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Abstract

In the Supplementary material, Appendix A contains the proofs for a proposition
and two theorems stated in the main text. Appendix B includes some useful lemmas.

Appendix A Proofs of main results

We denote the following notations in the Appendix. For two sequences of positive constants a,,
and b,,, we write a,, < b, or b, 2= a, if there exists an absolute constant C' > 0 such that a,, <
Cb,, when n is large. If a, < b, and a,, = b, hold simultaneously, a,, b, are asymptotically
equal and it is denoted by a, < b,. For a d-dimensional vector U = (Uy,...,Uy)" € R4,
we define |UJ|, = (Z?Zl |U;|9)Y/% with 1 < ¢ < o0 and ||U]||s = max;<;<q|U;| to denote L,
and L. norms of U. For a random variable X € R, the L, norm of X is defined as || X||, =
{E(|X|?)}"9 with ¢ > 1. X is sub-Gaussian if the moment generating function (MGF) of
X? is bounded at some point, namely Eexp(X?/K?) < 2, where K is a positive constant. X
is sub-Exponential if the MGF of |X| is bounded at some point, namely Eexp(|X|/K’) < 2,
where K’ is a positive constant. The sub-Gaussian norm of a sub-Gaussian random variable
X is defined as || X||y, = inf{t > 0 : Eexp(X?/t?) < 2}. We denote the unit sphere in
R? by S = {U € R? : ||UJ], = 1}. The sub-Gaussian norm of a sub-Gaussian random
vector U € R? is defined as ||U||y, = supyega—1 [[u’ Ul|y,. For a (¢; X g2)-dimensional matrix
A, denote the Ly and Ly norms of A as |[Alr = {tr(AAT)}/2 and [|A, = M (ATA),
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respectively. Here Apax(ATA) is the maximal eigenvalue of ATA. We use the notation [z]
to denote the least integer function greater than or equal to x € R. For simplicity, we denote
B=B—0, 0 =a, — a,, ®=(®x,®,)" (defined in Assumption 2).

A.1 Proof of Proposition 1

Since the Lo loss satisfies the restricted strong convexity condition (Negahban et al., 2012),
from Theorem 1 in Loh and Wainwright (2015), it suffices to investigate the order of
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to obtain the convergence rate of a,. Notice that under Hj,
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Let X;; be the j-th element of X;, j = 1,...,p,. From Assumptions 2-3, we know that X;e¢;,
Xi;D; —E(X;D) for j =1,...,p, are all sub-Exponential.
Applying the Bernstein’s inequality, we deduce that
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Furthermore,
] —
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|BEXD)|| = 0,072 = o0 2(10g p,) 2.
Therefore,
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=1 00
The proof is completed. O



A.2 Proof of Theorem 1

Under the null hypothesis o, = 0, we decompose T;, into the sum of four terms, that is

1 ~ .
T.==Y (Y;— D;f - X]&,)(Y; — D; — X]a,)Z] Z;
e
1 y y
== > (ei+ Dif+ X[ &) (e + DB + X[ 64,)Z] Z,
i#£j
1 1 y y
== €27+ — D+ D;Be)Z]Z
n;EEJ i J+n;<e i3+ Dife;)Z; Z;

1 y y
+ = D (X[ o, + X[ 6,6)2] Z,;
i#£]
1 5 . 5 .
+ = > (Dif + X[ 6,) (D3 + X[ &,)Z 2,
17
=:Tn1 + Tho + Thz + Tha.

Following the Martingale Central Limit Theorem (Hall and Heyde, 2014), we have
T /U2 5 N(0,1) as (n,p.) — oo (S1)

The detailed proof is given in Lemma S6. In what follows, we aim to prove that T, T},3 and
Tr are 0,(2Y2) as (n, pa,p.) — oc.
For the term 7,5, we have

1
Ty = Z(el D, + Dife;)Z] Z; = 5~ Z &:D; + Die;)Z] Z; =: BU,». (S2)
z#] Z#J
Denote 12 = ﬁUnz = ﬁ EZ# belng a U-statisitc with the kernel u( ) — (eD; +

Dye;)Z] Z;. We derive that
E(u®) =E{(e;D; + Die;)Z, Z;} = 0,
and thus E(U,2) = 0. Further, the projection of ul(f) to the space {D;, Z;, €;} is
u! = E(u) | Di Zi.e)
=E{(&;D; + Dic;)Z;] Z; | Di,Zi, e;} = &;Z; ppz.

By the Hoeffding decomposition, the variance of ul? i

4(n —2 2
Var(u®) = %V&r(ug)) + —1Var(u(2-)),



and then

4n—1)(n—2 20n —1
Var(U,2) = (n z(n )Var(ug)) + %V&r(u;))
= nVar(u}) + Var(u}). (S3)

Here, we derive that

nVar(uﬁ-)) = nVar(&;Z; 1pz)
= nE{(Z] poz)’}
= nE(e*)E{(Z" ppz)*} (54)

<npphgEzipz,

where the third equality holds based on the random error € is independent of Z, and the first
inequality follows from Assumption 3. Moreover, we can deduce that

Var(ul)) = Var{(e,D; + Die;)Z] Z;}
= E{(:D; + Die;)*(Z; Z;)*} (S5)
< E'Y*{(e;D; + Dye;) " YEV2{(Z] Z;)*} < tx(23).

Here D; = X ~,+Z] ~. +d;, the first inequality follows from the Cauchy-Schwarz inequality,
and the last inequality holds by Assumptions 2-3 and Lemma S2 with b = 2.
Combining the equations (S3), (S4) and (S5), it then follows that

Var(Una) S nppzEzppz + tr(23) S tr(3),

where the last inequality holds by the equation (S62) in Lemma S7. As a result, we conclude
that U, = O,{tr'/?(22)}. Applying Assumption 6 and (S2), we deduce that

Tz = Op{(s4 logp/n)l/ztrl/2(2%>}‘
Following Assumption 3, we thus conclude that
Too = 0,(2'72), (S6)

when 71*1/23,1\/2(logp)l/2 = 0(1) holds.
For the term 7,3, by the Holder’s inequality, we have
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We denote u) = ﬁUng = ﬁ z#j(ein + X€;)Z] Z;, which is a p,-dimensional vector
with k-th element
¢ _ 1 X+ Xope V2T 2 s (3
Upp = m ;(EZX]k + Xlke])Zi ZJ = n<n — 1) ;U”k

Note that ugg}g is U-statistic with the kernel ul(j’,l = (X, + Xikej)ZiTZj fork=1,...,p,.

