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Supplementary Material to “Simultaneously
sparse and low-rank matrix estimation via
[;-norm and nonconvex regularization”

Ling Peng, Shanshan Tang, Fei Huang, Weiying Ping

In this supplementary material, we provide the proofs for the main results discussed in
Section A, along with some auxiliary lemmas. Computational algorithms are included in
Section B. Throughout this appendix, we use C' to represent a generic positive constant, the
value of which may vary, even within the same line.

A Proof of main results

A.1 Proof of Theorem 1

Denote A := @ — ©*, where @isa stationary point in the program (1). Let A=6- (S
we first prove that A lies in the cone C defined as

Ci= {AeRUXE |55, 0 Ay < 3|Ser 0 Al + 5[Per (Al + [Ty Ally.1 |1}

Lemma 1 Under Assumption A, for the choice of regularization parameters A > 2(1 —
NNNVLA(O)||oo and n > 27|V L (O%)|lop with constant v € [0,1], we have

AecC.

Proof of Lemma 1. Since @ is a local minimum of (1), the following first-order condition
is satisfied. Note that @* is feasible, take @ = @* in (5), we have

(VLn(©) + V(IO|1) + VRy(©), 0" —©) > 0.

On the other hand, since £, is convex, by the monotonicity of the subdifferential, we have
the following. ~ ~
(VLR (O®) —VL,(OF),A) >0,

Combining the above two inequalities, we have
<*V/\,n(é) - Vgn(é) = VLn(©%), A> > 0.

By the monotonicity of the subdifferential of the convex function, we have (nyn(é) —
VAJ,(Q*),A) > 0, and consequently

(=Van(@*) = VQ,(O) — VL, (@%),A) > 0. (A1)

For any sparse matrix @ € R %92 with singular value decomposition @ = U'T'V’ with I’
being the diagonal matrix of nonincreasing singular values, then V) (@) can be decomposed
as

Van(@) = A (U'V'T 4 Iy Wally1 )+ (Se + Wio 55) (A2)

for some |[W1lloo < 1, |[|[Wi|lop < 1, see Watson (1992). Here, Sg = sign(@) € {0, £1}1xd2
be the signed sparsity pattern of @, and Sg € {0,1}%1%92 the complementary sparsity
pattern. The symbol “o” denotes the Hadamard product. Moreover, since the function || - ||1
and || - ||« are both convex, we can choose Wy and Wi (e.g. W = 37_; wjv,, where
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u;,v; are the i-th left and right eigenvectors associated with the nonzero singular values of
IT; 1 AIly, 1, respectively.) such that

~A0l©* 1, 4) = n(0©|«, A)
= —XSe~,A) = S5« 0 Allx —n(U'V'T, &) — Il ALl L ||

(=Van(©9),4)

< AlSex 0 Allr = A5+ 0 All1 + nl[Pe= (A)|l« — 0|y L Ally 1 ||
(A.3)

Assume that © has SVD as @ = UT'V", then VQ,(0) = Uq;](f)VT, where ¢; (I') denotes
the diagonal matrix with q%() apply on every diagonal element of I". Recall that a, satisfies
the regularity condition (iii) in Assumption A. In particular, all subgradients and derivatives
of g, are bounded in magnitude by 7. Applying the duality of matrix norms, we have

(~=V24(©), 4) < IVQy(B)llopll Alls = 1T, (F)WV T llopll All+ < nll Al (A4)

for any parameter v € [0, 1], by the choice of A > 2(1—7)||VLn (O*)||oo and > 2v||VLA(O*)| op,
we have

(VLA (), 4)
<(1 = VLA(O%), A)| +1[(VLA(©%), A)|
(

1 =NIVL (@)ool Allt + VLR (O lopllAll+
A
2

<

<

(ISe+ 0 Alls + 15+ © Allt) + 2 (IPox (A) |« + [[Hys Ally L |.)- (A.5)
2 7 v

Combining (A.1)), (A.3)-(A.5), it follows that

3\ ~ A ~ 3n ~ n - -
0 <X S0- 0 Al — 156+ o Al + 2 Pen ()l - Dty Alty ) + A

3 ~ A ~ 5n - n ~
<2Ser 0 Al = S118S- 0 Al + ZPer (A + Ty Aty 1.

max{\, . - ~ -
<P ()50 0 Al 1158+ 0 All + 5l1Per (A) + 1Ty ATy )
which implies that A € C. O

Before proving Theorem 1, we need to prove the following lemmas.

Lemma 2 Under the Assumption A, for any @1, @ € R¥1%42  ye have
Qn(@1) 2 24(O2) — (VQn(02),01 — O2) — %ll@l - 6|7 (A.6)

Proof of Lemma 2. For @1, @5 € R4 %9 we have the following singular value decompo-
sitions:
O, =U1NV,' and O, =UslLVy,

where I'1 = diag(01(@1),- -+ ,04(01)) and I'> = diag(c1(O@2), - ,04(©@2)) are the diagonal
matrices with descending singular values, respectively. According to (vi) in Assumption A,
since qn(t) + 42 is convex, for any j € {1,--- ,d} we have

(4n(05(©2)) + 1o (O2)) (0;(O1) — 0(O2))
<ay(05(O1) + 503 (O1) — (an(05(2) + 03(82))

then rearranging the terms gives

43(0(02)) (0(©1) = 0(O2)) < gy(0;(O1)) — gn(0;(O2)) + g(ﬂj(@l) —0;(62))%
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Adding all the j on both sides, and by the Weyl’s inequality, we have

(d)(I2). 11 = I2) < Qn(©1) = Qy(©2) + T 101 — a7,
where q;,(I2) = diag(q;,(01(02)), -, q,(c4(O2))) denotes applying g;, to every singular
value along the diagonal of I's.

