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1 Proof of Lemmas 1-2

Proof Lemmas 1: Let κn =
√
psn

−1/2 + αn
√
ps, and set ∥u∥ = C, where C is a large

enough constant. To obtain (8), our aim is to show that, for any given ε and large n,

there is a large constant C such that

P

(
min

∥u∥=C
∥ξ̂ξξ −KKK(s)(βββ

∗
s + κnu)ξ̂ξξ∥2 > ∥ξ̂ξξ −KKK(s)(βββ

∗
s)ξ̂ξξ∥2)

)
≥ 1− ε. (1)

This implies that with probability tending to 1 there is a local maximum β̂ββs(êee) in the

ball {βββ∗
s + κnu : ∥u∥ ≤ C} such that ∥β̂ββs(êee)− βββ∗

s∥2 = Op(p
1/2
s n−1/2 + p

1/2
s an).

We observe that

∥ξ̂ξξ −KKK(s)(βββ
∗
s + κnu)ξ̂ξξ∥2 − ∥ξ̂ξξ −KKK(s)(βββ

∗
s)ξ̂ξξ∥2

= ∥ξξξ −KKK(s)(βββ
∗
s + κnu)ξξξ∥2 − ∥ξξξ −KKK(s)(βββ

∗
s)ξξξ∥2

+ ∥ξ̂ξξ −KKK(s)(βββ
∗
s + κnu)ξ̂ξξ∥2 − ∥ξ̂ξξ −KKK(s)(βββ

∗
s)ξ̂ξξ∥2

− [∥ξξξ −KKK(s)(βββ
∗
s + κnu)ξξξ∥2 − ∥ξξξ −KKK(s)(βββ

∗
s)ξξξ∥2]

= H(s)(βββ
∗
s + κnu)−H(s)(βββ

∗
s)

− 2[(ξ̂ξξ − ξξξ)
′
KKK(s)(βββ

∗
s + κnu)ξξξ − (ξ̂ξξ − ξξξ)

′
KKK(s)(βββ

∗
s)ξξξ]
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− 2[ξξξ
′
KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− ξξξ

′
KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)]

− 2[(ξ̂ξξ − ξξξ)
′
KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− (ξ̂ξξ − ξξξ)

′
KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)]

+ 2[(ξ̂ξξ − ξξξ)
′
KKKT

(s)(βββ
∗
s + κnu)KKK(s)(βββ

∗
s + κnu)ξξξ − (ξ̂ξξ − ξξξ)

′
KKK

′

(s)(βββ
∗
s)KKK(s)(βββ

∗
s)ξξξ]

+ [(ξ̂ξξ − ξξξ)
′
KKKT

(s)(βββ
∗
s + κnu)KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− (ξ̂ξξ − ξξξ)

′
KKK

′

(s)(βββ
∗
s)KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)]

= H(s)(βββ
∗
s + κnu)−H(s)(βββ

∗
s) + Λ1 + Λ2 + Λ3 + Λ4 + Λ5,

where

Λ1 = −2[(ξ̂ξξ − ξξξ)
′
KKK(s)(βββ

∗
s + κnu)ξξξ − (ξ̂ξξ − ξξξ)

′
KKK(s)(βββ

∗
s)ξξξ],

Λ2 = −2[ξξξ
′
KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− ξξξ

′
KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)],

Λ3 = −2[(ξ̂ξξ − ξξξ)
′
KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− (ξ̂ξξ − ξξξ)

′
KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)],

Λ4 = 2[(ξ̂ξξ − ξξξ)
′
KKK

′

(s)(βββ
∗
s + κnu)KKK(s)(βββ

∗
s + κnu)ξξξ − (ξ̂ξξ − ξξξ)

′
KKK

′

(s)(βββ
∗
s)KKK(s)(βββ

∗
s)ξξξ],

and

Λ5 = [(ξ̂ξξ − ξξξ)
′
KKK

′

(s)(βββ
∗
s + κnu)KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− (ξ̂ξξ − ξξξ)

′
KKK

′

(s)(βββ
∗
s)KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)].

By Taylor expansion, we have

H(s)(βββ
∗
s + κnu)−H(s)(βββ

∗
s)

= κnu
′ ∂H(βββ∗

s)

∂βββs

+ κ2
nu

′ ∂2H(βββ∗
s)

∂βββs∂βββ
′
s

u+ op(κ
2
n∥u∥2).

Under Assumption 8, we observe

κ2
nu

′ ∂2H(βββ∗
s)

∂βββs∂βββ
′
s

u

≥ λmin

{
∂2H(βββ∗

s)

∂βββs∂βββ
′
s

}
κ2
n∥u∥2

≥ c0nκ
2
n∥u∥2,

and

κnu
′ ∂H(βββ∗

s)

∂βββs

≤ κn∥u∥∥
∂H(βββ∗

s)

∂βββs

∥

= Op(
√
npsκn)∥u∥.

First, for Λ1, it is shown that

Λ1

= −2[(ξ̂ξξ − ξξξ)
′
KKK(s)(βββ

∗
s + κnu)ξξξ − (ξ̂ξξ − ξξξ)TKKK(s)(βββ

∗
s)ξξξ]
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= −κn2(ξ̂ξξ − ξξξ)
′ ∂KKK(s)(β̃ββs)ξξξ

∂βββs

u

≤ cκn∥ξ̂ξξ − ξξξ∥∥
∂KKK(s)(β̃ββs)ξξξ

∂βββs

u∥

= cκn∥ξ̂ξξ − ξξξ∥

√√√√ n∑
i=1

u′ ĝ(s)(xxx
′
i,sβββs)

∂βββs

(
ĝ(s)(xxx

′
i,sβββs)

∂βββs

)′

u

= Op(n
1/2αnκn

√
nps)∥u∥,

where β̃ββs lies between βββ∗
s + κnu and βββ∗

s, and the last equation is due to Assumptions 7

and 9.

