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The supplementary material contains proof of Lemma 1, Theorem 1, Theorem 2 and

Corollary 1, regularity conditions of Corollary 2 and derivation details of equation (55) and

(56) for Simulation Study Two.

S1 Proof of Lemma 1

We now introduce information projection (I-projection) to derive density ration estimation.

Let Π be a non-empty closed, convex set of distributions. The I-projection of Q onto Π is

P‹ P Π such that

DpP‹ ∥ Qq “ min
PPΠ

DpP ∥ Qq.

One important family of distributions is a linear family:

L “

"

P :

ż

BipxqdPpxq “ αi, i “ 1, ¨ ¨ ¨ , k

*

Ă Π,

where Bip¨q’s are Lebesgue integrable functions. Note that the linear family is orthogonal

to Bip¨q´αi for i “ 1, ¨ ¨ ¨ , k. Since the function DpP ∥ Qq is continuous and strictly convex
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in P, so that P‹ satisfying

DpP‹ ∥ Qq “ min
PPL

DpP ∥ Qq

exists and is unique. Moreover, P‹, the I-projection of Q onto L is of the form

P‹
pxq “ Qpxq

exp
!

řK
i“1 βiBipxq

)

EQ

„

exp
!

řK
i“1 βiBipxq

)

ȷ , (S.1)

where βi’s are constants in R. The solution P‹pxq in (S.1) is an exponential tilting of the

density Qpxq with the moment restrictions on Bipxq, i “ 1, ¨ ¨ ¨ , k.

To derive valid DRE, we leverage the I-projection theory with Q “ P1 and P “ P0

whose densities are f1pxq and f0pxq, respectively. The linear space that we are projecting

on is

p

ż

bpxqf1pxqdµ ` p1 ´ pq

ż

bpxqf0pxqdµ “ EtbpXqu. (S.2)

By (S.1), the I-projection solution is

f ‹
0 pxq “ f1pxq ˆ

exptλT
1 bpxqu

E1

“

exptλT
1 bpxqu

‰ ,

where λ1 is chosen to satisfy (S.2).

S2 Proof of Theorem 1

The detailed proof for Theorem 1 is presented as follows.

Proof. By Assumption 1„ 3 and Corollary II.2 of ?, we have

pλθ ´ λ‹
θ “ opp1q.
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Then, by mean value theorem, we have

UB,Nppλθq ´ UB,Npλ‹
θq “

B

Bλ
UB,Nprλθq

´

pλθ ´ λ‹
θ

¯

, (S.3)

where rλθ is a point between λ‹
θ and pλθ. Apparently, BUB,N{Bλ and ErBUB,N{Bλs are

continuous within the set G1. Therefore, using the similar technique as above, we can

arrive at

B

Bλ
UB,Nprλθq “ E

"

B

Bλ
UB,Npλ‹

θq

*

` opp1q. (S.4)

Combine (S.3), (S.4) and the fact that pU2ppλq “ 0, we have

´
?
NUB,Npλ‹

θq “
?
NE

"

B

Bλ
UB,Npλ‹

θq

*

ppλθ ´ λ‹
θq ` op

ˆ

?
N
∥∥∥pλθ ´ λ‹

θ

∥∥∥˙ . (S.5)

Then, by Cauchy-Schwarz inequality, we have

?
N
∥∥∥pλθ ´ λ‹

θ

∥∥∥ ď

∥∥∥∥∥E
"

B

Bλ
UB,Npλ‹

θq

*´1
∥∥∥∥∥
∥∥∥∥∥?

NE
"

B

Bλ
UB,Npλ‹

θq

*

ppλθ ´ λ‹
θq

∥∥∥∥∥
“

∥∥∥∥∥E
"

B

Bλ
UB,Npλ‹

θq

*´1
∥∥∥∥∥
∥∥∥∥∥?