Recall that VQ,(@2) = UQq%(FQ)V2T7 let the combined orthogonal matrix U = [U1, Us]
and V = [Vi, Va], it follows that

(VQ(02),0:1 — 03) = <U [0 qn(ofz)} V.U [13 —sz] V>
~([6 i [0 7))
(B uir] [7 ])

< [0 an( Fz)} U [191 —(;2} V>
(Uady(Io)Vy' , Ua(I = I2)V )
= (g,

W(I2). 11 = 1)
< Qn(1) = Qn(©2) + £ O1 — O]}

(]

This completes the proof. O

Lemma 3 Suppose that Ry, satisfies all the conditions in Assumption A. Then we have

(i) Ry is decomposable with respect to the pair (M,MJ—).
(ii) For any matrices A, B € R4 X% we have

Rn(A+£ B) <Rp(A) + Ry(B);
Ry(A+ B) > Ry(A) — Roy(B).

. . ~—1 .
Proof of Lemma 3. (i). By construction, the spaces M and M~ are such that any matrix
7L . .

A€M and Be€ M have orthogonal row and column spaces. For a matrix A € M, its SVD
can be written as A = UAFAV;‘F, where Uy and Vy are orthogonal matrices, and I'y is a
diagonal matrix containing the singular values of A in non-increasing order. Similarly, for a
matrix B € Ml: B = UBI"BV];7 where Up and Vp are orthogonal matrices, and I'p is a
diagonal matrix containing the singular values of B.

Given the orthogonality of the row and column spaces, the matrix A+ B can be viewed
as having a block-diagonal form on the appropriate basis. Specifically, in the basis formed
by the combined orthogonal matrices U = [U4,Ug] and V = [V4, V], the matrix A + B

can be expressed as:
AtB=u(fa 0)yT
0 I'p :

Recall that R,(A+ B) = ?:1 pn(0;(A+ B)) with p, applying to each diagonal element
in the block-diagonal form. Therefore, it is straightforward to get

d
Rn(A"FB):ZPn(Uj(A"FB)) = Z pnloj) + Z pnlogr)

j=1 ojediag(ls) o1 c€diag(I'p)

=D pn(0(A) + D puloj(B)) = Ry(A) + Ry(B).
j Iz
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This establishes the decomposability of R, with respect to the pair (M,Ml).
(ii). Recall that p, being a concave function, according to Rotfel’d (1967), for any
matrices A, B € R41%92  we have

d d d
> " pn(oi(A+B) <> pp(ai(A) + > py(oj(B)),
j=1 j=1 j=1

which implies the subadditivity of Ry, i.e., Ry(A + B) < Ry (A) + Ry(B). On the other
hand, according to Yue and So (2016), we have

d d
an(aj(A)) - Zﬂn(ffj(B)) < ZPW(%’(A - B)),
j=1 j=1

which implies Ry (A — B) > Ry(A) — Ry(B). Notably, since R,(B) = R, (—B), we also
have Ry (A — B) < Ry(A) + Ry(B) and Ry(A + B) > Rpy(A) — Ry(B). O

Lemma 4 Suppose that Ry, satisfies all the conditions in Assumption A. Let the matrices
©*,0 € By(Ry) NRU*92 gnd denote A := @ — @*. Let A = UTAV T be the SVD of A
with I'a = diag(c1(AQ),- -+ ,04(A)) be the diagonal matriz of singular values in descending
order. Let A' = UL/ VT with I'ar = diag(o1(A),- -+ ,02,(A),0,---,0) and A" = A— A’,
then we have

Rn(©") = Rn(©) < (| A"[l« = |1A"[|). (A7)

Proof of Lemma 4. From (i) in Assumption A, we have Ry (II;; 1 @*IIy,1 ) = 3, py(0) =
0. Note that the decompositions @* = Pg«(@*) + II;;1 O*II,1 and A = PA(O*) +
II; 0 Ally, . hold. According to Lemma 3, it follows that

Ry(©") = Ry(©) =Ry(O7) = Ry(O" + A)
=Ry (Pe-(0")) = Ry (Po+ (@) + Por (4) + Ty ATl )
<R,(Pe+(07)) = Ry (Pe-(©") + Iy Ally 1) + Ry (Pe-(4)
=Ry(Po+ (")) = Ry (Po+(0%)) = Ry (Iyr All, 1) + Ry (Po- (4))
=Ry (Po+(4)) = Ry (ML AT, L) .

Note that rank(Peg= (A)) = 2r. Since when a matrix is projected onto a subspace, its singular

values will typically decrease or remain the same, and from (ii) in Assumption A that p,, is
nondecreasing, we have

Ry (Pe+(4)) = Ry <HUTL AHV#) <Ry (A7) =Ry (A7)

= > o A= DT pa(o(4)),

je{1,-,2r} je{2r+1,---,d}
Finally, according to Lemma 5 in Loh and Wainwright (2015), we have

> ales(Q) - > Pn(Uj(A))<77< > oA+ > Uj(A)>
}

je{t, 2} JE(2r+1, d} je{t 2} JE(2rH1, e d
= (14"« = [14"]+).

This completes the proof of the Lemma. O
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Proof of Theorem 1. According to Lemma 1, we have A € C, and according to the RSC
condition (2) we have

di 4+ do
-
n

(VLn(©) = VLA (©%),4) > af| Al — [P

Then, combining with (4) gives

- di +do
all A - B2

A2 £ ~(VLn(©%), A) + (V(A|O|11) + VRy(©), 0" —B). (AB)

On the other hand, recall that R, (@) = 1||@||« + Q,(©). According to (A.6) in Lemma 2,
we have

(VRy(©),0" — ) = (V([|6].) + V2, (6).6" - &)
< (V(l|6].), 0" ~ 6) + 2,(0") ~ 2,(0) + L0 - 6]}

* > * 5 |k * ~
< @[ = 1Ol + Q(87) — Q(8) + T 0" - O}

. 1 Pl 6
=Ry(0") = Ry(©) + 710" - O, (A.9)
where the third inequality is due to the convexity of || - ||«. It follows from (A.7) in Lemma
4 that
Rn(©") = Rn(©) < n(|A"[l« — [|1A"]|+), (A.10)

with A/, A” defined as in Lemma 4. Recall that V()||@]1) € M\||@|1 is the subgra-
dient of A||@||1, then by the monotonicity of the subdiffrential we have (V(A|@*|1) —
V(Al@|1),A4) > 0. Thus,
(VAIBI1h), 8% = ©) < (V(A|®*[1), - A)
= —XMSe+,A) — \[|S5+ 0 4|1