We first calculate that E(uf}g) = E{(; X1 + Xire;)Z, Z;} = 0. By Hoeffding decomposi-
tion, we derive that

) = 259 + Sayl

3 I~ s
an)k ~n Zgik)(xia Z;,¢),
i=1

3 1 3
Sy = ——— Zgék)(xi, Ziei;Xj,Zj, ),
n(n —1) &
i#]
with
QS;)(Xi, Zie;) = E(UE?;)C | Xik, Zi, €;)
=EB{(;Xjx + Xine;)Z; Zj | Xix, Zi, €, } = 6.2 E(XZ),
and

g50 (X, Zi, €. X5, Zy, €) = uly, — 950 (KXo, Ziy &) — 933 (X Zj )
= (6 Xjr + Xinej) 2] Z; — ;2 B(X}Z) — eijTIEZ(XkZ)
= 6Z; {X;1Z; — B(X1Z)} + ejzj{Xikzi — E(X,Z)}.

Furthermore, we obtain that

3
I max max g1, (%i. Zo o)l

= || max max Z; E(X,Z)];

1<i<n 1<k<p,

< log(np,) max max HquTE(XkZ)le

1<i<n 1<k<ps

< log(np,) max max ey, | Z] E(X1Z) |, (S7)

1<i<n 1<k<py

N

log(np,) max {E(X,Z)" $zE(X,Z)}'/?

1<k<pe

(np)
(npz)

< log(np,) max {E(X,Z) E(X,Z)}/2\/2 (2y)
(np.)

1<k<ps fmax

:‘43/\1/2 (Ez),

max

< log(np,

where the first inequality follows from the inequality (S49) in Lemma S4. The second and
third inequalities hold by the fact that the product of two sub-Guassian random variables is
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sub-Exponential variable, € is a sub-Gaussian random variable with bounded sub-Guassian
norm in Assumption 3 and ZE(XZ) is a sub-Gaussian random variable with

1ZTE(X4Z) ||y, = IE(X4Z) " @7y,
S E(XZ) T @zl |[vly, S {E(XZ) T S2E(X,Z)} 2,
which is obtained by Lemma S5. Similarly, we derive that
max Jg\?) (X, Zi,ei)|l2 = max |62 E(X,Z)||2
1<k<pa:

1<k<pz

< max |62 B(XiZ) |y, S A2 (32). (S8)

1Sk§pm ~Y max

Here, the first inequality holds by the equation (S48) in Lemma S4, and the second inequality
has been derived in the equation (S7).
Taking g = [4/(1 — 3a)] for some constant 0 < a < 1/3, we calculate that

3
I o max (X 25X, 2, )]
> = = =M

(3) .
< “ 151?;%'};1 lgllfg;gc ok (Xu Ziv €i; va Zj? GJ)HQ

< 7Tyv. 7.
S ax | max eZ; XnZillg

< SR T
Sl é?z?énlé%%fl)(ﬂ“”?q | gg@nzl Zjlla (59)

< X . — 1)}/2a Tz,
S log(nps) max - max |6 Xjplly, - {n(n — 1)} max [1Z; Z;],

< log(np,)n'/1tr'/? (£7),

where the first inequality follows from the Lyapunov inequality with ¢ > 4, the third inequal-
ity is obtained by the Cauchy-Schwartz inequality, the fourth inequality is due to Lemma S4,
and the last inequality holds by Assumptions 2-3 and Lemma S2. Similarly, it follows that

(3) . 3) .
nax gor (X, Zii €55 X5, Zij, €5) |2 <  Jnax 9or’ (X, Ziy €53 X5, Zij, €5) ||

.
N max. l€iZ; XjrZjlla

S max e Xlls - 1|12, Z;]s (510)

1<k<pe
< tr'/?(27).

Combining the equations (S7)-(S10) and according to Lemma S3, we have that

E(|Unsllo) < nE([[u$?])
S KALZ(Zz){n'?(log p,)'/* + log p, log(np,) }
+ trl/Q(E%){log Py + n’l/zﬂ/q(log px)?’/2 log(np,)} (S11)
< n'2(log pa)2AY2 (E2)k + log p,tr'/2(22),

max



where we calculate that n'/?(log p,)'/? and log p, dominate the bound under Assumption 4.
Recall that T3 < [|Up3/|00]|@z]]1- By the equation (S11) and Proposition 1, we obtain that

Tz = Op{sa,n™ " (logps)'/*} - Op{n'/*(log p.) P A5 (S)k + log patr'/2(37) }

= Op{5a, 108 P A2 (B2)k + 17254, (log p,) P02 (27)} (512)
= Op(Ql/2)>

where the first equality holds by Proposition 1, and we utilize our conditions

S, logpw)\l/2 (Xz)k = o{trl/Q(Ezz)},

max

025, (l0g pe)*? = o(1),

to obtain the last equality.
For the term 7,4, we can proceed T}, as

1 Ny 3 . 3
Tua=— > (DiB + X[ &,)(D;5 + X &) 2] Z,
i#]
1 2N.A7 7T 1 Ty T 7T
= Z DifD; P22 + — Z X/ 6, X] &,2] Z;
1#] i#j
1 o . 5 v
+ = > (DifX] . + X[ &,D;B)Z] Z,;
i#]
= Tn4a + Tn4b + Tn4c-

For the term 7,,,,, we know that

Tota = — ZDzﬁD B2z, = =D DiDiZ]Z; = Ui
17&3 Z#J
Similar to the derivation of the term 7,5, we denote u(4a) ﬁUMa = ﬁ > 4 U bemg

a U-statistic with the kernel u(~ 9 — D-D-ZZTZj. By Assumption 5, We yield that
E(Upia) < nE(ul*) = nE(D;D,Z; Z;)
= nE(D;Z;) "E(D;Z;) (S13)
= n“gZ“DZ = O{trl/Q(EQZ)}-
We also yield that the projection of u ) to the space {D;, Z;} is
uli =E(u” | D;,Z;) = E(D;D,Z] Z; | D;,Z;) = D;Z] pupg.
By the Hoeffding decomposition and similar to the equation (S3), the variance of U, is
Var(Upsa) = nVar(u:”) + Var(u (4“))
S nE{(D;Z{ poz)’} +E{(D;D,Z; Z;)*}
< nEVA(DHEVH{(Z] ppz)'} + EVA(DHEY?(D))EV?{(Z] Z;)"} (S14)
< nEV*{(Z] ppe)'} + EVH{(Z]Z))"}
S bz Szppg + tr(27) < tr(X7),



where the second inequality is due to the Cauchy-Schwarz inequality, the third inequality
holds by Assumption 2-3 with D = XT~, + Z"+, + d, the fourth inequality follows from the
equation (S63) in Lemma S7 together with Lemma S2, and the last inequality is obtained by
the equation (S62) in Lemma S7.

