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Abstract

In the Supplementary material, Appendix A contains the proofs for a proposition

and two theorems stated in the main text. Appendix B includes some useful lemmas.

Appendix A Proofs of main results

We denote the following notations in the Appendix. For two sequences of positive constants an
and bn, we write an ≲ bn or bn ≳ an if there exists an absolute constant C > 0 such that an ≤
Cbn when n is large. If an ≲ bn and an ≳ bn hold simultaneously, an, bn are asymptotically

equal and it is denoted by an ≍ bn. For a d-dimensional vector U = (U1, . . . , Ud)
⊤ ∈ Rd,

we define ∥U∥q = (
∑d

j=1 |Uj|q)1/q with 1 ≤ q < ∞ and ∥U∥∞ = max1≤j≤d |Uj| to denote Lq
and L∞ norms of U. For a random variable X ∈ R, the Lq norm of X is defined as ∥X∥q =
{E(|X|q)}1/q with q ≥ 1. X is sub-Gaussian if the moment generating function (MGF) of

X2 is bounded at some point, namely E exp(X2/K2) ≤ 2, where K is a positive constant. X

is sub-Exponential if the MGF of |X| is bounded at some point, namely E exp(|X|/K ′) ≤ 2,

where K ′ is a positive constant. The sub-Gaussian norm of a sub-Gaussian random variable

X is defined as ∥X∥ψ2 = inf{t > 0 : E exp(X2/t2) ≤ 2}. We denote the unit sphere in

Rd by Sd−1 = {U ∈ Rd : ∥U∥2 = 1}. The sub-Gaussian norm of a sub-Gaussian random

vector U ∈ Rd is defined as ∥U∥ψ2 = supu∈Sd−1 ∥u⊤U∥ψ2 . For a (q1 × q2)-dimensional matrix

A, denote the LF and L2 norms of A as ∥A∥F = {tr(AA⊤)}1/2 and ∥A∥2 = λ
1/2
max(A⊤A),
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respectively. Here λmax(A
⊤A) is the maximal eigenvalue of A⊤A. We use the notation ⌈x⌉

to denote the least integer function greater than or equal to x ∈ R. For simplicity, we denote

β̆ = β − β̂, ᾰx = αx − α̂x, Φ = (Φ⊤
X,Φ

⊤
Z)

⊤ (defined in Assumption 2).

A.1 Proof of Proposition 1

Since the L2 loss satisfies the restricted strong convexity condition (Negahban et al., 2012),

from Theorem 1 in Loh and Wainwright (2015), it suffices to investigate the order of∥∥∥∥∥ 1n
n∑
i=1

Xi(Yi −Diβ̂ −X⊤
i αx)

∥∥∥∥∥
∞

,

to obtain the convergence rate of α̂x. Notice that under H0,

1

n

n∑
i=1

Xi(Yi −Diβ̂ −X⊤
i αx)

=
1

n

n∑
i=1

Xi(ϵi +Diβ −Diβ̂)

=
1

n

n∑
i=1

Xiϵi + β̆
1

n

n∑
i=1

{XiDi − E(XD)}+ β̆E(XD).

Let Xij be the j-th element of Xi, j = 1, . . . , px. From Assumptions 2-3, we know that Xijϵi,

XijDi − E(XjD) for j = 1, . . . , px are all sub-Exponential.

Applying the Bernstein’s inequality, we deduce that∥∥∥∥∥ 1n
n∑
i=1

Xiϵi

∥∥∥∥∥
∞

= Op{n−1/2(log px)
1/2},∥∥∥∥∥ 1n

n∑
i=1

{XiDi − E(XD)}

∥∥∥∥∥
∞

= Op{n−1/2(log px)
1/2}.

Furthermore,∥∥∥∥∥β̆ 1n
n∑
i=1

{XiDi − E(XD)}

∥∥∥∥∥
∞

= op{n−1/2(log px)
1/2},∥∥∥β̆E(XD)

∥∥∥
∞

= Op(n
−1/2) = op{n−1/2(log px)

1/2}.

Therefore, ∥∥∥∥∥ 1n
n∑
i=1

Xi(Yi −Diβ̂ −X⊤
i αx)

∥∥∥∥∥
∞

= Op{n−1/2(log px)
1/2}.

The proof is completed.
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A.2 Proof of Theorem 1

Under the null hypothesis αz = 0, we decompose Tn into the sum of four terms, that is

Tn =
1

n

∑
i ̸=j

(Yi −Diβ̂ −X⊤
i α̂x)(Yj −Djβ̂ −X⊤

j α̂x)Z
⊤
i Zj

=
1

n

∑
i ̸=j

(ϵi +Diβ̆ +X⊤
i ᾰx)(ϵj +Djβ̆ +X⊤

j ᾰx)Z
⊤
i Zj

=
1

n

∑
i ̸=j

ϵiϵjZ
⊤
i Zj +

1

n

∑
i ̸=j

(ϵiDjβ̆ +Diβ̆ϵj)Z
⊤
i Zj

+
1

n

∑
i ̸=j

(ϵiX
⊤
j ᾰx +X⊤

i ᾰxϵj)Z
⊤
i Zj

+
1

n

∑
i ̸=j

(Diβ̆ +X⊤
i ᾰx)(Djβ̆ +X⊤

j ᾰx)Z
⊤
i Zj

=: Tn1 + Tn2 + Tn3 + Tn4.

Following the Martingale Central Limit Theorem (Hall and Heyde, 2014), we have

Tn1/Ω
1/2 d→ N(0, 1) as (n, pz) → ∞. (S1)

The detailed proof is given in Lemma S6. In what follows, we aim to prove that Tn2, Tn3 and

Tn4 are op(Ω
1/2) as (n, px, pz) → ∞.

For the term Tn2, we have

Tn2 =
1

n

∑
i ̸=j

(ϵiDjβ̆ +Diβ̆ϵj)Z
⊤
i Zj = β̆

1

n

∑
i ̸=j

(ϵiDj +Diϵj)Z
⊤
i Zj =: β̆Un2. (S2)

Denote u
(2)
n = 1

n−1
Un2 = 1

n(n−1)

∑
i ̸=j u

(2)
ij being a U -statisitc with the kernel u

(2)
ij = (ϵiDj +

Diϵj)Z
⊤
i Zj. We derive that

E(u(2)n ) = E{(ϵiDj +Diϵj)Z
⊤
i Zj} = 0,

and thus E(Un2) = 0. Further, the projection of u
(2)
ij to the space {Di,Zi, ϵi} is

u
(2)
1i = E(u(2)ij | Di,Zi, ϵi)

= E{(ϵiDj +Diϵj)Z
⊤
i Zj | Di,Zi, ϵi} = ϵiZ

⊤
i µDZ.

By the Hoeffding decomposition, the variance of u
(2)
n is

Var(u(2)n ) =
4(n− 2)

n(n− 1)
Var(u

(2)
1i ) +

2

n(n− 1)
Var(u

(2)
ij ),
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and then

Var(Un2) =
4(n− 1)(n− 2)

n
Var(u

(2)
1i ) +

2(n− 1)

n
Var(u

(2)
ij )

≍ nVar(u
(2)
1i ) + Var(u

(2)
ij ). (S3)

Here, we derive that

nVar(u
(2)
1i ) = nVar(ϵiZ

⊤
i µDZ)

= nE{(ϵiZ⊤
i µDZ)

2}
= nE(ϵ2)E{(Z⊤µDZ)

2} (S4)

≲ nµ⊤
DZΣZµDZ,

where the third equality holds based on the random error ϵ is independent of Z, and the first

inequality follows from Assumption 3. Moreover, we can deduce that

Var(u
(2)
ij ) = Var{(ϵiDj +Diϵj)Z

⊤
i Zj}

= E{(ϵiDj +Diϵj)
2(Z⊤

i Zj)
2} (S5)

≤ E1/2{(ϵiDj +Diϵj)
4}E1/2{(Z⊤

i Zj)
4} ≲ tr(Σ2

Z).

Here Di = X⊤
i γx+Z⊤

i γz+δi, the first inequality follows from the Cauchy-Schwarz inequality,

and the last inequality holds by Assumptions 2-3 and Lemma S2 with b = 2.

Combining the equations (S3), (S4) and (S5), it then follows that

Var(Un2) ≲ nµ⊤
DZΣZµDZ + tr(Σ2

Z) ≲ tr(Σ2
Z),

where the last inequality holds by the equation (S62) in Lemma S7. As a result, we conclude

that Un2 = Op{tr1/2(Σ2
Z)}. Applying Assumption 6 and (S2), we deduce that

Tn2 = Op{(sγ log p/n)1/2tr1/2(Σ2
Z)}.

Following Assumption 3, we thus conclude that

Tn2 = op(Ω
1/2), (S6)

when n−1/2s
1/2
γ (log p)1/2 = o(1) holds.

For the term Tn3, by the Hölder’s inequality, we have

Tn3 =
1

n

∑
i ̸=j

(ϵiX
⊤
j ᾰx +X⊤

i ᾰxϵj)Z
⊤
i Zj

≤

∥∥∥∥∥ 1n∑
i ̸=j

(ϵiXj +Xiϵj)Z
⊤
i Zj

∥∥∥∥∥
∞

∥ᾰx∥1 =: ∥Un3∥∞∥ᾰx∥1.
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We denote u
(3)
n = 1

n−1
Un3 =

1
n(n−1)

∑
i ̸=j(ϵiXj +Xiϵj)Z

⊤
i Zj, which is a px-dimensional vector

with k-th element

u
(3)
nk =

1

n(n− 1)

∑
i ̸=j

(ϵiXjk +Xikϵj)Z
⊤
i Zj =:

1

n(n− 1)

∑
i ̸=j

u
(3)
ijk.

