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We first prepare some lemmas.

Lemma 2 Let {Nt}t≥0 be a counting process whose intensity is denoted by λt.
Let {Xt}t≥0 be an Rd-valued predictable process assumed to be locally bounded.
Let G ⊂ Rg be a bounded open domain admitting the Sobolev embedding. Let
f : Rd ×G → Rf be a measurable map satisfying the following conditions.

(i) For each x ∈ Rd, f(x, ·) is of class C1(G).
(ii) supγ∈G

∣∣∂i
γf(·, γ)

∣∣ (i = 0, 1) are bounded on every bounded set of Rd.

Then for any p ≥ 1,

sup
T>1

E

[
sup
γ∈G

∣∣∣∣ 1√
T

∫ T

0

f(Xt, γ)dÑt

∣∣∣∣p] < ∞,

where Ñt = Nt −
∫ t

0
λsds, provided that

sup
γ∈G,t≥0

E

[∣∣∂i
γf(Xt, γ)

∣∣pλq
t

]
< ∞ (i = 0, 1)

for any p, q ≥ 1 with p ≥ 2q.

Proof Let T > 1. Since the process supγ∈G

∣∣∂γf(X, γ)
∣∣ is locally bounded, we

have

∂γ

∫ T

0

f(Xt, γ)dÑt =

∫ T

0

∂γf(Xt, γ)dÑt (γ ∈ G).

Let p be any positive number with p > g. Take some integer k with 2k ≥ p.
From Sobolev’s inequality,

E

[
sup
γ∈G

∣∣∣∣ 1√
T

∫ T

0

f(Xt, γ)dÑt

∣∣∣∣p] ≤ E

[
sup
γ∈G

∣∣∣∣ 1√
T

∫ T

0

f(Xt, γ)dÑt

∣∣∣∣2k]

≲ E

[ ∫
G

∑
i=0,1

∣∣∣∣ 1√
T

∫ T

0

∂i
γf(Xt, γ)dÑt

∣∣∣∣2kdγ]

≲ sup
γ∈G,i=0,1

E

[∣∣∣∣ 1√
T

∫ T

0

∂i
γf(Xt, γ)dÑt

∣∣∣∣2k]. (56)
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By the Burkholder-Davis-Gundy inequality, for each i = 0, 1,

E

[∣∣∣∣ 1√
T

∫ T

0

∂i
γf(Xt, γ)dÑt

∣∣∣∣2k]
≲ E

[∣∣∣∣ 1T
∫ T

0

∣∣∂i
γf(Xt, γ)

∣∣2dNt

∣∣∣∣2k−1]
≲ E

[∣∣∣∣ 1T
∫ T

0

∣∣∂i
γf(Xt, γ)

∣∣2λtdt

∣∣∣∣2k−1]
+ E

[∣∣∣∣ 1T
∫ T

0

∣∣∂i
γf(Xt, γ)

∣∣2dÑt

∣∣∣∣2k−1]
≤ sup

t≥0
E

[∣∣∣∣∣∣∂i
γf(Xt, γ)

∣∣2λt

∣∣∣∣2k−1]
+ E

[∣∣∣∣ 1√
T

∫ T

0

∣∣∂i
γf(Xt, γ)

∣∣2dÑt

∣∣∣∣2k−1]
.

Repeating this evaluation,

E

[∣∣∣∣ 1√
T

∫ T

0

∂i
γf(Xt, γ)dÑt

∣∣∣∣2k]
≲

k−1∑
j=1

sup
t≥0

E

[∣∣∣∣∣∣∂i
γf(Xt, γ)

∣∣2jλt

∣∣∣∣2k−j]
+ E

[∣∣∣∣ 1√
T

∫ T

0

∣∣∂i
γf(Xt, γ)

∣∣2k−1

dÑt

∣∣∣∣2]

≲
k−1∑
j=1

sup
t≥0

E

[∣∣∣∣∣∣∂i
γf(Xt, γ)

∣∣2jλt

∣∣∣∣2k−j]
+ E

[
1

T

∫ T

0

∣∣∂i
γf(Xt, γ)

∣∣2kλtdt

]

≤
k∑

j=1

sup
t≥0

E

[∣∣∣∣∣∣∂i
γf(Xt, γ)

∣∣2jλt

∣∣∣∣2k−j]
.