< A|Sex 0 All1 — \[|Sg« 0 All1. (A.11)
Then combining (A.8)-(A.11), we have
X di+da <
all All — TTHAHE

< —(VLn(@%),A) + \[[Se+ 0 All1 — A|SG- o A1
~ ~ H ~
n(1A" 1« — [[A"]1) + 5\\AH%

3 - 1 - 3 - 1 .
<ZA||Se+ 0 All1 — =)||Sg« 0 A Sl A = =n|| A" ||«
<5 ISe+ o Allx 3 ISg= H1+2nll I 2?7\\ Il

Hooxn2
=A%,
+2|| I=

where the last inequality is since A = A’ + A, by the choice of A > 2(1 —4)[|VL(O%)]|oo
and n > 2v||VLp(©*)|op, we have

(~VLn(@%),4) <(1 = VL ("), A)| +7(VLn(©%), A)|
SA=NIVL(O)lloo Al + AV Ln (@) lopll Al

A ~ ~ n,. ~ ~
<5 ISex o Ally + S&~ o All1) + E(IIA/H* +[14"]1).
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Provided a > %, recall that |All. < 2R/w and n > 8272 (d; 4+ dy), by the choice of
n> 2&\/%7 we have

2 (= £) 141 < 3XISe- 0 Al — AllSE. © Al + 3] & |l — n]l 4.

Rdi+dy

w n

< 3M|Se- o Alli = AlISE- o Alls +3nl| A'||. = nll A"
di + do

+ay/ = 4|«
n

+47 1A«

_ _ 7. 1 .
<3A[Se- 0 Al — AlSEs 0 Al + Zall &)l = S0l A7l (A12)
which implies that
AN ~ 7T
2 (= £) 141 < 3lISe- o Al + Znl 4|1
7 -
< (335 + Lavar) 1,

which implies

2
<12 (3)‘\/§+ %77 v 2T> 9AZs 49n%r
1Az < RV < 3 IVE (A.13)
4(a—5) 2(@-5)" 4(a—%)
Moreover, (A.12) implies that
1 Al A 7 Al
Sl AN < 8XISer o Al + Lol &,
which combines with (A.13) further implies
- 1 - -
111 < (67186+ © Al + 89l A7)
2 -
<s (335 +4nv2r) | Al
2
(3/\\/5 + 477\/27")
e T
- n(a—5%)
Thereby completing the proof of Theorem 1.
O

A.2 Proof of Proposition 1, Theorem 2 and Corollary 1

Lemma 5 Under the conditions of (C.1) and (C.2), we have

P <||vcn(@*)||op > c,/dl:dz> < e1exp (—ea(dy + do)) (A.14)
P (Vﬁn(@*)ﬂoo >y log(dn1d2)> < ¢ exp (—ch log(d1d2)) , (A.15)

where ¢,c’, c1, ¢, ca,ch are some positive constants.

and
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Proof of Lemma 5. Note that VL, (©@*) = % TV ((X,0%)) —Y;) X, it follows that

1 n
IVLa(@)llop = [ 3 (V' ((X:,07)) = Vi) Xillop
i=1
1 n
=11 >0 (X0, ©7) = Yi) Xi ~E[(6'(X,07)) = V) X] [lon,
i=1
where the last equality is true since E[Y|X] = b/ ((X, ©*)).

To bound the above operator norm, we consider the 1/4-cover of S%1~1 and S%2—1
where S?=1 := {u € R? : ||u|l2 = 1} denote the the unit ball in R%. Let B be any matrix of
size di X dz. Denote N4 and N9 as the 1/4-nets for S%1—1 and 8921 respectively. Note
that by the definition of 1/4-net, for any v € S¥1~! and v € S% 1, there exist & € N4
and © € N9 such that |ju — @2 < 1/4 and ||v — ||2 < 1/4. It follows that

w Bv=u'Bw—0)+ (u—a) Bi+a' Bo

A

1 1 - .
~1Bllop + <11 Bllop + sup @' BY
4 4 AEN M HEN D2

_ _ 1
= sup @' Bt + = || Blop-
GeEN FeN D2 2

Taking the supremum over u € S91~1 and v € §%2~1 yields that

1 Bllop < 2 sup @' B. (A.16)
aeNM HeNd2

In the remaining proof, for fixed u € N4 and v € N2, for convenience, we denote the
random variables Z; = ! X;v and Z = u ' Xw. According to Lemma 2.7.7 in Vershynin
(2018) of the relationship between sub-Gaussian norm and sub-exponential norm, combined
with the sub-Gaussian norm for bounded variables, we have

I (' (X3, ©7)) = Y3) Zilly, < IV ((X3,07)) = Yilly, [ Zilly, < Mrx,

where the last inequality is because the variance of the response Y is bounded according
o (C.2). Then by the Bernstein inequality (see Theorem 2.8.1 in Vershynin (2018)), for

sufficiently small ¢, it follows that
n
Z (V' ((X:,0%) ~Y;) Z;~E [(V((X,0%) - Y) Z] | > t)

<9 < c1nt2 >
Szexp| ——5 5 |»
M?2k%
where the constant cl > 0. Thus, taking the union bound of all points in N4t x A9 with
N x Nd2| = (1+ )d1+d2 9d1+d2 gives
> 2t>

2
§2-9d1+d2exp{ cnzt }

Recall that E[()'((X,©0*)) —Y) Z] = 0. If we choose t = c4/ dl:(b, for any n > 0, there
exists a constant v > 0 such that max{di,d2}/n < ~, then it holds that

T )

< c1exp (—cz(d1 +d2)),

(’ ST ((X:,0%) - Vi) Xi—E [(V((X,07)) - Y) X}
i=1

n

Zb(xl,@)
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which implies (A.14).
Next, for each 1 < j < dj and 1 < k < d2, we denote p = jk € {1,--- ,d1dz2}. For each
1 <4 < n, define the random vector x; = vec(X;), and define the random variable

