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1 Formulae from the main paper

The following formulae appear in the main paper and are referenced in the proofs below:

ϕj(s|µj ,Σj) = |2πΣj |−
1
2 exp

{
−1

2

(
s− µj

)T
Σ−1
j

(
s− µj

)}
, (1)

fj(s|θj) = exp
{

u (s)
T
θj − b(θj)−A(s)

}
, (2)

π(θ|ξ) = π(λ|aλ, bλ)π(p|d)
m∏
j=1

π(θj |ηj), (3)

π(θj |νj , aj) = exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
, (4)

I1 =
+∞∫

0

e−λλn

n!
π(λ|aλ, bλ)dλ, (5)

I2 =
∫
Sm

[
m∏
j=1

p
z•j
j

]
π(p|d)dp, (6)

I3j =
∫
Θj

n∏
i=1

(fj(si|θj))zij π(θj |ηj)dθj , (7)

π(θ|ξ) = π(λ|aλ, bλ)π(p|d)
m∏
j=1

π(µj |µ0, σ
2
0,Σj)π(Σj |n0,B), (8)

fNC (ϕn, n, z1:n|ξ) = I1I2
m∏
j=1

I3j , (9)

λθ(s) = λ
m∑
j=1

pjfj(s|θj), (10)

LQM (f) =
∫
Nf

exp

{
−
∫
R2

f(s)Λ(ds)

}
QM (dΛ) (11)

=
∫
Θ

exp

{
−
∫
R2

f(s)λθ(s)µ2(ds)

}
π(θ|ξ)µ2(dθ),
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2 Data Augmented RMCP Density

Lemma 1 (Data Augmented RMCP Density) Assume that the mixture components of the RMCP are
given by (2), and the driving density π(θ|ξ) is of the form (3), with λ ∼ Gamma(aλ, bλ), p ∼ Dirichlet(d),
and the component parameters θj follow the prior π(θj |νj , aj) of equation (4). Then, the distribution of the
data augmented RMCP is given by

fNC (ϕn, n, z1:n|ξ) =
Γ(aλ + n)bnλ

Γ(aλ)(bλ + 1)aλ+nn!

Γ (d0)

Γ(d0 + n)

m∏
j=1

Γ(dj + z•j)

Γ(dj)
(12)

exp

{
m∑
j=1

K(aj ,νj)−
m∑
j=1

K
(
a∗j ,ν

∗
j

)
−

n∑
i=1

A(si)

}
,

where d0 =
m∑
j=1

dj , a
∗
j = aj + z•j, ν

∗
j = νj +

n∑
i=1

ziju (si) , j = 1, 2, . . .m, and ξ = (aλ, bλ,d,a,ν1:m),

a = (a1, . . . , am).

Proof. We require calculation of I1, I2 and I3j , for all j = 1, 2, . . .m. Using the Gamma(aλ, bλ) prior
for π(λ|aλ, bλ), it is straightforward to show that (5) is given by

I1 =
+∞∫

0

e−λλn

n!

λaλ−1e−λ/bλ

Γ(aλ)baλλ
dλ

=
Γ(aλ + n)

Γ(aλ)baλλ (1 + 1/bλ)aλ+nn!

+∞∫
0

λaλ+n−1e−λ(1+1/bλ)

Γ(aλ + n)(1 + 1/bλ)−aλ−n
dλ,

and therefore

I1 =
Γ(aλ + n)bnλ

Γ(aλ)(bλ + 1)aλ+nn!
. (13)

Now let d0 =
m∑
j=1

dj , and use the Dirichlet prior

π(p|d) =
Γ (d0)

Γ(d1) . . .Γ(dm)
pd1−1

1 . . . pdm−1
m ,

in (6) to obtain

I2 =
∫
Sm

[
m∏
j=1

p
z•j
j

]
Γ (d0)

Γ(d1) . . .Γ(dm)
pd1−1

1 . . . pdm−1
m dp

=
Γ (d0)

Γ(d1) . . .Γ(dm)

∫
Sm

pd1+z•1−1
1 . . . pdm+z•m−1

m dp

=
Γ (d0)

Γ(d0 + n)

m∏
j=1

Γ(dj + z•j)

Γ(dj)

∫
Sm

Γ(d0 + n)
m∏
j=1

Γ(dj + z•j)
pd1+z•1−1

1 . . . pdm+z•m−1
m dp,

which reduces to

I2 =
Γ (d0)

Γ(d0 + n)

m∏
j=1

Γ(dj + z•j)

Γ(dj)
, (14)

since
m∑
j=1

z•j =
n∑
i=1

m∑
j=1

zij = n, and the integral above is that of a Dirichlet(d1 + z•1, . . . , dm + z•m) density.
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Finally, we consider (7) with fj(si|θj) and π(θj |ηj) given by (2) and (4), respectively. We have

I3j =
∫
Θj

exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
n∏
i=1

exp
{
ziju (si)

T
θj − zijb(θj)− zijA(si)

}
dθj

= exp

{
K(aj ,νj)−

n∑
i=1

zijA(si)

}
∫
Θj

exp

{
θTj

(
νj +

n∑
i=1

ziju (si)