Thus, from (56),

sup
T>1

E

[
sup
γ∈G

∣∣∣∣ 1√
T

∫ T

0

f(Xt, γ)dÑt

∣∣∣∣p]

≲ sup
γ∈G,i=0,1

k∑
j=1

sup
t≥0

E

[∣∣∣∣∣∣∂i
γf(Xt, γ)

∣∣2jλt

∣∣∣∣2k−j]
< ∞.

⊓⊔

Lemma 3 Take N , λ, X, G and f as in Lemma 2, and assume (i) and (ii)
in Lemma 2. Also assume the ergodicity of X as (23). Then

sup
γ∈G

∣∣∣∣ 1T
∫ T

0

f(Xt, γ)dt−
∫

Rd

f(x, γ)ν(dx)

∣∣∣∣→ 0 in L1(dP ) (T → ∞) (57)

provided that {
sup
γ∈G

|f(Xt, γ)|
}

t≥0

is uniformly integrable. (58)
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In particular, (57) holds if for any p ≥ 1,

sup
γ∈G,t≥0

E

[∣∣∂i
γf(Xt, γ)

∣∣p] < ∞ (i = 0, 1). (59)

Proof Let M > 0, and define a bounded function fM as fM (x, γ) =
(
f(x, γ)∧

M
)
∨ (−M). Then

E

[
sup
γ∈G

∣∣∣∣ 1T
∫ T

0

f(Xt, γ)dt−
∫

Rd

f(x, γ)ν(dx)

∣∣∣∣]
≤ E

[
sup
γ∈G

∣∣∣∣ 1T
∫ T

0

f(Xt, γ)dt−
1

T

∫ T

0

fM (Xt, γ)dt

∣∣∣∣]
+ sup

γ∈G

∣∣∣∣ ∫
Rd

f(x, γ)ν(dx)−
∫

Rd

fM (x, γ)ν(dx)

∣∣∣∣
+E

[
sup
γ∈G

∣∣∣∣ 1T
∫ T

0

fM (Xt, γ)dt−
∫

Rd

fM (x, γ)ν(dx)

∣∣∣∣].
The first and second terms on the rightmost side are as small as we want by
taking sufficiently large M > 0 since

sup
γ∈G

∣∣∣∣ ∫
Rd

f(x, γ)1{
|f(x,γ)|≥M

}ν(dx)∣∣∣∣
≤

∫
Rd

sup
γ∈G

|f(x, γ)| 1{
supγ∈G |f(x,γ)|≥M

}ν(dx)
= lim

L→∞
lim

T→∞
E

[
1

T

∫ T

0

L ∧ sup
γ∈G

|f(Xt, γ)| 1{
supγ∈G |f(Xt,γ)|≥M

}dt]
≤ sup

t≥0
E

[
sup
γ∈G

|f(Xt, γ)| 1{
supγ∈G |f(Xt,γ)|≥M

}],
and since (58) holds. Let δ > 0 and take a finite set Gδ ⊂ G such that
supγ1∈G minγ2∈Gδ

|γ1 − γ2| < δ. Then

E

[
sup
γ∈G

∣∣∣∣ 1T
∫ T

0

fM (Xt, γ)dt−
∫

Rd

fM (x, γ)ν(dx)

∣∣∣∣]
≤ E

[
max
γ∈Gδ

∣∣∣∣ 1T
∫ T

0

fM (Xt, γ)dt−
∫

Rd

fM (x, γ)ν(dx)

∣∣∣∣]
+E

[
1

T

∫ T

0

sup
γ1,γ2∈G

|γ1−γ2|<δ

∣∣fM (Xt, γ1)− fM (Xt, γ2)
∣∣dt]

+

∫
x∈Rd

sup
γ1,γ2∈G

|γ1−γ2|<δ

∣∣fM (x, γ1)− fM (x, γ2)
∣∣ν(dx)

T→∞→ 2

∫
x∈Rd

sup
γ1,γ2∈G

|γ1−γ2|<δ

∣∣fM (x, γ1)− fM (x, γ2)
∣∣ν(dx) δ→0→ 0.
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Thus, (57) holds.
From Sobolev’s inequality, (58) holds if (59) holds. ⊓⊔

Proof of Theorem 4. We define a new parameter space Ξ = Θ × T by

Θ = [0,Mg]× [−Lβ ,Mβ ]
|A| × [0,Mα]

|A| × [0,Mα]
a−|A|

T = [−Lβ ,Mβ ]
a−|A|,

and also define new parameters θ = (θ, θ) ∈ Θ and τ = (τk)k∈Ac ∈ T by

θ =
(
g, (βi)i∈A ,

(
αi)i∈A

)
, θ = (αk)k∈Ac , τ = (τk)k∈Ac =(βk)k∈Ac .