U’Lp = ( (<X17@*>) )wlp’

where x;, denotes the p-th element of random vector x;. Since x is sub-Gaussain, then for
any v € R%192 | the variable v T x is sub-Gaussian with parameter at most o2|v||2 .
Note that

n

P<||V£n(@*)|och' 1‘”5(511”&)):13( max lz
n n i1

ZUw

< P(S°)+ P ( max

1<p<dids

1<p<dids |n

> tS)

(A.17)

where we define S := { 1 d 4 { > :clp} <202 } The standard bounds for the
p= 1d2
norms of sub-Gaussian vectors yields

1
p(
nz:l

2
Z Lip

> 20’%) < 2exp(—cn). (A.18)

Thus, taking the union bound implies that
P(S8°) < 2exp(—cn + log(did2)) < c1 exp(—can),

where the last inequality follows since n > log(didz). Here, ¢, c1,c2 are some universal
constants. Next, it remains to bound the second term in (A.17). For any ¢ € R, we have
log E[exp(tUsp ) |@;] = log (exp(tb' ((Xy, @*))xip) - E[—tYiwsp))
= taipb’ ((Xy, @F)) + b (—twip + (X3, 0%)) — b ((X4,0%)),

where the last equality is because b(+) is the cumulant generating function for the exponential
family. Then, by Taylor’s expansion, there exist some constants ¢; € [0, 1] such that

t2a? Mt?x?
log E[exp(tUsp )| ;] = wa” (X, 0") — cite;p) < Tw, (A.19)
since condition (C.2) ensures the soundness of b”. Consequently, (A.19) implies that condi-
tioned on S, % >, Uip is sub-Gaussian with parameter at most oy = M max E[w?p}.

p=1,-,d1d2
Then by the tail bound of the sub-Gaussian variable and the union bound, we have
P Z Uip| > 1S | < drd nt? (A.20)
max ex — |- .
1<p<dids |n P 102 eXp 20'[2]

Taking t = ¢’/ W7 (A.17), (A.18) and (A.20) combined finish the proof of (A.15). O
Lemma 6 For any random matriz Z; € R4 *92 that satisfies Condition 1, we have

1 < di +d
-3 012 < C\/g, (A.21)
n i—1 n

op
where {U,} ', are i.i.d. Rademacher random variables satisfying P(o; = 1) = P(o; =
_1)
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Proof of Lemma 6. Following the derivation of (A.16). Consider the matrix B = > , 0; X,
then for any s > 0, we have

E [expq s

n
E 0iZ;
i=1 op

B n
<E |exp < 2s sup ul Z 0. Z; | v
L weENP vENT :

=1

<E |exp { 2s Z ul <z”: aiZi> v

weENP vENT i=1

n
§9d1 +dz sup E |exp 2su " Z o, Z; | v
UwENP wENT i1

n
<ottt sup  TTE[exp{2su” (0:2) v}]
uENP,vENT

<9N+2 oxplCs?} < exp{C(s? + d1 + d2)}, (A.22)
where the final inequality is derived from the property that, due to the sub-Gaussianity of
the vectorized data z; = vec(Z;) and the boundedness of o;, the product o;z; is also sub-

T1
Gaussian, with its moment generating function satisfying [E [esa w2 i%i | < eCs*lal®/n,

Adhering to the approach employed in the proof of Lemma 3 by Lu et al. (2024), we proceed
with the decomposition

n
E 0iZ;
i=1

I

op

>4CV/d1 + d2

n
E 0iZ;
i=1

n
E 0iZ;
i=1

op op

I

op

< 4C+\/dy + da

op

+

n
E 0iZ;
i=1

1 Q1+ Qo.

According to the definition of Q1 and Equation (A.22), for a constant C7 (at least 4
times (), it follows from the Markov inequality that

P(Qi> 1V +dz) =P (Q1 > C1v/di +da)

< exp{—-sCivdi + dQ}exp{C(s2 +di +d2)}
2(dy +d
gexp{fcl( 1+ d2)

n
E 0iZ;
i=1

+ C(d1 +d2)}

4C
c? C?
< exp{(—é n @) (ds +d2)}
C?(d d
= eXp{—il( 81; 2 } (A.23)

where the third inequality is obtained by setting s = &1vd +da w, and the penultimate
inequality results from the condition C; > 4C. Conversely, when C; < 4C, based on the
definition of 1 and the derivation of equation (A.23), we have

P(Qi>C1vdi+dz) = P (Q1 > 40V/di +dz) < exp{—2C(ds +da)}

2
<exp {—%} . (A.24)
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Combining equations (A.23) and (A.24) yields P(Q1 > ¢) < e~sot’, According to Lemma
2.2.1 in Van Der Vaart et al. (1996), we have that the t2-norm of Q1, denoted [|Q1]|y,, is

upper-bounded by 4\/5/01. This follows directly from the definition of the t2-norm.

n n
ZU,‘Zi ZUiZi
i=1

i=1

E < <Q1llypy + 1Q2llypy < CVd1 +da,

OP o
where the final inequality is due to the fact that ||Q2|y, < 4CVd1 + d2, as per the defini-

tion of Q2. Consequently, we have E [H% A aiZiHOP] < Cy /%, This concludes the

proof of the lemma. O

op

Proof of Proposition 1. Applying a second-order Taylor expansion to the negative log-
likelihood (11) between @* + A and @*, we conclude that for some ¢; € [0, 1],

1 n
En(4) = — 3 (V'((X1, 0" + 4)) — 1/ ((X,07)) (X;, 4)
i=1
1 n
== D V(X5 0%) + ¢ X, A)) (X4, A))2.
i=1
The framework of the proof follows the lines in the proof of Proposition 2 in Negahban et al.

(2012), we write this here to ensure the completeness of the proof. For a truncation level
r > 0 to be chosen later, define the truncation functions:

t2 if [t < 5 .
’ . -2’ t, if [t| <7
_ 2 T _ )t s,
or(t) = ¢ (r—1t)2, if 5 < |t\ <r, and Pr(t) = {07 otherwise. (A.25)
0, otherwise.