Next, for Λ2 and Λ3, it is seen that

Λ2

= −2[ξξξ
′
KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− ξξξ

′
KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)]

= −κn2ξξξ
′ ∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

≤ κn∥ξξξ∥∥
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u∥

= Op(n
1/2αnκn

√
nps)∥u∥,

and

Λ3

= −2[(ξ̂ξξ − ξξξ)
′
KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− (ξ̂ξξ − ξξξ)

′
KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)]

= −κn2(ξ̂ξξ − ξξξ)
′ ∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

≤ κn∥ξ̂ξξ − ξξξ∥∥
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u∥

= Op(n
1/2α2

nκn
√
nps)∥u∥,

where the last equations are obtained from Assumptions 2, 7, and 9.

Final, we consider Λ4 and Λ5. Combined λmax(KKK(s)(βββs)) = O(1) with Assumptions

2, 7, and 9, we can obtain that

Λ4

= 2[(ξ̂ξξ − ξξξ)
′
KKK

′

(s)(βββ
∗
s + κnu)KKK(s)(βββ

∗
s + κnu)ξξξ − (ξ̂ξξ − ξξξ)

′
KKK

′

(s)(βββ
∗
s)KKK(s)(βββ

∗
s)ξξξ]

= 2κn(ξ̂ξξ − ξξξ)
′
KKK

′

(s)(β̃ββs)
∂KKK(s)(β̃ββs)ξξξ

∂βββs

u

+ 2κn

[
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

]′

KKK(s)(β̃ββs)ξξξ
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+ κ2
n

[
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

]′
∂KKK(s)(β̃ββs)ξξξ

∂βββs

u

= Op(n
1/2αnκn

√
nps)∥u∥+Op(n

1/2αnκn
√
nps)∥u∥+Op(nαnκ

2
nps)∥u∥2,

and

Λ5

= 2[(ξ̂ξξ − ξξξ)
′
KKK

′

(s)(βββ
∗
s + κnu)KKK(s)(βββ

∗
s + κnu)(ξ̂ξξ − ξξξ)− (ξ̂ξξ − ξξξ)

′
KKK

′

(s)(βββ
∗
s)KKK(s)(βββ

∗
s)(ξ̂ξξ − ξξξ)]

= 2κn(ξ̂ξξ − ξξξ)
′
KKK

′

(s)(β̃ββs)
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

+ 2κn

[
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

]′

KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

+ κ2
n

[
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

]′
∂KKK(s)(β̃ββs)(ξ̂ξξ − ξξξ)

∂βββs

u

= Op(n
1/2α2

nκn
√
nps)∥u∥+Op(nα

2
nκ

2
nps)∥u∥2.

We put these results together, and allow ∥u∥ = C to be large enough, then Λ1, Λ2,

Λ3, Λ4 and Λ5 are dominated by κ2
nu

′ ∂2H(βββ∗
s)

∂βββs∂βββ
′
s
u, which is positive. Therefore, the proof

of (8) is completed.

Proof Lemma 2: Under Assumptions 1-5, and 7-9, it is shown that

|ĝ(s)(xxx
′

i,sβ̂ββs(êee), ê(xxx))− τ(xxxi)|

≤ |ĝ(s)(xxx
′

i,sβ̂ββs(êee), ê(xxx))− ĝ(s)(xxx
′

i,sβ̂ββs(êee), e(xxx))|

+ |ĝ(s)(xxx
′

i,sβ̂ββs(êee), e(xxx))− ĝ(s)(xxx
′

i,sβββ
∗
s, e(xxx))|+ |ĝ(s)(xxx

′

i,sβββ
∗
s, e(xxx)− τ(xxxi)|

≤ ∥eeei∥∞∥KKK(s)(β̂ββs(ê(xxx)))∥∞∥ξ̂ξξ − ξξξ∥∞

+ C∥
∂ĝ(s)(xxx

′
i,sβ̃ββs, e(xxx))

∂βββs

∥∥β̂ββs(êee)− βββ∗
s∥+ |ĝ(s)(xxx

′

i,sβββ
∗
s, e(xxx)− τ(xxxi)|

≤ ∥eeei∥∞∥KKK(s)(β̂ββs(ê(xxx)))∥∞∥ξ̂ξξ − ξξξ∥∞

+ C

∥∥∥∥∂ĝ(s)(xxx′
i,sβ̃ββs, e(xxx))

∂βββs

∥∥∥∥∥β̂ββs(êee)− βββ∗
s∥+ |ĝ(s)(xxx

′

i,sβββ
∗
s, e(xxx))− τ(xxxi)|

= Op(psn
−1/2 + psan +

√
m

(s)
n /n+m(s)−r

n ).

2 Proof of Theorem 1

Let υn = nδSn(p
∗n−1/2 + p∗αn +

√
m⋆

n/n), and set ∥u∥ = C, where C is a large enough

constant. Similar to the proof of Lemma 1, we only to show that, for any given ϵ and

large n, there is a large constant C such that

P

(
min

∥u∥=C
CVn(ωωω

opt + υnu) > CVn(ωωω
opt))

)
≥ 1− ϵ. (2)
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To prove Theorem 1, we conduct the following decomposition:

CVn(ωωω
opt + υnu)− CVn(ωωω

opt)

= ∥∆̂∆∆(υnu)∥2 − 2[ξ̂ξξ − ∆̂∆∆(ωωωopt)]
′
∆̂∆∆(υnu)

+ ∥∆̂∆∆(υnu)− ∆̃∆∆(υnu)∥2 + 2[∆̂∆∆(υnu)− ∆̃∆∆(υnu)]
′
[∆̂∆∆(ωωωopt)− ∆̃∆∆(ωωωopt)]

