Supplementary Material to the article “Consistent group selection
using global-local shrinkage priors in sparse normal linear regression”

Sayantan Paul, Prasenjit Ghosh and Arijit Chakrabarti

This document consists of Sections A, B, C and D. In Section A, we provide proofs of Propositions 1 and 2
along with Theorems 1-6 mentioned in Sections 2 and 3 of our main work. Section B consists of results related
to the accuracy of the half-thresholding (HT) estimate of the group coefficient 3,. Gibbs sampling algorithm
is discussed in Section C. Finally, in Section D we provide additional simulation results which could not be
included in the main document due to the page constraint. Now we proceed to establish the results mentioned
in the main document. But before going into the technical details, let us restate the general class of one-group
global-local priors that we are interested in this work:

y | X7/6702 NNn(XIBao—zfn),
B, | 32,0%, 72 N, (0,020272(XT X)), forg=1,...,G, (1)
2 ind 2\ _ 2y—a—1 2 _
Ay ~ m(Ag)= K(Ay) L(Ay), forg=1,...,G, and
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where K € (0,00) is the constant of proportionality, a is a positive real number, and L : (0,00) — (0,00) is

measurable non-constant slowly varying function, that is, for any o > 0, LL((O;I)) — 1 asx — oo. For the theoretical

development of the paper, we assumed several conditions on the slowly varying function L(-), the global shrinkage
parameter 7, the number of active variables G 4,, the minimum value of non-null group coefficient and the
singular values of the design matrix.

A Proofs of Lemmas, Propositions and Theorems

A.1 Some important Lemmas
We first state and prove Lemmas A.1 to A.4 which are crucial to proving the main theorems of our work.
Lemma A.1. Let L be a nonnegative, measurable, slowly varying function defined over an interval unbounded

to the right. Then the following results hold.

(1) L% is slowly varying for all o € R.

(2) s L(®) 5 () g5 2 — oco.

logz

(8) For every a >0, z7*L(z) = 0 and z*L(x) — o0 as x — o0.

CtYL(t)dt
L. Wt 1 s 2 — 0.

(4) FOTQ<—1,_IQ+17L(I) at+1



5) There exists a global constant Ag > 0 such that p, LA Oy
(5) There exists a global constant Ag > 0 suc a,foranya>f,mﬁa—+lasx%oo.

Proof. See Bingham et al. (1987). O

Lemma A.2. Let L : (0,00) — (0,00) be a measurable and integrable function such that for fivzed a > 0,
JotT T L(t)dt = K1, with K € (0,00). Assume 7, — 0 as n — co. Then
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where the o(1) term is such that lim,_, o(1) = 0.

Proof. The proof follows using the same arguments used to establish Lemma 5 of Ghosh et al. (2016). O

Lemma A.3. Consider the hierarchical framework of (5) where the local shrinkage parameters are modeled with
the class of priors given by (6). Suppose 7, — 0 as n — oo. Then for any given a € (0,1), there exists Ag > 1
such that .
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Assume that the slowly varying function L(-) satisfies Assumption 1 for some a > 1. Then
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E(1 -k, | Tn, 0%, D) < Ty, €XP (1+0(1)).

The terms o(1) in both inequalities above tend to zero as n — oo.

Proof. The proof for the case a € (0,1) follows using the same arguments employed by Ghosh et al. (2016) to
establish Theorem 4 of their paper.

Let us now consider the case a > 1. First, note that
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where the last equality above follows from the Dominated Convergence Theorem. Combining (3) and (4), we
obtain
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Observe that for s € (0,1) and 7, € (0, 1), 1+”2 < 1. Also, [[7s7 ' L(s)dt = K~'. Therefore, it follows
that
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Likewise, for s € [1, %) and 7, € (0, 1), using the above arguments, we obtain
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Finally, using (4) of Lemma A.1, we have
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Combining (5)-(8), the desired result follows. O

Lemma A.4. Consider the framework of Lemma A.3. Then under Assumption 1, for any arbitrary constants
€ (0,1),q € (0,1) and any fized T > 0,
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mgy 1— a 1—
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Proof. The proof follows using similar arguments used by Ghosh et al. (2016) to establish Theorem 5 in their
paper. ]

A.2 Proofs of Propositions

Proof of Proposition 1:



Proof. First, we prove the if part. Towards that, first, consider the case when a € (0,1). Using Lemma A.3,
we obtain
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AgK 1 nB, Qn.gB
E(1 - 2 D)< —()L(— —9 I | (1 1)).
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When 7,, — 0 as n — oo, using Part (3) of Lemma A.1,
1 1 1
lim (77)*L(=) = lim (=) *L(=) = 0. (10)

n—oo Tn n—oo ’Tn ’Tn

Under a block-orthogonal design, from the standard theory of linear regression, the distribution of the
ordinary least square estimator 3, is given by

Vit (B, = B5) ~ Non, (0.°Q ).
Clearly, if 35 = B, ~ N, 2Q;,! fore, e QpusPs 2 ing (A
early, if B, = 0, VnB; ~ Nin, (0,0°Qy, ). Therefore, —¢ 7= ~ x7, . whence using (A3)
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Op(1), for all n. (11)
o

Combining (9) - (11), and using Slutsky’s Theorem, it readily follows that
E(1—ky | Tn,02%,D) Ly 0asn— .

Next, we consider the case when a > 1. Observe that the upper bound to E(1 — kg | 7., 02, D) is similar to the
upper bound when a € (0,1). Hence, the proof follows using the same arguments as in the case a € (0, 1).
Now, we consider the ‘Only if’ part. Here, we will show that if 7,, -» 0 as n — oo,

P(E(1 — kg¢|T,0%,D) > 3) -+ 0 as n — oo.

Since, 7, - 0 as n — oo, implies, there exists at least one subsequence of 7,,, say 7,, , such that as k£ — oo,

Tn, > € for some € > 0. Hence, the remaining calculations will be based on that subsequence of 7,,. Note that
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1
< — 4 P(kg > Z|Tn,02,D). (12)
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Therefore, we have,

1 1 1
P <E(I€g | 7,02, D) < 2) >P (P(Hg > Z|Tn,02,D) < 4) . (13)

Now, substituting n = % in Lemma A.4, some simple algebra yields, for any fixed 7 > 0,
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1
Tn

where K5 is a constant depending on a, ¢, cg. Note that, for sufficiently large k, log( > < log(%), where the
k

€ is mentioned previously. This ensures a lower bound on (14), as k — oo
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- 0 as k — oo. (15)

Combining (12)-(15) completes the proof of the Only if part and the proof of Proposition 1 is completed. [

Proof of Proposition 2:
Proof. 1t would be enough to show that E(r, | 7,,0%,D) L5 0 as n — 0o when /62 #0.

Let us fix ¢y > 0. Then

@ 1
E(kg | Tn,0'27D) = /0 Hgﬂ(lig|Tn,02,D)dﬁg + /‘0 Kgﬂ(ﬂg|T7L,U2,D)dﬂg
=

< %0 + P(kg > 6§0|7'n,02,1)). (16)
Therefore, for a given ¢y > 0,
P (E(ky | 7,02, D) > &) < P (P(ng > %0|Tn,0—2,1>) > %0) . (17)

Now, substituting 7 = 5 in Lemma A.4, some simple algebra yields
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where

d’ being a constant is independent of n.
Observe now that using (A1), we have
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where (; is the 4t diagonal element of Q;}g. Now, the cases min; ﬂgj > 0 and min; ng < 0 are dealt with
separately as follows.



Case-(I): Assume min; 8y, > 0. Using (19), we have

nﬁ C’zn,gl6 \/ﬁﬁgj 1 dy,

r d, | < _ R )
m (b (\/HBSJ 1 dn)

<Z" Nen G
WBSJ o
oVe

< '

g

The inequality in the last line follows using the fact that 1 — ®(¢) < @, for any t > 0.
Under assumption (A2), we have

1
min ﬁgj > m,, for all g € A, with m, «cn™"and 0<b< 3 (20)
J
Next we use the fact d,, < log(%> and the assumption (A4). Hence, we obtain \/‘7/7% — 0 as n — oo.
Therefore, we have ”
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Yl s V0 o)), 21)

oG Vo NG oJ/G

. B2
where o(1) term tends to zero as n — co. Since, —=— - /%= = o Vb, , we have, for for any ¢ > 0,
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for sufficiently large n. Let e1, ez, -, €y, be the eigenvalues of Q,, 4. Then Z;”gl == ng ¢j. Next, note
-7

that, under (Al), e; > Cy for all j =1,...,my. This implies that (; is bounded above for all j =1,...,mg,
ie. forall j=1,...,mgy, (; < Cs for some 0 < C3 < co. Combining (19) - (22) and using (A3) with the above
observation, it follows
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nﬁg Qn gﬁg ags 03 1 nm2
— = <d, | < —(z — ot 23
o2 SOn | = Vnmy, s (2 €) 20205 (23)
Using (20) and choosing € € (0, 3) yields,
B, QP
n n
P 972’99 <d, | =o0(l), as n — oo. (24)
o

Case-(II): Assume min; ,8 < 0. This implies that some of the 6 < 0’s are negative and the remaining are
positive. Let us assume that 5 <Oforall j=1,...,my, and B > 0 for all j =my+1,...,m, for some 1.



Hence again using (19) we have
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where aipj = — == /& e and agnj = 5=/ & g\/cij,j =1,...,my and Z ~ N(0,1). For
providing an upper bound to the first term on the right hand side of (25), we use arguments used in (20)-(23).
It is well known
L2l _Lycpzsy<c—L o™
e -
V2 z 28 27z

Using this it follows from (25) that
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where inequality in the last line holds due to the use of a1, ; < asy;,j =1,...,7m,. Note that using (A2) and

the assumption (A4), we have — \/\7/7‘270 — 0 asn— 0.
93

Therefore, we have

,__\/ﬁﬂgj_ 1 . dl__ﬁﬁgj
Ain,j = pu Cj m Cj = o Cj (1 + 0(1))7 (27)

where o(1) term tends to zero as n — co. Hence, using arguments similar to that of (22) and (23), we obtain
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5 <d, | =o0(l), as n — oco. (28)
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Hence combining (18), (24) and (28), the proof of Proposition 2 is complete.



A.3 Proofs of Theorems
Proof of Theorem 1:

Proof. First, we observe that

P(A, < A) < S P(E(L— sy | 7ay0%,D) < )+ 3 P(E(L = iy | 70,0%,D) > 2). (29)
gEA, 2 g A, 2

To prove this result, it suffices to show

1
> P(E(1 - kg | m,0%,D) < 5) =o(1), asn — oo, (30)
gEAL
and
1
Z P(E(1 - ky | Tn, 0%, D) > 5):0(1)7 as n — 00, (31)
g¢An

both when % <a<l1,and a > 1.
Proof of (30): Let us fix an arbitrary ¢y > 0. Now, using the arguments employed in (16) and (17) in the
proof of Proposition 2 and applying Lemma A.4 with n = %, we have,

1
Z P(E(ky | T7,,02,D) > 5)

gEA,
< 3 P(D 4 Plry > DY, 0%, D) > L
- 2 DR 2
geA,
1_
= > P(P(ry > FIm0” D) > =)
geEA,
B, Qu.,B
NPg \Rn,gPyg
< Z P 2 <dy, |, (32)
geEA,

where d,, is the same as before. Since G 4, < n, it follows from (23) that
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20,
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whence again using (20),
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nB, Qn
ZP M<dn =o(1), as n — oco. (33)
1%
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Hence, (32) coupled with (33) completes the proof of (30).

Proof of (31):

Case (I): First consider the case when a € [1,1). Using Lemma A.3 and our previous arguments, it follows
that for all g ¢ A,

1

~T ~
n n
P(E0=r, rart 2> 1) < p PePe

5 M, | (1+0(1)), (34)

g



where M,, = 2log ( > and Cj is a global constant that is independent of n. In (34), the o(1) term is

Ca
(T%)“L(%)
such that it is independent of any specific group g, and lim,,_, 0o(1) = 0.