)
− (aj + z•j) b(θj)

}
dθj ,

so that we recognize a member of the exponential family priors (4), with parameters a∗j = aj + z•j and

ν∗j = νj +
n∑
i=1

ziju (si) . As a result, we have

I3j = exp

{
K(aj ,νj)−

n∑
i=1

zijA(si)−K
(
a∗j ,ν

∗
j

)}
∫
Θj

exp
{
θTj ν

∗
j − a∗j b(θj) +K

(
a∗j ,ν

∗
j

)}
dθj ,

and since the integral above is one, we have

I3j = exp

{
K(aj ,νj)−

n∑
i=1

zijA(si)−K
(
a∗j ,ν

∗
j

)}
. (15)

Now putting together (13), (14) and (15), we have the result.

3 Exact RMCP Density

Lemma 2 (Exact RMCP Density) Consider the setup of the previous lemma. The density of the RMCP
is given by

fNC (ϕn, n|ξ) = c exp

{
−

n∑
i=1

A(si)

}
m∑

k1=1

. . .
m∑

kn=1

m∏
j=1

Γ

(
dj +

n∑
i=1

I(ki = j)

)
(16)

exp

{
−K

(
aj +

n∑
i=1

I(ki = j),νj +
n∑
i=1

I(ki = j)u (si)

)}
,

where c is given by (17) in the proof below.

Proof. First we collect all quantities in equation (12) that do not involve the auxiliary variables z1:n,
i.e., let

c =
Γ(aλ + n)bnλ

Γ(aλ)(bλ + 1)aλ+nn!

Γ (d0)

Γ(d0 + n)
m∏
j=1

Γ(dj)
exp

{
m∑
j=1

K(aj ,νj)

}
. (17)

Therefore, we can rewrite (12) as

fNC (ϕn, n, z1:n|ξ) = c
m∏
j=1

Γ(dj + z•j) exp
{
−K

(
a∗j ,ν

∗
j

)}
,

and we are interested in the marginal density

fNC (ϕn, n|ξ) =
∑

z1=(z1,1,...,z1,m)∈Mz

. . .
∑

zn=(zn,1,...,zn,m)∈Mz

fNC (ϕn, n, z1:n|ξ)

= c
∑

z1=(z1,1,...,z1,m)∈Mz

. . .
∑

zn=(zn,1,...,zn,m)∈Mz

I(z1, ..., zn),
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where

I(z1, ..., zn) =
m∏
j=1

Γ(dj + z•j) exp
{
−K

(
a∗j ,ν

∗
j

)}
.

Let εki = (0, ..., 0, 1
kthi position

, 0, ..., 0)1×m, ki = 1, 2, . . . ,m, i = 1, 2, ..., n, or εki = (ε
(1)
ki
, . . . , ε

(m)
ki

), with

ε
(j)
ki

= I(ki = j), j = 1, 2, ...,m, so that all the elements of Mz are described by the vectors ε1, ε2, . . . , εm.
Consequently, we have ∑

zn=(zn,1,...,zn,m)∈Mz

I(z1, ..., zn) =
m∑

kn=1

I(z1, ..., εkn),

and using this n times we can write the density of the RMCP as

fNC (ϕn, n|ξ) = c exp

{
−

n∑
i=1

A(si)

} ∑
z1=(z1,1,...,z1,m)∈Mz

. . .
∑

zn−1=(zn−1,1,...,zn−1,m)∈Mz

m∑
kn=1

I(z1, ..., εkn)

= . . . = c
m∑

k1=1

. . .
m∑

kn=1

I(εk1 , ..., εkn),

or in terms of ε
(j)
ki
, we have

fNC (ϕn, n|ξ) = c exp

{
−

n∑
i=1

A(si)

}
m∑

k1=1

. . .
m∑

kn=1

m∏
j=1

Γ

(
dj +

n∑
i=1

ε
(j)
ki

)
exp

{
−K

(
aj +

n∑
i=1

ε
(j)
ki
,νj +

n∑
i=1

ε
(j)
ki

u (si)

)}
,

and we have the result.

4 Generating functional of the driving density

Theorem 3 (Generating functional of the driving density) For the RMCP of equation (10) with driv-
ing density π(θ|ξ), we have that the Laplace functional is given by

LQM (f) =
∫
Θ

exp

{
−λ

m∑
j=1

pjEθj

}
π(θ|ξ)dθ, (18)

where θ = (λ,p,θ1:m) ∈ Θ, and Eθj = Efj (f(X)), where X ∼ fj(s), j = 1, 2, . . .m.