Note that u
(3)
nk is U -statistic with the kernel u

(3)
ijk = (ϵiXjk +Xikϵj)Z

⊤
i Zj for k = 1, . . . , px.

We first calculate that E(u(3)nk ) = E{(ϵiXjk +Xikϵj)Z
⊤
i Zj} = 0. By Hoeffding decomposi-

tion, we derive that

u
(3)
nk = 2S

(3)
1nk + S

(3)
2nk,

S
(3)
1nk =

1

n

n∑
i=1

g
(3)
1k (Xi,Zi, ϵi),

S
(3)
2nk =

1

n(n− 1)

∑
i ̸=j

g
(3)
2k (Xi,Zi, ϵi;Xj,Zj, ϵj),

with

g
(3)
1k (Xi,Zi, ϵi) = E(u(3)ijk | Xik,Zi, ϵi)

= E{(ϵiXjk +Xikϵj)Z
⊤
i Zj | Xik,Zi, ϵi} = ϵiZ

⊤
i E(XkZ),

and

g
(3)
2k (Xi,Zi, ϵi;Xj,Zj, ϵj) = u

(3)
ijk − g

(3)
1k (Xik,Zi, ϵi)− g

(3)
1k (Xjk,Zj, ϵj)

= (ϵiXjk +Xikϵj)Z
⊤
i Zj − ϵiZ

⊤
i E(XkZ)− ϵjZ

⊤
j E(XkZ)

= ϵiZ
⊤
i {XjkZj − E(XkZ)}+ ϵjZ

⊤
j {XikZi − E(XkZ)}.

Furthermore, we obtain that

∥ max
1≤i≤n

max
1≤k≤px

g
(3)
1k (Xi,Zi, ϵi)∥2

= ∥ max
1≤i≤n

max
1≤k≤px

ϵiZ
⊤
i E(XkZ)∥2

≲ log(npx) max
1≤i≤n

max
1≤k≤px

∥ϵiZ⊤
i E(XkZ)∥ψ1

≤ log(npx) max
1≤i≤n

max
1≤k≤px

∥ϵi∥ψ2∥Z⊤
i E(XkZ)∥ψ2 (S7)

≲ log(npx) max
1≤k≤px

{E(XkZ)
⊤ΣZE(XkZ)}1/2

≲ log(npx) max
1≤k≤px

{E(XkZ)
⊤E(XkZ)}1/2λ1/2max(ΣZ)

≲ log(npx)κλ
1/2
max(ΣZ),

where the first inequality follows from the inequality (S49) in Lemma S4. The second and

third inequalities hold by the fact that the product of two sub-Guassian random variables is
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sub-Exponential variable, ϵ is a sub-Gaussian random variable with bounded sub-Guassian

norm in Assumption 3 and Z⊤E(XkZ) is a sub-Gaussian random variable with

∥Z⊤E(XkZ)∥ψ2 = ∥E(XkZ)
⊤ΦZν∥ψ2

≲ ∥E(XkZ)
⊤ΦZ∥2∥ν∥ψ2 ≲ {E(XkZ)

⊤ΣZE(XkZ)}1/2,

which is obtained by Lemma S5. Similarly, we derive that

max
1≤k≤px

∥g(3)1k (Xi,Zi, ϵi)∥2 = max
1≤k≤px

∥ϵiZ⊤
i E(XkZ)∥2

≲ max
1≤k≤px

∥ϵiZ⊤
i E(XkZ)∥ψ1 ≲ κλ1/2max(ΣZ). (S8)

Here, the first inequality holds by the equation (S48) in Lemma S4, and the second inequality

has been derived in the equation (S7).

Taking q = ⌈4/(1− 3a)⌉ for some constant 0 < a < 1/3, we calculate that

∥ max
1≤i ̸=j≤n

max
1≤k≤px

g
(3)
2k (Xi,Zi, ϵi;Xj,Zj, ϵj)∥4

≤ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

g
(3)
2k (Xi,Zi, ϵi;Xj,Zj, ϵj)∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

ϵiZ
⊤
i XjkZj∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

ϵiXjk∥2q · ∥ max
1≤i ̸=j≤n

Z⊤
i Zj∥2q (S9)

≲ log(npx) max
1≤i ̸=j≤n

max
1≤k≤px

∥ϵiXjk∥ψ1 · {n(n− 1)}1/2q max
1≤i ̸=j≤n

∥Z⊤
i Zj∥2q

≲ log(npx)n
1/qtr1/2(Σ2

Z),

where the first inequality follows from the Lyapunov inequality with q ≥ 4, the third inequal-

ity is obtained by the Cauchy-Schwartz inequality, the fourth inequality is due to Lemma S4,

and the last inequality holds by Assumptions 2-3 and Lemma S2. Similarly, it follows that

max
1≤k≤px

∥g(3)2k (Xi,Zi, ϵi;Xj,Zj, ϵj)∥2 ≤ max
1≤k≤px

∥g(3)2k (Xi,Zi, ϵi;Xj,Zj, ϵj)∥4

≲ max
1≤k≤px

∥ϵiZ⊤
i XjkZj∥4

≲ max
1≤k≤px

∥ϵiXjk∥8 · ∥Z⊤
i Zj∥8 (S10)

≲ tr1/2(Σ2
Z).

Combining the equations (S7)-(S10) and according to Lemma S3, we have that

E(∥Un3∥∞) ≍ nE(∥u(3)
n ∥∞)

≲ κλ1/2max(ΣZ){n1/2(log px)
1/2 + log px log(npx)}

+ tr1/2(Σ2
Z){log px + n−1/2+1/q(log px)

3/2 log(npx)} (S11)

≲ n1/2(log px)
1/2λ1/2max(ΣZ)κ+ log pxtr

1/2(Σ2
Z),
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where we calculate that n1/2(log px)
1/2 and log px dominate the bound under Assumption 4.

Recall that Tn3 ≤ ∥Un3∥∞∥ᾰx∥1. By the equation (S11) and Proposition 1, we obtain that

Tn3 = Op{sαxn
−1/2(log px)

1/2} ·Op{n1/2(log px)
1/2λ1/2max(ΣZ)κ+ log pxtr

1/2(Σ2
Z)}

= Op{sαx log pxλ
1/2
max(ΣZ)κ+ n−1/2sαx(log px)

3/2tr1/2(Σ2
Z)} (S12)

= op(Ω
1/2),

where the first equality holds by Proposition 1, and we utilize our conditions

sαx log pxλ
1/2
max(ΣZ)κ = o{tr1/2(Σ2

Z)},
n−1/2sαx(log px)

3/2 = o(1),

to obtain the last equality.

For the term Tn4, we can proceed Tn4 as

Tn4 =
1

n

∑
i ̸=j

(Diβ̆ +X⊤
i ᾰx)(Djβ̆ +X⊤

j ᾰx)Z
⊤
i Zj

=
1

n

∑
i ̸=j

Diβ̆Djβ̆Z
⊤
i Zj +

1

n

∑
i ̸=j

X⊤
i ᾰxX

⊤
j ᾰxZ

⊤
i Zj

+
1

n

∑
i ̸=j

(Diβ̆X
⊤
j ᾰx +X⊤

i ᾰxDjβ̆)Z
⊤
i Zj

=: Tn4a + Tn4b + Tn4c.

For the term Tn4a, we know that

Tn4a =
1

n

∑
i ̸=j

Diβ̆Djβ̆Z
⊤
i Zj = β̆2 1

n

∑
i ̸=j

DiDjZ
⊤
i Zj =: β̆2Un4a.

Similar to the derivation of the term Tn2, we denote u
(4a)
n = 1

n−1
Un4a =

1
n(n−1)

∑
i ̸=j u

(4a)
ij being

a U -statistic with the kernel u
(4a)
ij = DiDjZ

⊤
i Zj. By Assumption 5, We yield that

E(Un4a) ≍ nE(u(4a)n ) = nE(DiDjZ
⊤
i Zj)

= nE(DiZi)
⊤E(DjZj) (S13)

= nµ⊤
DZµDZ = O{tr1/2(Σ2

Z)}.

We also yield that the projection of u
(4a)
ij to the space {Di,Zi} is

u
(4a)
1i = E(u(4a)ij | Di,Zi) = E(DiDjZ

⊤
i Zj | Di,Zi) = DiZ

⊤
i µDZ.

By the Hoeffding decomposition and similar to the equation (S3), the variance of Un4a is

Var(Un4a) ≍ nVar(u
(4a)
1i ) + Var(u

(4a)
ij )

≲ nE{(DiZ
⊤
i µDZ)

2}+ E{(DiDjZ
⊤
i Zj)

2}
≲ nE1/2(D4

i )E1/2{(Z⊤
i µDZ)

4}+ E1/2(D4
i )E1/2(D4

j )E1/2{(Z⊤
i Zj)

4} (S14)

≲ nE1/2{(Z⊤
i µDZ)

4}+ E1/2{(Z⊤
i Zj)

4}
≲ nµ⊤

DZΣZµDZ + tr(Σ2
Z) ≲ tr(Σ2

Z),

7



where the second inequality is due to the Cauchy-Schwarz inequality, the third inequality

holds by Assumption 2-3 with D = X⊤γx+Z⊤γz + δ, the fourth inequality follows from the

equation (S63) in Lemma S7 together with Lemma S2, and the last inequality is obtained by

the equation (S62) in Lemma S7.