B, Qu.oB
Now, observe that for all g & A, ——5"2 ~ ang,

We consider the two cases my = 1, and mgy > 1 separately.
For mg = 1, we use

P > M, | =P(Z| > vM,)

=2 o),
™

where Z denotes a standard normal random variable, and the last line follows due to Mills’ ratio.
On the other hand, for my > 2, we first observe that a ang distribution can equivalently be regarded as a

~T —~
By QuyB,
0—2

mg

Gamma( -

, %) distribution, with shape parameter %, and scale parameter % Then we have
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n n 1 e m
p(2PaQnale :i/ exp(~24)u's du
o 2

= I(5) 2

1 /OO _ Mg _q
= — e “u? " du, 35
I'(%2) Ja, 2 (35)

where T'(r) = [;% e “u"~'du denotes the gamma function evaluated at r > 0.

We now state below a result due to Gabcke (2015) that is instrumental in completing the remainder of this
proof. This is presented as Lemma A.5 below.

Lemma A.5. Whenr>1 andc>r+1,
oo
6766T71 § / efuurfldu § Tefccrfl,
C

that is, for sufficiently large ¢ > 0,
o0
/ e " du < rem et
(&

Thus, using Lemma A.5 coupled with the (35) and the fact that M,, — oo as n — oo, we have, for all
sufficiently large n, for all g ¢ A,

 Mp mg

~T ~

mg n,

e~ M2 <P 7ﬂgQ2n’gﬁg
o

> M, <e_M7ME ) (36)

where s = sup,,»; maXye(1,....a,} My, is finite. Using this observation, and combining (34)-(36), we have,

P <E(1 — Ky | Tn,0%,D) > ;) < Gn(T,QL)“L(%) [log<m>] %71. (37)

gt An "

Hence, for a € [%,1) using Assumption 1 on L(-), the term of the right-hand side of (37) converges to 0, as
_(A481)(1—e2)

n — oo if GnTn[log< )]%_1 — 0 as n — co. Note that (B1) and (B2) imply G,7n <G 7Y and

1
Tn ~J



[log( >} L < (log G,,)2~!. Hence, using these two observations along with the choice of §; given in (B2)

1
ensures, G, Tn [1og(%)] 57! _, 0 as n — co. This completes the proof of (31) when 3 <a < 1.

Case (II): Now we consider the situation a > 1. Using similar arguments employed to prove Case (I), one

can easily verify that there exists a constant C5 independent of n, such that M,, = 2 log(%) and
1 1\]2"
> P(E(1l -ty | 0,0, D) > 3) S G [bg(Tﬂ : (38)
n

g¢An

Again observe (B1) and (B2) imply GnTn[log(%)] ' L 0asn o 00, for a > 1. Hence under the

assumption of (B1) and (B2), the right hand side of (38) goes to 0 as n — oo, for each fixed a > 1, which
establishes (31). This completes the proof of Theorem 1.

O
Proof of Theorem 2:
Twl SHT 0 e o
Proof. Define T'=a %% (B4, —Ba,) Then T =T) + Ty, where Ty = a~ X3 (B4, —B,,) and
1 HT ~
Ty = aTEjn (Ba, —Ba,) Now, it boils down to show that,
T % N(0,02), as n — oo, (39)
and ,
T, — 0 as n — oc. (40)
First, we prove (39). Note that, due to the block-diagonal property of the design matrix X, B 4, = E;\}LXEHy
and using the standard theory of linear models, it readily follows that for ||a| = 1,
T1 ~ N(O, 0'2).

For the time being, let us assume (40) to be true. Then, combining (39) and (40), coupled with Slutsky’s

~HT
Theorem, the desired asymptotic normality of 3 4 follows.

We now turn our focus on establishing (40) above. Towards that, using the Cauchy-Schwarz inequality, we
have

N - 4 ~HT ~
T5< (B4, —Bua,) Xa,(Ba, —Ba,)
~HT ~ T _HT ~
< Con(By, —Ba,) (Ba, —Ba,)

~HT ~ |2
= Y |[vaB, -By)|| (41)
gEAR
The second inequality in (41) follows due to the assumption on the eigenvalues of XTX as given in (C1) and
using the fact that e,,qq (Xan XA,) < emaz(XTX).
~PM
Next, observe that using the form of the posterior mean 8, as given by (8) of the main document coupled

~HT
with the definition of the half-thresholding estimator 3, given by (11), one may rewrite the difference

10



~HT

VB, —B,) =vn|EQ1 - &, Tn,UQ,D)I{E(l — g | Ty02,D) > 0.5} - 1} B,

= —VnB,E(ky | 70,02, D) — VB, E(l — ky | Tn,027D)I{E(1 — kg | Tn,0?,D) < 0.5}. (42)

Note that
E(1 — kg | Tn,02,D) < 0.5 if and only if E(k, | 7,02, D) > 0.5. (43)
Thus,
0< E(l—ky | Tn,UQ,D)I{E(l — kg | Tn,0?,D) < 0.5} < E(ky | Tn,0%,D), (44)
whence
VB, E(1 — Ky | Tn,027D)I{E(1 — kg | T, 0%, D) < o.5}|| < |VnB,E(kg | 7,2, D). (45)

Now to establish (40), let us first define the following random variables:

Whg =

~T —~
nB, Qn,¢0
QT”, and Un,g = Wi E (k] | 70, 0%, D).

Combining (41) - (45) together with the triangle inequality for the 5 norm, we obtain

~T ~
T3 <4Cy Y 0B, B,E(k] | Tn,0°,D)
gEA,

AT ~
4020’2 nﬁg Qn,gﬂg 2 2
< E = E(ky | Tn,0°,D)

! gEA,

4020’2

e ZA; Ung- (46)
gEAR

The second inequality above follows using (C1) and the fact that for all g € A,,, emin(
Thus to prove (40), it is enough to show that

3" Ung 550 as n— o0, (47)
geEA,

Using the above definitions coupled with (18) of the main paper, we obtain

L ot 1 (g Kg) "L (%2(% _ 1)) exp (_Hg ) WQ'9> dr,

n

Un,g = Wn,g

f01 Lt i D= Kg) 1L (%(é _ 1)> exp (_Kg . W;"’) s,
= J(Wyq,7), say. 48)

Next, we follow the arguments used in Lemma 3 of Ghosh and Chakrabarti (2017) to find an upper bound to
J(Wp, g, 7). First note that, given any ¢ > 2, we can find 7, ¢ € (0,1) such that ¢ = ﬁ. Following Ghosh

and Chakrabarti (2017) there exists a non-negative measurable function

11



W

h(Wi.g,7) = hi (Wi g, 7) + ho(W,, 4, 7), where hy (W, 4,7) = Ci[Wy 4 fop’t” exp(—f)u 7 te=1dy] =1 and
ho(Wy,g,7) = C*W,, g7~ 2% M52 W where to is as in Assumption 1 and C, and C* are two constants
which depends on a, 7, ¢, L(-) and satisfies:

for any W, g4,

(Wi g, 7) < h(Wh, g, T),
and we also have for any p > ¢,
lim sup h(Why.,g,7) =0.

70 Whn,g>2ap

1
ey
First, we prove (49) and (50). For any arbitrary constant n € (0,1), we split E(x2|7, 0%, D) as
E(kj|r,0%,D) = E(kgl{r, > n}|7,0%, D) + E(rj1{ry < n}|r,0°, D).

With the use of Lemma A.4, the first term in the r.h.s. of (51) can be bounded as

(a+ 7*)(1 —ng)° W,
E(k21{ky > n}|r,0%,D) < o —exp | —n(l-q) =),

where ¢ € (0,1) is any arbitrary constant.
Now, let us concentrate on the second term in the r.h.s. of (51). Using the definition of the posterior
distribution of x, and then considering the transformation t = 2 (-1 — 1), we get

g

mg _ 37 3
077 H?]'ngr : 1)(1 - “g)_a_lL(lg( - 1)) exp (‘ kg - nﬁgz?;gﬁg)d’fg

B(kgl{rg < n}|7,0% D) =

— —
fol Kg (1- ’fg)_a_lL(Tlg(é - 1)) exp (_ Kg - W)dﬁg
) _™Mg _o9,_a4_ Wn

f}z(%—l)(l +t72)= 2 2 am L (¢) exp(—wgz))dt

fooo(l + t72)—¥t*“*1L(t) exp(—iz(m‘ijz))dt

Since, L(-) satisfies Assumption 1 and noting that 3 >t as 72 < 1, we immediately have

Tma g g W
Mf%(l,l)(l_FtTQ) 2 2t 16Xp(-m)dt

o fo 1+¢72)~ a1 exp(—%)dt

E(I’izl{lﬁg <n}|r, 0% D) <

Hence, considering the transformation u = 7y to both numerator and denominator of (53),

2(1+t‘r

—a—1
Wi Wagy— ™9 W, _
a2 (A (M) (- )

co ‘iv%fg Wh,g\— 24 1 (Wnyg - w\,,—2
Jo () (= () exp(—3)u=2du

M 1 MW, g exp(_%)u%+a+1(1 _ Wu )7a71du

n,g

E(/izl{lig < n}|r, 0%, D)

IN
|

n,g f01+t0 exp(—%)uTng“’l(l _ W:,g)_a_ldu

12



Now observe that for any 0 < u < nW, 4, we have 1 < (1 — %—)"*"! < (1 —n)~*! and for any

O<u< ‘fi‘t’g ,1— ﬁg < 1. Using these two facts,
w, 2 mg
M 1 Ca— MWn.g exp _u uT+a+1du
E(I{Zl{/{g §77}|T,02,D) S a W2 (1—7’) 1 OWnyg ( 2) -
S exp(—g)u+e1du
< M (1—n)—ot fooo eXp(_%)uTg+a+1d“
— W2 Wn,g mg
w0 Mg Jo 0 exp(—%)uz e 1du
M 1 THE -1
T+tg U mg
o AL e
o Wz, 7 [/ exp(—3 Ju u (54)

where C, is a generic constant independent of both W, , and 7. Hence, using (51), (52) and (54), we finally
obtain

Wn,g

+ M) (1 — pg)e Wag) M 1 i -
E(H?J‘T, 02,D) S (a 2 )( mgnq) exp (_n(l_q)’g>+2(1_77)_a_10*|:/ ’ exp(—g)u 2 +a_1du:| .
7—2a(nq)u‘+TcO 2 Co Wn7g 0 2

(55)
Next, under the assumption (A3), using (55), we have W, ,E(rk21{r, < n}|7,0%, D) < hy (W, 4, 7) and
W gE(621{kg > n}|T,0%, D) < ho(W, 4, 7) with the choices of hy(Wp,4,7),k = 1,2 stated before. This proves

W’n.,g m
(49). For (50), first observe that, [,'™" exp(—%)u~2"*"1du is increasing in W, 4, that is,

2ap

Wng -1 _ 2ap -1
1+t m t T) log( = mg
sup {/ ’ eXp<_Z>“;+aldu} = {/(H w/e(3) eXp(_g)“ 2 *‘lldu] . (56)
0 0
1

Wn,g>2ap\/; og(l)
=

This implies hg (W, 4,7), k = 1,2 is a decreasing function of W, 4. Also note that

2ap

t 7) log( = mg e mg =2 +
lim /<1+ v tox(}) exp<—g)u7+“_ldu = / exp(—g)uTJr“_ldu = # >T(a).  (57)
T7—0 0 2 0 2 (%)T'—i-a
Hence, using (57) and the monotonicity of hi(W, 4, 7), we have
1
1 <1 - =
71'1£>I%)W sup hi(Wyg,7) < lim ﬁlog<7_) 0. (58)

T (3

On the other hand, using the monotonicity of hy(W,, 4,7), for any p > ﬁ,

—2a—3 2a
e _ ). 59
W > 20pe log (1) Xp( ﬁlogc)) (59)

()

B

sup ho(Wh,g,7) <

Next, we prove that

ST L R e

13



In order to show, (60) holds, it is enough to prove that log(A;) — oo as 7 — 0, where

_ V7log(%) _ _2a+1 1\42
A= s < - =7 exp flog(%) (log(T))
exp | —

2a 1
log(A,.) = (2a + 1)1 4 2loglog| =
og(A;) = (2a+1)logT + Vrlog (D) + 2log og(T>

ﬁi{;(l)[IQGJIW(Ig(l)) . flog< )1oglog<1)1

2a
= 4o1)] = 0.
\ﬁlog(%)[ +o(l)] >0 as T
This implies (60) holds, and as a result using (59) and (58),
I ho(Wi.y,7) < li U 20\~ i o(yFlog £ )) =0 (61)
om0 1) 0\ () TR
\/;105