Proof. Using (10) in (11) (and the Riemann versions of the integrals) we have

LQM (f) =
∫
Θ

exp

{
−
∫
R2

f(s)λ
m∑
j=1

pjfj(s|θj)ds

}
π(θ|ξ)dθ,

where the inner integral is written as

λ
∫
R2

f(s)
m∑
j=1

pjfj(s|θj)ds = λ
m∑
j=1

pj
∫
R2

f(s)fj(s|θj)ds,

and letting
Eθj = Efj (f(X)) =

∫
R2

f(s)fj(s|θj)ds,

where X ∼ fj(s), we have the result.
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5 RMCP functionals

Theorem 4 (RMCP functionals) For the RMCP with driving density π(θ|ξ), we have that

LNC (f) =
∫
Θ

exp

{
−λ

m∑
j=1

pjE
fj (1− e−f(s))

}
π(θ|ξ)dθ, (19)

GNC (g) =
∫
Θ

exp

{
−λ

m∑
j=1

pjE
fj (1− g(s))

}
π(θ|ξ)dθ, (20)

and

vNC (K) =
∫
Θ

exp

{
−λ

m∑
j=1

pjP (X ∈ K|X ∼ fj)

}
π(θ|ξ)dθ, (21)

where f is a non-negative B(R2)-measurable function, g is a B(R2)-measurable function with 0 ≤ g(s) ≤ 1,
∀s ∈ R2, and K a compact subset of R2.

Proof. A straightforward application of (18) gives the desired expressions.

6 RMCP moment measures

Theorem 5 (RMCP moment measures) The first and second order moment measures of the driving
measure M of the RMCP with driving density π(θ|ξ) are given by

ΛM (B) = ΛNC (B) =
∫
Θ

λ
m∑
j=1

pjPθj (B)π(θ|ξ)dθ,

and

µ
(2)
M (B1 ×B2) =

∫
Θ

λ2

[
m∑
j=1

pjPθj (B1)

][
m∑
j=1

pjPθj (B2)

]
π(θ|ξ)dθ,

where B,B1, B2 ∈ B(R2).

Proof. For the proposed RMCP we have

ΛNC (B) = ΛM (B) = µ
(1)
NC

(B) = (−1) lim
a↓0

d
daLNC (aIB),

and since

Efj (1− e−aIB(X)) =
∫
R2

(
1− e−aIB(s)

)
fj(s|θj)ds = (1− e−a)

∫
B

fj(s|θj)ds

= (1− e−a)P (X ∈ B|X ∼ fj),

letting
Pθj (B) = P (X ∈ B|X ∼ fj),

it is easy to show that

ΛNC (B) = (−1)lim
a↓0

d
da

∫
Θ

exp

{
−λ(1− e−a)

m∑
j=1

pjPθj (B)

}
π(θ|ξ)dθ

= lim
a↓0

e−a
∫
Θ

λ
m∑
j=1

pjPθj (B) exp

{
−λ(1− e−a)

m∑
j=1

pjPθj (B)

}
π(θ|ξ)dθ

=
∫
Θ

λ
m∑
j=1

pjPθj (B)π(θ|ξ)dθ,
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provided that we can pass the derivative and the limit under the integral sign. Moreover, under the proposed
RMCP we have

µ
(2)
M (B1 ×B2) = lim

a1,a2↓0
∂2

∂a1∂a2
GNC (1− a1IB1 − a2IB2),

and since

Efj (1− 1 + a1IB1
(X) + a2IB2

(X)) =
∫
R2

(a1IB1
(s) + a2IB2

(s)) fj(s|θj)ds

= a1Pθj (B1)+a2Pθj (B2),

it is straightforward to see that

µ
(2)
M (B1 ×B2) = lim

a1,a2↓0
∂2

∂a1∂a2

∫
Θ

exp

{
−λ

m∑
j=1

pj
[
a1Pθj (B1)+a2Pθj (B2)

]}
π(θ|ξ)dθ

= lim
a1,a2↓0

∂
∂a1

∫
Θ

(−λ)
m∑
j=1

pjPθj (B1)

exp

{
−λ

m∑
j=1

pj
[
a1Pθj (B1)+a2Pθj (B2)

]}
π(θ|ξ)dθ

= lim
a1,a2↓0

∫
Θ

λ2

[
m∑
j=1

pjPθj (B1)

][
m∑
j=1

pjPθj (B2)

]

exp

{
−λ

m∑
j=1

pj
[
a1Pθj (B1)+a2Pθj (B2)

]}
π(θ|ξ)dθ,

provided that we can pass the partial derivatives and the limits under the integral sign, and therefore

µ
(2)
M (B1 ×B2) =

∫
Θ

λ2

[
m∑
j=1

pjPθj (B1)

][
m∑
j=1

pjPθj (B2)

]
π(θ|ξ)dθ.

Note that the operations of passing the limits and derivatives under the integral signs are feasible since
π(θ|ξ) is well behaved (i.e., all integrals and their derivatives exist since the integrands are continuous and
bounded with respect to θ, and π(θ|ξ) is a proper density).