That is, we consider a parameter transformation as (θ, τ) = φ(g, α, β), where
φ : [0,Mg]× [0,Mα]

a × [−Lβ ,Mβ ]
a → Ξ is defined as

φ(g, α, β) =
(
g, (βi)i∈A ,

(
αi)i∈A , (αk)k∈Ac , (βk)k∈Ac

)
. (60)

Define estimators θ̂T and τ̂T taking values inΘ and T , respectively, by (θ̂T , τ̂T ) =

φ(ĝT , α̂T , β̂T ). We set p = 1+ |A|+a and p1 = 1+2|A|, respectively. We define
J1, J0 and J as J1 = {1} ∪

{
2 + |A|, ..., p1

}
, J0 = {p1 + 1, ..., p} and J =

J1 ∪J0, respectively. Define one of the true values θ∗ = (θ
∗
, θ∗) ∈ Rp1 ×Rp−p1

as

θ
∗
=

(
g∗, (β∗

i )i∈A ,
(
α∗
i )i∈A

)
, θ∗ = (0)k∈Ac .

For r := p, let aT = diag(a1,T , ..., ar,T ) = T− 1
2 Ir,

1 bT = T and ρk = r
q > 1

(k ∈ J0). We take aT ∈ GL(p) as a deterministic diagonal matrix defined by

(aT )jj =

{
T− 1

2 (j ∈ {1, ..., p1})
T− r

2q (j ∈ {p1 + 1, ..., p})
.

Define UT and U by (8) and (10), respectively. Then from Example 1 of Section
2.3 in Yoshida and Yoshida (2022), Condition [A3] holds, and U = R×R|A|×
R|A| × [0,∞)a−|A| ⊂ Rp. Define ci (i ∈ J1) and dk (k ∈ J0) as

ci =

{
κg1{r=1} (i = 1)

κα1{r=1} otherwise
, dk = κα.

Define a random field Z as

Z(u) = ∆[u]− 1

2
Γ [u⊗2]− q

∑
i∈J1

ci(θ
∗
i )

q−1ui −
∑
k∈J0

dk|uk|q,

for any u = (u1, ..., up) ∈ Rp, where u = (u1, ..., up1) and ∆ ∼ Np1

(
0, Γ

)
. We

define a U -valued random variable û by û =
(
Γ

−1
∆

†
, 0

)
, where 0 ∈ Rp−p1 .

1 Im denotes the m-dimensional identity matrix
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Note that û becomes a unique maximizer of Z on U , and [A4] holds. Define a
random field HT : Ω ×Ξ → R∪{−∞} as

HT (θ, τ) =

∫ T

0

log λt

(
ϕ(θ, τ)

)
dNt −

∫ T

0

λt

(
ϕ(θ, τ)

)
dt,

where ϕ denotes φ−1 for φ defined in (60). Then θ̂T is a maximizer ofHT (θ, τ̂T )−∑
j∈J ξj,T pj(θj) on Θ, where for any j ∈ J ,

ξj,T =

{
κgT

r
2 (j = 1)

καT
r
2 otherwise

, pj(x) = |x|q (x ∈ R). (61)

Note that qj (j ∈ J ) defined in (iii) of Section 3.1 are determined as qj = q < 1.
In the following, we show [H1]-[H5] under [P1]-[P3], and use Theorem 2.

We first show [H1]. From Taylor’s series, for any (θ, τ) ∈ Ξ,

HT (θ, τ)−HT (θ
∗, τ)

≤
∫ T

0

log
λt

(
ϕ(θ, τ)

)
λ∗
t

dNt −
∫ T

0

{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}
dt

=

∫ T

0

λt

(
ϕ(θ, τ)

)
− λ∗

t

λ∗
t

dNt −
∫ 1

0

(1− s)

∫ T

0

{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}2{
sλt

(
ϕ(θ, τ)

)
+ (1− s)λ∗

t

}2

·dNtds−
∫ T

0

{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}
dt

=

∫ T

0

λt

(
ϕ(θ, τ)