Therefore, we have Ui, = O,{tr'/?(X£%)} combining the equations (S13) and (S14).
Further, with Assumption 6, we conclude that

Thse = ﬂ Unaa = Op(sylogp/n) - Op{trl/Q(E%)} = op(Ql/2), (S15)

logp)'/* = o(1).
For the term 7,4, we utilize the Holder’s inequality to obtain that

n4b—_2:)(T a Z

i#]

1
> XX]Z/Z;
n

i#]

where the last equality holds by the condition n~!/ 23;/ 2(

16t 17 =2 [[Unaploo |Gt 15

o0

We further denote ul?) = LUy = ﬁ > ik X;X[Z/Z;, which is a p, x p,-dimensional
matrix with (kq, ko)-th element

@ _ 1 1 Ty _. 1 (4b)
Uy ey = nn—1) ; §(Xz’k:1Xjk2 + Xiny Xji, )2 Zj =: nln = 1) - Uy ik

Notice that u'’ )k is U-statistic with the kernel ufjk)k (Xt Xy + Xing Xjry )2, Z5)2 for

nkq

klakQ = 17"‘7pm
Similar to the derivation of the term 7,35, we first deduce that

E(uyth,) = E{(Xi Xo + Xiwa X ) 2] Z;/2} = E(X,, 2) E(X,, Z).
By Hoeffding decomposition, we then yield that
4b (4b
Uik, = E(Xklzm(xb )+ 2510k, + Staoky

(1) 1 (4b)

1’nk1/€2 lklkg XZ’ Z
(16) Z .
San‘le - g2k‘1k2 X“Z“XJ’ZJ)?
Z#J

with
gﬁcﬁ)@ (Xz‘> Z;)
— E(u!? mkl,@ | Xix, Zi) — E(X1,Z) 'E(X},Z)
= B{( Xt Xjro + Xty Xjt )2 Z/2 | Xty Zi} — B(X1, Z) "E(X}1,Z)
= {Xip, Z) B(X1,Z) + Xy Z, B(X1, Z)} /2 — E(X1,, Z) "E(X},Z)
= {Xip Zi — B(X3, Z)} ' B(X1,Z) /2 + { X, Zi — B(X1,Z)} 'E(X3, Z) /2,



and

onrs(Xi Zi X, Zj)
e — E(X0,2) TE(X2) — g0, (Xi, Z0) — g{10), (X5, Z)
= (Xik1X~k2 + XikQXlkl)Z-TZj/Z {Xle E(Xk,Z) + XikQZ E(XkZ)}/2
—{ X, Z] E(X1, Z) + X, Z, E(X, Z)} /2 + B(X), Z) "E(X), Z)
= { X, Zj — B(Xp, 2)} {Xir, Zj — E(X1, Z)}/2
+ {XinZ; — B(Xi, Z)} ' { X, Zi — B(X1,Z)}/2.

=1U

Moreover, we calculate that

| max  max gikLz(X“zwg

1<i<n 1<k ,k2<p

S log(np,) max | max 9k (X, Z0)

.
np,) MAX | max | Xy Z; B( Xy Z)|| s,

max _max HXz'klIIwQIIZ?E(XkZZ)sz (516)

1<i<n 1<k ,k2<p

(np:)
(np.)
< log(np,) _max {E(Xk2 ) B2E(X,,Z)}?
(np2)
(np2)

1<k ,k2<pz

max  {E(X,Z )TE(X Z)}1/2>\1/2< z)

1<k ,k2<pgs max

where the first inequality follows from the equation (S49) in Lemma S4, and we deduce
the remaining inequalities by the similar techniques used in the equation (S7) together with
Assumption 2. Similarly, we derive that

max [lgi, (Xi Zolle S _max | X, Z7E(Xi,Z)|3

1<k ,k2<ps 1<k, ka<pes
< 1/2
o | X ZU B D), € N (S2). (S17)

Here, the second inequality holds by the equation (S48) in Lemma S4, and the last inequality
has been derived in the equation (S16).

Taking ¢ = [4/(1 — 3a)] with 0 < a < 1/3, we apply the similar derivation used in the
equation (S9) to yield that

(40) .
I e i, oy (X 2t X, Z)l

<
I max = max oty (X Zi: X5, )|

-
< || max max X, Xje,Z; Zjllq
1<izj<n 1<ki,k2<pz

< o Xl 7.
S max - max X, Xii[log - || max Z; Zjlz (518)



< . . . — 1)) 1/24 7.
S log(npy) max - max [ Xig, Xj, [l - {nn — 1)} max |[Z; 2]l

< log(npx)nl/qtrl/Q(E%),

where the first inequality follows from the Lyapunov inequality with ¢ > 4, the third in-
equality is obtained by the Cauchy-Schwartz inequality, the fourth inequality holds based
on Lemma S4, and the last inequality is due to Assumption 2 and Lemma S2. Similarly, it
follows that

4b 4b
e g, (Xi, 2 X, 2) 2 < max (g5, (X 2 X, Z)]

1<k<pz
S 12%1 HX'ileijZ;-ijH4
.
S max ([ X Xolls - 122 ls (S19)

< ().
Under Lemma S3 with the equations (S16)-(S19), we derive that

E(|Upasl| o) = nE([[ul®]|o)
< nk? + kAY2 (32){n'?(log p.)Y? + log p, log(np,)}

+ trl/Q(E%){logpx + 71_1/2+1/q(logpgg):%/2 log(np.)} (520)
< nw? 4+ n' 2 (log p.) AL (22)k + log patr'? (37).

max

Here, we obtain that n'/?(log p,)/? and log p, dominate the bound by Assumption 4. Recall
that Ty < [|[Unas||o|l@]|3- By the equation (S20) and Proposition 1, we obtain that

Tn4b
= p{n_lsim logp,} - Op{TLKQ + nl/Q(logpw)l/Q/\rlr{aQX(Zz)m + 1ogpwtr1/2(22z)}
= Op{s2, logpor® +n~'2s2, (logpa)* P A2 (Bz)k + n'sh, (logp,)*tr'/?(55)}  (S21)
= Op(91/2>7

where the first equality holds by Proposition 1, and we utilize our conditions

2 log p,k? = oftr/2(5)},
V25, (10g o) = o(1),
N2 (Sg)k = oftr/2(53)},

Sa:c max

n’l/zsaz log p, = o(1),

to obtain the last equality.
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For the term 7T,,., we can proceed it as