7 MLEs for the General RMCP

Theorem 6 (MLEs for the general RMCP) Assume that ϕ
(1)
n1 , . . . , ϕ

(K)
nK , are point patterns from a RMCP,

where ϕ
(k)
nk =

{
s

(k)
1 , . . . , s

(k)
nk

}
, k = 1, 2, . . . ,K, and let ϕ = {ϕ(1)

n1 , . . . , ϕ
(K)
nK }, n = (n1, . . . , nK), denote all

the numbers of events, and z = {z(1)
1:n1

, . . . , z
(K)
1:nK
}, the corresponding auxiliary variables, where z

(k)
1:nk

=

{z(k)
1 , . . . , z

(k)
nk } and z

(k)
i =

(
z

(k)
i1 , . . . , z

(k)
im

)
. The MLEs of ξ = (aλ, bλ,d,a,ν1:m), a = (a1, . . . , am), based on

the data augmented RMCP of equation (12) are given by the solutions to the following equations

b̂λ =
n•
Kâλ

, (22)

K∑
k=1

Ψ(âλ + nk)−KΨ(âλ) = K log

(
n•
Kâλ

+ 1

)
, (23)

KΨ(d̂0)−
K∑
k=1

Ψ(d̂0 + nk) = KΨ
(
d̂j

)
−

K∑
k=1

Ψ(d̂j + z
(k)
•j ), (24)

KEθj |ν̂j ,âj [b(θj)] =
K∑
k=1

Eθj |ν̂j+u
(k)
j ,âj+z

(k)
•j [b(θj)] , (25)
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and

KEθj |ν̂j ,âj [θj ] =
K∑
k=1

Eθj |ν̂j+u
(k)
j ,âj+z

(k)
•j [θj ] . (26)

for j = 1, 2, . . .m, where u
(k)
j =

n∑
i=1

z
(k)
ij u

(
s

(k)
i

)
, n• =

K∑
k=1

nk, d̂0 =
m∑
j=1

d̂j , and Ψ(x) = d
dx log (Γ(x)), the

digamma function.

Proof. Using (12) we can write the log-likelihood as

l(ξ|ϕ,n,z) =
K∑
k=1

log fNC (ϕ(k)
nk
, nk, z

(k)
1:nk
|ξ)

and therefore

l(ξ|ϕ,n,z) =
K∑
k=1

log (Γ(aλ + nk)) + log (bλ)
K∑
k=1

nk −
K∑
k=1

log(nk!)−K log(Γ(aλ))

−
(
Kaλ +

K∑
k=1

nk

)
log(bλ + 1) +K log(Γ (d0))−

K∑
k=1

log(Γ(d0 + nk))

+
K∑
k=1

m∑
j=1

log(Γ(dj + z
(k)
•j ))−K

m∑
j=1

log(Γ(dj)) +K
m∑
j=1

K(aj ,νj)

−
K∑
k=1

m∑
j=1

K

(
aj + z

(k)
•j ,νj +

n∑
i=1

z
(k)
ij u

(
s

(k)
i

))
−

K∑
k=1

n∑
i=1

A
(
s

(k)
i

)
,

where d0 =
m∑
j=1

dj , and we require maximization of the latter with respect to ξ = (aλ, bλ,d,a,ν1:m), a =

(a1, . . . , am).
In order to maximize l(ξ|ϕ, n,z) with respect to aλ and bλ, we need to work with the equation

l(aλ, bλ|n) =
K∑
k=1

log (Γ(aλ + n)) + log (bλ)
K∑
k=1

nk −
K∑
k=1

log(nk!)

−K log(Γ(aλ))−
(
Kaλ +

K∑
k=1

nk

)
log(bλ + 1) + constant.

Let n• =
K∑
k=1

nk, and recall that the digamma function is defined by Ψ(x) = d
dx log (Γ(x)) . Then, taking

derivatives with respect to aλ and bλ above yields

d

daλ
l(aλ, bλ|n) =

K∑
k=1

Ψ(aλ + nk)−KΨ(aλ)−K log(bλ + 1), (27)

and
d

dbλ
l(aλ, bλ|n) =

n•
bλ
− Kaλ + n•

bλ + 1
. (28)

Now these equations are zero when evaluated at the MLEs âλ, and b̂λ, so that (28) yields

b̂λ =
n•
Kâλ

,

and therefore (27) reduces to

K∑
k=1

Ψ(âλ + nk)−KΨ(âλ) = K log

(
n•
Kâλ

+ 1

)
,
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with the latter equation easily solved using numerical methods.
In order to maximize l(ξ|ϕ, n,z) with respect to d, we need to work with the equation

l(d|n, z) = K log(Γ (d0))−
K∑
k=1

log(Γ(d0 + nk)) +
K∑
k=1

m∑
j=1

log(Γ(dj + z
(k)
•j ))

−K
m∑
j=1

log(Γ(dj)) + constant.

Now taking partial derivatives with respect to dj , j = 1, 2, . . .m, yields

∂

∂dj
l(d|n, z1:n) = KΨ(d0)−

K∑
k=1

Ψ(d0 + nk) +
K∑
k=1

Ψ(dj + z
(k)
•j )−KΨ(dj),

and therefore, at the MLEs d̂, we need to solve the equations

KΨ(d̂0)−
K∑
k=1

Ψ(d̂0 + nk) = KΨ
(
d̂j

)
−

K∑
k=1

Ψ(d̂j + z
(k)
•j ),

d̂j > 0,

for j = 1, 2, . . .m, where d̂0 =
m∑
j=1

d̂j . Once again, we have m equations with m unknowns that can be easily

solved numerically. In particular, let f(d) = [f1(d), . . . , fm(d)]T , where

fj(d) = Ψ(d0)−Ψ (dj) +
1

K

K∑
k=1

[
Ψ(dj + z

(k)
•j )−Ψ(d0 + nk)

