaled group lasso; Equation (17) in the main article)

Step 3: Debiasing (Equation (15) in the main article)

Step 1. Precision matrix estimation (Algorithm 1 ) is performed by solving p con-
strained convex programs using the CVXR package. Each problem has a complexity of
O(p3), resulting in a total cost of

O(p4).

Additionally, computing the sample covariance matrix incurs a cost of O(np2).
Step 2. Scaled group lasso requires F outer iterations to jointly estimate the noise level

and regression coefficients, each invoking a group lasso solver over T iterations. Thus, the
total complexity is

O(FT (np+Mm2)).

Step 3. The debiasing step (Equation (15)) involves matrix-vector operations, with
total complexity O(np+ p2).

Therefore, the total cost of CGL(D) is

O(p4 + FT (np+Mm2) + np2).

Since the precision matrix estimation dominates the overall cost, we note that parallelizing
this step across c cores reduces the total cost to

O(p4/c+ FT (np+Mm2) + np2).
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S3 Additional Tables

Table S1: Average performance measures (with standard errors) of the four methods for
the same signal pattern, Model 1 when (ρ1, ρ2) = (0, 0).

τ (n,M) Method ∥M(β̂)∥0 sensitivity specificity PPV

3

(100, 10)

CL 5.98 (0.15) 1 (0.00) 0.57 (0.02) 0.54 (0.02)
CL(D) 1.17 (0.04) 0.39 (0.01) 1 (0.00) 0.99 (0.01)
GL 6.89 (0.18) 1 (0.00) 0.44 (0.03) 0.47 (0.02)
CGL 8.06 (0.16) 1 (0.00) 0.28 (0.02) 0.39 (0.01)
GL(D) 2.49 (0.05) 0.83 (0.02) 1 (0.00) 1 (0.00)
CGL(D) 4.06 (0.13) 1 (0.00) 0.85 (0.02) 0.8 (0.02)

(300, 20)

CL 5.55 (0.16) 1 (0.00) 0.85 (0.01) 0.59 (0.02)
CL(D) 2.58 (0.05) 0.86 (0.02) 1 (0.00) 1 (0.00)
GL 9.32 (0.34) 1 (0.00) 0.63 (0.02) 0.37 (0.01)
CGL 11.99 (0.28) 1 (0.00) 0.47 (0.02) 0.27 (0.01)
GL(D) 3 (0.00) 1 (0.00) 1 (0.00) 1 (0.00)
CGL(D) 3.83 (0.1) 1 (0.00) 0.95 (0.01) 0.83 (0.02)

(500, 20)

CL 5.42 (0.17) 1 (0.00) 0.86 (0.01) 0.61 (0.02)
CL(D) 3 (0.00) 1 (0.00) 1 (0.00) 1 (0.00)
GL 9.17 (0.32) 1 (0.00) 0.64 (0.02) 0.38 (0.02)
CGL 12.07 (0.28) 1 (0.00) 0.47 (0.02) 0.26 (0.01)
GL(D) 3 (0.00) 1 (0.00) 1 (0.00) 1 (0.00)
CGL(D) 3.78 (0.11) 1 (0.00) 0.95 (0.01) 0.85 (0.02)

0.3

(100, 10)

CL 0.55 (0.05) 0.1 (0.02) 0.97 (0.01) 0.3 (0.05)
CL(D) 0.03 (0.02) 0.01 (0.00) 1 (0.00) 0.02 (0.01)
GL 3.09 (0.27) 0.43 (0.03) 0.74 (0.03) 0.42 (0.04)
CGL 3.88 (0.32) 0.53 (0.04) 0.67 (0.03) 0.36 (0.03)
GL(D) 0.26 (0.05) 0.08 (0.02) 1 (0.00) 0.2 (0.04)
CGL(D) 1.2 (0.15) 0.22 (0.03) 0.92 (0.01) 0.35 (0.04)

(300, 20)

CL 0.21 (0.04) 0.05 (0.01) 1 (0.00) 0.14 (0.03)
CL(D) 0.12 (0.04) 0.03 (0.01) 1 (0.00) 0.06 (0.02)
GL 6.58 (0.42) 0.7 (0.03) 0.74 (0.02) 0.44 (0.03)
CGL 9.65 (0.37) 0.87 (0.02) 0.59 (0.02) 0.3 (0.02)
GL(D) 1.01 (0.08) 0.31 (0.02) 1 (0.00) 0.72 (0.04)
CGL(D) 2.05 (0.15) 0.46 (0.02) 0.96 (0.01) 0.7 (0.04)

(500, 20)

CL 0.25 (0.04) 0.08 (0.01) 1 (0.00) 0.25 (0.04)
CL(D) 0.47 (0.07) 0.14 (0.02) 1 (0.00) 0.33 (0.05)
GL 7.22 (0.42) 0.87 (0.02) 0.73 (0.02) 0.48 (0.02)
CGL 11.3 (0.33) 0.97 (0.01) 0.51 (0.02) 0.29 (0.01)
GL(D) 1.67 (0.07) 0.52 (0.02) 0.99 (0.00) 0.96 (0.02)
CGL(D) 2.54 (0.12) 0.66 (0.02) 0.97 (0.01) 0.84 (0.02)
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Table S2: Average performance measures (with standard errors) of the four methods for
the different signal pattern, Model 2 when (ρ1, ρ2) = (0, 0).

