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1 Proof of Lemmas 1-2

Proof Lemmas 1: Let k, = /psn /% + a,+/Ds, and set ||u]| = C, where C is a large
enough constant. To obtain (8), our aim is to show that, for any given ¢ and large n,

there is a large constant C' such that

P min, €~ K82+ wowkl? > 16~ K@) 21— ()

[[ull=C

This implies that with probability tending to 1 there is a local maximum BS (é) in the
ball {B: + kot : [[ul| < C} such that [|8,(6) — Blla = O,(pt/ 0112 + pi'*a,).
We observe that

1€ — K (B + rnw)€* — 1€ — K (o) (B2)EII?
= |€ — K((B: + raw)é|? — [I€ — K (BL)EI
+I€ — Ko (B + maw)é|)* — 1§ — K (o (BL)EI?
— [IlE = K (8% + raw)€]” — [|€ — K (o (B2EN]
= Hs(Bs + rnu) — His)(B3)
—2[(6 — &) K(5(B; + rnu)€ — (€ — &) K () (B2)E]



— 2K ((BL + ko) (6 — &) —E K (o (B)(E —€)]
— 26 — &) KB+ rnu) (€ —€) — (€ — &) K (B2)(€ &)
+2[(€—¢) K%;) (B: + kaw)K (o (8% + knu)é — (€ — &) K, (BDK () (BL)E]
+[(€ = &K (B + rnw)K (B85 + knu) (€ — &) — (€ — &) K () (B)K (1 (B7)(€ — &)]
= Hi (B + knu) — Hig(B%) + A+ Ay + Ag + Ay + As,

where
Ay = =2((€ — ) K () (B; + rnw)€ — (€ — €) K (5 (B2)E],
Ny = =2 K (o (B5 + rnu) (€ — &) — £ K (o (B2)(€ - 8],
= 2 —&)'K((B:+ rau) (€ — &) — (€ — &K, (B)(E - &),
Ay =2[(€ = &)'K () (B} + rnw) K (o (B; + rnw)€ — (€ — €)' K ) (B3)K (1) (B2)E],

and

As = [(€ — &) K ) (B: + knw)K () (B: + knu) (6 — &) — (€ — &) K ) (BK (5(B2) (€ — €)].

By Taylor expansion, we have

H(5)<,3: + finu> - H( )(ﬂ:)
JOH(BY) 5 O*H(BY)

= KU + R w + 0 (i | ]|*).

9B 0B.0B,

Under Assumption 8, we observe

L PHB,
" 9B.0.

82 (ﬂ) 2 2
> dnd T

> conip [[ul?,

and

'OH (B7)
aﬁs
H(B;)

< walfull| 55 2|
= O,y Jul.

First, for Ay, it is shown that

Knl

Ay
= —2[( — &) K(5)(B: + rau)€ — (€ — )TK () (BY)€]
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0K (,)(B,)€
0ﬁs “

B,
9.

I 0 (@ Bs) (9@ Bs)
C””'s&JZ“ 9B, ( 9. )“

i=1

=0 (nl/QO‘n“n\/ nps)||ull,

< crnll€ — SHH

where ,Bs lies between B% + k,u and B%, and the last equation is due to Assumptions 7
and 9.
Next, for Ay and Az, it is seen that

Ay
——2[5’1((5 (B: + k) (€ —€) — E K (B — )]
_ a? <gﬂ><¢ 3N
< el K BEZE),,
= Op(n 2t tin/1p3) |,
and
As
—2[(€ - s>’K<s Bz + k) (€ —€) — (€ —&)'K(B2)(€ —€)]
oo <§ﬁ>s<s 3N
< i - g e8I,

=0 (nl/zaz Rn+/ nPS)HuHa

where the last equations are obtained from Assumptions 2, 7, and 9.
Final, we consider A4 and As. Combined A,q. (K (5)(Bs)) = O(1) with Assumptions
2, 7, and 9, we can obtain that