)
− λ∗

t

λ∗
t

dÑt −
∫ 1

0

(1− s)

∫ T

0

{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}2{
sλt

(
ϕ(θ, τ)

)
+ (1− s)λ∗

t

}2

·dNtds,

where Ñ is a martingale defined by Ñt = Nt −
∫ t

0
λ∗
sds. Take an arbitrary

R > 0. The integrand of the second term in the rightmost side is evaluated as
for any (θ, τ) ∈ Ξ, 0 ≤ s ≤ 1 and 0 ≤ t ≤ T ,{

λt

(
ϕ(θ, τ)

)
− λ∗

t

}2{
sλt

(
ϕ(θ, τ)

)
+ (1− s)λ∗

t

}2 ≥
{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}2

MRg∗
φR(Xt)

≥
{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}2

MRλ∗
t

φR(Xt)
(
∵ λ∗

t ≥ g∗
)
,

where φR : Ra → [0, 1] is a continuous function vanishing outside of [−R −
1, R + 1]a and satisfying φR ≡ 1 on [−R,R]a, and MR > 0 is a constant
depending on R. Therefore,

HT (θ, τ)−HT (θ
∗, τ)

≤
∫ T

0

λt

(
ϕ(θ, τ)

)
− λ∗

t

λ∗
t

dÑt −
1

2

∫ T

0

{
λt

(
ϕ(θ, τ)

)
− λ∗

t

}2

MRλ∗
t

φR(Xt)dNt.
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In the following, we denote ϕ(θ, τ) by (g, α, β). As (27), we have

λt

(
ϕ(θ, τ)

)
− λ∗

t = w(β,Xt)[h(θ, τ)] (t ≥ 0, (θ, τ) ∈ Ξ),

where h : Rp → Rp is a continuous function defined as for any (θ, τ) ∈ Rp,

h(θ, τ) =

(
g +

∑
k∈Ac

αk − g∗,
(
αi(βi − β∗

i )
)
i∈A , (αi − α∗

i )i∈A,

(αkβk)k∈Ac

)
. (62)

Then

HT (θ, τ)−HT (θ
∗, τ)

≤ 1√
T

∫ T

0

w(β,Xt)

λ∗
t

dÑt

[√
Th(θ, τ)

]
− 1

2MRT

∫ T

0

w(β,Xt)
⊗2

λ∗
t

φR(Xt)

·dNt

[(√
Th(θ, τ)

)⊗2]
= KT (θ, τ)

[√
Th(θ, τ)

]
− 1

2

{
G(θ, τ) + rT (θ, τ)

}[(√
Th(θ, τ)

)⊗2]
for any t ≥ 0 and (θ, τ) ∈ Ξ, where for any (θ, τ) ∈ Ξ,

KT (θ, τ) =
1√
T

∫ T

0

w(β,Xt)

λ∗
t

dÑt,

G(θ, τ) =
1

MR

∫
Ra

w(β, x)⊗2φR(x)ν(dx),

rT (θ, τ) =
1

MR

{
1

T

∫ T

0

w(β,Xt)
⊗2

λ∗
t

φR(Xt)dÑt

+
1

T

∫ T

0

w(β,Xt)
⊗2φR(Xt)dt−

∫
Ra

w(β, x)⊗2φR(x)ν(dx)

}
.

Condition [P1] implies that for any p, q ≥ 1 with p ≥ 2q and for each n = 0, 1,

sup
β∈[−Lβ ,Mβ ]a,t≥0

E

[∣∣∣∣∂n
βw(β,Xt)

λ∗
t

∣∣∣∣p(λ∗
t )

q

]
≤ (g∗)q−p sup

β∈[−Lβ ,Mβ ]a,t≥0

E

[∣∣∣∣∂n
βw(β,Xt)

∣∣∣∣p] (
∵ λ∗

t ≥ g∗
)

≲ (g∗)q−p
a∑

j=1

sup
β∈[−Lβ ,Mβ ]a,t≥0

E

[{(
1 + (Xj

t )
2
)
eβjX

j
t

}p]
< ∞. (63)
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Here the second inequality follows from the evaluation∣∣∂n
βw(β, x)