Finally, combining (58) and (61), (50) holds. Now, we prove (47). Let € > 0 be given. Then
€
P(Y Ung>e)< > PUng> )
geEA, geA, |An|

Let us fix some ¢ > 2 and any p > c¢. Let B,, and C,, denote the events {U,, 4 > ﬁ} and
{Wh,g > Qap\f1 oL )} respectively. Then,

ZP(U;9>‘A|):ZP(BH>

geEA, geEA,

> P(B,NC,)+ Y P(B,NCY)

geEA, geEAL
< Y P(B.NCn)+ > P(CH). (62)
gEAn geAn

Using (48) and (49) along with the form of hy(W, 4,7),k = 1,2, it follows that using (56) and (57) for
sufficiently large n, under the assumption (C3),

1
sup hy (Wi, g, )<\f10g< ) (|.A|) (63)
Wh, g>2apﬁlog(%) n
Also note that for all sufficiently large n, using (59), (60) and (63),
ro2a—y —2ZCTL 1 1
sup ho(Wi g, 7) < € vrres(z) = o(ﬁlog<)) = o )- (64)
Wh.g>2a IOg(f) T |Ay|
g pflog(%) T

Observe that, with the definition of B,,, and using (63) and (64) we have, for sufficiently large n,

for all g € A, P(B,NC,)=0. (65)

14



This implies the first term in the right-hand side of (62) goes to zero and we are left with the second term only.
For the second term, under the assumption of (C2) and (C3), using similar set of arguments used in (19)-(33),
we can show that

lim_ > P(Cg) =o. (66)

geEA,
Since € > 0 is arbitrary, combining (48)-(66) ensures (47) holds. This completes the proof of Theorem 2. O
Proof of Theorem 3:
Proof. As noted before,
P(AF® £ A,) < > P(E(1L -k, | 758,62, D + > P(E(1—ry | 7"8,0%,D) > LN (179
g€A, gEAn

To prove (67), it suffices to show

Z P(E(1 — Ky |?EB,02,'D)<§):0(1)7 as n — oo, (68)
gEAn
and
1
Z P(E(1 -k, | 758,0%,D) > 5) =0(1), as n — oo, (69)
g¢An

both when 0.5 < a <1, and a > 1.
Note that, for fixed D = {y} and %, E(k, | 7,02, D) is a non-increasing function of 7. Moreover, 758 > ~, .
where v, = Gi, for n > 1. Combining these two facts, we obtain

S P(E(ry | 778,0% D) > %) < Y P(E(sy | 0% D) > %). (70)

gEA, geEAR

Observe that, the sequence v,, = G ! for n > 1 satisfies log(%> = log(G,,). Therefore, under assumptions

(A1)-(A3) of Theorem 1, using the same set of arguments employed in proving Theorem 1 (when 7 was a
tuning parameter), one has

. 1
Jim 0 P(E(ky |y, 0% D) > 5) =0. (71)
gEA,
Therefore, (70) and (71) together yield
lim > P(E(ky | 7%,0%,D) > =) =0,

n—oo 2
gEA,

which completes the proof of (68). Now, we are left to prove (69). Note that, for any «,, > 0,

1
P(E(1 -, | 78,62, D) > 5) =P(E(1 -k, | 78,02, D) > =, 78 < 2a,,) +

N =

P(E(1 -k, | 758,0%,D) > =, 758 > 2a,). (72)

1
27

15



To complete the proof, we now appropriately choose {a;, }n>1 > 0 such that a,, — 0 as n — oo so that both

~ 1
Z P(E(1 -k, | 758 0% D) > §,TEB > 2a,) = 0(1), as n — o0
9E A

and

~ 1 .
Z P(E(1 -k, | 75B,0%,D) > i,TEB < 2ap,) = 0(1), as n — oo.
g¢An

For studying (73), we define

QG. ~T o~
1 A 1 = n n
T =—, and 7o = Zl{'ggQ’gﬂg>clloan},
where ¢; > 2, and ¢y > 1.

Clearly,

Therefore we have,

P(E(1 -k, | 78,62, D) > =, 78 > 2q,,) < P(7*® > 2q,,)

< P(?l > Qan) + P(?Q > Zan).

We note that if «,, > 0 is such that

1
ren < 2ay,, for all sufficiently large n,
whence
P(71 > 2a,) =0, for all sufficiently large n.
Thus, (75) coupled with (77) yields
P(E(1 -k, | T58,0%,D) > ¢y, 778 > 2a,) < P(T2 > 2av),

for all sufficiently large n for «,, satisfying (76).
Let us define

n, n
7/:3: Z 716 Q 7g16 >C110an},
02G
gEAR

and

~ TL,B Qn,gﬁ

Ty = ch Z { > cylog Gy, ¢,
so that

?2 = ?3 + 5'\4.

Clearly,

P > 20) < P(73 > an) + P(71 > o).

16
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Observe that

~ n/@ Qn gﬂ GA
7’ >clogGy, p < 1=—~. 80
T3 = C2G Z { C1 108 } = G g; oG ( )
We now observe that if «,, > 0 is chosen such that
G
ZAr < @, for all sufficiently large n, (81)
CQGn
then
P(73 > a,) =0, for all sufficiently large n. (82)

Note that condition (81) implies condition (76) and therefore (77) is automatically satisfied for this choice of
av,. For bounding the second term in the right-hand side of (79), we consider the generalized version of the
Chernoff-Hoeffding bound for an independent but non-i.i.d. sequence of random variables, which is stated in
the next lemma.

Lemma A.6. Let Z1,Z5,- -+ , Zy be m independent 0 — 1 random variables with B(Z;) = p;, i =1,...,m. Let
Z=3"1Zi,n=E(Z)=3" pi andp= L. Then

A
P(Z>p+ )< exp{—{me(p+ m)}}, for 0 <A< m—p,
and \
P(Z<pu—X)< exp{—{mHlp(l —-p+ m)}}, for 0 <A<y,
where Hy(z) = xlog(%) (1-x) log( “’) is the relative entropy of x with respect to p.
Note that

P(?g > QOén) < P(?4 > Oén)

] ST o
n n
=P Z 1{'6922"(76‘(]>0110an}>0204”6'4

g¢Ar
~T o~
[ 1 n,@ Qngﬁ (6% G
—-PpP 1 9 979 1 n __non
o S e > e
g¢An
~T —~
[ 1 nB, Qg8
<P|l———— Z 1{92’9 >cilogG, ¢ > ay
(G —Ga,) e o
' B, Qn.,B
n n,
-p Z 1{g02g9 > ¢ loan} > a,(Gp —Ga,)
Cg¢An
=P Sn - ]E(Sn) > an(Gn - G.An) - E(Sn)] say, (83)

where the second inequality holds due to coG,, > G, — G 4, and

~T —~
S, = Z 1{7159(3;,959 > clloan}.

g¢An
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o _
To find an upper bound for (83), we use Lemma A.6 taking m = G,, — Ga,, Z; = I{W > ¢ log Gn},

_a
2

~T ~ c
E(Z)=pi =P <nﬁ9329’69 > ¢ log Gn> <myG, * (log Gn)Tg—l7 < SGY_LTlH(log G,)27 ! and

—i S . .
p= Gn—MiGAn < 8Gp ? (logGp)2~1 , where s denotes the maximum of the group size. For

A=an(Gy —Ga,) — p, we have 0 < A < m — p. Also, we have p + ﬁ = a,. Hence,

Hy(p+ /\):anlog<an> +(1—an)log<1_an>. (84)

Gn—Ga, p L—-p
Also, note that, since ¢; > 2, 2 — 0 as n — oo under the assumption that G} < G4, < G52 for some
0<er <ex<3.

O 1 -
Recall that, y — 1 as y — 0. Hence, with y = =2 the second term in the right hand side of (84) is of
the form '

1og(11‘o;”> = ?:Z: (1+0(1)), (85)

where o(1) depends only on n such that lim,,_,~ 0(1) = 0. Hence, using (84) and (85), an lower bound of
Hp(ay) is given by

Hy(om) = o, 1og<°;"> + (1= o) - m(l +o(1))
= an 1og(O;”>(1 +o(1))
2 an(140(1)). (86)

With the use of Lemma A.6 and (86) with the assumption G 4, = o(G,,), the upper bound of (83) is obtained
as

~T o~
~ 1 nB, Qn B
P> 200) < PGy 2 e
g n

< exp (~anGul1+ o(1))
<o (-S040, (57)

where inequality in the last line holds due to (81). Choosing o, = o GC;‘” , we immediately see that a,, — 0

and satisfies (76) and (81). Thus, with the above choice of a,, and combining (78) and (87), we obtain

Z P(E(1— &, | 758,06, D) >
gEAn

1 G

=, 7B 5 20,,) < Gy exp <_A"<1 + 0(1))).
2 C2

Since, G5} S G4, S G for some 0 < €1 < €2 < 3, we can conclude that

~ 1
Z P(E(1 -k, | 78,62, D) > §,TEB > 2a,) = 0(1), as n — oo. (88)
g¢An
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We now proceed to prove that
1
Z P(E(1— &k, | 78,62, D) > 5,?EB < 2a,) =o(1), as n — oco. (89)
gEAn

Case-1 a > 1.
Now using the monotonicity of the shrinkage coefficient and then by Markov’s inequality, the term in the left
hand side of (89) can be bounded as

1
> P(E(1— kg | 778,0%,D) > 5,?EB < 2a,)

9 An
1
< P - 2 =
< Z (E(1 — Ry | 2ap,0%,D) > 2)
gEAn
<2y E(BE(1-#y|20,,0%D)), (90)
gEA,

nB, Qu.oB
where the outer expectation is w.r.t. to W, j = —4—4—2

we have

. Since, by definition, E(1 — k4 | 2a,, 0%, D) < 1, so,

E(1 = kg | 200,0%,D) = E(1 — kg | 200,0%, D) 1{w, 5201 tog G} + E(1 = kg | 200,07, D)1, <1 1og G}
< 1w, >2e1 log G} + E(1 = kg | 20,0%, D) 1w, <21 10g G }- (91)
Now consider Lemma 1 of Paul and Chakrabarti (2025), which states that:

Lemma A.7. Suppose X ~ N, (0,1,,), where X = (X1,---,X,,) and @ = (01,--- ,0,). Consider the class of
priors given by, fori=1,...,n, 0;|\2, 7 e N(0,A272) and N2 e 7(\2) = K(A\?)"* 1L(A\?) with a > 1.
Define r; = 1/(1 + N272),i=1,...,n. Then for any 7 € (0,1) and any z; € R,

i

© 2 .
E(1 — kilzi, ) < (7264 + KTQ/ gt L(t)e e dt) (1+0(1)), (92)
1 (14tr2)2

where the term o(1) depends only on T and lim, o o0(1) =0 and fooo t=o IL(t)dt = KL

Next, using arguments similar to Lemma A.7, we provide an upper bound on E(1 — k4 | 7,02, D) for any
7€ (0,1).