Ay

=2((§ — &K (B} + k) K () (B: + k)€ — (€ — &) K ) (B2 K (5)(BL)€]
., - OK (B,

KoBIE-O ) 5

2
et 9B,
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(B~ 5) 3K(s)(35)§u
OB P

= Op(n'*aptiny/mps) |ull + Op(n'akny/mips)l|ull + Op(nanssps) ull?,

—I—Fén

and

As
= 2[(€ — &)'K ) (B; + rnw)K (o (B5 + ru) (€ =€) — (€ — &) K () (B K (5 (B2) (€ — £)]

= 20,6~ €K, (B) B Do

aﬁs
Wun[ <§ﬂ>f 9} K.(B)E £

2 [6K<S> (B)E - 5)4’8& (BIE-€)
"L o 9B,

= Oy(n'"ajyr/mps) |[ul| + Op(nadw7p, ) |u|*.

We put these results together, and allow ||u|| = C to be large enough, then A;, As,

A3, Ay and Aj are dominated by x2u E;BH—gZ)u which is positive. Therefore, the proof

of (8) is completed.
Proof Lemma 2: Under Assumptions 1-5, and 7-9, it is shown that

A

< 110 (@,.B,(8),é(z)) — 1) (@Bo ), ()]

i @B >,e<x>> G0 (@B @) + [ (@B ela) — (2
< el K (o (Bo(e@))) 1€ — €1l
aAS is~sve S /A ~ /

PP D18 (6) — B2l + i o] s ef2) — )
< lles|lIK (B < @)1l — £l

8 ’
H oo (& B () HHﬂ B + 1 @, B @) — 7z

!?/@)(@,Jf (€),é(x)) —(z )\

+C|

Q

+C 3,33

= Op(psn_1/2 + Psln + \/ mns /n + mgLS)_T)'

2 Proof of Theorem 1

Let v, = n°S,(p*n~'% + p*a,, + \/m*/n), and set ||u|| = C, where C is a large enough
constant. Similar to the proof of Lemma 1, we only to show that, for any given € and
large n, there is a large constant C' such that

P( min CV,(w + v,u) > CVn(wOPt))) >1—e (2)

[ull=C



To prove Theorem 1, we conduct the following decomposition:

CV,, (W + v,u) — CV, (w™)

= Aww)|* - 2 — Aw™)] A(v,u)
+ 1A (vpr) = A(vpa)|* + 2[A(v,u) — A(v,u)] [AW™) - Aw™)]
+ 26 = A [A(vau) — Alvyu)] - 2(A(vpu)] [A(veu) - Alv,u)]
—2[A(wu)] [AW™) - Aw™)]

= |A(vaw)||? + 1 + Zo 4 B3 + E4 + S5 + e,

where
= = —2[ — Aw™)]'A(v,u),
Z = [|A(vau) — A(v,u) %,
5 = 2/ — Aw™)]' [A(vau) — A(v,u)),
=1 = 2[A(vpu) - A(v,u)] [AW™) — Aw™)],
5 = —2[A(vau)] [A(vau) — A(v,u)],
and

~

Z6 = —2[A(v,w)] [A ™) — Aw™)).
Under Assumption 6, we can obtain that
1A (vaw)||*
= uTTnu
> UnHu” Amin(Tn)
> Cnvl||ul)®.
where T, is S, X S, matrix with (i, j)th element is T, ; = A WAV
Combined with Assumptions 2,7, and Apeq (K (5)(Bs)) = O(1) , it follows that

A (waw)|I”

Sn
< SwiZu?HA(S)H

~

= Savn Zu26 K (B.(€)K () (B,(©)E
From Assumptions 2, 7, and 9, and Lemma 1, it follows that

JAY — A%



= || K () (B,(€)€ — K ((B,(e))€ + K () (B,(€)€ — K () (B2)E|
< 2| K (B,(€))(€ — &)