Therefore, we have Un4a = Op{tr1/2(Σ2
Z)} combining the equations (S13) and (S14).

Further, with Assumption 6, we conclude that

Tn4a = β̆2Un4a = Op(sγ log p/n) ·Op{tr1/2(Σ2
Z)} = op(Ω

1/2), (S15)

where the last equality holds by the condition n−1/2s
1/2
γ (log p)1/2 = o(1).

For the term Tn4b, we utilize the Hölder’s inequality to obtain that

Tn4b =
1

n

∑
i ̸=j

X⊤
i ᾰxX

⊤
j ᾰxZ

⊤
i Zj

≤

∥∥∥∥∥ 1n∑
i ̸=j

XiX
⊤
j Z

⊤
i Zj

∥∥∥∥∥
∞

∥ᾰx∥21 =: ∥Un4b∥∞∥ᾰx∥21.

We further denote u
(4b)
n = 1

n−1
Un4b =

1
n(n−1)

∑
i ̸=j XiX

⊤
j Z

⊤
i Zj, which is a px×px-dimensional

matrix with (k1, k2)-th element

u
(4b)
nk1k2

=
1

n(n− 1)

∑
i ̸=j

1

2
(Xik1Xjk2 +Xik2Xjk1)Z

⊤
i Zj =:

1

n(n− 1)

∑
i ̸=j

u
(4b)
ijk1k2

.

Notice that u
(4b)
nk1k2

is U -statistic with the kernel u
(4b)
ijk1k2

= (Xik1Xjk2 + Xik2Xjk1)Z
⊤
i Zj/2 for

k1, k2 = 1, . . . , px.

Similar to the derivation of the term Tn3, we first deduce that

E(u(4b)nk1k2
) = E{(Xik1Xjk2 +Xik2Xjk1)Z

⊤
i Zj/2} = E(Xk1Z)

⊤E(Xk2Z).

By Hoeffding decomposition, we then yield that

u
(4b)
nk1k2

= E(Xk1Z)
⊤E(Xk2Z) + 2S

(4b)
1nk1k2

+ S
(4b)
2nk1k2

,

S
(4b)
1nk1k2

=
1

n

n∑
i=1

g
(4b)
1k1k2

(Xi,Zi),

S
(4b)
2nk1k2

=
1

n(n− 1)

∑
i ̸=j

g
(4b)
2k1k2

(Xi,Zi;Xj,Zj),

with

g
(4b)
1k1k2

(Xi,Zi)

= E(u(4b)ijk1k2
| Xik,Zi)− E(Xk1Z)

⊤E(Xk2Z)

= E{(Xik1Xjk2 +Xik2Xjk1)Z
⊤
i Zj/2 | Xik,Zi} − E(Xk1Z)

⊤E(Xk2Z)

= {Xik1Z
⊤
i E(Xk2Z) +Xik2Z

⊤
i E(Xk1Z)}/2− E(Xk1Z)

⊤E(Xk2Z)

= {Xik1Zi − E(Xk1Z)}⊤E(Xk2Z)/2 + {Xik2Zi − E(Xk2Z)}⊤E(Xk1Z)/2,

8



and

g
(4b)
2k1k2

(Xi,Zi;Xj,Zj)

= u
(4b)
ijk1k2

− E(Xk1Z)
⊤E(Xk2Z)− g

(4b)
1k1k2

(Xi,Zi)− g
(4b)
1k1k2

(Xj,Zj)

= (Xik1Xjk2 +Xik2Xjk1)Z
⊤
i Zj/2− {Xik1Z

⊤
i E(Xk2Z) +Xik2Z

⊤
i E(Xk1Z)}/2

− {Xjk1Z
⊤
j E(Xk2Z) +Xjk2Z

⊤
j E(Xk1Z)}/2 + E(Xk1Z)

⊤E(Xk2Z)

= {Xjk2Zj − E(Xk2Z)}⊤{Xik1Zj − E(Xk1Z)}/2
+ {Xjk1Zj − E(Xk1Z)}⊤{Xik2Zi − E(Xk2Z)}/2.

Moreover, we calculate that

∥ max
1≤i≤n

max
1≤k1,k2≤px

g
(4b)
1k1k2

(Xi,Zi)∥2

≲ log(npx) max
1≤i≤n

max
1≤k1,k2≤px

∥g(4b)1k1k2
(Xi,Zi)∥ψ1

≲ log(npx) max
1≤i≤n

max
1≤k1,k2≤px

∥Xik1Z
⊤
i E(Xk2Z)∥ψ1

≤ log(npx) max
1≤i≤n

max
1≤k1,k2≤px

∥Xik1∥ψ2∥Z⊤
i E(Xk2Z)∥ψ2 (S16)

≲ log(npx) max
1≤k1,k2≤px

{E(Xk2Z)
⊤ΣZE(Xk2Z)}1/2

≲ log(npx) max
1≤k1,k2≤px

{E(Xk2Z)
⊤E(Xk2Z)}1/2λ1/2max(ΣZ)

≲ log(npx)κλ
1/2
max(ΣZ),

where the first inequality follows from the equation (S49) in Lemma S4, and we deduce

the remaining inequalities by the similar techniques used in the equation (S7) together with

Assumption 2. Similarly, we derive that

max
1≤k1,k2≤px

∥g(4b)1k1k2
(Xi,Zi)∥2 ≲ max

1≤k1,k2≤px
∥Xik1Z

⊤
i E(Xk2Z)∥2

≲ max
1≤k1,k2≤px

∥Xik1Z
⊤
i E(Xk2Z)∥ψ1 ≲ κλ1/2max(ΣZ). (S17)

Here, the second inequality holds by the equation (S48) in Lemma S4, and the last inequality

has been derived in the equation (S16).

Taking q = ⌈4/(1 − 3a)⌉ with 0 < a < 1/3, we apply the similar derivation used in the

equation (S9) to yield that

∥ max
1≤i ̸=j≤n

max
1≤k1,k2≤px

g
(4b)
2k1k2

(Xi,Zi;Xj,Zj)∥4

≤ ∥ max
1≤i ̸=j≤n

max
1≤k1,k2≤px

g
(4b)
2k1k2

(Xi,Zi;Xj,Zj)∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k1,k2≤px

Xik1Xjk2Z
⊤
i Zj∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k1,k2≤px

Xik1Xjk2∥2q · ∥ max
1≤i ̸=j≤n

Z⊤
i Zj∥2q (S18)
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≲ log(npx) max
1≤i ̸=j≤n

max
1≤k≤px

∥Xik1Xjk2∥ψ1 · {n(n− 1)}1/2q max
1≤i ̸=j≤n

∥Z⊤
i Zj∥2q

≲ log(npx)n
1/qtr1/2(Σ2

Z),

where the first inequality follows from the Lyapunov inequality with q ≥ 4, the third in-

equality is obtained by the Cauchy-Schwartz inequality, the fourth inequality holds based

on Lemma S4, and the last inequality is due to Assumption 2 and Lemma S2. Similarly, it

follows that

max
1≤k≤px

∥g(4b)2k1k2
(Xi,Zi;Xj,Zj)∥2 ≤ max

1≤k≤px
∥g(4b)2k1k2

(Xi,Zi;Xj,Zj)∥4

≲ max
1≤k≤px

∥Xik1Xjk2Z
⊤
i Zj∥4

≲ max
1≤k≤px

∥Xik1Xjk2∥8 · ∥Z⊤
i Zj∥8 (S19)

≲ tr1/2(Σ2
Z).

Under Lemma S3 with the equations (S16)-(S19), we derive that

E(∥Un4b∥∞) ≍ nE(∥u(4b)
n ∥∞)

≲ nκ2 + κλ1/2max(ΣZ){n1/2(log px)
1/2 + log px log(npx)}

+ tr1/2(Σ2
Z){log px + n−1/2+1/q(log px)

3/2 log(npx)} (S20)

≲ nκ2 + n1/2(log px)
1/2λ1/2max(ΣZ)κ+ log pxtr

1/2(Σ2
Z).

Here, we obtain that n1/2(log px)
1/2 and log px dominate the bound by Assumption 4. Recall

that Tn4b ≤ ∥Un4b∥∞∥ᾰx∥21. By the equation (S20) and Proposition 1, we obtain that

Tn4b

= Op{n−1s2αx
log px} ·Op{nκ2 + n1/2(log px)

1/2λ1/2max(ΣZ)κ+ log pxtr
1/2(Σ2

Z)}
= Op{s2αx

log pxκ
2 + n−1/2s2αx

(log px)
3/2λ1/2max(ΣZ)κ+ n−1s2αx

(log px)
2tr1/2(Σ2

Z)} (S21)

= op(Ω
1/2),

where the first equality holds by Proposition 1, and we utilize our conditions

s2αx
log pxκ

2 = o{tr1/2(Σ2
Z)},

n−1/2sαx(log px)
3/2 = o(1),

sαxλ
1/2
max(ΣZ)κ = o{tr1/2(Σ2

Z)},
n−1/2sαx log px = o(1),

to obtain the last equality.
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For the term Tn4c, we can proceed it as

Tn4c =
1

n

∑
i ̸=j

(Diβ̆X
⊤
j ᾰx +X⊤

i ᾰxDjβ̆)Z
⊤
i Zj

= β̆
1

n

∑
i ̸=j

(DiX
⊤
j ᾰx +X⊤

i ᾰxDj)Z
⊤
i Zj

≤ β̆

∥∥∥∥∥ 1n∑
i ̸=j

(DiXj +XiDj)Z
⊤
i Zj

∥∥∥∥∥
∞

∥ᾰx∥1 =: β̆∥Un4c∥∞∥ᾰx∥1,

where the first inequality follows from the Hölder’s inequality. Denote the px-dimensional

vector u
(4c)
n = 1

n−1
Un4c =

1
n(n−1)

∑
i ̸=j(DiXj +XiDj)Z

⊤
i Zj with the k-th element

u
(4c)
nk =

1

n(n− 1)

∑
i ̸=j

(DiXjk +XikDj)Z
⊤
i Zj =:

1

n(n− 1)

∑
i ̸=j

u
(4c)
ijk .