1 cot 5 y
Tose =~ > (DifX] &, + X[ &, D;8)Z] Z,

i#]
o1 o v
= 3.3 (DX é. + X[ 6,D,)2] 2
i#]
1 5 3 3
<p ' =Y DX+ XD)Z 2| el =2 B Unielcltll,
i#]

where the first inequality follows from the Hoélder’s inequality. Denote the p,-dimensional
vector u¥ = 1 U = m > i (DX + X;D;)Z/} Z; with the k-th element

1 (4¢)

n(n _ 1) oy uz’jkz :

1
uly) = —— N (DX + XaD;)Z] Z; =
n(n —1) oy

Note that ul)” is U-statistic with the kernel u(;;) = (D;X;x + XiD))Z] Z; for k = 1,...,p,.
We know that
E(uls") = B{(D;X;, + X D;)Z] Z;} = 2E(DZ) " E(X,Z) = 2, E( X, Z).
Using Hoeftding decomposition, we derive that

uny) = 20D B(XGZ) + 2515 + S,

n

St = % Zgﬁc)(Dz‘, Xi, Zi),
=1
S = ﬁ %ﬂ:gﬁc)@uxu Z;;D;,X;,Z;),
with
QY;LCC)(D@ X, Z;)
= E(“z(;’ll? | Dy, X5, Z) — 27 B( X, Z)
= B{(D:Xjx + X D;)Z] Z; | Di, X;, Z;} — 211, B( X, Z)
= D,Z/B(XWZ) + X2, wpz — 211y B(XiZ)
= {DiZi — ppz} B(XiZ) + {XaZi — E(X,Z)}  ppz,
and

g5 (D:, X, Zi; D, X, Zj)
= uyy) = 2ppaB(XZ) — g1 (D, X3, Z) — 97 (D5, X5, Zy)
= (DiXj + XaD;)Z} Z; — D;Z] E(X},Z) — Xt Z, pz
— D;ZE(X,Z) — X;uZ] ppz + 2p 7 E(X,,Z)
= {DiZ; — ppz} {X;sZ; — E(X,Z)} + {D;Z; — ppz} {XuuZi — E(X,Z)}.
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To proceed, we know that

4
| pax max gl (D: X, 20

= | max max {D;Z; — ppz} E(X4Z) + {XiZi — E(X,Z)} ppz|-

1<i<n 1<k<ps

< || max max {D;Z; — ppz} E(XiZ)||2

1<i<n 1<k<p,

+ || max max {XiZ; — E(XZ)} ozl

1<i<n 1<k<p,

< 7T wA

S log(nps){max max |[DiZ; E(XiZ)lly, + max max [|XuZ; pupzll, } (522)
N lZT . T

< log(np,){max max |[Dilly,||Z; E(XiZ)lly, + max max [ Xy, [|1Z; pozlle.}

S log(np.) max {E(X,Z) " SE(X,2)} 2 + log(np.) (1 pz zpnz)

< log(npa) i\ (Bz) + log(np,) (mpz Sana) ',

where the second inequality is due to the equation (S49) in Lemma S4, and we use the similar
techniques used in the equation (S7) and Assumption 2-3 with D = XT~, +Z"~. + 6 to
obtain the remaining inequalities. Analogously, we yield that

o) p. x. 7\, < A 7T
max gy, (D, X, Zi)ll2 < max [ DiZ; E(X,Z) [ + max [ XuZ; ppzl.

1<k<pe

~Y

S fiex(Bz) + (BpzZzppz)' .

S max [ DZ{E(XZ) |y, + max [ XaZipozly,  (523)

Here, the second inequality holds by the equation (S48) in Lemma S4, and the last inequality
has been derived in the equation (522).

Considering ¢ = [4/(1 —3a)] with 0 < a < 1/3, we employ a derivation analogous to that
in the equations (S9) and (S10) to obtain that

U D X. 7D X.. 7.
L% B o (00 X 233 2l

(4¢) .
< . . 7. . ) )
< max  max g, (D3, X, Zis D, X, Z),

< 7Ty . 7.
S max  max DiZi XiuZllq

S Xinllag - T7.
Sl g max DiXinllag I max 202112 (524)

< X . — 1)\1/24 7.
S log(nps) max  max [DiXplly, - {n(n — 1)} max [|Z; Z;],
< log(np)n'/1tr'2(2),

and

max (|95 (Dis X Zi5 Dj, X, 2| < max |9y (Di X, Zis Dj X, 2

1<k<ps
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.
< Jax | DiZ; XjuZij ||

< max | DiXlls - 12 Zylls (525)

1<k<p,
< tr'/2(2).

Combining the equations (522)-(525) and under Lemma S3, we deduce that

E(||Un40”00)
= nE(][uf! o)

S n max pp R(XZ) + KA (Zz){n'* (log p,)'"* + log p,, log(np..) }

+ (phzZzppz)*{n'* (log p,)"/? + log p, log(np.)}
+ tr'/2(22){log p, + n~ V9 (log p, )3/ * log(np,)} (526)
S nppgipz)'? max {E(X,Z) E(XiZ)}?
SRSPx

+n'2(log p,) P2 (Zz)k + n'*(log p.) (1 hz Sz ppz)
+ logpmtrl/Q(Z%)
< n1/2tr1/4(2%)/$ + 7”L1/2(log])36)1/2)\1/2 (Xz)k + logpxtrl/Q(E%),

max

where the second inequality follows from the Cauchy-Schwarz inequality and Assumption 4
(implying that n'/?(log p,)"/? and log p, dominate the bound). The last inequality is due to
Assumption 5 (npp,ppz = O{tr'/?(£2)}) and the equation (S62) in Lemma S7. Recall that

Tose < B | Unsel|so|| Gz |l1- Referring to the equation (S26), Assumption 6 and Proposition 1,
it follows that

Trse = Op{n~2(s,log )/} - O {n"?s4, (log p.)"/*}
Oy {2 (55 )+ /2 o p) VAL (S35 + log prtr /2 (55 )
= Op{n™"*(s510gp)'"?} - Op{sa, (log po) 20/ (SZ)k + 50, log e M (Bz)r (S27)
+ nil/Qsaz (logpx)g/Qtrl/Q(Z%)}
= Op(Ql/2)a

where the last equality holds by our conditions

(s logp/n)"/2 = o(1),
52 log pi? = oftr' ()},
o 108 AL (Sz) = oftr/2(S2)},

max

1254 (l0gp)"? = of1).
Combining the equations (S15), (S21) and (S27), we conclude that

Trs = 0,(Q?). (S28)

13



In sum, following the results (S1), (S6), (S12) and (S28), we verify that
T,/ 5 N0,1) s (n,pe.ps) = oo