LN  04(5) (@] Bar e(x;)) [0G(s) (& B ()] 5
92 o j,sl”'s j,sl”'s o
= Oy(naj + pi + npiaz), (4)
which lead to
1A () — A" (v,u)|?
Sn
<25, 3 @AY — AT
s=1
p*2
= Op(visin(7 +p*al)|[ul?). (5)
Similar to and, we can obtain that
1A @) — A (@)
2 P*2 2 2
= 0,2 + p2a)), (6)

and

JAY — A2
< 2||A<s> _ A*(s>||2 + 2||A*<s> — El¢|z.B7] — K o(B))¢ + EE|z.87] + K () (B°)€ — A*)|?
=2A7 - A+ o)A - B
+ C|IK (5(BL)E — Elé|z,B2]|* + C|| K (5 (B2)E — A2
= 0,17 + npal, +m + nmf 7). (7)

First, for =1, we observe that

—_—
—

= —2[¢ — A(w™")] A(vyu) — 2[¢ — §]"A(v,u)
= —2[A — Aw™)] A(v,u) — 26 — E]TA(v,u) — 26TA(v,u).

Combined with , and Assumptions 2 and 7 we can obtain that

—2[A — A A(v,u)
= OP(QOvlzﬁvnsnnl/QHuH)’

~ ~

—2[6 — €] Avou)
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= Op(n"? v, Sun' ),
and
— 2 A(v,u)
= —2'A*(v,u) — 26 [A(vpu) — A*(Unu)]
= Op(vnSun?||ul]) + Oy (vpSan( s iz TP an)ul)-

Second, we consider =y — Z¢. Form , , and Assumptions 2 and 7, we have

[1]

= [A(vu) = Afvu)|”
< cllA(vau) — A" (vp)|* + 1A (v,w) — A(v,w)|]

*2
= 0p(V2Sin(E= + p%a2 + my/m)|ul),

=
|=s]

< A (v [[|A(vpu) = A(vyu))|

= O,(nSyv 2(1—/2 +pan + vy /n)|ull?),

—
!56!

< IIA(an)IHIA( ) — Aw™)|

=0 (nSzvn( i + pay, +/mz/n)||ul),

—_
—

—4

= |A(vyu) — A (an)H 1A @™ — Aw™)]

= Op(vnSyn ( +p*2a2 +my/n)llul),

and
=5 = 2[€ — A™)] [A(v,u) — A(v,u)]
= 2[A - A@w™)] [A(vau) — A(vau)] + 2 — €] [A(vau) — A(v,u)]
+ 26T [A(vou) — (an)]

= 0, (¢Y?v, S 2(L —p TPt my,/n)||ul])
p*
+ OplantnSun(L + an + /) ).

Based on Assumptions 11 and 12, it is shown that =, Z,, Z3, =4, Z5, and Zg are

dominated by ||A(v,u)||? which is positive. That completes the proof of Theorem 1.
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3 Proof Theorem 2

We conduct the following decomposition

CV,(w)

= [l - Aw)|?

= |l¢+E—¢ - Aw)|?

=A+e+é—¢—-Aw)|’

= [|A —AW)|* + lle +€ =& +2[A - Aw)]" (e + £ - €)

= (1A = AW)[* + |[Aw) - Aw)|* +2/A - Aw)]"[AW) - Aw)]
+2[A - Aw)]"e +2(A - Aw)]" (€ - ¢)
+2[Aw) - AWw)]"e + 2[A W) — Aw)]" (€ —&) + lle + & —€|”

= L) + &1 (w) + [le + & — €|

Theorem 2 is valid if the following holds:

P (w) ‘
Ly (w)

sup
wew

= 0p(1) (8)

and
Ly(w) = Low)| _
L*(w) ‘_ p(l)' (9)

n

sup
wew

In order to prove , we need only to verify that

JAw) —Aw)|?| _
sup I (@) = op(1), (10)
A -AW)][Aw) —Aw)]| _
e L) - .
A—-Aw)e|
L |7 -
Aw) - Aw)]e| _
e T -
A-Aw)](E-8|
s F e R .
" Aw) - Aw)E -
Aw) - Aw)] (-8 | )
o e IR 1
First, the proof of @— are similar to |Zou et al.| (2021)), so we only need to prove
and .