τ (n,M) Method ∥M(β̂)∥0 sensitivity specificity PPV

3

(100, 10)

CL 4.5 (0.14) 1 (0.00) 0.79 (0.02) 0.73 (0.02)
CL(D) 2.15 (0.08) 0.72 (0.03) 1 (0.00) 1 (0.00)
GL 7.39 (0.18) 1 (0.00) 0.37 (0.03) 0.43 (0.01)
CGL 8.07 (0.14) 1 (0.00) 0.28 (0.02) 0.38 (0.01)
GL(D) 2.85 (0.04) 0.95 (0.01) 1 (0.00) 1 (0.00)
CGL(D) 3.96 (0.12) 1 (0.00) 0.86 (0.02) 0.81 (0.02)

(300, 20)

CL 4.37 (0.13) 1 (0.00) 0.92 (0.01) 0.74 (0.02)
CL(D) 3 (0.00) 1 (0.00) 1 (0.00) 1 (0.00)
GL 9.74 (0.33) 1 (0.00) 0.6 (0.02) 0.35 (0.02)
CGL 12.68 (0.27) 1 (0.00) 0.43 (0.02) 0.25 (0.01)
GL(D) 3 (0.00) 1 (0.00) 1 (0.00) 1 (0.00)
CGL(D) 3.79 (0.1) 1 (0.00) 0.95 (0.01) 0.84 (0.02)

(500, 20)

CL 4.12 (0.12) 1 (0.00) 0.93 (0.01) 0.78 (0.02)
CL(D) 3.02 (0.01) 1 (0.00) 1 (0.00) 1 (0.00)
GL 9.98 (0.35) 1 (0.00) 0.59 (0.02) 0.34 (0.01)
CGL 13.08 (0.27) 1 (0.00) 0.41 (0.02) 0.24 (0.01)
GL(D) 3 (0.00) 1 (0.00) 1 (0.00) 1 (0.00)
CGL(D) 3.5 (0.08) 1 (0.00) 0.97 (0.00) 0.89 (0.02)

0.3

(100, 10)

CL 0.59 (0.06) 0.15 (0.02) 0.98 (0.00) 0.4 (0.05)
CL(D) 0.2 (0.05) 0.06 (0.01) 1 (0.00) 0.17 (0.04)
GL 3.43 (0.31) 0.53 (0.04) 0.74 (0.03) 0.47 (0.04)
CGL 4.73 (0.31) 0.65 (0.04) 0.6 (0.03) 0.38 (0.03)
GL(D) 0.26 (0.05) 0.08 (0.02) 1 (0.00) 0.22 (0.04)
CGL(D) 1.78 (0.21) 0.31 (0.03) 0.88 (0.02) 0.42 (0.04)

(300, 20)

CL 0.77 (0.1) 0.24 (0.03) 1 (0.00) 0.41 (0.05)
CL(D) 0.82 (0.06) 0.25 (0.02) 1 (0.00) 0.68 (0.05)
GL 6.83 (0.38) 0.78 (0.03) 0.74 (0.02) 0.45 (0.03)
CGL 10.61 (0.36) 0.94 (0.02) 0.54 (0.02) 0.29 (0.01)
GL(D) 1 (0.06) 0.31 (0.02) 1 (0.00) 0.78 (0.04)
CGL(D) 2.26 (0.16) 0.5 (0.03) 0.96 (0.01) 0.74 (0.03)

(500, 20)

CL 2.13 (0.13) 0.67 (0.04) 0.99 (0.00) 0.78 (0.04)
CL(D) 1.57 (0.09) 0.5 (0.02) 1 (0.00) 0.96 (0.02)
GL 8.43 (0.4) 0.9 (0.02) 0.66 (0.02) 0.41 (0.02)
CGL 11.4 (0.26) 0.99 (0.01) 0.5 (0.02) 0.28 (0.01)
GL(D) 1.74 (0.08) 0.55 (0.02) 0.99 (0.00) 0.96 (0.01)
CGL(D) 2.72 (0.12) 0.74 (0.03) 0.97 (0.00) 0.87 (0.02)
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Table S3: Average performance measures (with standard errors) for the same signal pat-
tern, Model 1 when (ρ1, ρ2) = (0.5, 0.1), and τ = 0.3.

Method (n,M) ∥G(β̂)∥0 sensitivity specificity PPV

CGL
(1000, 20) 11 (0.48) 1 (0.00) 0.53 (0.04) 0.28 (0.05)
(2000, 20) 10.5 (0.76) 1 (0.00) 0.56 (0.04) 0.32 (0.03)

CGL(D)
(1000, 20) 3.4 (0.25) 0.87 (0.04) 0.95 (0.01) 0.83 (0.04)
(2000, 20) 3.3 (0.29) 0.93 (0.02) 0.97 (0.02) 0.88 (0.04)
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