The proof is completed. O

A.3 Proof of Theorem 2

Under the local alternatives with Y; = D;8 + X/ a, + Z . + ¢;, we decompose T}, as
1

In=— > (Yi—Dif = X[ a,)(Y; - D;f — X[ &) 2] Z;
i#£]
1 y y
= > &+ Dif+ X[ &, + 2 o) (e + DB+ X[ &y + Z] o) Z] Z;
i#]

1 ; ; .
== (et Dif + X[ éu)(e; + Dif + X[ )2 Z,
i#j

L T T T 1 37T T ANz T
+- ;(EZ-Z]. o, +7Z; o), Z; + - ;(Dzﬂzj o, +Z a.D;p)Z Z;
1#j i£]

1 T T T T T 1 T T T
1) i#j

4
= Tt + Ts + T + Tz + Ts.
=1

From the proof of Theorem 1 in Appendix A.2, we know that

4
ZTnl/Ql/2 2 N(0,1) as (n, pg, p,) — 00. (529)
=1

For the term T),5, we denote uﬁ? = ﬁ ns = m Z#j uz(f) being a U-statisitc with

the kernel uS) = (6Z] o, + 2] a.e;)Z] Z;. Firstly, we derive that
E(T,5) < nE(ul’) = nE{(&Z] . + Z] ov.€;)Z] Z;} = 0.
Secondly, the projection of ug)) to the space {Z;,¢;} is

ufy =Eu) | Zi.¢)
=62 B(Z;Z] o) = €;0] $7Z;.

Similar to the previous derivation with the Hoeffding decomposition, the variance of T, is

Var(T,5) < nVar(ugi)) + Var(ugf-)). (S30)

14



Here, we calculate that

nVar(uS)) = nVar(ga, Xz7Z;)
= nR{ (g0l £327Z:)?}
= nE(*)E(a] 22,2 Tzav.) (S31)

T$3
rg naz EZam

where the third equality holds based on the random error € is independent of Z, and the first
inequality follows from Assumption 3. Further, we yield that

Var(ug’)) = Var{(¢Z, o, + Z] o.¢;)Z; Z;}
=E[{(6Z] o + Z] o.¢)Z] Z,;}7]
<E{(Z] 0.2]Z,)) (532)
= E()E{(Z) o.)*(Z; Z;)*}
SEVH(Z] ) YEVH(Z{Z5)"} S (e Bgaw)tr(27),
where the third equality is due to the random error € is independent of Z, the second in-
equality follows from Assumption 3 together with the Cauchy-Schwarz inequality, and the

last inequality holds by the equation (S64) in Lemma S8 and Lemma S2 with b = 2.
Combining the equations (S30), (S31) and (S32), it then follows that

Var(T,5) < naZE%az + (azTEzaz)tr(Z%) = o{tr(X2)},

where the last equality holds by the conditions e ¥za, = o(1) and ! 3, = o{tr(X%)/n}
in .Z(a.). As a result, we conclude that

Trs = 0,(Q2?). (S33)
For the term 7,4, we have
1 y y
Tos =~ > (DifZ] o + Z] o.D; B)Z] Z;
i)

21

= (- (DiZ] o + Z] . D)) 2] Z,
i#]

= ﬁUnG

Denote 4% = i1 Uns = w2 ugs) being a U-statistic with the kernel uz(f) = (DiZ] a.+

Z!a.D;)Z] Z;. We first calculate that

E(Uns) < nE(u®)) = nE{(D;Z] o, + Z] 0. D)2 Z;} = 2np ], Sz ppz.

n

15



Secondly, the projection of ugj) to the space {D;, Z;} is

ull) = E(u) | D;, Z;)
= E{(DiZjTaz +2Z/a.D))Z!Z; | D;,Z;}
= D,ZYz0, + p,ZiZ, o

Using the Hoeffding decomposition, we deduce that
Var(Uyg) < nVar(u'®) + Var(ug)), (S34)
with

nVar(ug?) = nVar(D;Z] Sza. + ph, 2.2 o)
< nVar(D;Z, Sza) + nVar(p),Z,Z] o.)
< nE{(DiZ] £za.))*} + nE{(upzZiZ; cv.)’}
S nEVA(DHEVH{(Z Sz0.)"} + nEV{(npa Z) JEVA{(ZT )y (S35)
S nEV{(Z"Ez0.)"} + nEV* { (1, Z) YEVA{(Z )"}
< nal Sha. + n(phySzupz) (@] Szas),
where the third equality follows from the Cauchy-Schwarz inequality, the fourth inequality
holds by Assumption 2-3 with D = X", + Z ", + §, and the last inequality is due to the

equations (S64)-(S65) in Lemma S8 as well as the equation (S63) in Lemma S7. Further, we
know that

Var(u)) = Var{(D,Z] v, + Z] . D;) 2] Z;}
<E[{(DiZ] . + Z; 0. D;)Z} Z;}’]
SE{(DiZ] a.Z] Z;)*} (S36)
SEVA(DHE{(Z] a) YEV{(Z] Z5)"}
SE{(Z] o)V EVH{(Z]Z))"} S (o] Bza)tr(27),
where we apply the Cauchy-Schwarz inequality to obtain the third inequality, the fourth
inequality follows from Assumption 2-3 with D = X T+, + Z "+, + J, and the last inequality

holds by the equation (S64) in Lemma S8 and Lemma S2 with b = 2.
Combining the equations (S34), (S35) and (S36), we derive that

Var(Ung) S ne) Sga. + n(ppgXzppz) (e Bza.) + (] Bga. )te(27)
= oftr(22)},

where the last inequality holds by the conditions a! Zza. = o(1), a] T, = o{tr(X2)/n}
in Z(a) together with nuj,Xzupz < tr(X2) (the equation (S62) in Lemma S7). Recall

~Y

that E(Uyg) = 2np},Szppz < tr(Xg) and § = 0,{(sylogp/n)"/?} in Assumption 6, we

Y

thus have

Tos = BUns = Opf(sy logp/n) *tr(33)} = 0,(2'/?), (S37)
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where the last equality follows from the condition n=/2sY?(log p)/2 = o(1).