Wn

1 talL(t)elj:j—qudt> (1 + 0(1))7 (93)

(1+t12)

00 2
P 2 Wn,g tT
E(1H9|T,U,D)§<Te 1 +K/1 e

mg
2

where the term o(1) depends only on 7 and lim,g0(1) =0 and [~ ¢~ 'L(t)dt = K.
Now, using (91) and (93), we obtain, for any 7 € (0,1)

E(E(1-ky | 7,0 D))
t7a7—2 “_2 Wn,g

9 Wn,g e A
< P(W,,e > 2a1 loan)—i—E[ (’T e 4 —|—K/l m[z(t)eu T % dt) (1+0(1))1{Wn,g§261 log G }

(94)
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Since, for all g ¢ A, Wy, g ~ ang, so, by Lemma A.5,
P(W,, 4 > 2c1logGy) S G (log Gy)2 7t (95)

Next, for the second term in the right-hand side of (94), noting that the term (1 + o(1)) is independent of any
particular g,

W 1 2cy log G, N u my
El|r?e 1 (1+ o(1)liw, <26, loan}} = Tzﬁ / e exp<ff)u771du(1 +o(1))
2720 (52) Jo 2
1 c1 log G, u mg
_ 2 M9
=T () /o exp<—§)u du(1+ o(1))
<7214 o(1)). (96)
Finally, for the third term in the right-hand side of (94), note that
2c1 log Gy, o'} 2 172w m
. ! et T L (t)eTer? 2 exp(—g)u%fldtdu
0 1 14t (1+tT2)Tg 2

o) t7'2 1 2c¢q1 log G, e u my
:/ 3 =t L(L) / e 20y "y | di
1 l4tr (1 4 th)T 0

0o t7-2 2cq log G
14+t72 2 mg
:/ — L) (/ e 372 —1dz> dt. (97)
1 0

1+ tr2

We now provide an upper bound on (97) separately for a =1 and a > 1.
For a > 1, using the boundedness of L(t), it is easy to show that,

2¢q log G
o 4r2 TRt L om

/ % tTOTIL(t) / " e 322 Nz | dt < 72 (98)
1 1 + tT 0

For a = 1, we have the following

2¢q log Gy,

o] t 2 1+¢r2 . m
/ T 5 St (1) / T emE g | dt
1 1+t7— 0

[e’e} t7'2 e tlog L m
< / AT L() / e 5272 " ldz | dt
1 1 + tT2 0

<C /Oo tr’ o LL(¢)dt
- 7 1 1+t7_2 ’

where C7 is a global constant independent of n. Next, note that, 1 + ¢t72 > t72 for any t > 0 and t72 > V/t if
and only if ¢ > J;. As a result, we have

R , [T ) 1
——— -t “L(t)dt < Mt t=dt = Mr*log| — |, (99)
1 ]. + t7—2 1 T4
and
* tr? -2 5 [T s 4
tTEL(t)dt < MT t72dt = 2MT°. (100)
ER tr2 a
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Hence, for a = 1, the upper bound on (97) is obtained as

2¢q log Gy,

*tr? —a—1 Lher? 2 mg g 2 1 2
-t L(t) e 2272 Tidz | dt <2M7[log| — | + 77 (101)
1 T

1+t72 0

As a consequence, for a > 1, the upper bound of the third term in the right-hand side of (94) is of the form

o0 t7—2 1 —a—1 _tr?  Wn.g 2 1 2
E |:K/1 1+ t7-2 . (1 N tTQ)% t L(t)el+t72 2 dt(]. + 0(1))1{Wn,g§01 loan}:| g T [10g<7_2> + 7 Kl + 0(1))

(102)

Finally, substituting the upper bounds obtained in (95), (96) and (102) in (94) with 7 = a,, = ng%, the
upper bound on (89) can be obtained as

1
> P(E(1-#y | 778,0%,D) > 5,?EB < 2a,)
g¢An
(Ga,)? (Ga,)?

< G;c1+1(log Gn)é—l + T(l +o(1)) + . log G, (1 + o(1)).

Hence, for ¢; > 2 and G S G, S G2 for some 0 < €1 < €3 < 3, we have
1
Z P(E(1 -k, |78, 6%, D) > 5,?EB < 2ay,) =o(1), as n — oo. (103)
9¢An

This completes the proof for a > 1.
Case-I1 % < a < 1. Again using the monotonicity of the shrinkage coefficient, the term in the left-hand side of
(89) can be bounded as

1
> P(E( -k, | 7,0 D) > 5,?EB < 2a)

gEA,
1
< Y P(E(1- k| 20n,0%D) > 3)
g¢An
G_A 2a Gn ‘%71
<G, == 1 1 1)).

Here, inequality in the last line follows due to arguments similar to the proof of Theorem 1, where 7 is
assumed to be a tuning one.

Note that, for 3 < a < 1, there exists € € (0,1 — 5-) such that 2a(1 — €) > 1. Hence, when § < a < 1, for
GG S Gy, S G2 for some 0 < e < €2 < 1— 5=, we conclude

1
> P(E(1—ry | 78,07, D) > 57?EB < 2a,) =o(1), as n — 0o (104)
g¢An
and the proof is completed for % <a<l. O

Proof of Theorem 4:
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Proof. To prove Theorem 4, we employ a similar set of arguments used in the proof of Theorem 2 when 7 is
1 ~HT ~
used as a tuning parameter. Here, T} is as defined in Theorem 2 and T, = aTEj\n (Ba, g —Ba,)

As in Theorem 2, it follows that for proving Ts Ei 0, it suffices to show that

Z Ung L0 as n— 00, (105)
geA,
where
B, Qn.,B
n n A
Wn’g = QTM’ and Un,g = WnygE(sz | TEB702,D).

Now to establish (105), let us first fix any €y > 0, and take y, = g, for n > 1. Note that, for fixed D = {y}
and o2, E(k, | 7,02, D) is non-increasing in 7, and 752 > ~,, for all n > 1. Therefore, for 7,, = 7,, and using
the monotonicity of 7, we only need to show that

Z Uny= Z W717£,E(/££27 | Yn, 02, D) 250 as n— . (106)
geA, geEAL
Next, we proceed following the steps as mentioned in (48)-(62) with 7, = g—. Now we define C,, as
Cp={Wyn4> 2ap1g } and B, as B, = {U, , > ‘j‘—o‘} Hence, to obtain the optimal estimation rate, it is
enough to show that
lim_ > P(B,) =0. (107)
gEAR

Here, observe that under the assumption that |A,| = O(G),0 < € < %, we have, for k = 1,2,

W mWag ) = ol )
Wh,g>20p 105G
As a consequence of this, we have for all g € A,
P(B,NC,)=0.
This also ensures
lim g;n P(B,NC,) =0. (108)

Next note that for 7, = Gin, we have G,,\/Tn log<%) — 00 as n — 00, and hence using similar set of

arguments used in (19)-(33), we can show that
lim_ > P(Cg) =o. (109)
gEA.

Finally combining (108) and (109) implies (107) and (106) holds. As a result, (105) is also established, and
using Slutsky’s Lemma, the proof of Theorem 4 is completed. O

Proof of Theorem 5:
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Proof. Here also, we will show that

Z P(E(1— &, |7%8,6%,D) < 5) =0(1), as n — o0, (110)
gEAn
and
1
Z P(E(1— &k, |78, 6%, D) > 5) =o0(1), as n — oo, (111)
g¢An

both when 0.5 < a < 1, and a > 1, where 7FB is defined in (24) in the main document.
Now, using the same technique as used in the proof of Theorem 3 and taking , = (Gi)z, for n > 1, and then
following steps similar to (70) and (71), we obtain

. . 1
nh—>ngo ZA P(E(’%g | TEBaU2>D) > 5) =0,
gEAR

which completes the proof of (110). Now, we are left to prove (111). Again, following the same steps as given
in the proof of Theorem 3, along with the use of (87) with the use of (23), we obtain

~EB _2 1 _EB\1 —ZAn (140(1))
> P(EQ-ry|7 ,0%,D) > o, (T°F) > 20n) < Gpe™ :
g¢An

Since, G5} S G4, S G for some 0 < €1 < €2 < 3, we can conclude that

" P(EQ -y | 758,0%,D) > -, (FP)% > 20,) = (1), as n — co. (112)

g¢An

N |

Next using the monotonicity of E(1 — k4 | 7,02, D), it follows

1 1
> P(EQ1 -k, | 7,0 D) > 3 (FEB)2 <20,) < Y P(E(1 -k, | (200)%,0%,D) > 5)
9¢A7L g%An
1 s
< Gnai[log<>]2.
Qp

With the choice of a,, = 2542 ¢y > 1 for all n > 1, and since, GG S Ga, S G2 for some 0 < € < €3 < 3,
we conclude that

G

1
3" P(EQ -k, | 7°,0%,D) > 3 (7EB)2 < 2a,) = o(1), as n — oo. (113)
9E A,
Combining (112) and (113), we obtain (111) and the proof is completed. O

Proof of Theorem 6:

Proof. To show that the main document’s decision rule (16) is an oracle, we first show the selection
consistency part. Using similar arguments used before, again, we have
- 1 1
PA™ 2 A) < S P(E( -5y |0 D) < )+ Y P(E( -5, |0%D) > ). (114)
geA, gEAn
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Here also, our target is to show the following:

1
Z P(E(1 -k, |0* D)< 5) =o(1), as n — oo, (115)
gEAR
and
1
Z P(E(1 -k, | 0* D) > 5) =o0(1), as m — o0, (116)
gEAn

both when 0.5 < a <1, and a > 1.
In order to show (115), first note that with the use of D1,
Y2n
B(sy |0%,D) = [ By | 70,0% D)(r, [D)ir
Yin
< E(Hg | 71n’027D)'

Here, first, we use the fact that given 7,02 and D, the posterior mean of kg depends only on gt group.

Inequality in the last line follows since, for any fixed 7, and 02, E(ky | 7,,, 0%, D) is non-increasing in 7. As a
result of this, we have

1 1
Z P(E(1 -k, | 0% D)< 5) < Z P(E(kg | vin,0?, D) > 5) (117)
geEA, geA,

Next using the same steps as used in (32)-(33) with 7,, = v1,, and noting that log<%) = log(G,,), along with
the use of (117), (115) is established.
In case of proving (116), note that

Y2n
E(1-ky|0*D)= / E(1—ky | Tn,02, D)r(7,|D)dr
Yin
< E(1—ky | ’)/Qn,O'Z,D).

Here, first, we use the fact that given 7,,,02 and D, the posterior mean of 1 — k, depends only on g'" group.
Inequality in the last line follows since, for any fixed 7, and o2, E(1 — Kg | T, 02, D) is non-decreasing in 7.
As a consequence, it follows that

1 1
2 2
S PEL -k, |6%D) > ) < 30 PEQ - 5, | 100.0D) > 1)
g%'An g¢An
1 s
< Gmnuog@)]zl(l T o(1)).

Inequality in the last line follows due to arguments similar to those used in (34)-(38). Finally, under the
assumption that Gnvgn[log(%mg_l — 0 as n — oo, (116) also holds and completes the proof related to

variable selection consistency.
Next, we move forward to show the optimal estimation. Here we aim to show,

1 _HT ~
aTZ)j‘n (Ba, rB—Ba,) Lo0asn — .
Now making use of the same arguments as used in (41)-(47) of Theorem 2, we only need to show that
Z Wn,gE(ﬁi | ’Yln,027D) £> 0 as n — oo. (118)

gEAR
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Next we follow the same steps as mentioned in (48)-(66) with 7 = 71,,. Note that since vy, satisfies both
Gnv/1n log<ﬁ) — 00 as n — 0o and log(%> = log(G,,), it is immediate that (118) holds and as a result,

Ts £ 0asn — . Finally, the use of Slutsky’s Theorem completes the proof of Theorem 6.
O

B Property of the Half-Thresholding (HT) estimator

In the main document, we have stated the results related to the oracle property of our proposed decision rules,
irrespective of the level of sparsity to be known or unknown. However, along with the variable selection
consistency, one may also be interested in studying the accuracy of the half-thresholding(HT) estimator with
respect to an appropriate loss function. Theorem 7, stated and proved below, indicates that in an extremely
sparse situation with no signals or in the situation where the true group coefficients are allowed to grow only
up to a polynomial rate in n, our HT estimator has a clear edge over the traditional Bayes estimator.