∣∣p
=

∣∣∣∣∂n
β

∫ 1

0

(
1,

(
xie

{sβi+(1−s)β∗
i }xi

)
i∈A ,

(
eβ

∗
i xi

)
i∈A ,

(
xke

sβkxk
)
k∈Ac

)
ds

∣∣∣∣p
≤

∫ 1

0

∣∣∣∣∂n
β

(
1,

(
xie

{sβi+(1−s)β∗
i }xi

)
i∈A ,

(
eβ

∗
i xi

)
i∈A ,

(
xke

sβkxk
)
k∈Ac

)∣∣∣∣pds
≲

∫ 1

0

[ a∑
j=1

{(
1 + x2

j

)
eβ̃j,sxj

}p
+

∑
i∈A

{
eβ

∗
i xi

}p
]
ds

for any x = (x1, ..., xa) ∈ Ra and any β ∈ [−Lβ ,Mβ ]
a, where β̃j,s ∈ [−Lβ ,Mβ ]

a

(j = 1, ..., a) are real numbers depending on s. From (63), we can use Lemma
2, and obtain

sup
(θ,τ)∈Ξ

∣∣KT (θ, τ)
∣∣ = OP (1). (64)

Similarly, sup
β∈[−Lβ ,Mβ ]a

∣∣∣∣ 1√
T

∫ T

0

w(β,Xt)
⊗2

λ∗
t

φR(Xt)dÑt

∣∣∣∣ = OP (1). Since for any

p > 1,

sup
β∈[−Lβ ,Mβ ]a,t≥0

E

[∣∣∣∣∂i
β

{
w(β,Xt)

⊗2
}
φR(Xt)

∣∣∣∣p] < ∞ (i = 0, 1),

we can use Lemma 3, and obtain

1

T

∫ T

0

w(β,Xt)
⊗2φR(Xt)dt−

∫
Ra

w(β, x)⊗2φR(x)ν(dx)
P→ 0,

uniformly in β ∈ [−Lβ ,Mβ ]
a as T → ∞. Therefore, sup(θ,τ)∈Ξ

∣∣rT (θ, τ)∣∣ =
oP (1). Moreover, [P2] implies the non-degeneracy of G for sufficiently large

R. Thus, [H1] holds for aT = T− 1
2 Ir.

Condition [H2] also holds. Indeed, continuing to denote ϕ(θ, τ) by (g, α, β),
we have

Θ∗ = {θ ∈ Θ; ∃τ ∈ T , h(θ, τ) = 0}

=

{
θ ∈ Θ; g +

∑
k∈Ac

αk = g∗,
(
βi − β∗

i

)
i∈A = 0,

(
αi − α∗

i

)
i∈A = 0

}
,

where h is given by (62). Therefore, Θ∗∩{θ = 0} = Θ∗∩{αk = 0 (k ∈ J0)} =
{θ∗}. Condition (a) of [H2] obviously holds since h can be smoothly extended
on Rp. Condition (b) of [H2] holds since αi > 2−1α∗

i > 0 (i ∈ A) if θ is close
to θ∗.
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We show [H3]. From Remark 2, we only need to show [H3]′. Since κg < κα

from [P3], for any θ ∈ Θ∗,

κg|g|q + κα

a∑
j=1

|αj |q = κg

∣∣∣∣g∗ − ∑
k∈Ac

αk

∣∣∣∣q + κα

∑
k∈Ac

|αk|q + κα

∑
i∈A

|α∗
i |q

≥ κg|g∗|q − κg

∑
k∈Ac

|αk|q + κα

∑
k∈Ac

|αk|q + κα

∑
i∈A

|α∗
i |q

≥ κg|g∗|q + κα

∑
i∈A

|α∗
i |q,

where the equations hold if and only if αk = 0 (k ∈ Ac). Therefore, under
θ ∈ Θ∗, the penalty term is minimized if and only if αk = 0 (k ∈ Ac), that is,
if and only if θ = θ∗. Thus, [H3]′ holds.

Condition [H4] holds for ξj,T defined in (61) since κα > 0 and qj = q < 1
(j ∈ J ). Finally, we show [H5]. Let G = {ϕ,Ω}, and take N as N = Int(Θ)∩{
(θ1, ..., θp) ∈ Rp; θ1 > 2−1g∗

}
. Note that N satisfies (16) and (17) and that

for any (θ, τ) ∈ N × T and any t ≥ 0,

λt

(
ϕ(θ, τ)

)
≥ 2−1g∗. (65)

For any (θ, τ) ∈ N × T ,

∂θHT (θ
∗, τ)

=

(∫ T

0

v(Xt)

g∗ +
∑

i∈A α∗
i e

−β∗
i X

i
t

dÑt,

∫ T

0

(
eτkX

k
t

)
k∈Ac

g∗ +
∑

i∈A α∗
i e

−β∗
i X

i
t

dÑt,

)′

.