Introducing the truncation level R > r, consider the event [(@*, X;)| > R or [(A, X;)| > r.
Simple calculation shows

b (X5, 0%) + ¢ (X5, A))((X;, A))?
>b" (Yr((Xi, ©F)) + cior ((Xi, A)))br ((Xi, A{|(X4,0%)| < R}).

Denoting Ly(R) = minj<op b”(t), adding the n samples, we have b (vr((X;, ©%)) +
civr({(Xi, A))) > Lp(R). Consequently, we have

En(4) 2 Ly(R)Ey [¢r ((X, A{[(X, ©7)] < R})],

where E,, denotes the empirical expectation over n samples. For a given positive constant
é € (0, 1], we choose the following transaction parameters

R?Z:=C3 and  r%(3) := C36°,

2
24H2X
i

where C3 := max{1, 8x% log ( )} Next, it is sufficient to show

. [d1+d2
=

En [or (X, A){[(X,0%)| < R})] > &[|A|1F — -

1allale,  ViAler <4,

According to the homogeneity property ¢c(cz) = c?¢1(z) addressed by Negahban et al.
(2012), we can restrict our attention to § = 1. For convenience, denote

9a(X) = ér (X, (X, 0%)| < R}).

For each radius ¢, define the event

B(t) == {]En [94(X)] < #1 <1 - m,/dl:d%> for A € S.(t) ﬂSF(l)} ,
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where Si(t) = {A € R Xd2 . ||A|l, =t} and Sp(1) = {A € R4 %% : ||A||p = 1} denote
the spherical shell of F-norm radius one and l; norm radius ¢, respectively. To show that
P(B(t)) is sufficiently small, we define the random variable

Z(t) == sup [(En —E) [ga(X)]].
AES, (H)NSp (1)

To show that the probability of this event B(t) is very small, we take the following two steps:
(i) First, we show that for any A € Sp(1), we have

Elga(X)) > 7. (A.26)

(ii) Second, we show the tail bound of Z(t) by

di +d
P <Z(t) > % + CKsrxty/ 11'2> < ¢1 exp(—can — cht(dy + da)). (A.27)

According to Condition 1, for A € Sp(1), we have E[(X, A)2] > k;||A[|% = x;. Recall
the definition of ga (X)), we have

Ex[(X,4)? - ga(X)] < Ex[(X, 4)’I{|(X,©%)| > R}] + Ex [(X, 4)’I{(X, 4) > g}]-

By the Cauchy-Schwarz inequality, we have
Ex[(X, A)’I{|(X,©%)| > R}] < \/[Ex[(X,2)*/P(|(X,0%)| > R)

R2
< 3&&— - 2exp <—2>
2Kk%

R2
= 61{%( exp <—2> s
2K%

where the penultimate inequality is because (X, A) and (X,O*) are both sub-Gaussian
with parameter kx. Similar arguments yields

T 7'2
Ex[(X, API{(X, 4)] > T}] < 6 exp (—8 y )
Rx

2
Therefore, for specific choice of 12 = R2 = C3 := max{l,&'i%( log (%ﬂ#)}, each term
i

above is at most r;/4, which complete the proof of (A.26).

Next, note that VA € Sp(1), we have ||gallcc < 72 = Cs3. Then by the bounded
difference inequality, for any u > 0, we have

’an
P(Z(t) ~ E[Z(t)] > u) < 2exp <,@) ,
3

Taking u = % + Zanxq/%t, we obtain

di +d 2
P 2@t) > EZ0)] + = + 20301/ 1) < 2exp [ — oL w2et(dy + do)
4 n 64C2

(A.28)
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It remains to bound E[Z(t)]. Note that by the definition in (A.25), the function ¢, is Lipschitz
with parameter at most L = 2r = 2/C3 < 2C'3. By the standard symmetrization argument
(see Lemma 2.3.2 in Van Der Vaart et al. (1996)), we have

E[Z(1)] < 2Ex o, { sup 1 Za'i!]A(Xi) ]

AESL()NSE (1) |1 52
*Zmr XZ,A>H{|<X“@*>|<R})H

<2Ex o, sup
AES, (H)NSp (1)

< chX I{|(X;,®)| < R}, A>H

< 803]EX,0'1~ sup
A€ES, (t)NSE (1)

=1
< 8C3tEx o, H Zalx {|(X;, ®")| < R} ,
op
where 0;,7 = 1,--- ,n are i.i.d. Rademacher variables and the penultimate inequality fol-

lows from the contraction inequality for the Rademacher complexity since ¢, is Lipschitz
continuous (see, for example, Theorem 2.2 in Koltchinskii (2011a)).

The sub-Gaussian property is preserved under conditioning and scaling. If u' X;v is
sub-Gaussian, then u ! (X;I{|(X;, ®*)| < R}) v, being a scaled (possibly zeroed) version of
u! X;v, remains sub-Gaussian. Therefore, by (A.21) in Lemma 6, we conclude

E[Z()] < C'Carxcty | L2 (A.29)
n

where C’ is some positive constant. Finally, combining (A.29) with (A.28) yields (A.27).
Together, equations (A.26) and (A.27) imply that P(B(t)) < c1 exp(—can — cht(d1 + d2)).
This result implies the claim of Proposition 1 for n > dy + da. O

Proof of Theorem 2. From (12) in Proposition 1, we have

- di +d2
En(Q) = al|lAl7 — 7/ —— 1Al 1|4l p, viAlF <1,

with probability at least 1 — ¢; exp(—can). Note that

di +da a o 72 dy+do

—lAllIAllr < S11AlF + = lAllz,
2 20
it follows that 5
a 7% dy + do
En() 2 S1AIE - =2 a2,
which verified the RSC condition (2). Therefore, Lemma 5 combined with the result of The-
orem 1 directly gives the result. O

Proof of Corollary 1. Recall the definition of v, A\, 7 and that (13) holds for all such a, A
and 7. Minimizing the right-hand side of (14), it follows that

16 -0 |r < Ca—p)" inf { ,/SIOg(dldQ y)c’\/r(dl”"')}, (A.30)
~v€[0,1] n

with probability approaching one. The minimum is attained when v is chosen so that the
two terms inside the braces are equal. Moreover, the minimum value is clearly bounded

above by
1
C(& — )" min {\/S oelthdy)  [rlds + o) } .
n n
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Denote the minimizer in (A.30) by 4. Then, we can set A = 55\/% and n =

1- ﬁ)c'\/@. This completes the proof. O

A.3 Proof of Theorem 3
Before proving Theorem 3, we first define

P(0) := Ln(O) + N|O[l1 + Ry (O).
In addition, we need to prove the following technical lemmas.