+ 2[ξ̂ξξ − ∆̂∆∆(ωωωopt)]
′
[∆̂∆∆(υnu)− ∆̃∆∆(υnu)]− 2[∆̂∆∆(υnu)]

′
[∆̂∆∆(υnu)− ∆̃∆∆(υnu)]

− 2[∆̂∆∆(υnu)]
′
[∆̂∆∆(ωωωopt)− ∆̃∆∆(ωωωopt)]

= ∥∆̂∆∆(υnu)∥2 + Ξ1 + Ξ2 + Ξ3 + Ξ4 + Ξ5 + Ξ6,

where

Ξ1 = −2[ξ̂ξξ − ∆̂̂∆̂∆(ωωωopt)]
′
∆̂∆∆(υnu),

Ξ2 = ∥∆̂∆∆(υnu)− ∆̃∆∆(υnu)∥2,

Ξ3 = 2[ξ̂ξξ − ∆̂̂∆̂∆(ωωωopt)]
′
[∆̂∆∆(υnu)− ∆̃∆∆(υnu)],

Ξ4 = 2[∆̂∆∆(υnu)− ∆̃∆∆(υnu)]
′
[∆̂∆∆(ωωωopt)− ∆̃∆∆(ωωωopt)],

Ξ5 = −2[∆̂∆∆(υnu)]
′
[∆̂∆∆(υnu)− ∆̃∆∆(υnu)],

and

Ξ6 = −2[∆̂∆∆(υnu)]
′
[∆̂∆∆(ωωωopt)− ∆̃∆∆(ωωωopt)].

Under Assumption 6, we can obtain that

∥∆̂∆∆(υnu)∥2

= υ2
nu

TΥnu

≥ υ2
n∥u∥2λmin(Υn)

> Cnυ2
n∥u∥2.

where Υn is Sn × Sn matrix with (i, j)th element is Υi,j = ∆̂∆∆
(i)′

∆̂∆∆
(j)
.

Combined with Assumptions 2,7, and λmax(KKK(s)(βββs)) = O(1) , it follows that

∥∆̂∆∆(υnu)∥2

≤ Snυ
2
n

Sn∑
s=1

u2
s∥∆̂∆∆

(s)
∥

= Snυ
2
n

Sn∑
s=1

u2
sξ̂ξξ

′

KKK
′

(s)(β̂ββs(êee))KKK(s)(β̂ββs(êee))ξ̂ξξ

= Op(nS
2
nυ

2
n∥u∥2). (3)

From Assumptions 2, 7, and 9, and Lemma 1, it follows that

∥∆̂∆∆
(s)

−∆∆∆∗(s)∥2

5



= ∥KKK(s)(β̂ββs(êee))ξ̂ξξ −KKK(s)(β̂ββs(êee))ξξξ +KKK(s)(β̂ββs(êee))ξξξ −KKK(s)(βββ
∗
s)ξξξ∥2

≤ 2∥KKK(s)(β̂ββs(êee))(ξ̂ξξ − ξξξ)∥2

+ 2
n∑
j

[β̂ββs(êee)− βββ∗
s]

′ ∂ĝ(s)(xxx
′
j,sβ̃ββs, e(xxxj))

∂βββs

[
∂ĝ(s)(xxx

′
j,sβ̃ββs, e(xxxj))

∂βββs

]′

[β̂ββs(êee)− βββ∗
s]

= Op(nα
2
n + p2s + np2sα

2
n), (4)

which lead to

∥∆̂∆∆(υnu)−∆∆∆∗(υnu)∥2

≤ υ2
nSn

Sn∑
s=1

u2
s∥∆̂∆∆

(s)
−∆∆∆∗(s)∥2

= Op(υ
2
nS

2
nn(

p∗2

n
+ p∗2α2

n)∥u∥2). (5)

Similar to (5) and, we can obtain that

∥∆̂∆∆(ωωωopt)−∆∆∆∗(ωωωopt)∥2

= Op(S
2
nn(

p∗2

n
+ p∗2α2

n)), (6)

and

∥∆̃∆∆(s) −∆∆∆∗(s)∥2

≤ 2∥∆̃∆∆(s) − ∆̃∆∆
∗(s)∥2 + 2∥∆̃∆∆∗(s) − E[ξ̂ξξ|xxx′

sβββ
∗
s]−KKK(s)(βββ

∗
s)ξ̂ξξ + E[ξ̂ξξ|xxx′

sβββ
∗
s] +KKK(s)(βββ

∗
s)ξ̂ξξ −∆∆∆∗(s)∥2

= 2∥∆̃∆∆(s) − ∆̃∆∆
∗(s)∥2 + C∥∆̃∆∆∗(s) − E[ξ̂ξξ|xxx′

sβββ
∗
s]∥2

+ C∥KKK(s)(βββ
∗
s)ξ̂ξξ − E[ξ̂ξξ|xxx′

sβββ
∗
s]∥2 + C∥KKK(s)(βββ

∗
s)ξ̂ξξ −∆∆∆∗(s)∥2

= Op(p
2
s + np2sα

2
n +m(s)

n + nm(s)−2r
n ). (7)

First, for Ξ1, we observe that

Ξ1

= −2[ξξξ − ∆̂∆∆(ωωωopt)]
′
∆̂∆∆(υnu)− 2[ξξξ − ξ̂ξξ]T∆̂∆∆(υnu)

= −2[∆∆∆− ∆̂∆∆(ωωωopt)]
′
∆̂∆∆(υnu)− 2[ξξξ − ξ̂ξξ]T∆̂∆∆(υnu)− 2εεεT∆̂∆∆(υnu).