Similarly as before, from [P1] and Lemma 2,

sup
τ∈T

∣∣∣∣ 1√
T

∫ T

0

(
eτkX

k
t

)
k∈Ac

g∗ +
∑

i∈A α∗
i e

−β∗
i X

i
t

dÑt

∣∣∣∣ = OP (1).

Moreover, from the martingale central limit theorem, we obtain

1√
T

∫ T

0

v(Xt)

g∗ +
∑

i∈A α∗
i e

−β∗
i X

i
t

dÑt
d→ ∆,

checking Lindeberg’s condition as for St = St(T ) :=
1√
T

∫ t

0
v(Xs)

g∗+
∑

i∈A α∗
i e

−β∗
i
Xi

s
dÑs

and for any a > 0,

E

[∑
t≤T

(
∆St

)2
1{|∆St|>a}

]
≤ a−1E

[∑
t≤T

∣∣∆St

∣∣3]

≤ a−1E

[ ∫ T

0

∣∣∣∣ 1√
T

v(Xt)

λ∗
t

∣∣∣∣3dNt

]
≤ a−1T− 1

2 sup
t≥0

E

[∣∣∣∣v(Xt)

λ∗
t

∣∣∣∣3λ∗
t

]
→ 0
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as T → ∞. Thus, the first half of the argument of [H5] holds. Furthermore,
for any (θ, τ) ∈ N × T ,

∂2
θHT (θ, τ)

= −
∫ T

0

∂θλt

(
ϕ(θ, τ)

)⊗2

λt

(
ϕ(θ, τ)

)2 dNt +

∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
λt

(
ϕ(θ, τ)

) dNt −
∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
dt

= −
∫ T

0

∂θλt

(
ϕ(θ, τ)

)⊗2

λt

(
ϕ(θ, τ)

)2 λt

(
ϕ(θ∗, τ)

)
dt−

∫ T

0

∂θλt

(
ϕ(θ, τ)

)⊗2

λt

(
ϕ(θ, τ)

)2 dÑt

+

∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
λt

(
ϕ(θ, τ)

) dÑt +

∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
λt

(
ϕ(θ, τ)

) λt

(
ϕ(θ∗, τ)

)
dt

−
∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
dt.

Similarly as before, from [P1] and (65), we can use Lemma 2, and obtain

sup
(θ,τ)∈N×T

∣∣∣∣− 1√
T

∫ T

0

∂θλt

(
ϕ(θ, τ)

)⊗2

λt

(
ϕ(θ, τ)

)2 dÑt +
1√
T

∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
λt

(
ϕ(θ, τ)

) dÑt

∣∣∣∣
= OP (1).

Therefore, for any (θ, τ) ∈ N × T ,

1

T
∂2
θHT (θ, τ) = − 1

T

∫ T

0

∂θλt

(
ϕ(θ, τ)

)⊗2

λt

(
ϕ(θ, τ)

)2 λt

(
ϕ(θ∗, τ)

)
dt+

1

T

∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
λt

(
ϕ(θ, τ)

)
·λt

(
ϕ(θ∗, τ)

)
dt− 1

T

∫ T

0

∂2
θλt

(
ϕ(θ, τ)

)
dt+ oP (1).

From [P1] and (65), we can apply Lemma 3 to

f(γ,Xt) =
∂θλt

(
ϕ(θ, τ)

)⊗2

λt

(
ϕ(θ, τ)

)2 λt

(
ϕ(θ∗, τ)

)
+

∂2
θλt

(
ϕ(θ, τ)

)
λt

(
ϕ(θ, τ)

) λt

(
ϕ(θ∗, τ)

)
−∂2

θλt

(
ϕ(θ, τ)

)
,

where γ = (θ, τ) ∈ N × T . Therefore, for any R > 0,

sup
(θ,τ)∈N×T

|a−1
T (θ−θ∗)|≤R

∣∣∣∣a′T∂2
θHT (θ, τ)aT +

(
Γ (θ∗) O
O O

) ∣∣∣∣ P→ 0.