Lemma 7 Under the conditions of Theorem 3, suppose there exists a pair (w,T) such that
PO)-P(O)< A, VLT, (A.31)

Then for any interaction t > T, it holds that
A 3\ - A A
n@t—@mas(—§5+4¢m)(me—chAwet—@m)+2mm{5J§.

Proof of Lemma 7. We first show that if A > 2(1—7)||VLn(@*)||cc and n > 44|V LR (O*)||op,
then for any @ € {2 satisfying

P(0@) - 9(07) < 4, (A.32)
we have
A
|© — e < (3’\\/g + 4\/27‘) l© -6+ 2min{7,R} . (A.33)
n n

Defining the error matrix A := @ — @*, (A.32) implies
Ln(O + A) + MO + All1 + Ry(O" + A) < Ln(OF) + A|O7[|1 + Ry (OF) + A.
By subtracting (VL (©*), A) from both sides gives

T(O" + A,0%) + Ry(O" + A) — Ry (O%)
S=AMOT + A+ A1 = (VLA (O7), A) + A

Then the RSC condition (19) together with holder’s inequality implies

dy +d2
n

<=Al€% + Al = 1©%11) = (VLA(O7), A) + w

<= A(158+ 0 Al = [[Sex © All1) + (1 = N VLA (O]l All1
+ANVLA(O)opllAll« + A.

allAlE -7 IA[JZ + Ry(©* + 4) — Ry (©7)

By the choice of A > 2(1 — 7)||VLn(OF)||oc and n > 47[|VL(O*)||op, we have

di +d2

- A2+ Rn(©F + A) = Ry(©)

arll Al -
3\ A
< lISe+ 0 Alli = S11S&+ 0 Al + 7 Al + A

3\ A
< IS0+ 0 Al = T1186- 0 Alli + 1Al + 4
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Note that a1 > 0 and ||Allx < [|O]« + ||@*||+ < 2R/w and combining the choice n >
871 R(dy+da)

P , we have

* * 3A A
Ry(O7 +4) = Ry (07) < T [Se+ 0 Alls = SIS 0 Al + 2| A + 4. (A31)

On the other hand, according to (A.7) in Lemma 4, we have

Rn(©") = Ry(©" + 4) < ([ A"[[« — [|1A"[|+), (A.35)
where A’ and A" are defined in Lemma 4 with A = A’ + A”. Combining (A.34) and (A.35)
and rearranging the terms on both sides then gives

A n 3\ 3n
SIS&- 0 Ally + 2N A" < ZllSer 0 Al + LA + 4,

and consequently, using the trivial bound ||A||« < 2R we have

3 24
1Al < 7”5@* o Allr + 4[4l + o

(M +4\/§) 1Al p +2min{é,R},
n n

which verified (A.33). Note that by the optimality of @, we have #(@) — #(©*) < 0, and
by the assumption (A.31), we also have

IN

H(O) < B(O) + A < H(O*) + 4,

hence, (A.32) is satisfied and from (A.33) we have

- 3\ ~
16 - 0|l < (Tf +4¢2r) 16— 0

3\ A
|@f — . < ( Vs +4\/27") @t —e*|r + 2min{7,R}.
n n
By the triangle inequality, we then have
@' - el <||lo-e|. + e - o
3\ A
< (T\/g + 4\/27") (H@ —O*|r+]O" - @*||F) + Qmin{

)
R}

This completes the proof of the lemma. O

ERISQCHES

3\ . .
< (T\/g +4\/27) (2||@ —O*|r+ O — @HF) +2min{

Lemma 8 Under the conditions of Theorem 3, suppose that there exists a pair (w,T) such
that (A.31) holds. Define

3 A
E:ZQ( \/g+4\/27”) €stat, and e:2min{77R}.
n n

Then for any t > T, we have

di +do
n
2001 — p
4

T(O6,0%) > —27, (e+¢€)?, (A.36)

(O — B(O) > (E+€)2. (A.37)

~ d d
16— )% —2n L2
n
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Proof of Lemma 8. Using the notations above, from Lemma 7 we have

2

. 3\ .
et -e|2 < KT‘/E +4\/ﬂ) @' —O|F+ (+¢)
A 2 .
<2 (3—‘/g + 4\/5) @ — O||% + 2(¢ + €). (A.38)
n

By the RSC condition (19) and (A.6) in Lemma 2, we have that

T(©".6) 2 (a1 - L) | - &'} - 22
2 n

& —e*|2. (A.39)

Recall that $(@) = L£,,(O) + A||O||« + n||®||1 and by the convexity of || - |1 and || - ||, we
have

A€ — 18] - (9]1©]11,8" — ©)) >0, and (A.40)
(1€« — 8] - (9|8, 6" - ©)) > 0. (A.41)

Furthermore, the first-order optimality condition for @ gives
(VP(O),0t —6) > 0. (A.42)

Summing (A.39)-(A.42) gives

d1 + d2

A M > A *
#(0') = 2(0) > (a1 = L) |0 - O'[} - 2|6 - 0”2,
n

Applying Lemma 7 and (A.38) to bound the term ||@ — ©*||2 and utilizing the assumption

2
20418—u > (3)\\/5 +4\/?) T1(d1 -‘y—clz)7
n n

we then have

2a

— - di +d
)6 - @3 - 2m T2

n

(O — B(O) > (E+¢€)?,

which establishes (A.37). Moreover, applying(A.38) into (A.39) directly and switching @*
and O gives