For the term 7,7, under the Hélder’s inequality, we deduce that

1
e X, & zT L+ Z) ZXT yANA
7 n;( « + « ) 7 Vi

<

1
- § (XiZjTaz + 7 a.X;)Z, Z;
"

16l = [[Unzlloo | e 1

oo

We define the p,-dimensional vector u!) = ﬁUm = ﬁ Zi#(XiZ;az +Z] . X,)2]Z;
with the k-th element

1
- e > (X2 o + 2] 0. X )2 Z; = T —— > Ul
n(n —1) n(n—1)

where ugk) is U-statistic with the kernel ugll = (XaZ] .+ 2] 0. Xj,)2] Z; for k= 1,... p,.
We first yield that

E(ul})) = E{(XaZ] o, + Z] 0. X;) 2] Z;} = 2] S7E(X,Z).
Using Hoeftding decomposition, we know that
) = 2aT2zJE(Xk ) + 2850 + Sk

lnk Zglk X, Z;)

1
7
S = Y > g (X, 25X, Z)),

i#]
with
g (Xi, Zs) = E(u)) | Xi,Z;) — 20] 22E(X,Z)
= IE{( XpZ] o, + L] 0. Xp)Z Z; | Xi, Z;} — 20 7E(X,Z)
= XiZ] Sga. + ol Z,Z] B(X,Z) — 2a] BzE(X,Z)
= o Bz {XiZi — E(XiZ)} + E(XZ2) " (Z:Z, o, — 2z0),
and

gék) (X, Zs; s X, 2 )
uff) — 20] BR(X,Z) — 01} (X0, Zi) — 017 (X5, Z;)
= (X2 o, + Z) a. Xj1) 2] Z; — X Z] Sz, + o] Z,Z] E(X,Z)
— XjZ] Xz00, + o Z;Z]B(X,Z) + 2] B2 E(X,,Z)
= (Z:Z, o, — Zgo,) {X3Z; — E(X,Z)}
+(Z,Z] o, — Bzo) { Xy Zi — E(X,Z)}.

17



To proceed, using a similar line of (S22), we derive that

Dix. 7.
|2z e, e (X 2

= || max max o] Xz{XyZ; — B(XiZ)} + E(X,Z)" (Z;Z] o, — Zza.) s

1<i<n 1<k<pq

< || max max o) Zz{XuZ; — E(X:2Z)}2

1<i<n 1<k<pq

+ || max max E(X,Z)"(ZZ] o, — Zza.)|2

1<i<n 1<k<ps

< log(np,){ max max HaZTEinkZinl + max max |]E(XkZ)TZiZiTasz1} (S38)

1<i<n 1<k<pq 1<i<n 1<k<pq

< log(np,){ max max | Xy, o) £2Zi]l,

+ max max [|E(XxZ) " Zilly,||Z] . le,}

1<i<n 1<k<p,
< log(np,)[(e] Bga.)? + {(a] Bzo )E(X,Z) ' 22E(X,Z)} )
< log(np,)(er] Bza.)'? + log(np, ) (@] Tza.) P rAfa (Ba),

max

where the second inequality is due to the equation (S49) in Lemma S4, and we apply the
similar techniques used in the equation (S7) and Assumption 2 to establish the remaining
inequalities. Specifically, we apply Lemma S5 to obtain that a] 37, E(X,Z)'Z and o Z
are sub-Gaussian random variables with

o) 27Z|y, S (o] Zhe)'?,
IE(XkZ) " Z|y, S {E(XiZ) S2E(X,Z)}2,
||a;—Z||1/)2 S (azzzaZ)l/Q’

~

respectively. Similarly, we yield that

DX, 7], < TS, X7 Ty 7T
max gy (Xi, Za)ll2 < max o, 3z X Zsl> + max [E(XiZ) ZiZ; o2

< TS, X7 Ty 7T
S max [lo, 3z XuZilly, + max [|E(XZ) ZiZ; aclly,  (S39)

< (o) By )V + (al Bzon) V2 eAY2 (25).

~Y max

Here, the second inequality holds by the equation (S48) in Lemma S4, and the last inequality
has been derived in the equation (S38).

Considering ¢ = [4/(1 — 3a)| with 0 < a < 1/3, we use the similar lines of the equations
(S9), (S10) and (S38) to deduce that

DX, 7. X. 7.
I g s, e X0 2% 2ol

ek max o0 (X.. 7
< 1S5 <n 1Shep, T2k (X, Zi; X, Z) g

< A7 7T7.
S max | max Xwer, ZiZ; Zilq
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< T Zll T
S e max XpalZila - ||| max 27 2o (S40)

< ol Zilly - {n(n — 1)}/2 7,
Slog(nps) max  max || Xjer, Zilly, - {n(n — 1)} max |1Z; Z]x

< . 7 - ntatrt/2 (%2
S log(np,) max - max [ Xy, [lee. Zifly, - n7ttr/"(3g)
< log(np:) (e Bzer,) ! 0! 2 (37,

and

7 7
max [|g5y (Xs, Zi; X;, Z) |2 < Jax g5y (Xi, Zi; X, Z) |14

1<k<ps
T T
S nax | Xjeex, ZiZ; Zj]|4
T T
S max | Xjeee, Zil|s - | Z; Z;]|s (S41)
S max 1 Xjker] Zilly, - 2] Z;s

< (@ Bge) Pt 2(27).
Combining the equations (S38)-(S41) and under Lemma S3, we deduce that

E([Un7loc)
= nE(||u? )

<n max o] BzE(X,Z)
1<k<pz

+ {n'*(log p.)"/* + log p. log(np,) H (o] B50.)'? + (] Bza.) PrNZ (S2)} (S42)
+ (aZTEZaZ)1/2tr1/2(222){10gpx + 7”fl/2+1/q(logpm)3/2 log(np,)}

S (ol Bgen) Pk +n' 2 (log pa) ' *{(o] Tho)'? + (o] Bz0) PrALE (Z2)}
+log p.(a] Bza,) 2 (2Y),

where the second inequality holds by the Cauchy-Schwarz inequality and Assumption 4 (im-
plying that n'/?(log p,)'/? and log p,, dominate the bound). Referring to Tz < ||Upn7|lso| |1,
the equation (S42) and Proposition 1, we yield that

Tz = Op{n~ %5, (logp,) '/}
- Opfn(a] Tha.)!?x
+n'(logp,) (el BFa.)'? + (o] Tza.) PrA[E (Z2)}
+log pa(a] Bza) 2!/ (23)}
= 0,{n"?s4, (log p.)*k(a] Lo )2 + 54, 10g pu(a] Zha,)/? (S43)
+ Sa, 10g DAY 2 (Dz) k(] Bza. )+
+n Y25, (logpx)?’/z(azzzaz)1/2tr1/2(22Z)}
= Op(Ql/2)7
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where the last equality is due to o] Xz, = o(1), o] Tz, = of{tr(X7)/(ns?_ logp,x*)} and
al3a, = oftr(Z%)/n} in Z(a.) and other conditions

nY2s4, log ps = o(1),
Sa, logpx)\l/2 (Xz)k = 0{tr1/2(22z)},

0125, (108 p2)*'? = o(1).
For the term 7,5, we denote u%g) = ﬁ e = ﬁ Zi# US) being a U-statisitc with

the kernel ugf) =Z]o.Z] a.Z] Z;. Firstly, we calculate that

E(T,s) < nE(ul)) = nE(Z] a.Z] 0. 2] Z;) = o] T} cx...