NUB,Npλ‹
θq ` op

ˆ

?
N
∥∥∥pλθ ´ λ‹

θ

∥∥∥˙∥∥∥∥∥
“ Opp1q ` op

ˆ

?
N
∥∥∥pλθ ´ λ‹

θ

∥∥∥˙ ,

which implies the root-n convergence of pλθ. Therefore, (S.5) can be written as

pλθ ´ λ‹
θ “ ´

«

E
"

B

Bλ
UB,Npλ‹

θq

*

ff´1

UB,Npλ‹
θq ` oppN´1{2

q,

where

BUB,Npθ,λθq

Bλ
“

1

N

N
ÿ

i“1

δitω
‹
pxi;θ,λθq ´ 1uzipθqzT

i pθq.
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By Taylor expansion and similar technique we used above, and by mean value theorem,

there exists sλθ between λ‹
θ and pλθ, we have

USIPW,Npθq “
1

N

N
ÿ

i“1

δiω
‹
pxi;θ, pλθqU pθ,xi,yiq

“
1

N

N
ÿ

i“1

δiω
‹
pxi;θ,λ

‹
θqU pθ,xi,yiq

`
1

N

N
ÿ

i“1

δiUpθ,xi,yiq

"

B

Bλ
ω‹

pxi;θ, sλθq

*

´

pλθ ´ λ‹
θ

¯

“
1

N

N
ÿ

i“1

“

β‹zipθq ` δiω
‹
pxi;θ,λ

‹
θqtUpθ;xi, yiq ´ β‹zipθqu

‰

` oppN´1{2
q,

which completes the proof of Theorem 1.

S2.1 Verification of β

It can be verified that

BUB,Npθ,λθq

Bλ
“

N0

N1

1

N

N
ÿ

i“1

δitω
‹
pxi;θ,λθq ´ 1uzipθqzT

i pθq, (S.6)

UB,Npθ,λq “
1

N

N
ÿ

i“1

tδiω
‹
pxi;θ,λq ´ 1uzipθq, (S.7)

B

Bλ
ω‹

pxi;θ,λθq “
N0

N1

tω‹
pxi;θ,λθq ´ 1uzipθq. (S.8)
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Combine (S.6), (S.7) and (S.8), we have

1

N

N
ÿ

i“1

δiUpθ,xi,yiq

«

"

B

Bλ
ω‹

pxi;θ,λθq

*

´

pλθ ´ λ‹
θ

¯

ff

“

»

–

1

N

N
ÿ

i“1

δitω
‹
pxi;θ,λq ´ 1uUpθ,xi,yiqz

T
i pθq

fi

fl

ˆ

»

–

1

N

N
ÿ

i“1

δitω
‹
pxi;θ,λq ´ 1uzipθqzT

i pθq

fi

fl

´1

ˆ
1

N

N
ÿ

i“1

t1 ´ δiω
‹
pxi;θ,λquzipθq.

Note that the first part serves as the estimate of β‹.

S3 Proof of Theorem 2

As UB,N “ 0, we have

B

Bθ

␣

UB,Npθ,λq
(

“
B

Bθ

$

&

%

1

N

N
ÿ

i“1

δiω
‹
pxi;θ,λqzipθq ´

1

N

N
ÿ

i“1

zipθq

,

.

-

“ 0. (S.9)

It turns out that

B

Bθ

$

&

%

1

N

N
ÿ

i“1

δiω
‹
pxi;θ,λqzipθq

,

.

-

“
1

N

N
ÿ

i“1

δi

«

tω‹
pxi;θ,λq ´ 1uzipθq

"

zT
i pθq

Bλ

Bθ
` λTBzipθq

Bθ

*

` ω‹
pxi;θ,λq

Bzipθq

Bθ

ff

.

(S.10)
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Combine (S.9) and (S.10), it yields that

Bλ

Bθ
“

$

&

%

1

N

N
ÿ

i“1

δitω
‹
pxi;θ,λq ´ 1uzipθqzT

i pθq

,

.

-

´1

ˆ

»

–

1

N

N
ÿ

i“1

␣

1 ´ δiω
‹
pxi;θ,λq

( Bzipθq

Bθ
´

1

N

N
ÿ

i“1

δitω
‹
pxi;θ,λq ´ 1uzipθqλTBzipθq

Bθ

fi

fl .

(S.11)

By Taylor expansion and mean value theorem, there exists rθ between θ‹ and pθSIPW,

such that

pθSIPW ´ θ‹
“ ´

»

–

1

N

N
ÿ

i“1

B

Bθ
δiω

‹
pxi; rθ, pλrθqUprθ;xi,yiq

fi

fl

´1

ˆ

$

&

%

1
?
N

N
ÿ

i“1

δiω
‹
pxi;θ

‹, pλθ‹qUpθ‹,xi,yiq

,

.