Note that u
(4c)
nk is U -statistic with the kernel u

(4c)
ijk = (DiXjk +XikDj)Z

⊤
i Zj for k = 1, . . . , px.

We know that

E(u(4c)nk ) = E{(DiXjk +XikDj)Z
⊤
i Zj} = 2E(DZ)⊤E(XkZ) = 2µ⊤

DZE(XkZ).

Using Hoeffding decomposition, we derive that

u
(4c)
nk = 2µ⊤

DZE(XkZ) + 2S
(4c)
1nk + S

(4c)
2nk ,

S
(4c)
1nk =

1

n

n∑
i=1

g
(4c)
1k (Di,Xi,Zi),

S
(4c)
2nk =

1

n(n− 1)

∑
i ̸=j

g
(4c)
2k (Di,Xi,Zi;Dj,Xj,Zj),

with

g
(4c)
1k (Di,Xi,Zi)

= E(u(4c)ijk | Di,Xi,Zi)− 2µ⊤
DZE(XkZ)

= E{(DiXjk +XikDj)Z
⊤
i Zj | Di,Xi,Zi} − 2µ⊤

DZE(XkZ)

= DiZ
⊤
i E(XkZ) +XikZ

⊤
i µDZ − 2µ⊤

DZE(XkZ)

= {DiZi − µDZ}⊤E(XkZ) + {XikZi − E(XkZ)}⊤µDZ,

and

g
(4c)
2k (Di,Xi,Zi;Dj,Xj,Zj)

= u
(4c)
ijk − 2µ⊤

DZE(XkZ)− g
(4c)
1k (Di,Xi,Zi)− g

(4c)
1k (Dj,Xj,Zj)

= (DiXjk +XikDj)Z
⊤
i Zj −DiZ

⊤
i E(XkZ)−XikZ

⊤
i µDZ

−DjZ
⊤
j E(XkZ)−XjkZ

⊤
j µDZ + 2µ⊤

DZE(XkZ)

= {DiZi − µDZ}⊤{XjkZj − E(XkZ)}+ {DjZj − µDZ}⊤{XikZi − E(XkZ)}.
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To proceed, we know that

∥ max
1≤i≤n

max
1≤k≤px

g
(4c)
1k (Di,Xi,Zi)∥2

= ∥ max
1≤i≤n

max
1≤k≤px

{DiZi − µDZ}⊤E(XkZ) + {XikZi − E(XkZ)}⊤µDZ∥2

≤ ∥ max
1≤i≤n

max
1≤k≤px

{DiZi − µDZ}⊤E(XkZ)∥2

+ ∥ max
1≤i≤n

max
1≤k≤px

{XikZi − E(XkZ)}⊤µDZ∥2

≲ log(npx){max
1≤i≤n

max
1≤k≤px

∥DiZ
⊤
i E(XkZ)∥ψ1 + max

1≤i≤n
max

1≤k≤px
∥XikZ

⊤
i µDZ∥ψ1} (S22)

≤ log(npx){max
1≤i≤n

max
1≤k≤px

∥Di∥ψ2∥Z⊤
i E(XkZ)∥ψ2 + max

1≤i≤n
max

1≤k≤px
∥Xik∥ψ2∥Z⊤

i µDZ∥ψ2}

≲ log(npx) max
1≤k≤px

{E(XkZ)
⊤ΣZE(XkZ)}1/2 + log(npx)(µ

⊤
DZΣZµDZ)

1/2

≲ log(npx)κλ
1/2
max(ΣZ) + log(npx)(µ

⊤
DZΣZµDZ)

1/2,

where the second inequality is due to the equation (S49) in Lemma S4, and we use the similar

techniques used in the equation (S7) and Assumption 2-3 with D = X⊤γx + Z⊤γz + δ to

obtain the remaining inequalities. Analogously, we yield that

max
1≤k≤px

∥g(4c)1k (Di,Xi,Zi)∥2 ≤ max
1≤k≤px

∥DiZ
⊤
i E(XkZ)∥2 + max

1≤k≤px
∥XikZ

⊤
i µDZ∥2

≲ max
1≤k≤px

∥DiZ
⊤
i E(XkZ)∥ψ1 + max

1≤k≤px
∥XikZ

⊤
i µDZ∥ψ1 (S23)

≲ κλ1/2max(ΣZ) + (µ⊤
DZΣZµDZ)

1/2.

Here, the second inequality holds by the equation (S48) in Lemma S4, and the last inequality

has been derived in the equation (S22).

Considering q = ⌈4/(1−3a)⌉ with 0 < a < 1/3, we employ a derivation analogous to that

in the equations (S9) and (S10) to obtain that

∥ max
1≤i ̸=j≤n

max
1≤k≤px

g
(4c)
2k (Di,Xi,Zi;Dj,Xj,Zj)∥4

≤ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

g
(4c)
2k (Di,Xi,Zi;Dj,Xj,Zj)∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

DiZ
⊤
i XjkZj∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

DiXjk∥2q · ∥ max
1≤i ̸=j≤n

Z⊤
i Zj∥2q (S24)

≲ log(npx) max
1≤i ̸=j≤n

max
1≤k≤px

∥DiXjk∥ψ1 · {n(n− 1)}1/2q max
1≤i ̸=j≤n

∥Z⊤
i Zj∥2q

≲ log(npx)n
1/qtr1/2(Σ2

Z),

and

max
1≤k≤px

∥g(4c)2k (Di,Xi,Zi;Dj,Xj,Zj)∥2 ≤ max
1≤k≤px

∥g(4c)2k (Di,Xi,Zi;Dj,Xj,Zj)∥4
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≲ max
1≤k≤px

∥DiZ
⊤
i XjkZj∥4

≲ max
1≤k≤px

∥DiXjk∥8 · ∥Z⊤
i Zj∥8 (S25)

≲ tr1/2(Σ2
Z).

Combining the equations (S22)-(S25) and under Lemma S3, we deduce that

E(∥Un4c∥∞)

≍ nE(∥u(4c)
n ∥∞)

≲ n max
1≤k≤px

µ⊤
DZE(XkZ) + κλ1/2max(ΣZ){n1/2(log px)

1/2 + log px log(npx)}

+ (µ⊤
DZΣZµDZ)

1/2{n1/2(log px)
1/2 + log px log(npx)}

+ tr1/2(Σ2
Z){log px + n−1/2+1/q(log px)

3/2 log(npx)} (S26)

≲ n(µ⊤
DZµDZ)

1/2 max
1≤k≤px

{E(XkZ)
⊤E(XkZ)}1/2

+ n1/2(log px)
1/2λ1/2max(ΣZ)κ+ n1/2(log px)

1/2(µ⊤
DZΣZµDZ)

1/2

+ log pxtr
1/2(Σ2

Z)

≲ n1/2tr1/4(Σ2
Z)κ+ n1/2(log px)

1/2λ1/2max(ΣZ)κ+ log pxtr
1/2(Σ2

Z),

where the second inequality follows from the Cauchy-Schwarz inequality and Assumption 4

(implying that n1/2(log px)
1/2 and log px dominate the bound). The last inequality is due to

Assumption 5 (nµ⊤
DZµDZ = O{tr1/2(Σ2

Z)}) and the equation (S62) in Lemma S7. Recall that

Tn4c ≤ β̆∥Un4c∥∞∥ᾰx∥1. Referring to the equation (S26), Assumption 6 and Proposition 1,

it follows that

Tn4c = Op{n−1/2(sγ log p)
1/2} ·Op{n−1/2sαx(log px)

1/2}
·Op{n1/2tr1/4(Σ2

Z)κ+ n1/2(log px)
1/2λ1/2max(ΣZ)κ+ log pxtr

1/2(Σ2
Z)}

= Op{n−1/2(sγ log p)
1/2} ·Op{sαx(log px)

1/2tr1/4(Σ2
Z)κ+ sαx log pxλ

1/2
max(ΣZ)κ (S27)

+ n−1/2sαx(log px)
3/2tr1/2(Σ2

Z)}
= op(Ω

1/2),

where the last equality holds by our conditions

(sγ log p/n)
1/2 = o(1),

s2αx
log pxκ

2 = o{tr1/2(Σ2
Z)},

sαx log pxλ
1/2
max(ΣZ)κ = o{tr1/2(Σ2

Z)},
n−1/2sαx(log px)

3/2 = o(1).

Combining the equations (S15), (S21) and (S27), we conclude that

Tn4 = op(Ω
1/2). (S28)
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In sum, following the results (S1), (S6), (S12) and (S28), we verify that

Tn/Ω
1/2 d→ N(0, 1) as (n, px, pz) → ∞.

The proof is completed.