Second, from , we have

1A(w) = A% (@)



<5, wAY - A
s=1
= 0,(na2S?) + 0, (p*S2 + np*S2a?). (16)
From , we can obtain that
1A(w) = A*(W)|]* = O (p™S; + np™Siar + Sym},). (17)
Combined with and , and Assumption 7, it is can be seen that

A-Aw)'(E-¢ '

sup

wew L;(‘*’)
A —Aw)]' (-8 [A*(w) — Aw)]' (€ - &)
=TT Lw) ‘ o= L) '
1A — A (w)][I€ — ]| IA* (W) — Aw)]|[I€ — €]
= L) o Li(w)
_ 0,12 an= ) + On(no‘isn * ”1/20‘7:717*& + np*Snai)
= Op(l)?
and
[Aw) —Aw)]'(€-¢)
e Ly (w) '
Aw) - A* W)€ —§) [A(w) - Aw)]' (€ - &)
= Li(w) ’ o Li(w)
nalS, +n'2a,p*S, + np*S,a? + n'2a, S, /mi
= On( . )
= OP(1)7

where the last equation is due to Assumptions 4 and 10.

4 Proof of Lemma 3
Note that

CV,(w)

= [l — Aw)|?

—lA+e+E—E—Aw)|

= [|A —AW)|* + lle +€ — &) +2le + & — €] [A — Aw)]

= (1A — A" (W)|* + [Aw) — A%(w)[* — 2[A - A" (w)] [Aw) — A%(w)]



+2(A - A (W) (€ +€-€) +2Aw) — A (w)] (e +€ &) +lle +€ €I’

= Ly (w) + ®1(w) + By(w) + Pg(w) + Py(w) + [l + & — €], (18)
where
1(w) = [|AWw) — A" ()|,
Py(w) = —2[A — A*(w)] [Aw) — A*(w)],
By(w) = 2(A - A*(w)] (e +£€ - §),
and

y(w) = 2AW) — A" ()] (€ +£€ —€).

When ||@r| = 0, Lemma 3 is obviously true. Therefore, we only consider [|@g| > 0.
Let wr = (w1, ws,...,1 — fozzld)k,O, ...,0)" € W. By the definition of @ and , we

have
0> {CVn(d)) — CVn((IJT)}/n

= {L;(cf)) — L} (wr) + &1 (w) — ¢ (wr) + Po(w) — Po(wr)
+ @3((;)) - (I)3((.¢AJT> + (134((:1) — (134((:)1“)}/71,

First,

{Ln(@) — Ly (wr)
n
_ 1A% (@) — A*wr)| N 2[A"(w) — A" (wr)] [A*(wr) — A
n n
— 00, @p + @l
where
Fn,l

— z{<A(So+1)* . A(SO)*)/(A*((DT) . A), e (A(Sn)* . A(SO)*)/<A*((;)T) i A)} ]

n

A~

Second, we can rewrite 1/n[®;(w) — ¢, (wr)] as

Oy (w) — Oy (wr)

/\/ ~ A/ ~
=w A, 1w —wpA, wr
A~ ~ A~ ! A~ A~ A~ /\/ A
= (Wr+w—wr) A1 (Wr + @ —wr) — WA, W7

~/ ~/
= wFDn,l + 2wFI‘n72,

where A,,; is a S, x S, matrix with (¢, 7)th element is

LIAD Z A0 [aY _ AGH,

n
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OSOX(anso) OSQX(anso)

D, = —1/anso Apa —1/anso ;
I, s, Iy, s,
and .
0.5 (K —50)
Pn,Q — _1/]<n_50 AnvluAJT
Ik, s,

Third, we observe that

CI)Q (UA)) — CI)Q((;JT)