-

piq
“ ´ E

„

B

Bθ
δω‹

pX;θ‹,λ‹
qUpθ‹;X,Yq

ȷ´1

ˆ

$

&

%

1

N

N
ÿ

i“1

dpxi, yi, δi;θ
‹,λ‹

q

,

.

-

` oppN´1{2
q,

where the equality piq is by Theorem 1. Furthermore, note that

B

Bθ

␣

δω‹
pX;θ‹,λ‹

qUpθ‹;X,Yq
(

“ δ
B

Bθ

␣

ω‹
pX;θ‹,λ‹

q
(

Upθ‹;X,Yq ` δω‹
pX;θ‹,λ‹

q
B

Bθ

␣

Upθ‹;X,Yq
(

,

and

B

Bθ

␣

ω‹
pX;θ,λq

(

“ tω‹
pX;θ,λq ´ 1u

"

ZT
pθq

Bλ

Bθ
` λTBZpθq

Bθ

*

,

together with (S.11) leads to the form of τ in Theorem 2, which complete the proof.
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S4 Proof of Corollary 1

Note that β‹Zpθ‹q “
řL

k“0 bkpX;θ‹qβ‹
k. If the outcome model is correctly specified, rear-

ranging the terms in the estimating equation for β‹, it turns out that

N
ÿ

i“1

δitω
‹
pxi;θ,λ

‹
θq ´ 1uβzipθqzT

i pθq “

N
ÿ

i“1

δitω
‹
pxi;θ,λ

‹
θq ´ 1uUpθ;xi, yiqz

T
i pθq

ô

»

–

N
ÿ

i“1

δitω
‹
pxi;θ,λ

‹
θq ´ 1uzipθqzT

i pθq

fi

flβT
“

N
ÿ

i“1

δitω
‹
pxi;θ,λ

‹
θq ´ 1uzipθqUT

pθ;xi, yiq.

(S.12)

The equation (S.12) is the normal equation of a weighted least square estimation of β.

Thus, as long as

EtUpθ;x, Y q | xu P spant1, b1px;θq, . . . , bLpx;θqu, (S.13)

by the uniqueness solution of weighted least square estimation, we know that

EtUpθ;X, Y q | X “ xu “ β‹zpθq. It turns out that

V
␣

dpX, Y ; δ;θ‹,λ‹
q
(

“ V

»

—

–

L
ÿ

k“0

bkpX;θ‹
qβ‹

k ` δω‹
pX;θ‹,λ‹

q

$

&

%

Upθ‹;X, Y q ´

L
ÿ

k“0

bkpX;θ‹
qβ‹

k

,

.

-

fi

ffi

fl

“ V

¨

˚

˚

˝

EY

»

—

–

L
ÿ

k“0

bkpX;θ‹
qβ‹

k ` δω‹
pX;θ‹,λ‹

q

$

&

%

Upθ‹;X, Y q ´

L
ÿ

k“0

bkpX;θ‹
qβ‹

k

,

.

-

| X, δ

fi

ffi

fl

˛

‹

‹

‚

`

` E

¨

˚

˚

˝

VY

»

—

–

L
ÿ

k“0

bkpX;θ‹
qβ‹

k ` δω‹
pX;θ‹,λ‹

q

$

&

%

Upθ‹;X, Y q ´

L
ÿ

k“0

bkpX;θ‹
qβ‹

k

,

.

-

| X, δ

fi

ffi

fl

˛

‹

‹

‚

“ V
␣

β‹Zpθ‹
q
(

` E
“

δtω‹
pX;θ‹,λ‹

qu
2VtUpθ‹;X, Y q | Xu

‰

.
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By the argument before Corollary 1, we know that θ0 “ θ‹, which completes the proof.

S5 Additional Regularity Conditions for Corollary 2

[S1] For any constant M , there exists non-singular matrix D such that

sup
|α´α0|ďMN´1{2

ˇ

ˇ

ˇ
N´1{2Upαq ´ N´1{2Upα0q ´ N1{2Dpα ´ α0q

ˇ

ˇ

ˇ
“ opp1q.

Additionally, n´1{2Upα0q
L
Ñ Np0,Fq for a positive definite matrix F.

[S2] The tuning parameter λ in (47) satisfies

λ Ñ 0,
?
Nλ Ñ 8

as n Ñ 8.

S6 Basis Function Derivation for Simulation Study

Two

Recall that we have

f1py | x;βq “
1

a

2πσ2
0

exp

#

´
py ´ β0 ´ β1xq2

2σ2
0

+

,

f2pz, x;αq “ fpxqfpz | x;αq “
1

a

2πσ2
e

exp

#

´
pz ´ αxq2

2σ2
e

+

.