A.3 Proof of Theorem 2

Under the local alternatives with Yi = Diβ +X⊤
i αx + Z⊤

i αz + ϵi, we decompose Tn as

Tn =
1

n

∑
i ̸=j

(Yi −Diβ̂ −X⊤
i α̂x)(Yj −Djβ̂ −X⊤

j α̂x)Z
⊤
i Zj

=
1

n

∑
i ̸=j

(ϵi +Diβ̆ +X⊤
i ᾰx + Z⊤

i αz)(ϵj +Djβ̆ +X⊤
j ᾰx + Z⊤

j αz)Z
⊤
i Zj

=
1

n

∑
i ̸=j

(ϵi +Diβ̆ +X⊤
i ᾰx)(ϵj +Djβ̆ +X⊤

j ᾰx)Z
⊤
i Zj

+
1

n

∑
i ̸=j

(ϵiZ
⊤
j αz + Z⊤

i αzϵj)Z
⊤
i Zj +

1

n

∑
i ̸=j

(Diβ̆Z
⊤
j αz + Z⊤

i αzDjβ̆)Z
⊤
i Zj

+
1

n

∑
i ̸=j

(X⊤
i ᾰxZ

⊤
j αz + Z⊤

i αzX
⊤
j ᾰx)Z

⊤
i Zj +

1

n

∑
i ̸=j

Z⊤
i αzZ

⊤
j αzZ

⊤
i Zj

=:
4∑
l=1

Tnl + Tn5 + Tn6 + Tn7 + Tn8.

From the proof of Theorem 1 in Appendix A.2, we know that

4∑
l=1

Tnl/Ω
1/2 d→ N(0, 1) as (n, px, pz) → ∞. (S29)

For the term Tn5, we denote u
(5)
n = 1

n−1
Tn5 = 1

n(n−1)

∑
i ̸=j u

(5)
ij being a U -statisitc with

the kernel u
(5)
ij = (ϵiZ

⊤
j αz + Z⊤

i αzϵj)Z
⊤
i Zj. Firstly, we derive that

E(Tn5) ≍ nE(u(5)n ) = nE{(ϵiZ⊤
j αz + Z⊤

i αzϵj)Z
⊤
i Zj} = 0.

Secondly, the projection of u
(5)
ij to the space {Zi, ϵi} is

u
(5)
1i = E(u(5)ij | Zi, ϵi)

= E{(ϵiZ⊤
j αz + Z⊤

i αzϵj)Z
⊤
i Zj | Zi, ϵi}

= ϵiZ
⊤
i E(ZjZ⊤

j αz) = ϵiα
⊤
z ΣZZi.

Similar to the previous derivation with the Hoeffding decomposition, the variance of Tn5 is

Var(Tn5) ≍ nVar(u
(5)
1i ) + Var(u

(5)
ij ). (S30)
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Here, we calculate that

nVar(u
(5)
1i ) = nVar(ϵiα

⊤
z ΣZZi)

= nE{(ϵiα⊤
z ΣZZi)

2}
= nE(ϵ2)E(α⊤

z ΣZZiZ
⊤
i ΣZαz) (S31)

≲ nα⊤
z Σ

3
Zαz,

where the third equality holds based on the random error ϵ is independent of Z, and the first

inequality follows from Assumption 3. Further, we yield that

Var(u
(5)
ij ) = Var{(ϵiZ⊤

j αz + Z⊤
i αzϵj)Z

⊤
i Zj}

= E[{(ϵiZ⊤
j αz + Z⊤

i αzϵj)Z
⊤
i Zj}2]

≲ E{(ϵiZ⊤
j αzZ

⊤
i Zj)

2} (S32)

= E(ϵ2)E{(Z⊤
j αz)

2(Z⊤
i Zj)

2}
≲ E1/2{(Z⊤

j αz)
4}E1/2{(Z⊤

i Zj)
4} ≲ (α⊤

z ΣZαz)tr(Σ
2
Z),

where the third equality is due to the random error ϵ is independent of Z, the second in-

equality follows from Assumption 3 together with the Cauchy-Schwarz inequality, and the

last inequality holds by the equation (S64) in Lemma S8 and Lemma S2 with b = 2.

Combining the equations (S30), (S31) and (S32), it then follows that

Var(Tn5) ≲ nα⊤
z Σ

3
Zαz + (α⊤

z ΣZαz)tr(Σ
2
Z) = o{tr(Σ2

Z)},

where the last equality holds by the conditions α⊤
z ΣZαz = o(1) and α⊤

z Σ
3
Zαz = o{tr(Σ2

Z)/n}
in L (αz). As a result, we conclude that

Tn5 = op(Ω
1/2). (S33)

For the term Tn6, we have

Tn6 =
1

n

∑
i ̸=j

(Diβ̆Z
⊤
j αz + Z⊤

i αzDjβ̆)Z
⊤
i Zj

= β̆
1

n

∑
i ̸=j

(DiZ
⊤
j αz + Z⊤

i αzDj)Z
⊤
i Zj

=: β̆Un6.

Denote u
(6)
n = 1

n−1
Un6 =

1
n(n−1)

∑
i ̸=j u

(6)
ij being a U -statistic with the kernel u

(6)
ij = (DiZ

⊤
j αz+

Z⊤
i αzDj)Z

⊤
i Zj. We first calculate that

E(Un6) ≍ nE(u(6)n ) = nE{(DiZ
⊤
j αz + Z⊤

i αzDj)Z
⊤
i Zj} = 2nµ⊤

DZΣZµDZ .
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Secondly, the projection of u
(6)
ij to the space {Di,Zi} is

u
(6)
1i = E(u(6)ij | Di,Zi)

= E{(DiZ
⊤
j αz + Z⊤

i αzDj)Z
⊤
i Zj | Di,Zi}

= DiZ
⊤
i ΣZαz + µ⊤

DZZiZ
⊤
i αz.

Using the Hoeffding decomposition, we deduce that

Var(Un6) ≍ nVar(u
(6)
1i ) + Var(u

(6)
ij ), (S34)

with

nVar(u
(6)
1i ) = nVar(DiZ

⊤
i ΣZαz + µ⊤

DZZiZ
⊤
i αz)

≲ nVar(DiZ
⊤
i ΣZαz) + nVar(µ⊤

DZZiZ
⊤
i αz)

≤ nE{(DiZ
⊤
i ΣZαz))

2}+ nE{(µ⊤
DZZiZ

⊤
i αz)

2}
≲ nE1/2(D4

i )E1/2{(Z⊤ΣZαz)
4}+ nE1/2{(µ⊤

DZZ)
4}E1/2{(Z⊤αz)

4} (S35)

≲ nE1/2{(Z⊤ΣZαz)
4}+ nE1/2{(µ⊤

DZZ)
4}E1/2{(Z⊤αz)

4}
≲ nα⊤

z Σ
3
Zαz + n(µ⊤

DZΣZµDZ)(α
⊤
z ΣZαz),

where the third equality follows from the Cauchy-Schwarz inequality, the fourth inequality

holds by Assumption 2-3 with D = X⊤γx + Z⊤γz + δ, and the last inequality is due to the

equations (S64)-(S65) in Lemma S8 as well as the equation (S63) in Lemma S7. Further, we

know that

Var(u
(6)
ij ) = Var{(DiZ

⊤
j αz + Z⊤

i αzDj)Z
⊤
i Zj}

≤ E[{(DiZ
⊤
j αz + Z⊤

i αzDj)Z
⊤
i Zj}2]

≲ E{(DiZ
⊤
j αzZ

⊤
i Zj)

2} (S36)

≲ E1/2(D4
i )E1/2{(Z⊤

j αz)
4}E1/2{(Z⊤

i Zj)
4}

≲ E1/2{(Z⊤
j αz)

4}E1/2{(Z⊤
i Zj)

4} ≲ (α⊤
z ΣZαz)tr(Σ

2
Z),

where we apply the Cauchy-Schwarz inequality to obtain the third inequality, the fourth

inequality follows from Assumption 2-3 with D = X⊤γx + Z⊤γz + δ, and the last inequality

holds by the equation (S64) in Lemma S8 and Lemma S2 with b = 2.

Combining the equations (S34), (S35) and (S36), we derive that

Var(Un6) ≲ nα⊤
z Σ

3
Zαz + n(µ⊤

DZΣZµDZ)(α
⊤
z ΣZαz) + (α⊤

z ΣZαz)tr(Σ
2
Z)

= o{tr(Σ2
Z)},

where the last inequality holds by the conditions α⊤
z ΣZαz = o(1), α⊤

z Σ
3
Zαz = o{tr(Σ2

Z)/n}
in L (αz) together with nµ

⊤
DZΣZµDZ ≲ tr(Σ2

Z) (the equation (S62) in Lemma S7). Recall

that E(Un6) = 2nµ⊤
DZΣZµDZ ≲ tr(Σ2

Z) and β̆ = Op{(sγ log p/n)1/2} in Assumption 6, we

thus have

Tn6 = β̆Un6 = Op{(sγ log p/n)1/2tr(Σ2
Z)} = op(Ω

1/2), (S37)
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where the last equality follows from the condition n−1/2s
1/2
γ (log p)1/2 = o(1).

For the term Tn7, under the Hölder’s inequality, we deduce that

Tn7 =
1

n

∑
i ̸=j

(X⊤
i ᾰxZ

⊤
j αz + Z⊤

i αzX
⊤
j ᾰx)Z

⊤
i Zj

≤

∥∥∥∥∥ 1n∑
i ̸=j

(XiZ
⊤
j αz + Z⊤

i αzXj)Z
⊤
i Zj

∥∥∥∥∥
∞

∥ᾰx∥1 =: ∥Un7∥∞∥ᾰx∥1.