Combined with (3), (5) and Assumptions 2 and 7 we can obtain that

− 2[∆∆∆− ∆̂∆∆(ωωωopt)]
′
∆̂∆∆(υnu)

= Op(φ
1/2
n υnSnn

1/2∥u∥),

− 2[ξξξ − ξ̂ξξ]
′
∆̂∆∆(υnu)

6



= Op(n
1/2αnυnSnn

1/2∥u∥),

and

− 2εεε
′
∆̂∆∆(υnu)

= −2εεε
′
∆∆∆∗(υnu)− 2εεε

′
[∆̂∆∆(υnu)−∆∆∆∗(υnu)]

= Op(υnSnn
1/2∥u∥) +Op(υnSnn(

p∗

n1/2
+ p∗αn)∥u∥).

Second, we consider Ξ2 − Ξ6. Form (3), (5), and Assumptions 2 and 7, we have

Ξ2

= ∥∆̂∆∆(υnu)− ∆̃∆∆(υnu)∥2

≤ c[∥∆̂∆∆(υnu)−∆∆∆∗(υnu)∥2 + ∥∆∆∆∗(υnu)− ∆̃∆∆(υnu)∥2]

= Op(υ
2
nS

2
nn(

p∗2

n
+ p∗2α2

n +m⋆
n/n)∥u∥2),

|Ξ5|

≤ ∥∆̂∆∆(υnu)∥∥∆̂∆∆(υnu)− ∆̃∆∆(υnu)∥

= Op(nS
2
nυ

2
n(

p∗

n1/2
+ p∗αn +

√
m⋆

n/n)∥u∥2),

|Ξ6|

≤ ∥∆̂∆∆(υnu)∥∥∆̂∆∆(ωωωopt)− ∆̃∆∆(ωωωopt)∥

= Op(nS
2
nυn(

p∗

n1/2
+ p∗αn +

√
m⋆

n/n)∥u∥),

Ξ4

= ∥∆̂∆∆(υnu)− ∆̃∆∆(υnu)∥∥∆̂∆∆(ωωωopt)− ∆̃∆∆(ωωωopt)∥

= Op(υnS
2
nn(

p∗2

n
+ p∗2α2

n +m⋆
n/n)∥u∥),

and

Ξ3 = 2[ξ̂ξξ − ∆̂∆∆(ωωωopt)]
′
[∆̂∆∆(υnu)− ∆̃∆∆(υnu)]

= 2[∆∆∆− ∆̂∆∆(ωωωopt)]
′
[∆̂∆∆(υnu)− ∆̃∆∆(υnu)] + 2[ξ̂ξξ − ξξξ]T [∆̂∆∆(υnu)− ∆̃∆∆(υnu)]

+ 2εεεT [∆̂∆∆(υnu)− ∆̃∆∆(υnu)]

= Op(φ
1/2
n υnSnn

1/2(
p∗

n1/2
+ p∗αn +

√
m⋆

n/n)∥u∥)

+Op(αnυnSnn(
p∗

n1/2
+ p∗αn +

√
m⋆

n/n)∥u∥).

Based on Assumptions 11 and 12, it is shown that Ξ1, Ξ2, Ξ3, Ξ4, Ξ5, and Ξ6 are

dominated by ∥∆̂̂∆̂∆(υnu)∥2 which is positive. That completes the proof of Theorem 1.
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3 Proof Theorem 2

We conduct the following decomposition

CVn(ωωω)

= ∥ξ̂ξξ − ∆̃∆∆(ωωω)∥2

= ∥ξξξ + ξ̂ξξ − ξξξ − ∆̃∆∆(ωωω)∥2

= ∥∆∆∆+ εεε+ ξ̂ξξ − ξξξ − ∆̃∆∆(ωωω)∥2

= ∥∆∆∆− ∆̃∆∆(ωωω)∥2 + ∥εεε+ ξ̂ξξ − ξξξ∥2 + 2[∆∆∆− ∆̃∆∆(ωωω)]T (εεε+ ξ̂ξξ − ξξξ)

= ∥∆∆∆− ∆̂∆∆(ωωω)∥2 + ∥∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)∥2 + 2[∆∆∆− ∆̂∆∆(ωωω)]T [∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]

+ 2[∆∆∆− ∆̂∆∆(ωωω)]Tεεε+ 2[∆∆∆− ∆̂∆∆(ωωω)]T (ξ̂ξξ − ξξξ)

+ 2[∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]Tεεε+ 2[∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]T (ξ̂ξξ − ξξξ) + ∥εεε+ ξ̂ξξ − ξξξ∥2

= Ln(ωωω) + Φ1(ωωω) + ∥εεε+ ξ̂ξξ − ξξξ∥2.

Theorem 2 is valid if the following holds:

sup
ω∈W

∣∣∣∣Φ1(ωωω)

L∗
n(ω)

∣∣∣∣ = op(1) (8)

and

sup
ω∈W

∣∣∣∣L∗
n(ω)− Ln(ω)

L∗
n(ω)

∣∣∣∣ = op(1). (9)

In order to prove (8), we need only to verify that

sup
ω∈W

∣∣∣∣∥∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)∥2

L∗
n(ω)

∣∣∣∣ = op(1), (10)

sup
ω∈W

∣∣∣∣ [∆∆∆− ∆̂∆∆(ωωω)]
′
[∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]

L∗
n(ω)

∣∣∣∣ = op(1), (11)

sup
ω∈W

∣∣∣∣ [∆∆∆− ∆̂∆∆(ωωω)]
′
εεε

L∗
n(ω)

∣∣∣∣ = op(1), (12)

sup
ω∈W

∣∣∣∣ [∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]
′
εεε

L∗
n(ω)

∣∣∣∣ = op(1), (13)

sup
ω∈W

∣∣∣∣ [∆∆∆− ∆̂∆∆(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣ = op(1), (14)

and

sup
ω∈W

∣∣∣∣ [∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣ = op(1), (15)

First, the proof of (9)-(13) are similar to Zou et al. (2021), so we only need to prove (14)

and (15).