Thus, the second half of the argument of [H5] holds. Then using Theorem 2,

we have a−1
T (θ̂T − θ∗)

d→ û. This implies (25) and (26).
We see easily that [S] holds from Example 1. Therefore, using Theorem 3,

we have limT→∞ P
[
α̂k,T = 0 (k ∈ Ac)

]
= 1. ⊓⊔



40 Junichiro Yoshida, Nakahiro Yoshida

Proof of Theorem 5. From (30), we can take some large L > 0 such that the
following matrix is non-degenerate:∫

[0,∞)a

{
(xj)j∈D

}⊗2
φL(x)

{
α∗ · x1{α∗·x>0} + 1{α∗·x=0}

}
ν(dx), (66)

where φL : Ra → [0, 1] is a continuous function vanishing outside of [−L −
1, L + 1]a and satisfying φL ≡ 1 on [−L,L]a. Choose some constant ML > 1
satisfying that

λt(α)φL(Xt) ≤ ML

(
t ≥ 0, α ∈ [0,Mα]

a
)
. (67)

We define an estimating function Ψ̃T as

Ψ̃T (α) = ΨT (α) +

∫ T

0

{
λt(α)−

{λt(α)}2

2ML
φL(Xt)

}
1{λ∗

t=0}dt
(
α ∈ [0,Mα]

a
)
.

Note that Ψ̃T ≥ ΨT . For each T , let α̃T = (α̃1,T , ..., α̃a,T ) be an arbitrary

[0,Mα]
a-valued random variable that asymptotically maximizes Ψ̃T (α).

In order to show Theorem 5, it is sufficient to show that under [L1] and
[L2], (

T
1
2 (α̃i,T − α∗∗

i )i∈J1 , T
r
2q (α̃k,T )k∈J0

) d→
(
Γ

−1
∆

†
, 0
)
, (68)

lim
T→∞

P
[
α̃k,T = 0 (k ∈ J0), α̃i,T ̸= 0 (i ∈ J1)

]
= 1. (69)

In fact, assume (68) and (69) for any asymptotic maximizer α̃T of Ψ̃T . Then
since λ∗

· =
∑

i∈J1
α∗∗
i Xi

· almost surely and therefore 1{λ∗
· =0} = 1{Xi

·=0 (i∈J1)}
almost surely, we have

P
[
Ψ̃T (α̃T ) = ΨT (α̃T )

]
= P

[ ∫ T

0

{
λt(α̃T )−

{λt(α̃T )}2

2ML
φL(Xt)

}
1{

Xi
t=0 (i∈J1)

}dt = 0

]
≥ P

[
α̃k,T = 0 (k ∈ J0)

]
→ 1 (T → ∞)

(
∵ (69)

)
.

Therefore, the following evaluation asymptotically holds: Ψ̃T (α̂T ) ≤ Ψ̃T (α̃T ) =

ΨT (α̃T ) ≤ ΨT (α̂T ). Thus, together with the inequality Ψ̃T ≥ ΨT , Ψ̃T (α̂T ) is

asymptotically equal to Ψ̃T (α̃T ). This means that α̂T also asymptotically max-

imizes Ψ̃T . Then (68) and (69) holds when substituting α̂T for α̃T . Therefore,
Theorem 5 holds.

In the following, we show (68) and (69) under [L1] and [L2]. Define two
parameter spaces Θ and T by Θ = [0,Mα]

a and T = {1}, respectively, and we
consider new parameters θ ∈ Θ and τ ∈ T by θ = α and τ = 1, respectively.
Define estimators θ̂T and τ̂T taking values in Θ and T , respectively, as θ̂T =
α̃T , τ̂T = 1. In the following, we omit τ . Define θ∗ ∈ Θ as θ∗ = α∗∗. We take p
and p1 as p = a and p1 = |J1|, respectively. For notational simplicity, assume
that J1 = {1, ..., p1} and J0 = {p1 + 1, ..., p}. Define aT = diag(a1,T , ..., ar,T )
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as aT = T− 1
2 Ir. (r is already defined as r = |D| in Section 5.) Let bT := T

and ρk := r
q > 1 (k ∈ J0), and take aT ∈ GL(p) as a deterministic diagonal

matrix defined by

(aT )jj =

{
T− 1

2

(
j ∈ J1 = {1, ..., p} \ J0

)
T− r

2q (j ∈ J0)
. (70)

Define UT and U by (8) and (10), respectively. Then from Example 1 of Section
2.3 in Yoshida and Yoshida (2022), Condition [A3] holds, and U =