A / A A / A
=w A, w —wpA, 2wr

~ ! ~ ~ !
=wpD, wr +wpl, 3,

where A, 5 is a S, x S, matrix with (7, 7)th element is

2 e ia (e R0
E[A—A“HA(” ~ A7),

OS()X Kn S() OSOX Kn S()
Dn,2 = —ll ,
IKn So IKn So
and
Osox Kn—50)
Fn,3 == nQU)T
Forth,
b3(w) — P3(wr)
n A
[A-A (@) (e+E-8) 20A-A(wr)](e+£-¢)
n n
A% (@r) — A (@) (e +€—§)
n
- _w/FFn,47
where

I‘n74 — 2{(A(SO+1)* _ A(So)*)’(e +é o 6)’ . (A(Sn)*

n

Final, we have

Oy(w) — Py(wr)

n
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where

— “{A@) - A" @)] e+ €~ &)~ [A@r) ~ A"@r)] (€ +£ - )}
- (‘D,F]-—‘n,Sa

I‘n,5

= 2@ — At - A A (e 1€ -8,

(A%~ A - A - A (e 4 € - )

Thus, we can rewrite (18] as

0> {CV, () — CV,(wr)}/n
= (I)/F(\Iln + Dn,l + Dn,Z)(Z)F + G)/F(Fn,l + 2Fn,2 + Pn,S - Fn,4 + Fn,5)

where @n = \Iln + Dml + Dn,2 and C, = le + 2].—‘”72 + Fn,S — I‘n74 + Fn,5-

Next, we will examine each term in in turns. From the definition of W, if follows

from Assumption 2 that

hal
I )
i=1

n Sn S)* So)*
Die1 ZS:SOH(AE - Az( 2 )

<
n
et S (A — AP
n
sy AL — A2
n
= Op(Sy = o). (20)

By Cauchy inequality, we can obtain that

T [
4 Sn
== > [(A® - ACI)T(A"@r) - A)?
k=Sp+1
S
1 - * * k[
<= Y AW - AS AT @) — A
k=So+1
1 Sn 2
< = Z ||A(k)* A S0 ||2 ZUJSA A*(S 1_20‘}5 (Ag, — Z )

k=Sp+1
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= O0p(S5(Sn = So)(v/mi; /m+ (m;) ")),

which implies

Tl = Op(Sov/Sn — So(v/my /n+ (m};) ™).
From and , we obtain
A2
Sn S ~ (4 N1 A () ;
“o- (AT - AOTIAT — AU
<> -
i=1 j—l

S0 KD Az AD) :
|AY — A PJA” — A2
393 -
=1 j=1

S2(na? + p*? + np*2a? +mx)?

n2

=0,

)?

Thus, we have

[ D |
0550 (Kn—50)
< H 1 .
ISn—So

= 0p(Sn(Sn — So)(az + p*?/n+ pa + m /n)),
and

T2l

SoXKn So)
H S HHAn,lHchTH

ISn So
= Op(SnSO V Sn — SO(OZEL —|—p*2/n + p*2a2 + mn/n))7

where the last equation follows from

— SO)

OSO>< Sp—50)

Combining with Assumption 2, and , it is seen that

(22)

(23)



= 0,(S2(c2 + p™ /n+ p2al + m} /n)),

which compels

[Anall = Op

(Suv/ a2 + p2/n+ p2a2 + my/n).

Thus, it is straightforward to show that

ID,..|
055, x (S, —So) )
<|[| “tos || 14l
ISnfSo
= 0,(Su(S, — So)\/a + p2n + 20 + mi /)

and

05 (1, —S0)
Tl = | ~15 s, | [14nalleor

Ig, s,

= 0,(SnSoV/Sn — Sov/ a2 + p2/n + p2a2 + my /n).

By Assumption 2 and ||e|| =

O,(n'/?), we can obtain that

E[(A("“)* _ A(SO)*)/ee/(A(k)* _ A(So)*)]
< C(A(k)* _ A(So)*>’(A(k)* — A(So)*)]
=O0(n).