Secondly, the projection of uz(?) to the space {Z;} is
u =B | Z;) = B(Z] .Z] . 2] Z; | Z;) = o] Z,Z] Szc..
Applying the Hoeffding decomposition, the variance of 71,5 is
Var(T,s) < nVar(uS)) + Var(ul(?)), (S44)
where we derive that
nVar(u&Si)) = nVar(a] Z;Z] Sza.)
<nE{(a]Z;Z] ¥z0.)}
< nEVH{ (e Zi) YEV*{(a] B2Z,)"} (545)
< n(al Tza.)(a] Tya.),
where the second inequality holds by the Cauchy-Schwarz inequality, and the last inequality
follows from the equations (S64)-(S65) in Lemma S8. Further, we yield that
Var(ul(»?)) = Var(Z} a.Z] . Z] Z;)
<E{(Z]a.Z] 0.2 7))}
SEYVH(Z] ) YEVH{(Z] o) YEVP{(Z] Z))"} (546)
< (o) Bza.)*tr(27),

where the second equality is due to the Cauchy-Schwarz inequality, and the last inequality
holds by the equation (S64) in Lemma S8 and Lemma S2 with b = 2.
Combining the equations (S44), (S45) and (S46), it then follows that

Var(Ts) S nle] Bzew)(a; Sga.) + (o Bgas)*ti(27) = oftr(37)},

where the last equality holds by the conditions e ¥za, = o(1) and ! 3, = o{tr(X%)/n}
in . Z(a.). As a result, we conclude that

Tos = nal o, + 0,(QY?). (S47)
In sum, following the results (529), (S33), (S37), (S43) and (S47), we verify that
(T, — na] 2a) /QY? < N(0,1) as (n, pg, p,) — 00.

The proof is completed. O
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Appendix B Auxiliary lemmas

Lemma S1. Let {A;}F | be a sequence of p x p-dimensional semi-positive matrices and k is

a fized positive integer. Suppose that v is a p-dimensional sub-Gaussian random vector with
sub-Gaussian norm ||V|]y,, we have

k k
E([[v"Aw) S IvliZE [ (A,
i=1 i=1

Proof. See Yang et al. (2022) for detailed proof. ]

Lemma S2. Under Assumption 2, for a fized positive integer b, we have
E{(V{ V5)*} < {tx(=%,)},
where Xy = E(VVT) = E(®vv'®7) = ¢d 7.
Proof. This is a corollary of Lemma S1, it can be shown that
E{(V{V3)*} = E{(V] V.V, V1)"}

= E[E{(V;V1V1TV2)b | Vl}]
= E[E{(v, ®'V,V|®1,)" | V,}]
SE[{tr(@ 'V, V] ®)}] = E{(V] 2D V;)’}
=E{(v]® " Zy®v,)"}
SA{tr(@Tv®) Y = {tr(Z}) )

Here, the first inequality holds by Lemma S1 and V; is independent of V5, and the second
inequality follows from Lemma S1. O]

Lemma S3 (A maximal inequality for U-statistics of order two). Let {X;}I, be a sample
of i.i.d. random variables in a separable and measurable space (S,S). Let g : S x S — RP be
an § ® S-measurable, symmetric kernel such that B{|gp(X1, Xo2)|} < oo forallk=1,...,p.
Denote U,, = ﬁ D i<izij<n 9(Xi, Xj) with

g1(X) = E{g(Xy1, X2) | X1} — E{g(Xy, Xo)},
92(X1, Xo) = g(X1, Xa) — E{g(X1, X2)} — g1(X1) — g1(X2).

We assume 2 < p < exp(cn) for some constant ¢ > 0, it then follows that

E(|Unlls0) S E{g(X1, X2)}eo + (logp/n)"/?A1s + (log p/n) B2
+ (logp/n) Az + (log p/n)** Ass + (log p/n)*"* Bas,
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where

Az = max lgu(X1)ll2, Br> = || max max g1 (Xi)lll2;

Agy = ggg}”g%()(h)(ﬂ”z, By, = H é?f?én 1I£l?§;|g2k(xi>Xj)‘H4a

Agy = 121]?;;”9%()(17)(2)”4-
Note that gi, g1 and goy are the k-th components of g, g1 and g, respectively.
Proof. See Yang et al. (2022) for detailed proof. O

Lemma S4 (The properties of Orlicz norm). We define the 1,-Orlicz norm for any random
variable X and o € (0,2] by

[ Xy = inf{t > 0 E{exp(|X[*/t%)} < 2},

for o (z) = exp(x®) — 1. Then, for any random variables X1, ..., X,, (without independence
assumption) and any fized integer ¢ > 1,

XNy < @ Xgrs  1X g, < 1 X1y, log2)”?, p<gq, (548)

Il max Xillg < log(m) max |[Xily,, (549)
. 1/q .

I max Xl <m" max [LXG]],. (550

Proof. For the properties of Orlicz norm in (S48), see Van der Vaart and Wellner (1996) on
page 95. We further apply Lemma 2.2.2 in Van der Vaart and Wellner (1996) on page 96 to
obtain that

< log(m) max [[X;]l.

< i
|| max XZHq = || fgfgﬁanle ~ 1<i<m

1<i<m

Using the fact that maxj<;<p, [ X;]9 < >0, | X;]?, one easily obtains for the L, norms

Al = |a\11/q 1/q ,
Il max Xill, = {E(max | X|")}F/ <m ™ max [ X,

]

Lemma S5. Suppose v is a p-dimensional sub-Gaussian random vector. For any vector
u € R? such that ||u|ls > 0, it can be shown that

le "y, < flullzlvlly..
Proof. Applying the definition of sub-Gaussian norm of sub-Gaussian vector, we yield that

" vy, = lull2 w'v|l <l

1
[[e]l2

2
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Lemma S6. Suppose that Assumptions 1-3 hold, then the term T, in the proof of Theorem
1 asymptotically follows

Zz;ﬁj G’LEJZ Z] d

1/2 _
T /QV? = nQl/2

— N(0,1) as (n,p.) = oo,
where Q = 20*tr(33).