]
,

and note that

∂fj(d)

∂dr
= Ψ1(d0)−Ψ1 (dj) δrj +

1

K

K∑
k=1

[
Ψ1(dj + z

(k)
•j )δrj −Ψ1(d0 + nk)

]
,

where Ψ1(x) = d
dxΨ(x), the trigamma function, and δjk Kronecker’s delta, with δrj = 1, j = r, and 0, for

j 6= r, j, r = 1, 2, . . .m. Then, the MLE of d is given by the recursive formula

dn+1 = dn − J−1(dn)f(dn),

n = 0, 1, . . . , where J(d) =
[(

∂fj(d)
∂dr

)]
and J−1 is assumed to exist, for some starting value d0. Alternatively,

the MLE of d is obtained using an optimization method such as gradient descent. In particular, for some
starting value d0, we have

dn+1 = dn − ζnf(dn),

where

ζn =
[dn − dn−1]

T
[f(dn)− f(dn−1)]

‖f(dn)− f(dn−1)‖2
.

Finally, we turn to the maximization of l(ξ|ϕ, n,z) with respect to a = (a1, . . . , am) and ν1:m, based
on the log-likelihood

l(a,ν1:m|ϕ,n,z) = K
m∑
j=1

K(aj ,νj)−
K∑
k=1

m∑
j=1

K
(
aj + z

(k)
•j ,νj + u

(k)
j

)
+ constant, (29)

where u
(k)
j =

n∑
i=1

z
(k)
ij u

(
s

(k)
i

)
. From (4), since

π(θj |νj , aj) = exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
,

8



is a density, we have

exp {−K(aj ,νj)} =

∫
Θj

exp
{
θTj νj − ajb(θj)

}
dθj ,

or

K(aj ,νj) = − log

∫
Θj

exp
{
θTj νj − ajb(θj)

}
dθj

 .

First we note that

∂

∂aj
K(aj ,νj) = −

∫
Θj

b(θj) exp
{
θTj νj − ajb(θj)

}
dθj∫

Θj

exp
{
θTj νj − ajb(θj)

}
dθj

= −

∫
Θj

b(θj) exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
dθj∫

Θj

exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
dθj

= −Eθj |νj ,aj [b(θj)] ,

and

∂

∂νj
K(aj ,νj) = −

∫
Θj

θj exp
{
θTj νj − ajb(θj)

}
dθj∫

Θj

exp
{
θTj νj − ajb(θj)

}
dθj

= −

∫
Θj

θj exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
dθj∫

Θj

exp
{
θTj νj − ajb(θj) +K(aj ,νj)

}
dθj

= −Eθj |νj ,aj [θj ] .

Now take partial derivatives of (29) with respect to aj to obtain

∂

∂aj
l(a,ν1:m|ϕ,n,z) = K

∂

∂aj
K(aj ,νj)−

K∑
k=1

∂

∂aj
K
(
aj + z

(k)
•j ,νj + u

(k)
j

)
,

so that the MLE of aj is the solution to the equation

KEθj |ν̂j ,âj [b(θj)] =
K∑
k=1

Eθj |ν̂j+u
(k)
j ,âj+z

(k)
•j [b(θj)] .

Similarly, the partial derivative (gradient) of (29) with respect to νj yields

∂

∂νj
l(a,ν1:m|ϕ,n,z) = K

∂

∂νj
K(aj ,νj)−

K∑
k=1

∂

∂νj
K
(
aj + z

(k)
•j ,νj + u

(k)
j

)
,

and therefore, the MLE of νj is given by the solution to the equations

KEθj |ν̂j ,âj [θj ] =
K∑
k=1

Eθj |ν̂j+u
(k)
j ,âj+z

(k)
•j [θj ] .

9



8 RMCP Model with Normal Components

Lemma 7 (Conjugate Prior of µ and Σ−1) The conjugate prior for the mixture component parameters
µj and Σ−1

j (in non-canonical form), corresponding to the mixture component distribution of equation (1)
is the product of a bivariate Normal and a Wishart distribution, i.e.,

µj |Σ−1
j , aj ,νj1 ∼ N2

(
1

aj
νj1,

1

aj
Σj

)
,

and

Σ−1
j |aj ,νj1,νj2 ∼W2

(
aj + 4,

(
νj2 +

1

aj
νj1ν

T
j1

)−1
)
.

Proof. Without loss of generality and for better exposition, we drop the mixture component index. The
mixture component density in canonical form is given by

ϕ(s|θ) = exp{θT1 u1 (s) + θT2 u2 (s)− 1

2
µTΣ−1µ− ln(2π)− 1

2
ln (|Σ|)},

so that

b(θ) =
1

2
ln (|Σ|) +

1

2
µTΣ−1µ,

where µ = (µ1, µ2)T , Σ−1 =

[
σ11 σ12

σ21 σ22

]
, vec(Σ−1)T = (σ11, σ21, σ12, σ22)T , so that

θ = (θ1, θ2, θ3, θ4, θ5, θ6)T =

(
µTΣ−1,−1

2
vec(Σ−1)T

)T
= (µ1σ

11 + µ2σ
21, µ1σ

12 + µ2σ
22,−1

2
σ11,−1

2
σ21,−1

2
σ12,−1

2
σ22)T .