We define the px-dimensional vector u
(7)
n = 1

n−1
Un7 =

1
n(n−1)

∑
i ̸=j(XiZ

⊤
j αz+Z⊤

i αzXj)Z
⊤
i Zj

with the k-th element

u
(7)
nk =

1

n(n− 1)

∑
i ̸=j

(XikZ
⊤
j αz + Z⊤

i αzXjk)Z
⊤
i Zj =:

1

n(n− 1)

∑
i ̸=j

u
(7)
ijk,

where u
(7)
nk is U -statistic with the kernel u

(7)
ijk = (XikZ

⊤
j αz+Z⊤

i αzXjk)Z
⊤
i Zj for k = 1, . . . , px.

We first yield that

E(u(7)nk ) = E{(XikZ
⊤
j αz + Z⊤

i αzXjk)Z
⊤
i Zj} = 2α⊤

z ΣZE(XkZ).

Using Hoeffding decomposition, we know that

u
(7)
nk = 2α⊤

z ΣZE(XkZ) + 2S
(7)
1nk + S

(7)
2nk,

S
(7)
1nk =

1

n

n∑
i=1

g
(7)
1k (Xi,Zi),

S
(7)
2nk =

1

n(n− 1)

∑
i ̸=j

g
(7)
2k (Xi,Zi;Xj,Zj),

with

g
(7)
1k (Xi,Zi) = E(u(7)ijk | Xi,Zi)− 2α⊤

z ΣZE(XkZ)

= E{(XikZ
⊤
j αz + Z⊤

i αzXjk)Z
⊤
i Zj | Xi,Zi} − 2α⊤

z ΣZE(XkZ)

= XikZ
⊤
i ΣZαz +α⊤

z ZiZ
⊤
i E(XkZ)− 2α⊤

z ΣZE(XkZ)

= α⊤
z ΣZ{XikZi − E(XkZ)}+ E(XkZ)

⊤(ZiZ
⊤
i αz −ΣZαz),

and

g
(7)
2k (Xi,Zi;Xj,Zj)

= u
(7)
ijk − 2α⊤

z ΣZE(XkZ)− g
(7)
1k (Xi,Zi)− g

(7)
1k (Xj,Zj)

= (XikZ
⊤
j αz + Z⊤

i αzXjk)Z
⊤
i Zj −XikZ

⊤
i ΣZαz +α⊤

z ZiZ
⊤
i E(XkZ)

−XjkZ
⊤
j ΣZαz +α⊤

z ZjZ
⊤
j E(XkZ) + 2α⊤

z ΣZE(XkZ)

= (ZiZ
⊤
i αz −ΣZαz)

⊤{XjkZj − E(XkZ)}
+ (ZjZ

⊤
j αz −ΣZαz)

⊤{XikZi − E(XkZ)}.
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To proceed, using a similar line of (S22), we derive that

∥ max
1≤i≤n

max
1≤k≤px

g
(7)
1k (Xi,Zi)∥2

= ∥ max
1≤i≤n

max
1≤k≤px

α⊤
z ΣZ{XikZi − E(XkZ)}+ E(XkZ)

⊤(ZiZ
⊤
i αz −ΣZαz)∥2

≤ ∥ max
1≤i≤n

max
1≤k≤px

α⊤
z ΣZ{XikZi − E(XkZ)}∥2

+ ∥ max
1≤i≤n

max
1≤k≤px

E(XkZ)
⊤(ZiZ

⊤
i αz −ΣZαz)∥2

≲ log(npx){max
1≤i≤n

max
1≤k≤px

∥α⊤
z ΣZXikZi∥ψ1 + max

1≤i≤n
max

1≤k≤px
∥E(XkZ)

⊤ZiZ
⊤
i αz∥ψ1} (S38)

≤ log(npx){max
1≤i≤n

max
1≤k≤px

∥Xik∥ψ2∥α⊤
z ΣZZi∥ψ2

+ max
1≤i≤n

max
1≤k≤px

∥E(XkZ)
⊤Zi∥ψ2∥Z⊤

i αz∥ψ2}

≲ log(npx)[(α
⊤
z Σ

3
Zαz)

1/2 + {(α⊤
z ΣZαz)E(XkZ)

⊤ΣZE(XkZ)}1/2]
≲ log(npx)(α

⊤
z Σ

3
Zαz)

1/2 + log(npx)(α
⊤
z ΣZαz)

1/2κλ1/2max(ΣZ),

where the second inequality is due to the equation (S49) in Lemma S4, and we apply the

similar techniques used in the equation (S7) and Assumption 2 to establish the remaining

inequalities. Specifically, we apply Lemma S5 to obtain that α⊤
z ΣZZ, E(XkZ)

⊤Z and α⊤
z Z

are sub-Gaussian random variables with

∥α⊤
z ΣZZ∥ψ2 ≲ (α⊤

z Σ
3
Zαz)

1/2,

∥E(XkZ)
⊤Z∥ψ2 ≲ {E(XkZ)

⊤ΣZE(XkZ)}1/2,
∥α⊤

z Z∥ψ2 ≲ (α⊤
z ΣZαz)

1/2,

respectively. Similarly, we yield that

max
1≤k≤px

∥g(7)1k (Xi,Zi)∥2 ≤ max
1≤k≤px

∥α⊤
z ΣZXikZi∥2 + max

1≤k≤px
∥E(XkZ)

⊤ZiZ
⊤
i αz∥2

≲ max
1≤k≤px

∥α⊤
z ΣZXikZi∥ψ1 + max

1≤k≤px
∥E(XkZ)

⊤ZiZ
⊤
i αz∥ψ1 (S39)

≲ (α⊤
z Σ

3
Zαz)

1/2 + (α⊤
z ΣZαz)

1/2κλ1/2max(ΣZ).

Here, the second inequality holds by the equation (S48) in Lemma S4, and the last inequality

has been derived in the equation (S38).

Considering q = ⌈4/(1− 3a)⌉ with 0 < a < 1/3, we use the similar lines of the equations

(S9), (S10) and (S38) to deduce that

∥ max
1≤i ̸=j≤n

max
1≤k≤px

g
(7)
2k (Xi,Zi;Xj,Zj)∥4

≤ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

g
(7)
2k (Xi,Zi;Xj,Zj)∥q

≲ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

Xjkα
⊤
z ZiZ

⊤
i Zj∥q
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≲ ∥ max
1≤i ̸=j≤n

max
1≤k≤px

Xjkα
⊤
z Zi∥2q · ∥ max

1≤i ̸=j≤n
Z⊤
i Zj∥2q (S40)

≲ log(npx) max
1≤i ̸=j≤n

max
1≤k≤px

∥Xjkα
⊤
z Zi∥ψ1 · {n(n− 1)}1/2q max

1≤i ̸=j≤n
∥Z⊤

i Zj∥2q

≲ log(npx) max
1≤i ̸=j≤n

max
1≤k≤px

∥Xjk∥ψ2∥α⊤
z Zi∥ψ2 · n1/qtr1/2(Σ2

Z)

≲ log(npx)(α
⊤
z ΣZαz)

1/2n1/qtr1/2(Σ2
Z),

and

max
1≤k≤px

∥g(7)2k (Xi,Zi;Xj,Zj)∥2 ≤ max
1≤k≤px

∥g(7)2k (Xi,Zi;Xj,Zj)∥4

≲ max
1≤k≤px

∥Xjkα
⊤
z ZiZ

⊤
i Zj∥4

≲ max
1≤k≤px

∥Xjkα
⊤
z Zi∥8 · ∥Z⊤

i Zj∥8 (S41)

≲ max
1≤k≤px

∥Xjkα
⊤
z Zi∥ψ1 · ∥Z⊤

i Zj∥8

≲ (α⊤
z ΣZαz)

1/2tr1/2(Σ2
Z).

Combining the equations (S38)-(S41) and under Lemma S3, we deduce that

E(∥Un7∥∞)

≍ nE(∥u(7)
n ∥∞)

≲ n max
1≤k≤px

α⊤
z ΣZE(XkZ)

+ {n1/2(log px)
1/2 + log px log(npx)}{(α⊤

z Σ
3
Zαz)

1/2 + (α⊤
z ΣZαz)

1/2κλ1/2max(ΣZ)} (S42)

+ (α⊤
z ΣZαz)

1/2tr1/2(Σ2
Z){log px + n−1/2+1/q(log px)

3/2 log(npx)}
≲ n(α⊤

z Σ
2
Zαz)

1/2κ+ n1/2(log px)
1/2{(α⊤

z Σ
3
Zαz)

1/2 + (α⊤
z ΣZαz)

1/2κλ1/2max(ΣZ)}
+ log px(α

⊤
z ΣZαz)

1/2tr1/2(Σ2
Z),

where the second inequality holds by the Cauchy-Schwarz inequality and Assumption 4 (im-

plying that n1/2(log px)
1/2 and log px dominate the bound). Referring to Tn7 ≤ ∥Un7∥∞∥ᾰx∥1,

the equation (S42) and Proposition 1, we yield that

Tn7 = Op{n−1/2sαx(log px)
1/2}

·Op{n(α⊤
z Σ

2
Zαz)

1/2κ

+ n1/2(log px)
1/2{(α⊤

z Σ
3
Zαz)

1/2 + (α⊤
z ΣZαz)

1/2κλ1/2max(ΣZ)}
+ log px(α

⊤
z ΣZαz)

1/2tr1/2(Σ2
Z)}

= Op{n1/2sαx(log px)
1/2κ(α⊤

z Σ
2
Zαz)

1/2 + sαx log px(α
⊤
z Σ

3
Zαz)

1/2 (S43)

+ sαx log pxλ
1/2
max(ΣZ)κ(α

⊤
z ΣZαz)

1/2+

+ n−1/2sαx(log px)
3/2(α⊤

z ΣZαz)
1/2tr1/2(Σ2

Z)}
= op(Ω

1/2),
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where the last equality is due to α⊤
z ΣZαz = o(1), α⊤

z Σ
2
Zαz = o{tr(Σ2

Z)/(ns
2
αx

log pxκ
2)} and

α⊤
z Σ

3
Zαz = o{tr(Σ2

Z)/n} in L (αz) and other conditions

n−1/2sαx log px = o(1),

sαx log pxλ
1/2
max(ΣZ)κ = o{tr1/2(Σ2

Z)},
n−1/2sαx(log px)

3/2 = o(1).