Second, from (4), we have

∥∆̂∆∆(ω)−∆∆∆∗(ω)∥2

8



≤ Sn

Sn∑
s=1

ω2
s∥∆̂∆∆

(s)
−∆∆∆∗(s)∥2

= Op(nα
2
nS

2
n) +On(p

∗2S2
n + np∗2S2

nα
2
n). (16)

From (7), we can obtain that

∥∆̃∆∆(ω)−∆∆∆∗(ω)∥2 = On(p
∗2S2

n + np∗2S2
nα

2
n + S2

nm
⋆
n). (17)

Combined with (16) and (17), and Assumption 7, it is can be seen that

sup
ω∈W

∣∣∣∣ [∆∆∆− ∆̂∆∆(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣
≤ sup

ω∈W

∣∣∣∣ [∆∆∆−∆∆∆∗(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣+ sup
ω∈W

∣∣∣∣ [∆∆∆∗(ωωω)− ∆̂∆∆(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣
≤ sup

ω∈W

∣∣∣∣∥∆∆∆−∆∆∆∗(ωωω)∥∥ξ̂ξξ − ξξξ∥
L∗
n(ω)

∣∣∣∣+ sup
ω∈W

∣∣∣∣∥∆∆∆∗(ωωω)− ∆̂∆∆(ωωω)∥∥ξ̂ξξ − ξξξ∥
L∗
n(ω)

∣∣∣∣
= Op(n

1/2αnη
−1/2
n ) +On(

nα2
nSn + n1/2αnp

∗Sn + np∗Snα
2
n

ηn
)

= op(1),

and

sup
ω∈W

∣∣∣∣ [∆̂∆∆(ωωω)− ∆̃∆∆(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣
≤ sup

ω∈W

∣∣∣∣ [∆̂∆∆(ωωω)−∆∆∆∗(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣+ sup
ω∈W

∣∣∣∣ [∆∆∆∗(ωωω)− ∆̃∆∆(ωωω)]
′
(ξ̂ξξ − ξξξ)

L∗
n(ω)

∣∣∣∣
= On(

nα2
nSn + n1/2αnp

∗Sn + np∗Snα
2
n + n1/2αnSn

√
m⋆

n

ηn
)

= op(1),

where the last equation is due to Assumptions 4 and 10.

4 Proof of Lemma 3

Note that

CVn(ωωω)

= ∥ξ̂ξξ − ∆̃∆∆(ωωω)∥2

= ∥∆∆∆+ εεε+ ξ̂ξξ − ξξξ − ∆̃∆∆(ωωω)∥2

= ∥∆∆∆− ∆̃∆∆(ωωω)∥2 + ∥εεε+ ξ̂ξξ − ξξξ∥2 + 2[εεε+ ξ̂ξξ − ξξξ]
′
[∆− ∆̃∆∆(ωωω)]

= ∥∆∆∆−∆∆∆∗(ω)∥2 + ∥∆̃∆∆(ωωω)−∆∆∆∗(ω)∥2 − 2[∆∆∆−∆∆∆∗(ω)]
′
[∆̃∆∆(ωωω)−∆∆∆∗(ω)]

9



+ 2[∆∆∆−∆∆∆∗(ω)]
′
(εεε+ ξ̂ξξ − ξξξ) + 2[∆̃∆∆(ωωω)−∆∆∆∗(ω)]

′
(εεε+ ξ̂ξξ − ξξξ) + ∥εεε+ ξ̂ξξ − ξξξ∥2

≡ L∗
n(ωωω) + Φ1(ω) + Φ2(ω) + Φ3(ω) + Φ4(ω) + ∥εεε+ ξ̂ξξ − ξξξ∥2, (18)

where

Φ1(ω) = ∥∆̃∆∆(ωωω)−∆∆∆∗(ω)∥2,

Φ2(ω) = −2[∆∆∆−∆∆∆∗(ω)]
′
[∆̃∆∆(ωωω)−∆∆∆∗(ω)],

Φ3(ω) = 2[∆∆∆−∆∆∆∗(ω)]
′
(εεε+ ξ̂ξξ − ξξξ),

and

Φ4(ω) = 2[∆̃∆∆(ωωω)−∆∆∆∗(ω)]
′
(εεε+ ξ̂ξξ − ξξξ).

When ∥ω̃ωωF∥ ≡ 0, Lemma 3 is obviously true. Therefore, we only consider ∥ω̃ωωF∥ > 0.

Let ω̂ωωT = (ω̂1, ω̂2, . . . , 1 −
∑S0−1

k=1 ω̂k, 0, . . . , 0)
′ ∈ W . By the definition of ω̂ωω and (8), we

have

0 ≥
{
CVn(ω̂ωω)− CVn(ω̂ωωT )

}
/n

=
{
L∗
n(ω̂ωω)− L∗

n(ω̂ωωT ) + Φ1(ω̂ωω)− Φ1(ω̂ωωT ) + Φ2(ω̂ωω)− Φ2(ω̂ωωT )

+ Φ3(ω̂ωω)− Φ3(ω̂ωωT ) + Φ4(ω̂ωω)− Φ4(ω̂ωωT )
}
/n.

First, {
L∗
n(ω̂ωω)− L∗

n(ω̂ωωT )

n

=
∥∆∆∆∗(ω̂)−∆∆∆∗(ω̂ωωT )∥2

n
+

2[∆∆∆∗(ω̂)−∆∆∆∗(ω̂ωωT )]
′
[∆∆∆∗(ω̂ωωT )−∆∆∆]

n

= ω̃ωω
′

FΨΨΨnω̃ωωF + ω̃ωω
′

FΓn,1,

where

ΓΓΓn,1

=
2

n

{
(∆∆∆(S0+1)∗ −∆∆∆(S0)∗)

′
(∆∆∆∗(ω̂ωωT )−∆∆∆), . . . , (∆∆∆(Sn)∗ −∆∆∆(S0)∗)

′
(∆∆∆∗(ω̂ωωT )−∆∆∆)

}′
.