Based on the form of b(θ), the prior density under conjugacy (4) reduces to

π(θ|ν, a) = exp
{
θTν − a

2
ln (|Σ|)− a

2
µTΣ−1µ+K(a,ν)

}
= exp

{
µTΣ−1ν1 −

1

2
vec(Σ−1)T vec(ν2)− a

2
ln (|Σ|)− a

2
µTΣ−1µ+K(a,ν)

}
,

where ν = (νT1 , vec(ν2)T )T , with ν1 a 2 × 1 real vector and ν2 is a symmetric, 2 × 2 real matrix. Now
consider the transformation

θ 7−→
(
µT , vec(Σ−1)T

)T
= (µ1, µ2, σ

11, σ21, σ12, σ22)T

= (u1, u2, u3, u4, u5, u6)T = uT ,

with Jacobian

J =

∣∣∣∣∂θ∂u

∣∣∣∣ =

[(
∂θi
∂uj

)]
=

∣∣∣∣∣∣∣∣∣∣∣∣


σ11 σ21 µ1 µ2 0 0
σ12 σ22 0 0 µ1 µ2

0 0 − 1
2 0 0 0

0 0 0 − 1
2 0 0

0 0 0 0 − 1
2 0

0 0 0 0 0 − 1
2



∣∣∣∣∣∣∣∣∣∣∣∣
=

(
−1

2

)4 ∣∣Σ−1
∣∣ =

1

16
|Σ|−1

,
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since Σ is symmetric. As a result, the distribution of u is given by

π(µ,Σ−1|ν, a) =
1

16
|Σ|−1

exp{µTΣ−1ν1 −
1

2
vec(Σ−1)T vec(ν2)

−a
2

ln (|Σ|)− a

2
µTΣ−1µ+K(a,ν)}

=
1

16
|Σ|−1− a2 exp{−1

2

[
µT
(

1

a
Σ

)−1

µ− µT
(

1

a
Σ

)−1(
1

a
ν1

)]

−1

2
tr(Σ−1ν2) +K(a,ν)}

=
1

16
|Σ|−

1
2−

a+1
2 exp

{
−1

2

[(
µ− 1

a
ν1

)T (
1

a
Σ

)−1(
µ− 1

a
ν1

)]}

exp

{
−1

2

[(
1

a
ν1

)T (
1

a
Σ

)−1(
1

a
ν1

)]
− 1

2
tr(Σ−1ν2) +K(a,ν)

}
,

and therefore
π(µ,Σ−1|a,ν) = π(µ|Σ, a,ν1)π(Σ−1|a,ν1,ν2),

is a joint distribution where clearly we have

µ|Σ, a,ν1 ∼ N2

(
1

a
ν1,

1

a
Σ

)
,

while the distribution of Σ−1 (up to a constant) can be written as

π(Σ−1|a,ν1,ν2) ∝ |Σ|−
a+1
2 exp

{
− 1

2a

[
νT1 Σ−1ν1

]
− 1

2
tr(Σ−1ν2)

}
∝

∣∣Σ−1
∣∣ a+1

2 exp

{
−1

2
tr

{
Σ−1

(
ν2 +

1

a
ν1ν

T
1

)}}
∝

∣∣Σ−1
∣∣ a+4−2−1

2 exp

{
−1

2
tr

{(
ν2 +

1

a
ν1ν

T
1

)(
Σ−1

)}}
,

which is clearly the density of a Wishart distribution, i.e.,

Σ−1|a,ν1,ν2 ∼W2

(
a+ 4,

(
ν2 +

1

a
ν1ν

T
1

)−1
)
.

Theorem 8 For the RMCP model with normal components and under the assumption of conjugacy for the
driving density, the means required in equations (25) and (26) of Theorem 6, are given by

Eθj |νj ,aj [θj ] =

aj + 4

aj
νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

,−aj + 4

2
vec

((
νj2 +

1

aj
νj1ν

T
j1

)−1
)TT

,

and

Eθj |νj ,aj [b(θj)] = − log(2)−Ψ

(
aj + 3

2

)
−Ψ

(
aj + 4

2

)
−0.5 log

(∣∣∣∣∣
(
νj2 +

1

aj
νj1ν

T
j1

)−1
∣∣∣∣∣
)

+
1

2aj

(
2 +

aj + 4

aj
νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

νj1

)
,

for j = 1, 2, . . .m, where Ψ(x) = d
dx log (Γ(x)), the digamma function.
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Proof. Since θj =
(
µTj Σ−1

j ,− 1
2vec(Σ

−1
j )T

)T
, we have

Eθj |νj ,aj [θj ] = Eµj ,Σ
−1
j |νj ,aj

[(
µTj Σ−1

j ,−1

2
vec(Σ−1

j )T
)T]

= EΣ−1
j |aj ,νj1,νj2

[
Eµj |Σ

−1
j ,aj ,νj1

(
µTj Σ−1

j ,−1

2
vec(Σ−1

j )T
)T]

=

(
1

aj
νTj1E

Σ−1
j |aj ,νj1,νj2

(
Σ−1
j

)
,−1

2
vec(EΣ−1

j |aj ,νj1,νj2
(
Σ−1
j

)
)T
)T

=

aj + 4

aj
νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

,−aj + 4

2
vec

((
νj2 +

1

aj
νj1ν

T
j1

)−1
)TT

owing to the fact that

EΣ−1
j |aj ,νj1,νj2

(
Σ−1
j

)
= (aj + 4)

(
νj2 +

1

aj
νj1ν

T
j1

)−1

.