Theorem 7. Consider the hierarchical framework of (5) where m(A2) is as in (6) with a > 1 and the

—~ ~HT
half-thresholding (HT) rule (9) based on these. Let A, = {g: ,62 #0} and A, ={g: B, # 0} denote
respectively the set of truly active groups, and the set of groups declared active by the half-thresholding rule (9).
Let Qp g = Xng/n, forg=1,---  G. Then, we have the following.
(i) In a sparse situation, under the assumption (A3), if all groups are inactive, our proposed HT estimator of
ﬁg 18 more accurate than that of the posterior mean with respect to squared error loss, i.e., for all sufficiently
large n,

B;MfﬁSHz. (119)

G"L
> Eay
g=1

(i) Along with (A2)-(A4) and (C1), we further assume that for any active group g € A,,, max; [By;| < n®s,

Jor some 0 < C3 < 0o. Then also our proposed HT' estimator of B, is more accurate than that of the posterior
mean with respect to squared error loss, i.e., for all sufficiently large n,

Gnp
> Egy
g=1

G
~HT 2 ~
0
'69 7/3gH2 < ZEﬁS
g=1

ﬁ;M—ﬂgHz- (120)

G
0
B, —59H2 <> Eg
g=1

Proof of Theorem 7:

Proof. The proof of (119) follows as a byproduct of the proof of (120). Hence, we now focus on proving (120).
From the definition of the mean squared error of an estimator, one can write the mean squared error of the

~HT
half-thresholding estimator 8, as

~HT oll? ~HT oll? ~HT oll?
Ege|| 7'6H2:ZEﬁ2 By 759”2+ZE52 Py 7'69H2
gEAn g n
~HT 0 2 ~HT|2
= Z Epgy |Bq *ﬁsJH2+ Z Epgy ||y ‘2’ (121)
.(JEAn

g n
where the last line follows from the fact ﬁg = 0 for each g ¢ A,,. Similarly, the mean squared error of the

~PM
posterior mean 3, can be obtained as

~PM oll?
Epl8 -0, = 3 Eey
geAn

By

~PM||2
H2 (122)

~PM oll?
By _'39H2+ Z Epg

g¢An
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Hence, to establish part (ii) of Theorem 7, it would be enough to show that, for all sufficiently large n,

~HT |2 ~PM||2 .
3 ExlB, H2: S ExlB, H2+e1n, with e1, < 0, (123)
g¢ A 9¢An
and
~HT oll? ~PM oll?
> En|B, 85, = X Bas[B, 8|, + czn where ez = ofern). (124)
geA, geA,

~HT
Proof of (123): From the definition of the half-thresholding estimate, 3 g givenin (11) of the main document,
it follows that,

~PM||2 ~HT||2 ~PM||2
_ 2
H HQ B Hﬁg H2 o Hﬁg HzI{E(l = g [ 70,07, D) < 0'5}' (125)
AHT 2 APM 2 . . . . .
Hence, for any g, (|3, H < H,Bg H . As a result, for obtaining (123), it is enough to establish that for any
2 2

~PM||2 ~HT||2
gé¢ A, By H — H g H > 0 with some positive probability. Therefore, we are interested in exploring the
2

~PM|[2
behavior of Hﬁg HQI{E(I — kg | Tny 02, D) 0.5} for g & A,.

Observe that, from Proposition 1, it follows that
E(1 -k | Tn,02%,D) L 0asn — oo, uniformly in g ¢ A,.
This implies that, for any g ¢ A,

H{E(1 — g | 7y,0%, D) <0.5} =1 on the set Bi,, and lim Pgo_o(Bin) = 1, (126)

n—oo

~PM
where By, = {E(l — Ky | Tn,0%,D) < 0.5}. Again, for any g ¢ A, using the definition of 3, ,

~PM||2
Hﬁg H2 > 0 on the set By, and PEBZO(B%) =1, for all n, (127)

~PM||2
where By, = {H,Bg H2 > 0}. Hence, combining (125)- (127) along with the definitions of By, and Bs,, we

have
~PM||2 5
H,Bg H I{E(1 =Ky | 7n,0%,D) < 0.5} > 0 on the set By, N By,
2
with

Pﬁgz()(Bln M Bgn) Z Pﬁg:(](Bln) —+ Pﬁg:[)(BQn) —1—=1asn— 0. (128)

Hence, for all sufficiently large n, uniformly in g ¢ A,
ngzo(Bln N Bsy,) — 1. This along with (125) implies,

Zgé«An E'BSZO |:‘

~PM |2 ~HT |2 .
B, H2 _ Hﬁg H2 > 0 on the set By, N By, with

~PM||2
B, H I{EQ1 - kg | 1,02, D) < 0.5}} > 0 for sufficiently large n.
2
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Let us define,

~HT|2 ~PM |2
n= 3 mfB - 5 )
gE¢A, g¢An

~PM |2 5
==Y Bagoo||By || H{EQ — s | 7,0% D) < 05} .
9EAn

2

Then, using our previous arguments, it follows that ey,, < 0 for sufficiently large n.
Therefore, for all sufficiently large n, we have

S BB AHTH Z Eg |3

g¢An

M 2
H + e1n, With ey, <0,
2

which completes the proof of (123).

It is important to observe that, when all groups are inactive, A, = 0. In this case, the first terms in both
(121) and (122) will disappear. Consequently, (119) trivially follows from here. This concludes the proof of
part (i) of the present theorem.

Now we prove (124).
Proof of (124): Note that, for any g € A,

2
HT

'@g By QZEﬁS[

~HT ~HT o
Eﬂ‘; By ‘ﬂg — By

—~ 2 —~
T ﬂij}} + Ego [ B, # ﬂl;M}]

~PM oll? ~HT oll? ~PM oll? ~HT  ~PM
ﬁg _/BgH2+Eﬁ2 Hgg _69H2_H/8g _/BgH2 1{/69 #IBQ } * (129)
~HT
Next, observe that, using the definition of 3, , we have
~HT  ~PM ~HT

Using this fact, the second term in the right hand side of (129) is of the form

B | (B - 5], - 3" - 5], )18 # 8]

= | (|87 3], 80" i) 4B = 0]

= £ | (08315~ 3" - 5, 168" =}

~ g | (20078, - 3, )18, = 03. (130

Hence, for proving (124), first we need to obtain an upper bound of

2 gea, Epo K (87) ﬂPM - HAPM’ 2) 1{f3§T =0}.
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Note that,

i (278~ [3L) < 2 (208) + £ (J8) |
< 8"y ([B1°) + 250y (|8)
< 5@y o ([B.[1) 2 ([ (1)

In the above chain of inequalities, the first inequality holds because of the fact (a — b)? < 2(a? + b?), for any
two real numbers a and b. The second inequality here follows from the Cauchy-Schwarz inequality, while the

~PM ~PM||2 ~ |2
last one follows from the definition of 8, , and the fact H By g||_» for any arbitrary group g.
2

Since, Bg ~ N, ( a0 o? (XEXQ)’l), using standard theory of multivariate normal distributions, it follows that
~ 2 9 B
E(HﬁgHz) = 1812 + P Tr(XTX,) )
2 02
0
= 188l + 5 S

g CgS

<||8sl; + : (132)

where 7; is the j* diagonal element of n(Xng)_l. Note that, (C1) implies 1, is bounded for all
j=1,...,mg. Also, observe that, E((Z;ﬂ:gl 3_(]]»)2)2 <'my Z;n:gl E((B\gj)‘l). As a result,

24 04 2 | gj)Q ot 2
B((Bg;)") = (Bg;)" + 607n; — = + 35 (nj)
2c ic
< (B2) +62 2 (55,)? +30n2‘°’. (133)
Combining (131)-(133), we obtain, for all g € A,
~PM APM
iy ()78 - [B[]) < e 6t (134

~HT
for some arbitrary constant Cs, independent of both g and j. On the other hand, using the definition of 3,
followed by (18) and (23), we have

~HT 1
Ego[1{B, =0}] = Pgo(E(l — ryl7,0%,D) < 5)

< \/Fcl;nexp( Cgnm? )(1+o(1)), (135)

where o(1) is independent of any g € A,, and C7 and Cs are some constants independent of any g € A,,.
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Hence, using (134), (135) and by Cauchy-Schwarz inequality along with (A2), for all sufficiently large n,

> o (28 [ )BT 0] = 3 s (B [B) mn ) -

geAn
b1 _
< Z j_gnaxm (B9;)?n> "% exp(—0.5Csn’ ) (14 0(1))
geAn
<n exp(C’2 xn )(1 +o(1)), (136)

for some C; > 0,4 =1,2,3. Here the last line holds since for all g € A,, max;—1, . m, ﬁgj < n%, for some
C3 > 0 and |A,| < n. Let us define

H P

— Eﬁo

ﬁOH —EgllB

-3,
Next using (129)-(136), we have, for all sufficiently large n, ez, < n% exp (C’g X n )(1 +o(1)).

Hence, we are left to prove that, e, = o(e1,), as n — co. For this, we need an upper bound on ey,.
Towards this, first observe that,

~PM |2 )
Ego—o Hﬁg H H{EQ1 - kg | 1,0°,D) <0.5}

> Eﬁg_o[Hﬂ H {E(1 = kg | 7,

22}]

1 ~ 2 1
5 Bpg—s {(E(l — tig|Tn, 0%, D)2I{E(1 — Ky | 7,0%, D) <050 HBQH2 > nz}]

1 1 2 1
> n2 n(4a+2)Eﬁ0 Q[I{E (1—kg]| T, 0 ,D)<0.5N H,@ H Q}I{E(l —Kg | Tn,0°,D) > m}
1
> —aray Py=0(Bin 0 Bsn N Bun)
1
2 ptawrn F83=0(Bin) + Fag—o(Ban) + Fgy—o(Ban) — 2], (136)

2
where By, is the same as defined earlier, Bs,, = {’ gl = 7112} and By, = {E(l — kg | Tn,0%,D) > ﬁ}

Here in the chain of inequalities, the second one holds due to the definition of the posterior mean along with
the lower bound on the least square estimate. The fourth one follows due to Markov’s inequality on the event
Byy,. The last one follows from Boole’s inequality.

Recall that, Proposition 1 implies, lim Pﬁo,O(BM) = 1. Hence, our next target is to show that,

lim Pgo_o(Bsn) =1 and hm Pﬁo 0(B4n) = 1. Towards that, note, under (C1), we have

n—oo

W, "Bl _
C’g o2 - Oy
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2
Hence, for Wy g ~ X5, ;

nH 9ll2 1
Pay—o(Bsn) = Fgo—o| ——5— > —

no

”ng 1
> _ . —_—
= Pﬂ2—0< Cg > n0.2>

— 1 asn — oo. (137)

Hence, it is only left to show that, lim Pﬁ2:0(34n> = 1. For this, we need to obtain a lower bound on
n—o0

E(1— kg | Tn,02, D). We consider two cases a € [3,1) and a > 1, separately.
Case 1: a € [%, 1). Using the definition of the posterior distribution of k, given T, o2, D, we have

B(1 =y | 7a,0%, D) fol“aﬁgfl“‘“g)_”(%(rt—1>)exp{—ﬁg~%}dmg
~Kg | Tn, 00, F) =

fol na+ o — (1 — kg) 1L (TLQ(HL — 1)) exp{ — Kg - Wé‘vg }dlig

( ) fo A 1_’%) GL(%(é_l))d"ig
> exp 2

: (138)

mg

1 a+ - g
Jo s F T A = k) L (B (GE - 1) diy
where the inequality holds using the monotonicity of the function k — exp(—ch / 2),0 < k < 1. Next, using
the transformation ¢ = 25 (-= — 1) in the integrals above, we obtain
n 9

2]’0 (1 + tr2 —m—lt‘aL(t)dt
P 4 tr2) " e L L(E)dt

Tg/ (1 +t72) =2 "4 L()dt(1 + o(1))
0

> K exp ( ”/;*9)75“(1 +0(1)), (139)

where K is a constant depending on tg, a, s. Here, the equality in the second line holds due to using the
Dominated Convergence Theorem on the gLenominator The inequality in the fourth line holds because of the
monotonicity of the function ¢+ (1 +¢)~ ="' in the interval [to, to} (A2) followed by (5) of Lemma A.1
ensures the inequality in the fifth line. The final one holds due to Assumptlon 1on L().
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Case 2: ¢ > 1. In this case, too, following arguments same as those of (138) and (139), we have

W, o0
E(1—ky | Tn,0?,D) > K exp (— 29>7',2L/ (1+tr2)" 2 “H7*L(t)dt(1 + o(1))
0

1
W, -z
o (-2} [ o
1

+
1
m 72
22291Kexp< > T / "tTOL(t)dt(1 + o(1))

>275 ' Kegexp ( > / t4dt(1 + o(1)).

2) =5 Lo ()dt(1 + o(1))

§1\>"“

(140)

1 El
Since, for a = 1, ff% t=%dt = log (&) and for a > 1, ff% t=adt = ﬁ[l - Tﬁ(a_l)], using (140), we obtain

Koexp | — Yza )72 10g (L)1 +0(1),a=1,
E(l -k, |Tn,027D)2 "

Ksexp | — Y22 )72(1 4 0(1)),a > 1,

where Ky and K3 are constants depending on tg, a, s. Combining (139) and (141), for a > %,

Ky exp —% 2¢(140(1)),0 < a < 1,

E(l —ky | Tn,0%,D) > { Kyexp | — % 72 log (T%,)(l +o0(1)),a =1,

Kyexp | — W;’g 2(1+o0(1)),a > 1.