Second, we can rewrite 1/n[Φ1(ω̂ωω)− Φ1(ω̂ωωT )] as

Φ1(ω̂ωω)− Φ1(ω̂ωωT )

n

= ω̂ωω
′
AAAn,1ω̂ωω − ω̂ωω

′

TAAAn,1ω̂ωωT

= (ω̂ωωT + ω̂ωω − ω̂ωωT )
′
AAAn,1(ω̂ωωT + ω̂ωω − ω̂ωωT )− ω̂ωω

′

TAAAn,1ω̂ωωT

= ω̃ωω
′

FDDDn,1 + 2ω̃ωω
′

FΓΓΓn,2,

where AAAn,1 is a Sn × Sn matrix with (i, j)th element is

1

n
[∆̃∆∆

(i) −∆∆∆(i)∗]
′
[∆̃∆∆

(j) −∆∆∆(j)∗],
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DDDn,1 =


000S0×(Kn−S0)

−111′
Kn−S0

IIIKn−S0


′

AAAn,1


000S0×(Kn−S0)

−111′
Kn−S0

IIIKn−S0

 ,

and

ΓΓΓn,2 =


000S0×(Kn−S0)

−111′
Kn−S0

IIIKn−S0


T

AAAn,1ω̂ωωT

Third, we observe that

Φ2(ω̂ωω)− Φ2(ω̂ωωT )

n

= ω̂ωω
′
AAAn,2ω̂ωω − ω̂ωω

′

TAAAn,2ω̂ωωT

= ω̃ωω
′

FDDDn,2ω̃ωωF + ω̃ωω
′

FΓΓΓn,3,

where AAAn,2 is a Sn × Sn matrix with (i, j)th element is

2

n
[∆∆∆−∆∆∆(i)∗]

′
[∆∆∆(j)∗ − ∆̃∆∆

(j)
],

DDDn,2 =


000S0×(Kn−S0)

−111′
Kn−S0

IIIKn−S0


′

AAAn,2


000S0×(Kn−S0)

−111′
Kn−S0

IIIKn−S0

 ,

and

ΓΓΓn,3 =


000S0×(Kn−S0)

−111′
Kn−S0

IIIKn−S0


′

AAAn,2ω̂ωωT .

Forth,

Φ3(ω̂ωω)− Φ3(ω̂ωωT )

n

=
2[∆∆∆−∆∆∆∗(ω̂)]

′
(εεε+ ξ̂ξξ − ξξξ)

n
− 2[∆∆∆−∆∆∆∗(ω̂T )]

′
(εεε+ ξ̂ξξ − ξξξ)

n

=
2[∆∆∆∗(ω̂T )−∆∆∆∗(ω̂)]

′
(εεε+ ξ̂ξξ − ξξξ)

n

= −ω̃ωω′

FΓΓΓn,4,

where

ΓΓΓn,4 =
2

n

{
(∆∆∆(S0+1)∗ −∆∆∆(S0)∗)

′
(εεε+ ξ̂ξξ − ξξξ), . . . , (∆∆∆(Sn)∗ −∆∆∆(S0)∗)

′
(εεε+ ξ̂ξξ − ξξξ)

}′
.

Final, we have

Φ4(ω̂ωω)− Φ4(ω̂ωωT )

n

11



=
2

n
{[∆̃∆∆(ω̂ωω)−∆∆∆∗(ω̂ωω)]

′
(εεε+ ξ̂ξξ − ξξξ)− [∆̃̃∆̃∆(ω̂ωωT )−∆∆∆∗(ω̂ωωT )]

′
(εεε+ ξ̂ξξ − ξξξ)}

= ω̃ωω
′

FΓΓΓn,5,

where

ΓΓΓn,5

=
2

n

{
[(∆̃∆∆

(S0+1) −∆∆∆(S0+1)∗)− (∆̃∆∆
(S0) −∆∆∆(S0)∗)]

′
(εεε+ ξ̂ξξ − ξξξ), . . . ,

[(∆̃∆∆
(Sn) −∆∆∆(Sn)∗)− (∆̃∆∆

(S0) −∆∆∆(S0)∗)]
′
(εεε+ ξ̂ξξ − ξξξ)

}′
.

Thus, we can rewrite (18) as

0 ≥
{
CVn(ω̂ωω)− CVn(ω̂ωωT )

}
/n

= ω̃ωω
′

F (ΨΨΨn +DDDn,1 +DDDn,2)ω̃ωωF + ω̃ωω
′

F (ΓΓΓn,1 + 2ΓΓΓn,2 +ΓΓΓn,3 −ΓΓΓn,4 +ΓΓΓn,5)

= ω̃ωω
′

FΦΦΦnω̃ωωF + ω̃ωω
′

Fcccn, (19)

where ΦΦΦn = ΨΨΨn +DDDn,1 +DDDn,2 and cccn = ΓΓΓn,1 + 2ΓΓΓn,2 +ΓΓΓn,3 −ΓΓΓn,4 +ΓΓΓn,5.