For the term Tn8, we denote u
(8)
n = 1

n−1
Tn8 = 1

n(n−1)

∑
i ̸=j u

(8)
ij being a U -statisitc with

the kernel u
(8)
ij = Z⊤

i αzZ
⊤
j αzZ

⊤
i Zj. Firstly, we calculate that

E(Tn8) ≍ nE(u(8)n ) = nE(Z⊤
i αzZ

⊤
j αzZ

⊤
i Zj) = α⊤

z Σ
2
Zαz.

Secondly, the projection of u
(8)
ij to the space {Zi} is

u
(8)
1i = E(u(8)ij | Zi) = E(Z⊤

i αzZ
⊤
j αzZ

⊤
i Zj | Zi) = α⊤

z ZiZ
⊤
i ΣZαz.

Applying the Hoeffding decomposition, the variance of Tn5 is

Var(Tn8) ≍ nVar(u
(8)
1i ) + Var(u

(8)
ij ), (S44)

where we derive that

nVar(u
(8)
1i ) = nVar(α⊤

z ZiZ
⊤
i ΣZαz)

≤ nE{(α⊤
z ZiZ

⊤
i ΣZαz)

2}
≲ nE1/2{(α⊤

z Zi)
4}E1/2{(α⊤

z ΣZZi)
4} (S45)

≲ n(α⊤
z ΣZαz)(α

⊤
z Σ

3
Zαz),

where the second inequality holds by the Cauchy-Schwarz inequality, and the last inequality

follows from the equations (S64)-(S65) in Lemma S8. Further, we yield that

Var(u
(8)
ij ) = Var(Z⊤

i αzZ
⊤
j αzZ

⊤
i Zj)

≤ E{(Z⊤
i αzZ

⊤
j αzZ

⊤
i Zj)

2}
≲ E1/2{(Z⊤

i αz)
4}E1/2{(Z⊤

j αz)
4}E1/2{(Z⊤

i Zj)
4} (S46)

≲ (α⊤
z ΣZαz)

2tr(Σ2
Z),

where the second equality is due to the Cauchy-Schwarz inequality, and the last inequality

holds by the equation (S64) in Lemma S8 and Lemma S2 with b = 2.

Combining the equations (S44), (S45) and (S46), it then follows that

Var(Tn8) ≲ n(α⊤
z ΣZαz)(α

⊤
z Σ

3
Zαz) + (α⊤

z ΣZαz)
2tr(Σ2

Z) = o{tr(Σ2
Z)},

where the last equality holds by the conditions α⊤
z ΣZαz = o(1) and α⊤

z Σ
3
Zαz = o{tr(Σ2

Z)/n}
in L (αz). As a result, we conclude that

Tn8 = nα⊤
z Σ

2
Zαz + op(Ω

1/2). (S47)

In sum, following the results (S29), (S33), (S37), (S43) and (S47), we verify that

(Tn − nα⊤
z Σ

2
Zαz)/Ω

1/2 d→ N(0, 1) as (n, px, pz) → ∞.

The proof is completed.
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Appendix B Auxiliary lemmas

Lemma S1. Let {Ai}ki=1 be a sequence of p× p-dimensional semi-positive matrices and k is

a fixed positive integer. Suppose that ν is a p-dimensional sub-Gaussian random vector with

sub-Gaussian norm ∥ν∥ψ2, we have

E(
k∏
i=1

ν⊤Aiν) ≲ ∥ν∥2kψ2

k∏
i=1

tr(Ai).

Proof. See Yang et al. (2022) for detailed proof.

Lemma S2. Under Assumption 2, for a fixed positive integer b, we have

E{(V⊤
1 V2)

2b} ≲ {tr(Σ2
V)}b,

where ΣV = E(VV⊤) = E(Φνν⊤Φ⊤) = ΦΦ⊤.

Proof. This is a corollary of Lemma S1, it can be shown that

E{(V⊤
1 V2)

2b} = E{(V⊤
1 V2V

⊤
2 V1)

b}
= E[E{(V⊤

2 V1V
⊤
1 V2)

b | V1}]
= E[E{(ν⊤

2 Φ
⊤V1V

⊤
1 Φν2)

b | V1}]

≲ E[{tr(Φ⊤V1V
⊤
1 Φ)}b] = E{(V⊤

1 ΦΦ⊤V1)
b}

= E{(ν⊤
1 Φ

⊤ΣVΦν1)
b}

≲ {tr(Φ⊤ΣVΦ)}b = {tr(Σ2
V)}b.

Here, the first inequality holds by Lemma S1 and V1 is independent of V2, and the second

inequality follows from Lemma S1.

Lemma S3 (A maximal inequality for U-statistics of order two). Let {Xi}ni=1 be a sample

of i.i.d. random variables in a separable and measurable space (S,S). Let g : S × S → Rp be

an S ⊗ S-measurable, symmetric kernel such that E{|gk(X1, X2)|} < ∞ for all k = 1, . . . , p.

Denote Un = 1
n(n−1)

∑
1≤i ̸=j≤n g(Xi, Xj) with

g1(X) = E{g(X1, X2) | X1} − E{g(X1, X2)},
g2(X1, X2) = g(X1, X2)− E{g(X1, X2)} − g1(X1)− g1(X2).

We assume 2 ≤ p ≤ exp(cn) for some constant c > 0, it then follows that

E(∥Un∥∞) ≲ ∥E{g(X1, X2)}∥∞ + (log p/n)1/2A12 + (log p/n)B12

+ (log p/n)A22 + (log p/n)5/4A24 + (log p/n)3/2B24,

21



where

A12 = max
1≤k≤p

∥g1k(X1)∥2, B12 = ∥ max
1≤i≤n

max
1≤k≤p

|g1k(Xi)|∥2,

A22 = max
1≤k≤p

∥g2k(X1, X2)∥2, B24 = ∥ max
1≤i ̸=j≤n

max
1≤k≤p

|g2k(Xi, Xj)|∥4,

A24 = max
1≤k≤p

∥g2k(X1, X2)∥4.

Note that gk, g1k and g2k are the k-th components of g, g1 and g2, respectively.

Proof. See Yang et al. (2022) for detailed proof.

Lemma S4 (The properties of Orlicz norm). We define the ψα-Orlicz norm for any random

variable X and α ∈ (0, 2] by

∥X∥ψα = inf{t > 0 : E{exp(|X|α/tα)} ≤ 2},

for ψα(x) = exp(xα)− 1. Then, for any random variables X1, . . . , Xm (without independence

assumption) and any fixed integer q ≥ 1,

∥X∥q ≤ q!∥X∥ψ1 , ∥X∥ψp ≤ ∥X∥ψq(log 2)
p/q, p ≤ q, (S48)

∥ max
1≤i≤m

Xi∥q ≲ log(m) max
1≤i≤m

∥Xi∥ψ1 , (S49)

∥ max
1≤i≤m

Xi∥q ≤ m1/q max
1≤i≤m

∥Xi∥q. (S50)

Proof. For the properties of Orlicz norm in (S48), see Van der Vaart and Wellner (1996) on

page 95. We further apply Lemma 2.2.2 in Van der Vaart and Wellner (1996) on page 96 to

obtain that

∥ max
1≤i≤m

Xi∥q ≲ ∥ max
1≤i≤m

Xi∥ψ1 ≲ log(m) max
1≤i≤m

∥Xi∥ψ1 .

Using the fact that max1≤i≤m |Xi|q ≤
∑m

i=1 |Xi|q, one easily obtains for the Lq norms

∥ max
1≤i≤m

Xi∥q = {E( max
1≤i≤m

|Xi|q)}1/q ≤ m1/q max
1≤i≤m

∥Xi∥q.

Lemma S5. Suppose ν is a p-dimensional sub-Gaussian random vector. For any vector

u ∈ Rp such that ∥u∥2 > 0, it can be shown that

∥u⊤ν∥ψ2 ≤ ∥u∥2∥ν∥ψ2 .

Proof. Applying the definition of sub-Gaussian norm of sub-Gaussian vector, we yield that

∥u⊤ν∥ψ2 = ∥u∥2
∥∥∥∥ 1

∥u∥2
u⊤ν

∥∥∥∥
ψ2

≤ ∥u∥2∥ν∥ψ2 .
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Lemma S6. Suppose that Assumptions 1-3 hold, then the term Tn1 in the proof of Theorem

1 asymptotically follows

Tn1/Ω
1/2 =

∑
i ̸=j ϵiϵjZ

⊤
i Zj

nΩ1/2

d→ N(0, 1) as (n, pz) → ∞,

where Ω = 2σ4tr(Σ2
Z).

Proof. Denote ηni = 2n−1
∑i−1

j=1 ϵiϵjZ
⊤
i Zj, and let Snk =

∑k
i=2 ηni with Snk − Sn(k−1) = ηnk

defined as martingale differences, and Fk = σ{(Zi, ϵi), i = 1, . . . , k}. Also, E(ηnk | Fk−1) = 0

due to (Snk,Fk) is a zero-mean martingale sequence. We define vni = Var(ηni | Fi−1) and

Vn =
∑n

i=2 vni. Note that

Snn =
2

n

n∑
i=2

i−1∑
j=1

ϵiϵjZ
⊤
i Zj =

1

n

∑
i ̸=j

ϵiϵjZ
⊤
i Zj = Tn1.