Proof. Denote n,; = 2n~! Z;;ll 66,2 Z;, and let S, = Zf_Q Nni With Spp — Spi—1) =
defined as martingale differences, and %, = o{(Z;,€;),i = 1,...,k}. Also, E(uk | Fr-1)
due to (Spk, Fi) is a zero-mean martingale sequence. We deﬁne Ui = Var(n, | Zi_1) an
Vi, = ¢, Uy Note that

n -1
= %ZZQE]’Z;FZJ' = %Zeiejzz—'rzj = Tnl'

i=2 j=1 i
Therefore, by the Martingale Central Limit Theorem (Hall and Heyde, 2014), it suffices to

show that the following two conditions hold.

V., D
—_— 1 1
Var(S,,) = (S51)

77

and for all ¢ > 0,

S B il {nl /Vi(55) > ¢} | #ic]

o) 0. (S52)

We first establish the equation (S51). Observe that
Uni = Var(nn| Fi1)
9 i—1
= Var | = €2 7

9i1>
j=1

402 (i
= 12 {Z SVADVAES Z SRIVARV A }

J=1 1<j1#g2<i~1
and
n
Vn - Uni
=2
402 I A 2T 4% & T
- GZ]S2Z;+ Y €€.2) 307, (S53)
=2 j=1 i=2 1<j1#£72<i—1
Notice that S, = + ZZ#] ele]ZTZ and denote ugf) = 1 —Snn being a U-statistic with

the kernel ug = ¢;¢;,Z; Z;. The projection of U ) {6 the space {Z;, €;} is

U,gj) (Ul; | Zi7€i> = E(EiEjZZTZj | ZZ‘, Ei) = 0.

23



Furthermore, by the Hoeffding decomposition,

-1 2(n—1
Var (S,,) = 4n 73/( )Var(ugj)) + %Var(ug))
2(7’L — 1) (s)
= - Var(uij )
2(n—1
= (”n ) e (2] Z,)%} (S54)
2(n—1)
= 20 D) u(EzL 2,2)
2(n—1) 4 2
= tr(37).
n ¢ r(3z)
Then combining the equations (S53) and (S54), we write
Vi,
Var(S, )
n  i—1 n
- n(n —1 02tr 32) ( EQZTEZZj + Z Z 631€J2Z EZZD)
=2 j=1 i=2 1<j1#j2<i—1
= R1 + RQ.

Now we need to show that R; 2 1 and Ry = 0. It can be derived that

n  i—1
E(R;) =E U2tr 7 Y 7542, }

=2 j=1
T
- {< oy S (59
i#]
1

— —OQtr(EZZ)E(e2)E(ZTEZZ) =1

Here, the last equality holds by E(ZTX3Z) = tr(X3).
We know that

n i—1
_ 2 2T .
Var(R;) = Var (n(n ot (5) Z Z €2, EzZJ>

n—1
2 N 25T
— —NCZTR,Z,
Var (n(n— 1)o2tr(X2) Z(n D)t Xz J)

S e 1(22) i(n =) Var (2] £2Z;) (S56)
= —n4tr21(2%) jzl(n — )’ [E{(Z] £2Z;)*} — E*(Z] $2Z;)]
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= o(1),

3I'—‘

S g o~ (SR <

j=1
where the first inequality follows from Assumption 3, and the second inequality is obtained
by E{(ZTX2Z)?} < tr?(2%) with Lemma S1 as well as E(Z"XzZ) = tr(22).

Similar to the derivation of Var(R;), we obtain that

Var(R;) = Var ( 1 UQtr 7] Z Z €65, EzZm)

=2 1<]1;é]2<7, 1

1
5 m Z Z n — k1>(n — k2>E(€j16]2€k1€k2zj1ZZZ]{:1ZJQEZZ]€2) (857)
J1<k1 ja<kz

< Zkzl(n_ ) (k B 1) . tr(E%) _ 0(1)

~ n* tr?(X2) '
Here, the last equality holds by the condition tr(X3) = o{tr?(X2)} in Assumption 1. Observe
that E(Rs) = 0, combining the equations (S55), (S56) and (S57), Chebyshev inequality yields
that Ry = 1 and Ry = 0. Up to now, the equation (S51) is verified.

Next, we establish the equation (S52). For all ¢ > 0, we have

S Bl el //0) > CHFia) _ 1 S, Bl i) s5%)
(%) e W)

which is due to the Markov inequality. Furthermore, we obtain that

SULE@Z) | YL E ()
E{ 2(53) }“ 2(22)

1 n 24 i—1 . 4
WZE i\

j=1
n i—1
< e ZZE{ (Z]Z.)*(Z[ 2} + > E(Z]Z;)* (S59)
nttr¥( i=2 s#t i=2 j=1
51=dm
n

where the first inequality holds by Assumption 3, and the last inequality holds by the equa-
tions (S60) and (S61) as follows,

i > E(Z]2.%(Z[Z,)°} < n’BV*{(Z] Z,)\EV{(Z] Z,)'} S nu?(2),  (S60)

1=2 s#t
where the first inequality is obtained by the Cauchy-Schwarz inequality, and the last inequal-
ity holds by Lemma S2. Similarly, it follows that

n i—1

> ) E(Z]Zy)" < nE(Z]Z))t S nPet(55). (S61)
=2 j=1
The equation (S52) is thus proved by combining the equations (S58) and (S59). O
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Lemma S7 (Some technical results for the proof of Theorem 1). Under conditions in The-
orem 1, it can be shown that

nppgSzpnz S tr(X7), (562)
E{(Z"npz)'} S (mpzZzppz)’. (S63)

Proof. Firstly, we can proceed nu},, Xz pupz in the equation (S62) as

N bz Szinz < NpzpzIma(Z2) < nppgppztr'?(27) S tr(Ey),

where the second inequality holds by the fact that the Lz norm is an upper bound on the L,
norm, and the last inequality follows from Assumption 5. Secondly, we prove the equation
(563),

E{(Z " upz)*} = B{(Z upzp ), Z)*}
=E{(v' @z )z Pzv)}
S A{tr( @ oz ®2)Y = (MpzSzmnz),

where we apply Lemma S1 to deduce the first inequality. O

Lemma S8 (Some technical results for the proof of Theorem 2). Under conditions in The-
orem 2, it can be shown that

E{(Z"e.)"} £ (o] Bza.)?, (564)

E{(Z'2z0.)"} S (e.X30.)”. (565)
Proof. The equation (S64) can be similarly verified as the equation (S63). Next, we prove
the equation (S65),
E{(Z'Sza.)'} = B{(Z' Sza.a X,Z)*}
=E{(v'®,3za.a] Z;P,0)}
SAtr(®gEza.a B7®72)} = (a.Tja.)’,

where the first inequality is due to Lemma S1.
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