A ot H - 12
7(0.6" 2 (m - L) |6 - e}

2
-n d +d2 <2 (Lf + 4\/5) @t — 6% + 2(e + e)2>

n

d d
> _on 1+d2
n

(E+e)?,

which establishes (A.36). O

Lemma 9 Under the conditions of Lemma 8, and suppose in addition that az < £/2 and

2
% > 327“ Then for any t > T, we have

25(e2 + €2)

1-x

2(0") - #(0) < s~ (2(07) - 3(®)) +

where K and & are defined in (21) and (22).
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Proof of Lemma 9. We first define
V(O) == Ln(O") + (VLn(0"),0 — O) + gllf9 —O'|% + A0l +1]O]s,
which is equivalent to the objective function (16) minimized over the constraint set 2 at

iteration t. For any ¢ € [0,1], let @, := c®+(1—¢)O*, due to the convexity of the constraint
set £2, we have @, € 2. Therefore, by the optimality of @*+1 we have

2
H(O) < W(O0) =£0(01) + (VEn(6'),c6 — 0" + <56 — '3
+AOc|l1 4+ 1l|Oc|| .

Then by the convexity of norms and (A.36), we have
dy
V(@) <(1 — ) Ln(O) + cLn(O) + 2c7) ———= ( +e)?2 4+ ||@ o!%
+ MOl + (1 - )A|O1 + C>\||@||* (1- C)/\||@t||*

dy
<(1 - )P(O) + cB(O) + 2cr —— ( +e)?+ ||@ e'|%
d1+ 2

<0(0') —c(2(6") - () +2m =2 (e + )2 ||@ O 7. (A43)

On the other hand, by the concaveness of Qy, we have 9, (@) — Q,(@') — (VQ,(©'),O0 —
©’) < 0. By the RSM condition (20), we also have

d1 + d2

T(0'71,0") < as| @' - O[3 + L2 @t — 0t)2

d1+d2

3
<Sje - O} + 2 ot — ot 2,

where the las inequality follows from the assumption as < &/2. Adding M@t +
n||@*F1||. on both sides yields
(O') <L, (O) + (VL (01,0 — &) + S0+ — &'

d1 + d2
+r———|0" — "2 + N|@" |1 +n]|@ .

d1+d2

:amet“) + T2 ettt _ o2, (A.44)

Combining (A.43) with (A.44) gives

dy +d2

o(O") gqﬁ(@t) —c(2(0") - 2(6)) +2n L= (e + ¢)?

d1+d2

||9 O'F + 22— IIC“)t+1 o3 (A.45)

Define At := @t — é, by the triangle inequality we have
[@F! — @2 < (A"« + |A%|+)* < 2| AF 12 + 21712

Then combined with (A.45), we have

2(O') <8(8") - ¢ (#(0") - (6)) + 2m 12

(E+e)?

d1+d2(
n

¢
+ SR IAYE + 2 AT 2 + 2 4712)
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Then applying (A.38) to bound the nuclear norms, we have

(e+e)?
2 di +da (3)\/5 2

+ (25 +472¥ (T‘[ +4\/27~) A2,

dy +ds [ 3X 2
+ 47—2g (37\/5 + 44 /27") | AL 2.,
n n

PO') <B(O) — ¢ (2(O) ~ #()) + 1072¥

For the sake of simplification of notation, we define ¢ := TQ%(E#’ €)2, introduce the
. 2

shorthand & = #(O!) — #(O) and v = 72% (%ﬁ +4\/27’) . Applying (A.37) and

subtracting ®(®) from both sides of the above inequality, we have

¢+ 8v 8v
ety1 < (1 —c)er + cetsy (8t +2¢) + —— (g1 + 2¢) + 10¢.
o) — )2 o) — )2
By the choice of ¢ = %‘iig“ € (0,1), we have

8v 2000 — 8v
1— ——- <(1- +
( al—u/2)€”1—< 8¢ al—u/2>€t
2000 — 16v
+2( + +5)§.
8¢ ap —p/2

According to the definition of k and § in (21) and (22), the above inequality can be rewritten
as

ei1 < ke + 0(E+€)”.
Note that by the assumption £ > max{%%, 2ai} ensures k € (0, 1). Finally, by iterating
the procedure, we have

et <k Tep+6(e+e?Q+rn+r2+--+x7T7hH

5(E+€)?

<k Tep +
1—-kK

which completes the proof of this lemma.

<kt Ter +

25(€2 + €2)

1—-x '

O

Proof of Theorem 3. Follows the lines in Agarwal et al. (2012a); Loh and Wainwright
(2015), we first prove that
PO — d(O) < 72, vt > T* (7).

We divide iterations ¢ > 0 into a series of epochs [T}, Tj4+1), and define the associated
tolerances Ag > A1 > --- such that

PO —B(O) < Aj, VT (A.46)
For the first iteration, define Ag = #(O°) — $(@) and recall e(Ay) = 2min{%,R}, we
define €(Ag) = R and Tp = 0, applying Lemma 9 yields

26(€2 + 4R?)

s vt > 0.
11—k

2(0") - #(O) < v (2(0°) - #(O)) +

=2 2
Let Ap := M(%J’:R), for Ty := [%—‘, since k € (0,1), we have

2(0") - 0(6) < A1 4 DELAR)

8§
<Ay < —— max{e?,4R?}, Vt>Ti.
2 1—k 11—k
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For j > 1, now we define

_ (@ +e(45)

Aj: , and (A.47)
1-k
log(QA]/AJ_H)—‘
Tjy1 = | —————+ T;. A.48
o = | )| o, (A.48)

Again, by Lemma 9, we have

25(€2 + 4R?)