Hence, we need to show lim Pgo_q(Bay,) = 1, for a € [%, 1) and @ > 1. When % <a<l,
n— 00 9
1
P,B(;:O(le'ﬂ) = Pﬁgzo E(l — K}g I Tn,O' D) m

W’I’LA a 1
> Pﬁgzo (K1 exp <— 2’g>72 (14+0(1)) > 71(2‘1“))

n 1
= Pﬁo_o(logKl - % - 2alog<) +o(1) > —(2a+1) 1ogn)
g Tn

W, 1
= Pﬁg_o( ;’g < (2a+1)logn — 2alog<7_> +o(1) + log K1>.
Observe that, under (A4), for sufficiently large n,
1
(2a +1)logn — 2a10g(> > (2a+ 1)logn — 2alogn = logn.
Tn
Therefore, combining (143) and (144), for a € (0,1),

Pﬁg=0(34n) > P52=0 (ng < 2logn + 2log K1 + o(l)) — 1, asn — oo.

31

(141)

(142)

(143)

(144)

(145)



For a > 1, using the lower bound obtained in (142) and following similar arguments of (143) and (144), again
we can show that,

Pﬁg:o(Bzm) — 1, as n — 0. (146)
Combining (145) and (146), for a > 0, we obtain
Pgo_o(Ban) — 1, as n — oo. (147)

Combining (136), (137) and (147), we have, for sufficiently large n,

€in = — Z Eﬁg:o |:‘

~PM||2
B, HQI{E(I — kg | Tn,0%, D) <05} S —n W) (1 4 0(1)).
g¢An

This ensures es, = o(e1,), as n — co. As a result, (124) is established. The proof of Theorem 7 is completed
using (123) and (124). O

We end this subsection with the following remark.

Remark 1. Theorem 7 establishes that the HT estimator is more accurate than the traditional Bayes
estimator if the conditions (A2)-(A4) and (C1) hold. Note that (A4) implies that the level of sparsity is known
and hence the global parameter T, is used as a tuning one. Hence, a follow-up question is whether the same
result holds when the level of sparsity is unknown, when either empirical Bayes or a full Bayes treatment on T
1s employed. The next two corollaries provide a positive answer to this question. Proofs of these follow from
arguments used in Theorem 7 and Theorems 8 and 6 of the main paper, and hence are skipped.

Corollary 1. Consider the hierarchical framework of (5) where w(A2) is as in (6) with a > 1 and the

half-thresholding (HT) rule (14) based on these. Let A, = {g: ﬂg # 0} and AEB) = {g9: BZ;B # 0} denote
respectively the set of truly active groups, and the set of groups declared active by the half-thresholding rule
(14). Let Qn g = XXy /n, forg=1,--- ,G. Along with (A2),(A8) and (C1), we further assume that

|An| = Ga, is unknown and G < Ga, S G2 for some unknown 0 < €1 < €2 < 3, with any active group
g € Ay, satisfies max; |,ng| < n%, for some 0 < C3 < co. Then also our proposed empirical Bayes HT
estimator of B, is more accurate than that of the posterior mean with respect to squared error loss, i.e., for all

sufficiently large n,

~HT

e}
2 n P
0
ﬁg,EB - /69H2 < ZEﬁZ
g=1

~PM oll?
Py _ﬁgHz'

Gn
> Egy
g=1

Corollary 2. Consider the hierarchical framework of (5) where w(X2) is as in (6) with a > 1 and the
half-thresholding (HT) rule (16) based on these and T is assumed to have a non-degenerate prior distribution

satisfying (D1). Let A, = {g: ﬂg # 0} and AFD = {g9: BZ?B # 0} denote respectively the set of truly active
groups, and the set of groups declared active by the half-thresholding rule (16). Let Q4 = X;Xg/n, for
g=1,---,G. Along with (A2),(A3) and (C1), we further assume that |A,| = G, is unknown and

GSE S Ga, S G2 for some unknown 0 < €1 < €2 < %, with any active group g € A,, satisfies

max; |[32j\ < n%, for some 0 < C3 < co. Then also our proposed full Bayes HT estimator of B, is more
accurate than that of the posterior mean with respect to squared error loss, i.e., for all sufficiently large n,

G’IL 2 G’!L 2

~HT 0 ~PM 0
ZEﬁg ’BngBi'@gH2<ZEﬁ2 By *5;;”2-
g=1 g=1
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C Gibbs Sampling

Within the hierarchical form (5) of the main document, and using the prior distributions on 7 and o2 stated
before, the Gibbs samples are drawn from the full conditional distributions as follows:

(1) Sampling from the Posterior Distribution of 3:
Since, the full posterior distribution of 3 given ()\2, 0%, 72, D) is

G T~T
) ATXTX, 3
2 2 2 T~T T~T g
(8| A%, 0%, 7 ,D)o<exp[2a2 (B XTX3 - 28TX y+g§_:19)\§7_29>}

we obtain for g =1,..., G,

2 2 2 1 Ty T Tty BoXo Xy -
W(ﬁg|18—g7A7J7T7ID)O<eXp _ﬁ ﬁgxgxgﬁg_2ﬁgx‘gy+T+ Z /Bngngﬁfg )
9 g'(#Fg)=1

This is equivalent to saying for g =1,...,G,
2 2 2 2
/69 | (B—ga)‘ yO T aD) ~ ng(p’gag 29)7
. _ _ G
with u’g = (1 + ﬁ) 1(X3XQ) 1(X§y - Zg/(;ég)zl X;X*Q/Bfg) and
Y,=(01+ A_glﬁ)_l(x;rxg)_l =(1- Kg)(X;;FXg)_l-
With the additional assumption on the block-orthogonality of the design matrix X, we have for g =1,... G,
2 ind
ﬂg | (A )0-277-272)) ~ ng (l’l’g70-229)7

with g, = (1 — #g)B, and By = (1 — ) (XTI X,) L.

(2) Sampling from the Posterior Distribution of o?:

The full posterior distribution of o conditioned on (3, A2 72, D) is given by
G

-2 {(y—Xﬂ>T<y—Xﬁ>+Zﬂ3X3’%H.

o2 2 2272

m

tg
2D % exp

w02 | B,A%,7%,D) x (%) (FHE
g=1

Hence,

G G AT
o? | (B, /\2,7'2,73) ~ Inverse Gamma (Z + Z %, y=XB)'ly -~ XB) + Z By X;FXQ,Bg> .
g=1

2.2
2 per 2)\97'

(3) Sampling from the Posterior Distribution of \2:
Observe that, for each g =1,2,--- |G,

_ (mg+1)

(g0 . 1 By XXy
TO3 1 B0 72,D) o ()5 (L ) xenp | = 55 20

)\TQ] 272052
Using the Slice-sampling approach of Damlen et al. (1999), posterior sampling is done in two steps:

1. Given )\3, sample u, from the Uniform distribution supported over the interval (0,1 + )\3).

2. For given (8,,0%,72,D), sample A2 from an inverse-gamma distribution with parameters (m"gi_l) and
TxTx . —
%, truncated over the interval (0, 2="2).
T=0O U/g
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(4) Sampling from the Posterior Distribution of 7%:

T T
1 2-2 X Xgﬁ
=R ( 22 2)\202 '

Again, using the Slice-sampling approach of Damlen et al. (1999), samples are drawn from the above posterior
distribution of 72 as follows:

7r(7'2|,8,02,)\2,’D) o

2

1. Given 72, sample u from the Uniform distribution supported over the interval (0,1 + 72).

(p ) and

2. Given (8,02, A%, D), sample 72 from an inverse-gamma distribution with parameters

G ByX;XyB, —u
> g=1 W truncated to have zero probability outside the interval (0, T)

D Additional simulations

D.1 Simulation setup

e Example 5. For this example, we consider the case when the group sizes differ. Let us consider the
scenario when n = 200 and p = 50 predictors are grouped in 16 groups with group sizes
4,3,3,2,2,22.224.4 4425 and 5 respectively. Let
8 =1((0.1,0.2,0.3,0.4),0,0,0,0,0,0,0,0,0,(0,0.4,0,0),0,0,0,0,0) for weak signal strength and
B8=1(1,2,3,4),0,0,0,0,0,0,0,0,0,(1,1.1,1.2,1.3),0,0,0,0,0) for strong signal. In both of the cases,
the first two 0 denote null vectors of length 3, the remaining are of length 2, except the last two, which
are of length 5. In this case, the predictors are also generated the same way as in Example 1, except for
necessary dimension changes.

e Example 6. Next consider a situation when the sample size is large. Suppose the sample size n = 500
and p = 100 covariates are grouped into 25 groups containing four covariates each. We assume that only
one group is active and the group coeflicients are, 8 = ((0.1,0.2,0.3,0.4),0,---,0,0) when the signal
strength is weak and 8 = ((1.1,1.2,1.3,1.4),0,---,0,0) when the signal strength is strong. Here 0 is a
null vector of length 4. The data generated scheme is similar to Example 1 except for necessary
dimension changes.

e Example 7. Now we revisit example 3, where the design matrix now becomes Z instead of X, whose
columuns are generated using (25) of the main file. Here, n = 200 and p = 40 covariates are grouped into
10 groups containing 4 covariates each. We assume that only the first group is active and the coefficients
are 3 =((1.1,1.2,1.3,1.4),0,0,--- ,0,0) where 0 is a null vector of length 4. The data generated scheme
is similar to Example 3 except for necessary dimension changes.

e Example 8. Consider an example of a large p small n problem with n = 50 and p = 100. 100 predictors
are grouped into 20 groups of 5 covariates each. For weak signal strength, the group coefficients are
assumed to be, 3 = (0,---,0,0.4,0.5, (0.65,0.60,0.55,0.50,0.45),0, - - - ,0). On the other hand, when
the signal strength is strong, we assume 3 = (1,0,---,0,1.2,1.4,0,--- ,0). In each case, 0 denotes a
null vector of length 5.

e Example 9. This is another example for large p small n problem with n = 50 and p = 100. Unlike
previous situations, for the same combination of (n,p), we consider two situations where the level of
sparsity in the second situation is twice the former one. Here 100 predictors are grouped into 25 groups
of 4 covariates each. First, we assume 4 groups to be active out of 25 groups. Let
B8=(0,---,0,1.8,0.5,(0.65,0.60,0.55,0.50), 0, - - - ,0,2.5) where the 0 denote null vector of length 4.
Next, we assume eight groups to be active out of 25 groups. Let
B8 =(18,15,0,---,0,1.8,1.5,(0.65,0.60,0.55,0.50),0,--- ,0,2.5,(0.4,0.45,0.50,0.55), 2.5).
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From Theorem 1 of the main paper, the choice of 72 = (%)2”, for any § > 0 ensures model selection

consistency. A question that arises here is how to choose that § to optimize the performance. The same
goes for the choice of (c1,¢2), also, for the empirical Bayes estimates of 7, defined in the main paper. To
provide answers to these questions, we have done some simulation studies corresponding to Examples 1
and 2 of the main document with choice of 7,, obtained from 72 = (%)“‘5, with 6 =0.1,0.2,---,0.5.
The results are stated in Tables 10 and 11, respectively. On the other 'iland, for the empirical Bayes
estimate, in order to obtain a proper choice of (c1, ¢2), we have repeated Examples 1 and 2 of the main
document by keeping ¢; = 2 and varying ¢, over {1,...,5} and keeping c; = 1 and varying ¢; over
{2,3,4,5}. The corresponding results are summarized in Tables 12-15.

In order to study the importance of the choice of 7 based on the proportion of active groups, we

revisited Examples 8 and 9, where along with the choices of 7 previously mentioned, we consider other
1.05
Ga,

choices of 7 which depend on only Gy,. Here, we use five choices of 7, 7, = 71, = | & ,
n

Tn =Ton = gz, and 7, = 73, = G M, 7y = 74, = G M6, and 7, = 75, = FEB(Mod) " where 7EB(Mod) g
the modified version of the empirical Bayes estimate of 7 defined in (23) of the main document. We have

also considered the full Bayes procedure based on half-Cauchy prior on a truncated range. The results
are presented in Tables 16 and 17.

D.2 Simulation Results

D.3 Interpretation of simulation results

For each of the above examples, we computed the probability of misclassification (MP), the false positive rate
(FPR) and the true positive rate (TPR) for each of the methods mentioned in the main document. Our main
findings are the following.

Example 5 is different from all the remaining examples, as the group size is different in this case.
Although the group size is not used in the prior distribution of the group regression coefficients in any of
these methods, our half-thresholding rule successfully captures the truth and hence produces better
results than those of GSD-SSS, BGL-SS, group SCAD, and group MCP.