Next, we will examine each term in (19) in turns. From the definition of Ψn, if follows

from Assumption 2 that

∥ΨΨΨn∥

≤ 1

n

n∑
i=1

∥ζζζ i∥2

≤
∑n

i=1

∑Sn

s=S0+1(∆
(s)∗
i −∆

(S0)∗
i )2

n

=

∑Sn

s=S0+1

∑n
i=1(∆

(s)∗
i −∆

(S0)∗
i )2

n

=

∑Sn

s=S0+1 ∥∆∆∆(s)∗ −∆∆∆(S0)∗∥2

n

= Op(Sn − S0). (20)

By Cauchy inequality, we can obtain that

∥ΓΓΓn,1∥2

=
4

n2

Sn∑
k=S0+1

[(∆∆∆(k)∗ −∆∆∆(S0)∗)T (∆∆∆∗(ω̂ωωT )−∆∆∆)]2

≤ 1

n2

Sn∑
k=S0+1

∥∆∆∆(k)∗ −∆∆∆(S0)∗∥2∥∆∆∆∗(ω̂ωωT )−∆∆∆)∥2

≤ 1

n2

Sn∑
k=S0+1

∥∆∆∆(k)∗ −∆∆∆(S0)∗∥2 ×
∥∥∥∥ S0∑

s=1

ω̂s(∆i −∆
∗(s)
i ) + (1−

S0∑
s=1

ω̂s)(∆S0 −∆
∗(S0)
i )

∥∥∥∥2

12



= Op(S
2
0(Sn − S0)(

√
m⋆

n/n+ (m⋆
n)

−r)2),

which implies

∥ΓΓΓn,1∥ = Op(S0

√
Sn − S0(

√
m⋆

n/n+ (m⋆
n)

−r)). (21)

From (4) and (17), we obtain

∥AAAn,1∥2

≤
Sn∑
i=1

Sn∑
j=1

{[∆̃∆∆(i) −∆∆∆(i)∗]
′
[∆̃∆∆

(j) −∆∆∆(j)∗]}2

n2

≤
Sn∑
i=1

Sn∑
j=1

∥∆̃∆∆(i) −∆∆∆(i)∗∥2∥∆̃∆∆(j) −∆∆∆(j)∗∥2

n2

= Op(
S2
n(nα

2
n + p∗2 + np∗2α2

n +m⋆
n)

2

n2
), (22)

Thus, we have

∥DDDn,1∥

≤
∥∥∥


000S0×(Kn−S0)

−111′
Sn−S0

IIISn−S0

∥∥∥2

∥AAAn,1∥

= Op(Sn(Sn − S0)(α
2
n + p∗2/n+ p∗2α2

n +m⋆
n/n)), (23)

and

∥ΓΓΓn,2∥

≤
∥∥∥∥


000S0×(Kn−S0)

−111′
Sn−S0

IIISn−S0

∥∥∥∥∥AAAn,1∥∥ω̂ωωT∥

= Op(SnS0

√
Sn − S0(α

2
n + p∗2/n+ p∗2α2

n +m⋆
n/n)), (24)

where the last equation follows from

∥∥∥∥∥


000S0×(Sn−S0)

−111′
Sn−S0

IIISn−S0


′ ∥∥∥∥∥ = Op(

√
Kn − S0). (25)

Combining with Assumption 2, (4) and (17), it is seen that

∥AAAn,2∥2

≤ 4

n2

Sn∑
i=1

Sn∑
j=1

{
[∆∆∆−∆∆∆(i)∗]T [∆∆∆(j)∗ − ∆̃∆∆

(j)
]
}2
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= Op(S
2
n(α

2
n + p∗2/n+ p∗2α2

n +m⋆
n/n)),

which compels

∥AAAn,2∥ = Op(Sn

√
α2
n + p∗2/n+ p∗2α2

n +m⋆
n/n). (26)

Thus, it is straightforward to show that

∥DDDn,2∥

≤
∥∥∥


000S0×(Sn−S0)

−111′
Sn−S0

IIISn−S0

∥∥∥2

∥AAAn,2∥

= Op(Sn(Sn − S0)
√

α2
n + p∗2/n+ p∗2α2

n +m⋆
n/n), (27)

and

∥ΓΓΓn,3∥ =
∥∥∥


000S0×(Kn−S0)

−111′
Sn−S0

IIISn−S0

∥∥∥∥AAAn,2∥∥ω̂ωωT∥

= Op(SnS0

√
Sn − S0

√
α2
n + p∗2/n+ p∗2α2

n +m⋆
n/n). (28)

By Assumption 2 and ∥εεε∥ = Op(n
1/2), we can obtain that

E[(∆∆∆(k)∗ −∆∆∆(S0)∗)
′
εεεεεε

′
(∆∆∆(k)∗ −∆∆∆(S0)∗)]

≤ C(∆∆∆(k)∗ −∆∆∆(S0)∗)
′
(∆∆∆(k)∗ −∆∆∆(S0)∗)]

= O(n).

Therefore, we reach that

∥ΓΓΓn,4∥2

=
4

n2

Sn∑
k=S0+1

{
(∆∆∆(k)∗ −∆∆∆(S0)∗)

′
(εεε+ ξ̂ξξ − ξξξ)

}2

≤ 8

n2

Sn∑
k=S0+1

{
(∆∆∆(k)∗ −∆∆∆(S0)∗)

′
εεε
}2

+
8

n2

Sn∑
k=S0+1

{
(∆∆∆(k)∗ −∆∆∆(S0)∗)

′
(ξ̂ξξ − ξξξ)

}2

= Op(
Sn − S0

n
+ (Sn − S0)α

2
n), (29)

and

∥ΓΓΓn,5∥2

=
4

n2

Sn∑
k=S0+1

{
[(∆̃∆∆

(k) −∆∆∆(k)∗)− (∆̃∆∆
(S0) −∆∆∆(S0)∗)]

′
(εεε+ ξ̂ξξ − ξξξ)

}2
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≤ 8

n2

Sn∑
k=S0+1

{
[∆̃∆∆

(k) −∆∆∆(k)∗]
′
(εεε+ ξ̂ξξ − ξξξ)

}2
+

8

n2

Sn∑
k=S0+1

{
[∆̃∆∆

(S0) −∆∆∆(S0)∗]
′
(εεε+ ξ̂ξξ − ξξξ)

}2

≤ C

n2

Sn∑
k=S0+1

∥∆̃∆∆(k) −∆∆∆(k)∗∥2∥εεε∥2 + C

n2

Sn∑
k=S0+1

∥∆̃∆∆(k) −∆∆∆(k)∗∥2∥ξ̂ξξ − ξξξ∥2

+
C

n2

Sn∑
k=S0+1

∥∆̃∆∆(S0) −∆∆∆(S0)∗∥2∥εεε∥2 + C

n2

Sn∑
k=S0+1

∥∆̃∆∆(S0) −∆∆∆(S0)∗∥2∥ξ̂ξξ − ξξξ∥2

= Op((Sn − S0)(p
∗2/n+ p∗2α2

n +m⋆
n/n)). (30)

In addition, by (19), we obtain that

ω̃ωω
′

F (ΦΦΦn +ΦΦΦ
′

n)ω̃ωωF ≤ 2ω̃ωω
′

Fcccn.