Similarly,

Eθj |νj ,aj [b(θj)] = Eµj ,Σ
−1
j |νj ,aj

[
1

2
ln (|Σj |) +

1

2
µTj Σ−1

j µj

]
= EΣ−1

j |aj ,νj1,νj2
[
Eµj |Σ

−1
j ,aj ,νj1

(
−1

2
ln
(
|Σ−1

j |
)

+
1

2
µTj Σ−1

j µj

)]
= EΣ−1

j |aj ,νj1,νj2
[
−1

2
ln
(
|Σ−1

j |
)

+
1

2
Eµj |Σ

−1
j ,aj ,νj1

(
µTj Σ−1

j µj
)]
,

and since

µj |Σ−1
j , aj ,νj1 ∼ N2

(
1

aj
νj1,

1

aj
Σj

)
⇒

x =
√
ajΣ

− 1
2

j µj |Σ−1
j , aj ,νj1 ∼ N2

(√
aj

aj
Σ
− 1

2
j νj1, I2

)
⇒

xTx = ajµ
T
j Σ−1

j µj ∼ χ2
2

(
1

aj
νTj1Σ

−1
j νj1

)
,

we have

Eµj |Σ
−1
j ,aj ,νj1

(
µTj Σ−1

j µj
)

=
1

aj

(
2 +

1

aj
νTj1Σ

−1
j νj1

)
,

so that

Eθj |νj ,aj [b(θj)] = EΣ−1
j |aj ,νj1,νj2

[
−1

2
ln
(
|Σ−1

j |
)

+
1

2aj

(
2 +

1

aj
νTj1Σ

−1
j νj1

)]
= −1

2
EΣ−1

j |aj ,νj1,νj2
(
ln
(
|Σ−1

j |
))

+
1

2aj

(
2 +

1

aj
EΣ−1

j |aj ,νj1,νj2
[
νTj1Σ

−1
j νj1

])
.

Noting that if A ∼Wm (n,Σ) then yTAy
yTΣy

∼ χ2
n, where y denotes any random vector independent of A (see

Muirhead, 1982, Theorem 3.2.8), we have

EΣ−1
j |aj ,νj1,νj2

[
νTj1Σ

−1
j νj1

]
= (aj + 4)νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

νj1.
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Moreover, if A ∼ Wm (n,Σ) , n ≥ m, then |A| / |Σ| has the same distribution as
m∏
i=1

χ2
n−i+1, where χ2

n−i+1

denote independent χ2 random variable (see Muirhead, 1982, Theorem 3.2.15), and we can write

E [log |A|] = E

[
log

(
|A|
|Σ|
|Σ|
)]

= E

[
log

(
|A|
|Σ|

)]
+ log (|Σ|)

= E

[
log

(
m∏
i=1

χ2
n−i+1

)]
+ log (|Σ|) =

m∑
i=1

E
[
log
(
χ2
n−i+1

)]
+ log (|Σ|)

=

m∑
i=1

E
[
log
(
χ2
n−i+1

)]
+ log (|Σ|) ,

so that for Σ−1
j |aj ,νj1,νj2 ∼W2

(
aj + 4,

(
νj2 + 1

aj
νj1ν

T
j1

)−1
)
, we have

EΣ−1
j |aj ,νj1,νj2

(
ln
(
|Σ−1

j |
))

= E
[
log
(
χ2
aj+4−1+1

)]
+ E

[
log
(
χ2
aj+4−2+1

)]
+ log

(∣∣∣∣∣
(
νj2 +

1

aj
νj1ν

T
j1

)−1
∣∣∣∣∣
)

= E
[
log
(
χ2
aj+4

)]
+ E

[
log
(
χ2
aj+3

)]
+ log

(∣∣∣∣∣
(
νj2 +

1

aj
νj1ν

T
j1

)−1
∣∣∣∣∣
)
.

Now let Y = log(X)⇒ X = eY , where X ∼ χ2
a, so that

fY (y) = fX(ey)ey =
e(

a
2−1)y−ey/2

Γ
(
a
2

)
2
a
2

ey

=
e
a
2 y−e

y/2

Γ
(
a
2

)
2
a
2

, y ∈ R,

where

Γ
(a

2

)
2
a
2 =

+∞∫
−∞

e
a
2 y−e

y/2dy.