Example 6 shows that when the signal strength is weak, other competing procedures can produce results
similar to ours, if the sample size is large (n = 500). It may be recalled that for small or moderate
sample sizes the situation is quite different, as demonstrated in the main document.

Examples 5-7 clarify that when signal strength is strong, regardless of sample size n, the performances of
BGL-SS and GSD-SSS are comparable with those of our decision rule.

In example 7, we consider a case where the design matrix is block-diagonal. Since the data generation
scheme is similar to that of Example 3 of the main document, from the previous result, we expected that
our method would provide better results than those of Yang and Narisetty (2020) and Xu and Ghosh
(2015) when the signal strength is weak and would produce comparable results when the signal strength
is strong. Table 7 confirms this.

Examples 8 and 9 show that the rule (10) of the main document will also work even if p > n. In this
case, too, MP and TPR corresponding to our decision rule are much better than those of GSD-SSS and
better than BGL-SS for weak signal strength, and produce comparable results for strong signal strength.

Example 9 deals with situations when there is a mixture of weak and strong signal strengths. In these
cases also, our proposed method outperforms GSD-SSS, BGL-SS, and yields better results than those of
group LASSO, group MCP, and group SCAD.
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Table 5: Mean True/False Positive Rate based on 100 replications(Example 5)

Small group coefficients

p=0 p=0.5
Prior MP FPR TPR MP FPR  TPR
Modified GH 0.0092  0.0034 0.95 | 0.0051 0.0029 0.98
Normal GH 0.0118  0.0041 0.95 | 0.0082 0.0036 0.96
GSD-SSS 0.0265 0.0046 0.82 | 0.0188 0.0029 0.87
Modified GH(EB1) 0.0120  0.0038 0.93 | 0.0117 0.0034 0.93
Modified GH(EB2) 0.0118  0.0035 0.92 | 0.0115 0.0031 0.93
Normal GH(EB) 0.0127  0.0045 0.93 | 0.0122 0.0039 0.93
Modified GH(FBtruncated) 0.0119  0.0036 0.93 | 0.0129 0.0034 0.92
Modified GH(FBfull) 0.0123  0.0041 0.93 | 0.0159  0.0039 0.90

Modified TPBN(ay = 0.5, = 1) | 0.0096  0.0038 0.95 | 0.0063 0.0029 0.97
Modified TPBN(ay = 1,2 = 0.5) | 0.0081  0.0035 0.96 | 0.0065 0.0031 0.97

Normal GH(FB) 0.0125  0.0043 0.93 | 0.0144 0.0036 0.91
BGL-SS 0.0133  0.0038 0.92 | 0.0104 0.0034 0.94
Group LASSO 0.1675  0.1812 094 | 0.1574 0.1691 0.94
Group SCAD 0.0313  0.0215 091 | 0.0228 0.0175 0.94
Group MCP 0.0188  0.0143 0.95 | 0.0135 0.0112 0.97
Large group coefficients

p=20 p=0.5
Prior MP FPR TPR MP FPR TPR
Modified GH 0.00113  0.0013 1.00 | 0.00105 0.0012  1.00
Normal GH 0.00131  0.0015 1.00 | 0.00131 0.0015 1.00
GSD-SSS 0.00113 0.0013 1.00 | 0.00113 0.0013 1.00
Modified GH(EB1) 0.00123  0.0014 1.00 | 0.00131 0.0015  1.00
Modified GH(EB2) 0.00113  0.0013 1.00 | 0.00105 0.0012  1.00
Normal GH(EB) 0.00123 0.0014 1.00 | 0.00140 0.0016  1.00
Modified GH(FBtruncated) 0.00166  0.0019 1.00 | 0.00123 0.0014  1.00
Modified GH(FBfull) 0.00192  0.0022 1.00 | 0.00157 0.0018  1.00

Modified TPBN(a; = 0.5, = 1) | 0.00131  0.0015 1.00 | 0.00123 0.0014  1.00
Modified TPBN(ay = 1,2 = 0.5) | 0.00123 0.0014 1.00 | 0.00123 0.0014  1.00

Normal GH(FB) 0.00158  0.0018 1.00 | 0.00114 0.0013 1.00
BGL-SS 0.00625 0.0072 1.00 | 0.00313 0.0036 1.00
Group LASSO 0.14717  0.1682 1.00 | 0.13475 0.1540  1.00
Group SCAD 0.05440 0.0622 1.00 | 0.02761 0.0315 1.00
Group MCP 0.001841 0.0021 1.00 | 0.00161 0.0018  1.00

e The results in Tables 10 and 11 show that with an increase in the value of §, the misclassification
probability (MP) and the False Positive Rate (FPR) increase and the True Positive Rate (TPR)
decreases, irrespective of the signal strength and magnitude of correlation among the covariates within a
group. However, this change is more significant when the signal strength is small. Hence, based on
simulation studies, we propose to choose J to be small and positive, that is, we propose the choice
6 =0.1.

e Tables 12-15 show that, keeping ¢; = 2 and varying ¢y over {1,...,5} results in an increase in MP and
FPR and a decrease in TPR for both small and large signals. The same result is also obtained with
ca =1and ¢; € {2,3,4,5}. Based on these results, we recommend to choose (c1,c2) = (2,1).
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Table 6: Mean True/False Positive Rate based on 100 replications(Example 6)

Small group coefficients

p=0 p=0.5
Prior MP FPR TPR | MP FPR  TPR
Modified GH 0.0029 0.0031 1.00 | 0.0023 0.0024  1.00
Normal GH 0.0029 0.0031 1.00 | 0.0023 0.0024  1.00
GSD-SSS 0.0029 0.0031 1.00 | 0.0023 0.0024  1.00
Modified GH(EB1) 0.0035 0.0036 1.00 | 0.0029 0.0031  1.00
Modified GH(EB2) 0.0033 0.0034 1.00 | 0.0027 0.0028  1.00

Modified TPBN(ay = 0.5, = 1) | 0.0033 0.0034 1.00 | 0.0023 0.0024 1.00
Modified TPBN(a; = 1,2 = 0.5) | 0.0033 0.0034 1.00 | 0.0024 0.0025 1.00

Normal GH(EB) 0.0035 0.0036 1.00 | 0.0029 0.0031  1.00
Modified GH(FBtruncated) 0.0029 0.0031 1.00 | 0.0024 0.0025 1.00
Modified GH(FBfull) 0.0034 0.0035 1.00 | 0.0027 0.0028  1.00
Normal GH(FB) 0.0031 0.0032 1.00 | 0.0024 0.0025  1.00
BGL-SS 0.0032 0.0033 1.00 | 0.0024 0.0025 1.00
Group LASSO 0.065 0.0681 1.00 | 0.0522 0.0544 1.00
Group SCAD 0.0028 0.0029 1.00 | 0.0023 0.0024  1.00
Group MCP 0.0029 0.0031 1.00 | 0.0027 0.0028  1.00
Large group coefficients

p=0 p=0.5
Prior MP FPR TPR | MP FPR  TPR
Modified GH 0.0027 0.0028 1.00 | 0.0023 0.0024  1.00
Normal GH 0.0027 0.0028 1.00 | 0.0023 0.0024  1.00
GSD-SSS 0.0027 0.0028 1.00 | 0.0023 0.0024  1.00
Modified GH(EB1) 0.0025 0.0026 1.00 | 0.0029 0.0031  1.00
Modified GH(EB2) 0.0025 0.0026 1.00 | 0.0029 0.0031  1.00
Normal GH(EB) 0.0025 0.0026 1.00 | 0.0029 0.0031  1.00
Modified GH(FBtruncated) 0.0029 0.0031 1.00 | 0.0028 0.0029  1.00
Modified GH(FBfull) 0.0032 0.0033 1.00 | 0.0031 0.0032 1.00

Modified TPBN(a; = 0.5,a0 = 1) | 0.0029 0.0031 1.00 | 0.0023 0.0024  1.00
Modified TPBN(ay = 1,2 = 0.5) | 0.0028 0.0029 1.00 | 0.0023 0.0024  1.00

Normal GH(FB) 0.0031 0.0032 1.00 | 0.0028 0.0029 1.00
BGL-SS 0.0024 0.0025 1.00 | 0.0020 0.0021 1.00
Group LASSO 0.0570  0.0594 1.00 | 0.0522 0.0544 1.00
Group SCAD 0.0028 0.0029 1.00 | 0.0022 0.0023 1.00
Group MCP 0.0026 0.0027 1.00 | 0.0022 0.0023 1.00

e Tables 16 and 17 demonstrate that when the proportion of active groups is known, MP and FPR are at
their least when 7,, is used as a tuning parameter based on this proportion. This implies that when the
knowledge on the proportion is available, it is better to use that knowledge. When the level of sparsity is
unknown, the tables demonstrate the following. One gets better results in these cases when one either
uses the empirical Bayes method (that estimates 7 using quantities which are influenced by the level of
sparsity) or the full Bayes method using a prior on 7. The ad-hoc choices of 7, using only G,, are clear
under-performers in such cases.
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Table 7: Mean True/False Positive Rate based on 100 replications(Example 7)

p=0 p=0.5
Prior MP FPR TPR MP FPR TPR
Modified GH 0.00351 0.0039 1.00 | 0.00252 0.0028  1.00
Normal GH 0.00369 0.0041 1.00 | 0.00261 0.0029  1.00
GSD-SSS 0.00369 0.0041 1.00 | 0.00279 0.0031  1.00
Modified GH(EB1) 0.00396 0.0044 1.00 | 0.00261 0.0029  1.00
Modified GH(EB2) 0.00369 0.0041 1.00 | 0.00261 0.0029  1.00
Normal GH(EB) 0.00405 0.0045 1.00 | 0.00297 0.0033  1.00
Modified GH(FBtruncated) 0.00441 0.0049 1.00 | 0.00306 0.0034 1.00
Modified GH(FBfull) 0.00468 0.0052 1.00 | 0.00342 0.0038 1.00

Modified TPBN(a; = 0.5,a2 = 1) | 0.00387 0.0043 1.00 | 0.00288 0.0032  1.00
Modified TPBN(a; = 1,2 = 0.5) | 0.00378 0.0042 1.00 | 0.00279 0.0031  1.00

Normal GH(FB) 0.00468 0.0052 1.00 | 0.00279 0.0031  1.00
BGL-SS 0.00401 0.0044 1.00 | 0.00203 0.0022  1.00
Group LASSO 0.19981 0.2221 1.00 | 0.19981 0.2221  1.00
Group SCAD 0.00387 0.0043 1.00 | 0.00351 0.0039  1.00
Group MCP 0.00351 0.0039 1.00 | 0.00243 0.0027  1.00
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Table 8: Mean True/False Positive Rate based on 100 replications(Example 8)

Small group coefficients

Prior MP  FPR TPR

Modified GH 0.0137 0.0140 0.988
Normal GH 0.0142 0.0139 0.984
GSD-SSS 0.0445 0.0138 0.782
Modified GH(EB1) 0.0149 0.0141  0.980
Modified GH(EB2) 0.0144 0.0141 0.984
Normal GH(EB) 0.0158 0.0141 0.974
Modified GH(FBtruncated) 0.0131  0.0139 0.991
Modified GH(FBfull) 0.0138 0.0145 0.990

Modified TPBN(a; = 0.5, = 1) | 0.0146 0.0143 0.984
Modified TPBN(a; = 1,2 = 0.5) | 0.0145 0.0142 0.986

Normal GH(FB) 0.0137 0.0140 0.988
BGL-SS 0.0134 0.0144 0.992
Group LASSO 0.1866 0.2151 0.975
Group SCAD 0.0151 0.0176 1.000
Group MCP 0.0151 0.0176 1.000
Large group coefficients
Prior MP FPR  TPR
Modified GH 0.0111 0.0131 1.00
Normal GH 0.0127 0.0149  1.00
GSD-SSS 0.0109 0.0129  1.00
Modified GH(EB1) 0.0121 0.0142  1.00
Modified GH(EB2) 0.0115 0.0135 1.00
Normal GH(EB) 0.0129 0.0152 1.00
Modified GH(FBtruncated) 0.0121 0.0142 1.00
Modified GH(FBfull) 0.0126 0.0148 1.00