Thus

∥ω̃ωωF∥

≤ λ−1
(
ΦΦΦn +ΦΦΦ

′

n

)
2∥cn∥.

Together with (21), (24) and (28)-(30), we know that

∥cccn∥ = Op(S0

√
Sn − S0Sn

√
p∗2/n+ p∗2α2

n +m⋆
n/n). (31)

Furthermore, for any nonzero vector ς ∈ RSn−S0 , we observe that∥∥(ΦΦΦn +ΦΦΦ
′

n)ς
∥∥2∥∥[(ΨΨΨn +DDDn,1 +DDDn,2) + (ΨΨΨn +DDDn,1 +DDDn,2)

′]
ς
∥∥2

=
∥∥{2ΨΨΨn − [−(2DDDn,1 +DDDn,2 +DDD

′

n,2)]}ς
∥∥2

≥
∣∣∣∣∥2ΨnΨnΨnς∥ − ∥(2DDDn,1 +DDDn,2 +DDD

′

n,2)ς∥
∣∣∣∣2

= ∥2ΨΨΨnς∥2 − 2∥2ΨΨΨnς∥∥(2DDDn,1 +DDDn,2 +DDD
′

n,2)ς∥+ ∥(2DDDn,1 +DDDn,2 +DDD
′

n,2)ς∥2

≥ ∥ς∥2
[
λ(2ΨΨΨn)− 2∥2ΨΨΨn∥∥2DDDn,1 +DDDn,2 +DDD

′

n,2∥+ λ
(
DDDn,3

)]
≥ ∥ς∥2

[
2λ(ΨΨΨn)− 8∥ΨΨΨn∥∥DDDn,1∥ − 8∥ΨΨΨn∥∥DDDn,2∥+ λ

(
DDDn,3

)]
,

which lead to

λ

(
(ΦΦΦn +ΦΦΦ

′

n)
′
(ΦΦΦn +ΦΦΦ

′

n)

)
= inf

ς∈RSn−S0 ,∥ς∥≠0

∥∥(ΦΦΦn +ΦΦΦ
′
n)ς

∥∥2

∥ς∥2

≥ 2λ(ΨΨΨn)− 8∥ΨΨΨn∥∥DDDn,1∥ − 8∥ΨΨΨn∥∥DDDn,2∥+ λ
(
DDDn,3

)
, (32)
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where DDDn,3 = 2DDDn,1 +DDDn,2 +DDD
′
n,2. By (19) and (32), it is straightforward to show that

∥ω̃ωωF∥

≤ λ−1
(
(ΦΦΦn +ΦΦΦ

′

n)
)
2∥c̃n∥

≤ 2∥c̃n∥{
2λ(ΨΨΨn)− 8∥ΨΨΨn∥∥DDDn,1∥ − 8∥ΨΨΨn∥∥DDDn,2∥+ λ

(
DDDn,3

)}1/2
.

Combining this with Assumptions 3 and 13, (20), (23), (27) and (31), we obtain that

∥ω̃ωωF∥

=
Op(Sn

√
Sn − S0Sn

√
p∗2/n+ p∗2α2

n +m⋆
n/n)

[C2 +Op((Sn − S0)2Sn

√
α2
n + p∗2/n+ p∗2α2

n +m⋆
n/n]

1/2

= Op(Sn

√
Sn − S0S0

√
p∗2/n+ p∗2α2

n +m⋆
n/n).

This completes the proof of Lemma 3.

5 Proof of Theorem 4

First, for s ∈ {S0 + 1, . . . , Sn}, it follows from that

∆̂
(k)
i

= eeeTi KKK(s)(β̂ββs(ê(xxx)))ξ̂ξξ

≤ ∥eeei∥∞∥KKK(s)(β̂ββs(ê(xxx)))∥∞∥ξξξ∥∞ + ∥eeei∥∞∥KKK(s)(β̂ββs(ê(xxx)))∥∞∥ξ̂ξξ − ξξξ∥∞
= Op(1). (33)

Combining with Lemmas 2-3, and (33), we get

|∆̂i(ω̂)− τ(xxxi)|

=

∣∣∣∣ S0∑
k=1

ω̂k(∆̂
(k)
i − τ(xxxi)) +

Sn∑
k=S0+1

ω̂k(∆̂
(k)
i − τ(xxxi))

∣∣∣∣
≤

S0∑
k=1

ω̂k|∆̂(k)
i − τ(xxxi)|+

Sn∑
k=S0+1

ω̂k|∆̂(k)
i − τ(xxxi)|

≤
S0∑
k=1

ω̂k|∆̂(k)
i − τ(xxxi)|+ ∥ω̃ωωF∥

Sn∑
k=S0+1

|∆̂(k)
i −∆i|

= Op(S0p
∗n−1/2 + S0p

∗αn + S0(
√

m⋆
n/n+m⋆−r

n ))

+Op(Sn(Sn − S0)
3/2S0

√
p∗2/n+ p∗2α2

n +m⋆
n/n)

= Op(Sn(Sn − S0)
3/2S0

√
p∗2/n+ p∗2α2

n +m⋆
n/n).

This completes the proof.
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