Further, we have

S1pβ;x, yq “ py ´ β0 ´ β1xqp1, xq
T,

S2pα;x, zq “ xpz ´ αxq.
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Next we calculate the quantities involved in basis function.

ż

f1py | x;βqf2px, z | αqdx

“

ż

1

2πσ0σe

exp

»

–´
1

2

#

py ´ β0 ´ β1xq2

σ2
0

`
pz ´ αxq2

σ2
e

+

fi

fl dx

“

ż

1

2πσ0σe

exp

«

´
pβ2

1σ
2
e ` α2σ2

0qx2 ´ 2tβ1py ´ β0qσ
2
e ` αzσ2

0ux ` py ´ β0q
2σ2

e ` z2σ2
0

2σ2
0σ

2
e

ff

dx

“

ż

1

2πσ0σe

exp

»

–´
pβ2

1σ
2
e ` α2σ2

0qx2 ´ 2tβ1py ´ β0qσ
2
e ` αzσ2

0ux `
tβ1py´β0qσ2

e`αzσ2
0u2

β2
1σ

2
e`α2σ2

0

2σ2
0σ

2
e

`

tβ1py´β0qσ2
e`αzσ2

0u2

β2
1σ

2
e`α2σ2

0
´ tpy ´ β0q

2σ2
e ` z2σ2

0u

2σ2
0σ

2
e

fi

fl dx

“

d

2π
σ2
0σ

2
e

pβ2
1σ

2
e ` α2σ2

0q
ˆ

1

2πσ0σe

exp

»

–

tβ1py´β0qσ2
e`αzσ2

0u2

β2
1σ

2
e`α2σ2

0
´ tpy ´ β0q2σ2

e ` z2σ2
0u

2σ2
0σ

2
e

fi

fl

ˆ

ż

1
b

2π
σ2
0σ

2
e

pβ2
1σ

2
e`α2σ2

0q

exp

$

’

’

&

’

’

%

´

´

x ´
β1py´β0qσ2

e`αzσ2
0

β2
1σ

2
e`α2σ2

0

¯2

2
σ2
0σ

2
e

β2
1σ

2
e`α2σ2

0

,

/

/

.

/

/

-

dx

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

T0

“
1

a

2πpβ2
1σ

2
e ` α2σ2

0q
exp

»

–

tβ1py´β0qσ2
e`αzσ2

0u2

β2
1σ

2
e`α2σ2

0
´ tpy ´ β0q

2σ2
e ` z2σ2

0u

2σ2
0σ

2
e

fi

fl

“: τpy, zq. (S.14)
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The term T0 in (S.14) motivates that

ż

xf1py | x;βqf2px, z | αqdx

“ τpy, zq
β1py ´ β0qσ2

e ` αzσ2
0

β2
1σ

2
e ` α2σ2

0

,

and

ż

x2f1xpy | x;βqf2px, z | αqdx

“ τpy, zq

»

–

#

β1py ´ β0qσ2
e ` αzσ2

0

β2
1σ

2
e ` α2σ2

0

+2

`
σ2
0σ

2
e

β2
1σ

2
e ` α2σ2

0

fi

fl .

As a result, we have

b1pθ; y, zq “ EtS1pβ;X, Y | z, yqu

“

¨

˚

˝

y ´ β0 ´ β1
β1py´β0qσ2

e`αzσ2
0

β2
1σ

2
e`α2σ2

0

py ´ β0q
β1py´β0qσ2

e`αzσ2
0

β2
1σ

2
e`α2σ2

0
´ β1

„

!

β1py´β0qσ2
e`αzσ2

0

β2
1σ

2
e`α2σ2

0

)2

`
σ2
0σ

2
e

β2
1σ

2
e`α2σ2

0

ȷ

˛

‹

‚

,

and

b2pα;x, zq “ E
␣

S2pα;X,Zq | y, z
(

“ z
β1py ´ β0qσ2

e ` αzσ2
0

β2
1σ

2
e ` α2σ2

0

´ α

»

–

#

β1py ´ β0qσ
2
e ` αzσ2

0

β2
1σ

2
e ` α2σ2

0

+2

`
σ2
0σ

2
e

β2
1σ

2
e ` α2σ2

0

fi

fl .
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