Therefore, we reach that

T a1

Sn
-2y {aw

k= So+1

E: {@

k‘ So+1

S, — S
:Op( n °

and

T 51

IR (-

k=Sp+1

0 (e 4 € — €)}°

2 8 5
ATl i 2 (AR - ARYE -0}
k=So+

+ (Sn - So)a?z)a
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Sn S,
8 %1’ ~ 2 8 i ~ (So) )% I 2
< 2 AT -ATTErE-ob 4 ) (AT AT+ -0)
=So+ k=Sp+1
C & C & ;
<= 3 IAY AP+ S AT - AB ¢ — g
k=So+1 k=So+1
oS (50) o S (o)
2 (5o % ~ (S0 0)* I
5 D AT A Pe|P 5 D ) JAT - AP — g
k=Sp+1 k=Sp+1
= Op((Sn = S0)(p™* /n + p™ag; + my /). (30)

In addition, by , we obtain that

@p(®, + @y < 20 pe,.
Thus

lw ||

<A H @, + D)) 2]ca]-

Together with , and —, we know that

lenll = O, (Sov/Sn — SoSu /P2 /1 + p*2a2 + my /n). (31)

Furthermore, for any nonzero vector ¢ € R5» =0 we observe that

/ 2

| (@, +@,)s|

||[ +Dn1 +Dn2) (\Iin—i_Dn,l +Dn,2)/}§H2

= |{2®,, — [~ (2D, + Dyz + D, )]}
2

> \umcn |@Dus + Do+ D, |

— 2Wc |2 = 22| (2Dps + Dy + D, )el| + 2Dy + Do + D, )c

> [l {Amn) 2|2, [12Dys + Doy + D'l + A(Dos)

> [l5I* [2A(%0) = 81| [Drall = 8[| D2l + A(Das) ]

which lead to

A((‘Pn +@,) (@, + <I>;>)
_ (@, +®,)s|
GERSn=50 |0 lI<]1?
> 2M(,,) — 8/, ||| Dl — S ¥ ll| Dol + A(Dns), (32)
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where D,, 3 =2D, 1 + D, >+ D’n72. By and 7 it is straightforward to show that

@

< A7((@, +@)))20é]

) 2

= {2M(W,) — 8, 1Dy | — 8Ll D]l + A(Ds) }

Combining this with Assumptions 3 and 13, , , and , we obtain that

lw |

Op(SnV/' Sy = SoSn/p*2/n + p*2a2 + m7 /n)

 [Ca + O0y((Sn — S0)2Sur/02 + p2/n + p2a2 + mi fn) V)2
- Op(Sn\/Sn - SOSO\/p*Q/n + p*za% + m;/n)

This completes the proof of Lemma 3.

5 Proof of Theorem 4

First, for s € {So 4+ 1,...,S,}, it follows from that

~

Al

= e/ K (,(B,(é(x)))é

< lleillsoll K (o (B (6(@)))lscll€ lloo + ll€illocl K () (B, (@) |oc € — €]l

= 0,(1). (33)

Combining with Lemmas 2-3, and , we get

So Sn,
~ A (k A
= 1> @A —r@) + D A - (@)
k=1 k=So+1
So Sn
<Y oA —r@) + D @A - (@)
k=1 k=So+1
Shn
A (k
<Zwk|A (@) + el Y 1AM — Ay
k=Sp+1

= Op(sop*n_1/2 + Sop™a + So(v/mi /4 m;"))
+ 0p(Sn (S, — S0)*%So/p*2/n + p*2a2 + m% /n)
= 0,(Sn(Sn — S0)*2So\/p*2 /0 + p*2a2 + m2 /n).

This completes the proof.

16



References

Zou, J., Wang, W., Zhang, X., Zou, G., 2021. Optimal model averaging for single-index
models with divergent dimensions. arXiv preprint arXiv:2112.15100 .

17



	 Proof of Lemmas 1-2
	Proof of Theorem 1
	Proof Theorem 2
	Proof of Lemma 3
	Proof of Theorem 4