Therefore, by the Martingale Central Limit Theorem (Hall and Heyde, 2014), it suffices to

show that the following two conditions hold.

Vn
Var(Snn)

p→ 1, (S51)

and for all ζ > 0, ∑n
i=2 E

[
η2niI{|ηni| /

√
tr(Σ2

Z) > ζ}
∣∣ Fi−1

]
tr(Σ2

Z)

p→ 0. (S52)

We first establish the equation (S51). Observe that

vni = Var(ηni|Fi−1)

= Var

(
2

n

i−1∑
j=1

ϵiϵjZ
⊤
i Zj

∣∣∣∣∣ Fi−1

)

=
4σ2

n2

{
i−1∑
j=1

ϵ2jZ
⊤
j ΣZZj +

∑
1≤j1 ̸=j2≤i−1

ϵj1ϵj2Z
⊤
j1
ΣZZj2

}
,

and

Vn =
n∑
i=2

vni

=
4σ2

n2

n∑
i=2

i−1∑
j=1

ϵ2jZ
⊤
j ΣZZj +

4σ2

n2

n∑
i=2

∑
1≤j1 ̸=j2≤i−1

ϵj1ϵj2Z
⊤
j1
ΣZZj2 . (S53)

Notice that Snn = 1
n

∑
i ̸=j ϵiϵjZ

⊤
i Zj and denote u

(s)
n := 1

n−1
Snn being a U -statistic with

the kernel u
(s)
ij = ϵiϵjZ

⊤
i Zj. The projection of u

(s)
ij to the space {Zi, ϵi} is

u
(s)
1i = E(u(s)ij | Zi, ϵi) = E(ϵiϵjZ⊤

i Zj | Zi, ϵi) = 0.
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Furthermore, by the Hoeffding decomposition,

Var (Snn) =
4(n− 1)(n− 2)

n
Var(u

(s)
1i ) +

2(n− 1)

n
Var(u

(s)
ij )

=
2(n− 1)

n
Var(u

(s)
ij )

=
2(n− 1)

n
E{ϵ2i ϵ2j(Z⊤

i Zj)
2} (S54)

=
2(n− 1)

n
{E(ϵ2)}2tr{E(ZiZ⊤

i ZjZ
⊤
j )}

=
2(n− 1)

n
σ4tr(Σ2

Z).

Then combining the equations (S53) and (S54), we write

Vn
Var(Snn)

=
2

n(n− 1)σ2tr(Σ2
Z)

(
n∑
i=2

i−1∑
j=1

ϵ2jZ
⊤
j ΣZZj +

n∑
i=2

∑
1≤j1 ̸=j2≤i−1

ϵj1ϵj2Z
⊤
j1
ΣZZj2

)
=: R1 +R2.

Now we need to show that R1
p→ 1 and R2

p→ 0. It can be derived that

E(R1) = E

{
2

n(n− 1)σ2tr(Σ2
Z)

n∑
i=2

i−1∑
j=1

ϵ2jZ
⊤
j ΣZZj

}

= E

{
1

n(n− 1)σ2tr(Σ2
Z)

∑
i ̸=j

ϵ2jZ
⊤
j ΣZZj

}
(S55)

=
1

σ2tr(Σ2
Z)

E(ϵ2)E(Z⊤ΣZZ) = 1.

Here, the last equality holds by E(Z⊤ΣZZ) = tr(Σ2
Z).

We know that

Var(R1) = Var

(
2

n(n− 1)σ2tr(Σ2
Z)

n∑
i=2

i−1∑
j=1

ϵ2jZ
⊤
j ΣZZj

)

= Var

(
2

n(n− 1)σ2tr(Σ2
Z)

n−1∑
j=1

(n− j)ϵ2jZ
⊤
j ΣZZj

)

≲
1

n4tr2(Σ2
Z)

n−1∑
j=1

(n− j)2Var
(
Z⊤
j ΣZZj

)
(S56)

=
1

n4tr2(Σ2
Z)

n−1∑
j=1

(n− j)2[E{(Z⊤
j ΣZZj)

2} − E2(Z⊤
j ΣZZj)]
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≲
1

n4tr2(Σ2
Z)

n−1∑
j=1

(n− j)2tr2(Σ2
Z) ≲

1

n
= o(1),

where the first inequality follows from Assumption 3, and the second inequality is obtained

by E{(Z⊤ΣZZ)
2} ≲ tr2(Σ2

Z) with Lemma S1 as well as E(Z⊤ΣZZ) = tr(Σ2
Z).

Similar to the derivation of Var(R1), we obtain that

Var(R2) = Var

(
2

n(n− 1)σ2tr(Σ2
Z)

n∑
i=2

∑
1≤j1 ̸=j2≤i−1

ϵj1ϵj2Z
⊤
j1
ΣZZj2

)

≲
1

n4tr2(Σ2
Z)

∑
j1<k1

∑
j2<k2

(n− k1)(n− k2)E(ϵj1ϵj2ϵk1ϵk2Z⊤
j1
ΣZZk1Z

⊤
j2
ΣZZk2) (S57)

≲

∑n
k=1(n− k)2(k − 1)

n4
· tr(Σ4

Z)

tr2(Σ2
Z)

= o(1).

Here, the last equality holds by the condition tr(Σ4
Z) = o{tr2(Σ2

Z)} in Assumption 1. Observe

that E(R2) = 0, combining the equations (S55), (S56) and (S57), Chebyshev inequality yields

that R1
p→ 1 and R2

p→ 0. Up to now, the equation (S51) is verified.

Next, we establish the equation (S52). For all ζ > 0, we have∑n
i=2 E[η2niI{|ηni|/

√
tr(Σ2

Z) > ζ}|Fi−1]

tr(Σ2
Z)

≤ 1

ζ2
·
∑n

i=2 E(η4ni|Fi−1)

tr2(Σ2
Z)

, (S58)

which is due to the Markov inequality. Furthermore, we obtain that

E
{∑n

i=2 E (η4ni|Fi−1)

tr2(Σ2
Z)

}
=

∑n
i=2 E (η4ni)

tr2(Σ2
Z)

=
1

tr2(Σ2
Z)

n∑
i=2

E

 24

n4

(
i−1∑
j=1

ϵiϵjZ
⊤
i Zj

)4


≲
1

n4tr2(Σ2
Z)

[
n∑
i=2

∑
s ̸=t

E{(Z⊤
i Zs)

2(Z⊤
i Zt)

2}+
n∑
i=2

i−1∑
j=1

E(Z⊤
i Zj)

4

]
(S59)

≲
1

n
= o(1),

where the first inequality holds by Assumption 3, and the last inequality holds by the equa-

tions (S60) and (S61) as follows,
n∑
i=2

∑
s ̸=t

E{(Z⊤
i Zs)

2(Z⊤
i Zt)

2} ≤ n3E1/2{(Z⊤
i Zs)

4}E1/2{(Z⊤
i Zt)

4} ≲ n3tr2(Σ2
Z), (S60)

where the first inequality is obtained by the Cauchy-Schwarz inequality, and the last inequal-

ity holds by Lemma S2. Similarly, it follows that

n∑
i=2

i−1∑
j=1

E(Z⊤
i Zj)

4 ≲ n2E(Z⊤
i Zj)

4 ≲ n2tr2(Σ2
Z). (S61)

The equation (S52) is thus proved by combining the equations (S58) and (S59).
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Lemma S7 (Some technical results for the proof of Theorem 1). Under conditions in The-

orem 1, it can be shown that

nµ⊤
DZΣZµDZ ≲ tr(Σ2

Z), (S62)

E{(Z⊤µDZ)
4} ≲ (µ⊤

DZΣZµDZ)
2. (S63)

Proof. Firstly, we can proceed nµ⊤
DZΣZµDZ in the equation (S62) as

nµ⊤
DZΣZµDZ ≤ nµ⊤

DZµDZλmax(ΣZ) ≤ nµ⊤
DZµDZtr

1/2(Σ2
Z) ≲ tr(Σ2

Z),

where the second inequality holds by the fact that the LF norm is an upper bound on the L2

norm, and the last inequality follows from Assumption 5. Secondly, we prove the equation

(S63),

E{(Z⊤µDZ)
4} = E{(Z⊤µDZµ

⊤
DZZ)

2}
= E{(ν⊤Φ⊤

ZµDZµ
⊤
DZΦZν)}

≲ {tr(Φ⊤
ZµDZµ

⊤
DZΦZ)}2 = (µ⊤

DZΣZµDZ)
2,

where we apply Lemma S1 to deduce the first inequality.

Lemma S8 (Some technical results for the proof of Theorem 2). Under conditions in The-

orem 2, it can be shown that

E{(Z⊤αz)
4} ≲ (α⊤

z ΣZαz)
2, (S64)

E{(Z⊤ΣZαz)
4} ≲ (αzΣ

3
Zαz)

2. (S65)

Proof. The equation (S64) can be similarly verified as the equation (S63). Next, we prove

the equation (S65),

E{(Z⊤ΣZαz)
4} = E{(Z⊤ΣZαzα

⊤
z ΣZZ)

2}
= E{(ν⊤Φ⊤

ZΣZαzα
⊤
z ΣZΦZν)}

≲ {tr(Φ⊤
ZΣZαzα

⊤
z ΣZΦZ)}2 = (αzΣ

3
Zαz)

2,

where the first inequality is due to Lemma S1.
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