(O — (O) <kt~ Ti (@(@TJ‘) - 45(@)) +

, vt > Tj.
Then by the choice of A; and T} 1, we have

R 85
(O —d(O) < Aji1 < T max{&%,4R%}, Vt > Tji1.
— K

According to Agarwal et al. (2012a), for all j = 1,2,---, the recursion above shows that
Aj Aj R
Aj+1 S 423.71 5 and T S 47 (A49)

These statements are used to upper bound the smallest j such that A, < 72. If we are in
the first epoch, the claim of the theorem is straightforward from (A.47). Otherwise, by the
recursion (A.49) and iteration (A.48), we see that it is sufficient to ensure the error drops
below 72 after at most

kr > log (log (R—g) /10g4) /log2+ 1 = log, log, (@>
T T

epochs. Combining the above bound on k, with (A.48), we have #(@!) — (@) < 72 to hold

for all iterations
log (49
log 2 g ( T2 )
t>kr (1 =:T*(7).
> ke (14 75 )+ Tty =T
Therefore, (A.46) is proved, then according to (A.37) in Lemma 8, for ¢ > T*(7), we have

2«

Lo et} <o) - 2(0) +2n

dl +d2 (E+6)2
n

dy +d 272
1 2(€+T)2

d1+d2l4 d1+d2€2
n 3 n ’

< 2+ 271

< 24+ 811 1

where we let € = % Finally, some algebra with the choice of 7 in (24) proves the theorem. O

B ADMM for solving optimization problem (17).

The objective function in Eq.(17) is jointly convex with respect to all variables, and the
variables are separable. Therefore, it can be further solved by using the alternate direction
multiplier method (ADMM). By introducing the slack variables @ = @ (for || - ||1), R=6©
(for || - ||+), Eq.(17) can be formulated as

(1 A n
arg min {7||@—V||?:+*||Q||1+*||R||*}7
©cRrd1xdz | 2 3 3

s.t. @ - Q =0,
®—-R=0,
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VL (@)

where we denote V = @t — , which can be seen as a known matrix at step ¢. Then

we get the augmented Lagrangian equation as

1 A
£,(0,Q RULUY) = [0 -V + IR +U'.6-Q)
(B.2)
P Ui p
+ 510 -QlE + ZlIRl- + (U € — R) + 7116 — R,

where U! and U? are augmented lagrangian multipliers. The variables @, Q and R are
separable in Eq.(B.2). This means that the optimization can be split into sub-problems that
can be solved in parallel corresponding to variables @, Q, and R.

Update @

When updating @, the other variables can be seen as constants. Therefore, & can be
updated by

e+ :argm@in L,(V® QW R® Ul® y2®)
1
—argmin |0~ V|} + U0, 0-Q") + Lj@-QWE (B3
+(U*W,0-RY) + Lo - RO,

where ¢t is the number of iterations. Eq.(B.3) is the closed form and a closed solution can be
obtained. Let its derivative be zero, we can get the following equations:

0=(0 -V 1+ U™ 4 p@ - QW)+ UM 1 p(@ - RW),

(B.4)
O =(I+2p)" (V) —U® 4 Q" — U2 4 pRWV).
I is a d; X dy identity matrix.
Update Q
According to the augmented Lagrangian in Eq.(B.2), Q can be updated by
QU —arg mc‘i?n £p(@(t+1) L UL®)
A o (B.5)
g {gHQ||1 +(U', 0D Q) + []@ ) — Qn%} ,
which is equivalent to the following problem:
(t+1) _ 1 (t+1)2 , A
Q =argmin ¢ —[|Q — A} " lE + — QI p (B.6)
Q |2 123

where Ang) =0+l 4 %(t). Eq.(B.6) can be solved by the I; norm proximal operator.
That is
QY =5, (Alt)), for1<i<di,1<j<d,
pE ’

where the soft-thresholding operator Sr with threshold 7 is defined as:
Sr(x) = sign(x) - max (Jz| — 7,0).

Update R
According to the augmented Lagrangian in Eq.(B.2), R can be updated by

(t+1) — i 1) 2®
R arg min L,(O , U™

(B.7)
= argmin {gIIRH* + (U, 0D — Ry + Fjo(t+h) — R||%} :
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which is equivalent to the following problem:

1 t+1 n
ROV —argmin { S1R - ALVl + LR | (B3)
where A(2t+1) =+ 4 L(t) The trace norm proximal operator can solve Eq.(B.8). we

use the proximal operator of the trace norm. The steps are as follows:

1. Perform Singular Value Decomposition (SVD) on A(2t+1):

Al —umvT,

where U and V are orthogonal matrices, and X is a diagonal matrix of singular values ;.
2. Apply the soft-thresholding operator to the singular values in X

Sr(0;) = max(o; — 7,0),

where we take 7 = L.
PE

3. Reconstruct the matrix R(*+1) using the thresholded singular values:
RUHD =Uux, v7T,

where X, is the diagonal matrix with elements S-(o;).

Update U(t+1) and U2(t+1)

According to the standard ADMM, the updates of augmented lagrangian multipliers
are as follows:

Ult+l) — y1® +p(@(t+1) _ Q(t+1)) ,

B.9
U+ = g2 4 p@(t+D) _ R+ (B.9)

In the above algorithm, there are three tuning parameters p, A\, n. The parameter p affects
mainly the practical speed of the algorithm but less on convergence rate of the estimate.
There is no simple way to select optimal p, but there are some guideline (Boyd et al. 2011).
In our simulations, we fix p = 0.6 and we use K-fold cross-validation can be used to choose

A, 1.
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Algorithm 1 ADMM for solving optimization problem (17)

1: Input: Initial values @@ Q) RO yl(® y2(0) parameters A, n, p, £, maximum
iterations 7', and tolerance e.

2: Output: O, Q, R.

: repeat

4: Update O:

w

Ot — (1 4+ 200~ Y(V® —U'® 4 Q™ — U™ 4 pRM)
5: Update Q:

1
Q(t+1) N (@(H—l) I U (t))
3

6: Update R:

(1)  Perform SVD on Agt-H) = O+ + Li(t) :

Al —usvT

(2) Apply soft-thresholding to X

0),

X, =8mn (0;) =max(o; —
PE’ 23

P’
(3)  Reconstruct R(+1D):
R(tJrl) —UX VT
23

7 Update U! and U?:
Ui+ i) +p(@(t+1) _ Q(t+1))
U2 —p2(0) 4 @) _ R+
8: Check convergence:

primal residual = @) — QU+D|| o 4 @+ — R | 1
dual residual = p|| QY — QM| p + p| RV — RO ||

9: until (primal residual < € and dual residual < €) or (number of iterations > T')
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