Modified TPBN(a; = 0.5, = 1) | 0.0112 0.0132  1.00
Modified TPBN(ay = 1,2 = 0.5) | 0.0113 0.0133  1.00

Normal GH(FB) 0.0118 0.0139  1.00
BGL-SS 0.0121 0.0142  1.00
Group LASSO 0.1133 0.1331  1.00
Group SCAD 0.0301 0.0353  1.00
Group MCP 0.0112 0.0133  1.00
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Table 9: Mean True/False Positive Rate based on 100 replications(Example 9)

Number of active groups=4

Prior MP FPR TPR

Modified GH 0.0175 0.0204 0.998
Normal GH 0.0169 0.0194 0.996
GSD-SSS 0.0326 0.0183 0.892
Modified GH(EB1) 0.0205 0.0232 0.994
Modified GH(EB2) 0.0164 0.0191 0.995
Normal GH(EB) 0.0203 0.0231 0.994
Modified GH(FBtruncated) 0.0158 0.0184 0.998
Modified GH(FBfull) 0.0167 0.0191  0.996

Modified TPBN(a; = 0.5, = 1) | 0.0188 0.0212 0.994
Modified TPBN(a; = 1,2 = 0.5) | 0.0180 0.0209 0.997

Normal GH(FB) 0.0139 0.0181 0.995
BGL-SS 0.0179 0.0199 0.992
Group LASSO 0.1506 0.1764 0.985
Group SCAD 0.0199 0.0214 0.988
Group MCP 0.0288 0.0272 0.963
Number of active groups=8
Prior MP FPR TPR
Modified GH 0.0102 0.0121 0.994
Normal GH 0.0109 0.0119 0.991
GSD-SSS 0.0558 0.0118 0.851
Modified GH(EB1) 0.0118 0.0121  0.989
Modified GH(EB2) 0.0116  0.0119 0.989
Normal GH(EB) 0.0131 0.0122 0.985
Modified GH(FBtruncated) 0.0115 0.0118 0.989
Modified GH(FBfull) 0.0128 0.0122 0.986

Modified TPBN(a; = 0.5,a0 = 1) | 0.0113 0.0124 0.991
Modified TPBN(ay = 1,2 = 0.5) | 0.0101 0.0120 0.994

Normal GH(FB) 0.0118 0.0117 0.988
BGL-SS 0.0127  0.0121  0.986
Group LASSO 0.1406 0.1978 0.981
Group SCAD 0.0200 0.0177 0.975
Group MCP 0.0148 0.0159 0.987
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Table 10: Mean True/False Positive Rate using different choices of ¢ based on 100 replications(Example 1)

Small group coefficients

p=20 p=0.5
Prior MP FPR TPR MP FPR  TPR
Modified GH(6 = 0.1) | 0.0162 0.0125 0.95 0.0123 0.0114 0.98
Modified GH(6 = 0.2) | 0.0163 0.0126 0.95 0.0126 0.0118 0.98
Modified GH(6 = 0.3) | 0.0164 0.0127 0.95 0.0138 0.0120 0.97
Modified GH(§ = 0.4) | 0.0174 0.0126 0.94 0.0139 0.0121  0.97
Modified GH(§ = 0.5) | 0.0174 0.0127 0.94 0.0141 0.0123  0.97

Large group coefficients

p=20 p=0.5
Prior MP FPR TPR MP FPR TPR
Modified GH 0.1) | 0.0109 0.0122 1.00 0.0094 0.0105 1.00
Modified GH 0.2) | 0.0111 0.0123 1.00 0.0095 0.0106 1.00

Modified GH 0.0114 0.0127 1.00 0.0096 0.0107 1.00
Modified GH 0.0114 0.0127 1.00 0.0097 0.0108 1.00

(0 =0.1)
(0 =02)
Modified GH(§ = 0.3) | 0.0112 0.0125 1.00 0.0095 0.0106  1.00
(0=04)
(6 =05)

Table 11: Mean True/False Positive Rate using different choices of ¢ based on 100 replications(Example 2)

Small group coefficients

p=0 p=0.5

Prior MP FPR TPR MP FPR  TPR
Modified GH (6 = 0.1) | 0.00659 0.0051 0.98 0.00306 0.0034 1.000

Modified GH(§ = 0.2) | 0.00686 0.0054 0.98 0.00324 0.0036 1.000
Modified GH(§ = 0.3) | 0.00731 0.0059 0.98 0.00333 0.0037 1.000
Modified GH(§ = 0.4) | 0.00749 0.0061 0.98 0.00342 0.0038 1.000
Modified GH(§ = 0.5) | 0.00758 0.0062 0.98 0.00351 0.0039 1.000

Large group coefficients

p=0 p=0.5
Prior MP FPR TPR MP FPR TPR
Prior MP FPR TPR MP FPR TPR
Modified GH 0.1 0.00405 0.0045 1.00 0.00261 0.0029 1.00
Modified GH 0.2 0.00405 0.0045 1.00 0.00261 0.0029  1.00

Modified GH 0.00414 0.0046 1.00 0.00261 0.0029  1.00
Modified GH 0.00423 0.0047 1.00 0.00270 0.0030  1.00

(0 =0.1)
(0 =0.2)
Modified GH(§ = 0.3) | 0.00414 0.0046 1.00 0.00261 0.0029  1.00
(6 =0.4)
(0 =0.5)
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Table 12: Mean True/False Positive Rate using ¢ = 1 based on 100 replications(Example 1)

Small group coefficients

p=0 p=0.5

Prior MP FPR TPR  MP FPR  TPR
Modified GH(EB2,c; =2) | 0.0172 0.0128 0.94 0.0149 0.0122  0.96
Modified GH(EB2,¢c; = 3) | 0.0178 0.0131 0.94 0.0152 0.0125 0.96
Modified GH(EB2,c; = 4) | 0.0260 0.0167 0.89 0.0258 0.0165  0.89
Modified GH(EB2,¢c; = 5) | 0.0295 0.0172 0.86 0.0274 0.0171 0.88
Large group coefficients

p=20 p=10.5

Prior MP FPR TPR  MP FPR TPR
Modified GH(EB2,c; = 2) | 0.0112 0.0124 1.00 0.0107 0.0119  1.00
Modified GH(EB2,¢c; = 3) | 0.0114 0.0127 1.00 0.0110 0.0122  1.00
Modified GH(EB2,¢c; = 4) | 0.0116 0.0129 1.00 0.0113 0.0126  1.00
Modified GH(EB2,c; = 5) | 0.0119 0.0132 1.00 0.0115 0.0128  1.00

Table 13: Mean True/False Positive Rate using ¢2 = 1 based on 100 replications(Example 2)

Small group coefficients
p=0 p=20.5
Prior MP FPR TPR MP FPR TPR
Modified GH(EB2,c; =2) | 0.0084  0.006 0.97 0.00306 0.0034  1.00
Modified GH(EB2,c; = 3) | 0.0123  0.007 0.94 0.00315 0.0035 1.00
Modified GH(EB2,c; = 4) | 0.0160 0.010 0.93 0.00342 0.0038 1.00
Modified GH(EB2,c; = 5) | 0.0187 0.013 0.93 0.00369 0.0041 1.00
Large group coefficients
p=0 p=0.5
Prior MP FPR TPR MP FPR  TPR
Modified GH(EB2,c; = 2) | 0.00459 0.0051 1.00 0.00252 0.0028  1.00
Modified GH(EB2,¢; = 3) | 0.00468 0.0052 1.00 0.00261 0.0029  1.00
Modified GH(EB2,c; = 4) | 0.00504 0.0056 1.00 0.00288 0.0032  1.00
Modified GH(EB2,c; = 5) | 0.00522 0.0058 1.00 0.00306 0.0034 1.00
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Table 14: Mean True/False Positive Rate using ¢; = 2 based on 100 replications(Example 1)

Small group coefficients

p=0 p=20.5

Prior MP FPR TPR  MP FPR  TPR
Modified GH(EB2,co = 1) | 0.0172 0.0128 0.94 0.0149 0.0122  0.96
Modified GH(EB2,co =2) | 0.0176 0.0129 0.94 0.0161 0.0123  0.95
Modified GH(EB2,co = 3) | 0.0188 0.0131 0.93 0.0163 0.0126  0.95
Modified GH(EB2,co = 4) | 0.0189 0.0132 0.93 0.0175 0.0128 0.94
Modified GH(EB2,co = 5) | 0.0201 0.0134 0.92 0.0178 0.0131 0.94
Large group coefficients

p=20 p=10.5

Prior MP FPR TPR  MP FPR TPR
Modified GH(EB2,co = 1) | 0.0112 0.0124 1.00 0.0107 0.0119  1.00
Modified GH(EB2,c; = 2) | 0.0113 0.0126 1.00 0.0110 0.0122  1.00
Modified GH(EB2,co = 3) | 0.0115 0.0128 1.00 0.0113 0.0125  1.00
Modified GH(EB2,co = 4) | 0.0118 0.0131 1.00 0.0116 0.0129 1.00
Modified GH(EB2,co = 5) | 0.0119 0.0132 1.00 0.0117 0.0130  1.00

Table 15: Mean True/False Positive Rate using ¢; = 2 based on 100 replications(Example 2)

Small group coefficients
p=0 p=0.5
Prior MP FPR TPR MP FPR  TPR
Modified GH(EB2,co = 1) | 0.0084  0.006 0.97 0.00306 0.0034 1.00
Modified GH(EB2,co = 2) | 0.0103  0.007 0.96 0.00315 0.0035 1.00
Modified GH(EB2,co = 3) | 0.0121  0.009 0.96 0.00324 0.0036  1.00
( )
( )

Modified GH(EB2,c; =4) | 0.0140 0.010 0.95 0.00342 0.0038 1.00
Modified GH(EB2,co =5 0.0140  0.010 0.95 0.00351 0.0039 1.00
Large group coefficients
p=0 p=0.5
Prior MP FPR TPR MP FPR  TPR
Modified GH(EB2,co = 1) | 0.00459 0.0051 1.00 0.00252 0.0028 1.00
Modified GH(EB2,co = 2) | 0.00468 0.0052 1.00 0.00261 0.0029  1.00
Modified GH(EB2,co = 3) | 0.00486 0.0054 1.00 0.00279 0.0031  1.00
( )
( )

Modified GH(EB2,c; = 4) | 0.00495 0.0055 1.00 0.00306 0.0034 1.00
Modified GH(EB2,c; = 5) | 0.00495 0.0055 1.00 0.00306 0.0034 1.00
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Table 16: Mean True/False Positive Rate using different choices of 7 based on 100 replications(Example 8)

Small group coefficients

Prior MP  FPR TPR
Modified GH(71,,) 0.0137 0.0140 0.988
Modified GH(7,,) 0.0151 0.0148 0.983
Modified GH(7s,,) 0.0149 0.0144 0.982
Modified GH(74,,) 0.0151  0.0146 0.982

Modified GH(75,,) 0.0144 0.0141 0.984
Modified GH(FBtruncated) | 0.0131 0.0139 0.991
Large group coefficients

Prior MP  FPR TPR
Modified GH(r1,,) 0.0111 0.0131  1.00
Modified GH(7a,) 0.0126 0.0148  1.00
Modified GH(3,,) 0.0123 0.0145 1.00
Modified GH(74,) 0.0126  0.0148  1.00
Modified GH(7s,,) 0.0115 0.0135  1.00

Modified GH(FBtruncated) | 0.0121 0.0142  1.00

Table 17: Mean True/False Positive Rate using different choices of 7 based on 100 replications(Example 9)

Number of active groups=4

Prior MP  FPR TPR
Modified GH(7y,,) 0.0175 0.0204 0.998
Modified GH(72,,) 0.0186 0.0214  0.996
Modified GH(3,,) 0.0185 0.0211 0.998
Modified GH(74,,) 0.0184 0.0209 0.995

Modified GH(75,) 0.0164 0.0191 0.995
Modified GH(FBtruncated) | 0.0158 0.0184 0.998
Number of active groups=8

Prior MP FPR TPR
Modified GH (71,,) 0.0102 0.0121 0.994
Modified GH(72,,) 0.0133 0.0139 0.988
Modified GH(73,,) 0.0132 0.0138 0.988
Modified GH(74y,) 0.0127 0.0136 0.989
Modified GH(7s,,) 0.0116 0.0119 0.989

Modified GH(FBtruncated) | 0.0115 0.0118 0.989
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