As a result, we have

E [log (X)] = E(Y ) =
1

Γ
(
a
2

)
2
a
2

+∞∫
−∞

ye
a
2 y−e

y/2dy =
1

Γ
(
a
2

)
2
a
2

+∞∫
−∞

2
d

da

[
e
a
2 y−e

y/2
]
dy

=
2

Γ
(
a
2

)
2
a
2

d

da

 +∞∫
−∞

e
a
2 y−e

y/2dy

 =
2

Γ
(
a
2

)
2
a
2

d

da

[
Γ
(a

2

)
2
a
2

]
=

2

Γ
(
a
2

)
2
a
2

[
2
a
2

1

2

d

da
Γ
(a

2

)
+ Γ

(a
2

)
2
a
2

1

2
log(2)

]
=

d

da
log Γ

(a
2

)
+ log(2),

so that

EΣ−1
j |aj ,νj1,νj2

(
ln
(
|Σ−1

j |
))

=
d

daj
log Γ

(
aj + 3

2

)
+ 2 log(2)

d

daj
log Γ

(
aj + 4

2

)
+ log

(∣∣∣∣∣
(
νj2 +

1

aj
νj1ν

T
j1

)−1
∣∣∣∣∣
)
.
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Finally, we can write

Eθj |νj ,aj [b(θj)] = − log(2)− 0.5
d

daj
log Γ

(
aj + 3

2

)
− 0.5

d

daj
log Γ

(
aj + 4

2

)
−0.5 log

(∣∣∣∣∣
(
νj2 +

1

aj
νj1ν

T
j1

)−1
∣∣∣∣∣
)

+
1

2aj

(
2 +

aj + 4

aj
νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

νj1

)
,

which completes the proof.

Theorem 9 For the RMCP model with normal components and under the assumption of conjugacy for
the driving density, the solutions to equations (25) and (26) of Theorem 6, yield the MLEs of νj =
(νTj1, vec(νj2)T )T and aj, are given by

Eθj |νj ,aj [θj ] =

aj + 4

aj
νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

,−aj + 4

2
vec

((
νj2 +

1

aj
νj1ν

T
j1

)−1
)TT

,

and

Eθj |νj ,aj [b(θj)] = − log(2)−Ψ

(
aj + 3

2

)
−Ψ

(
aj + 4

2

)
−0.5 log

(∣∣∣∣∣
(
νj2 +

1

aj
νj1ν

T
j1

)−1
∣∣∣∣∣
)

+
1

2aj

(
2 +

aj + 4

aj
νTj1

(
νj2 +

1

aj
νj1ν

T
j1

)−1

νj1

)
,

Proof. Without loss of generality and for better exposition, we drop the mixture component index j.

Eθj |ν̂j ,âj [b(θj)] =
1

K

K∑
k=1

Eθj |ν̂j+u
(k)
j ,âj+z

(k)
•j [b(θj)] , (30)

and

Eθj |ν̂j ,âj [θj ] =
1

K

K∑
k=1

Eθj |ν̂j+u
(k)
j ,âj+z

(k)
•j [θj ] . (31)

Recall that u(k) =
n∑
i=1

z
(k)
i u

(
s

(k)
i

)
, and using equation (26) we have two equations

K
a+ 4

a
νT1

(
ν2 +

1

a
ν1ν

T
1

)−1

=
K∑
k=1

a+ z
(k)
• + 4

a+ z
(k)
•

(
ν1 + u

(k)
1

)T
(32)(

ν2 + u
(k)
2 +

1

a+ z
(k)
•

(
ν1 + u

(k)
1

)(
ν1 + u

(k)
1

)T)−1

,

and

−Ka+ 4

2
vec

((
ν2 +

1

a
ν1ν

T
1

)−1
)T

= −
K∑
k=1

a+ z
(k)
• + 4

2

vec

((
ν2 + u

(k)
2 +

1

a+ z
(k)
•

(
ν1 + u

(k)
1

)(
ν1 + u

(k)
1

)T)−1
)
⇒

K (a+ 4)

(
ν2 +

1

a
ν1ν

T
1

)−1

=
K∑
k=1

(
a+ z

(k)
• + 4

)
(
ν2 + u

(k)
2 +

1

a+ z
(k)
•

(
ν1 + u

(k)
1

)(
ν1 + u

(k)
1

)T)−1

,
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so that (32) yields

1

a
νT1

K∑
k=1

(
a+ z

(k)
• + 4

)(
ν2 + u

(k)
2 +

1

a+ z
(k)
•

(
ν1 + u

(k)
1

)(
ν1 + u

(k)
1

)T)−1

=

K∑
k=1

a+ z
(k)
• + 4

a+ z
(k)
•

(
ν1 + u

(k)
1

)T (
ν2 + u

(k)
2 +

1

a+ z
(k)
•

(
ν1 + u

(k)
1

)(
ν1 + u

(k)
1

)T)−1

⇒

K∑
k=1

(
a+ z

(k)
• + 4

a
ν1 −

a+ z
(k)
• + 4

a+ z
(k)
•

(
ν1 + u

(k)
1

))T
(
ν2 + u

(k)
2 +

1

a+ z
(k)
•

(
ν1 + u

(k)
1

)(
ν1 + u

(k)
1

)T)−1

= 0
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