{
u =

(u1, ..., up) ∈ Rp;uk ≥ 0 (k ∈ J0)
}
. Define ci ∈ R (i ∈ J1) and dk ∈ R (k ∈ J0)

as ci = κi1{r=1} and dk = κk, respectively. Define a random field Z as

Z(u) = ∆[(ui)i∈J1
]− 1

2
Γ
[(
(ui)i∈J1

)⊗2]− q
∑
i∈J1

ci(α
∗∗
i )q−1ui −

∑
k∈J0

dk|uk|q,

for any u = (u1, ..., up) ∈ Rp. We define a U -valued random variable û given by

û =
(
Γ

−1
∆

†
, 0

)
. Note that with probability 1, û becomes a unique maximizer

of Z on U , and [A4] holds. Define a random field HT : Ω×Θ → R∪{−∞} as

HT (α) =

∫ T

0

log λt(α)dNt −
∫ T

0

λt(α)dt

+

∫ T

0

{
λt(α)−

{λt(α)}2

2ML
φL(Xt)

}
1{λ∗

t=0}dt.

Then the estimation function Ψ̃T can be expressed as

Ψ̃T (α) = HT (α)− T
r
2

a∑
j=1

κjα
q
j = HT (α)−

p∑
j=1

ξj,T pj(αj) (α ∈ Θ),

where for any j ∈ J := J1 ∪ J0 = {1, ..., p},

ξj,T = κjT
r
2 , pj(x) = |x|q (x ∈ R). (71)

Note that qj (j ∈ J ) defined in (iii) of Section 3.1 are determined as qj = q < 1.

From Theorem 2, if [H1]-[H5] hold for Ψ̃T under [L1] and [L2], then

a−1
T (α̃T − α∗∗)

d→ û, i.e., (68) holds. Therefore, in the following, we show
[H1]-[H5] under [L1] and [L2].

We first show [H1]. We have
∫ T

0
log λt(α)dNt =

∫ T

0
log λt(α)1{λ∗

t>0}dNt al-

most surely since
∫ T

0
1{λ∗

t=0}dNt = 0 with probability one. Then from Taylor’s
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series,

HT (α)−HT (α
∗∗)

=

∫ T

0

log λt(α)1{λ∗
t>0}dNt −

∫ T

0

λt(α)dt+

∫ T

0

{
λt(α)−

{λt(α)}2

2ML
φL(Xt)

}
·1{λ∗

t=0}dt−
∫ T

0

log λ∗
t 1{λ∗

t>0}dNt +

∫ T

0

λ∗
t dt

=

∫ T

0

log
λt(α)

λ∗
t

1{λ∗
t>0}dNt −

∫ T

0

{
λt(α)− λ∗

t

}
1{λ∗

t>0}dt

−
∫ T

0

{λt(α)}2

2ML
φL(Xt)1{λ∗

t=0}dt

=

∫ T

0

λt(α)− λ∗
t

λ∗
t

1{λ∗
t>0}dNt −

∫ 1

0

(1− s)

∫ T

0

{
λt(α)− λ∗

t

}2{
sλt(α) + (1− s)λ∗

t

}2 1{λ∗
t>0}

·dNtds−
∫ T

0

{
λt(α)− λ∗

t

}
1{λ∗

t>0}dt−
∫ T

0

{λt(α)}2

2ML
φL(Xt)1{λ∗

t=0}dt

=

∫ T

0

λt(α)− λ∗
t

λ∗
t

1{λ∗
t>0}dÑt −

∫ 1

0

(1− s)

∫ T

0

{
λt(α)− λ∗

t

}2{
sλt(α) + (1− s)λ∗

t

}2 1{λ∗
t>0}

·dNtds−
∫ T

0

{λt(α)}2

2ML
φL(Xt)1{λ∗

t=0}dt,

where Ñ is a martingale defined by Ñt = Nt −
∫ t

0
λ∗
sds. The integrand of the

second term in the rightmost side is evaluated as for any α ∈ Θ, 0 ≤ s ≤ 1
and 0 ≤ t ≤ T ,{

λt(α)− λ∗
t

}2{
sλt(α) + (1− s)λ∗

t

}2 1{λ∗
t>0} ≥

{
λt(α)− λ∗

t

}2

M2
L

φL(Xt)1{λ∗
t>0}

(
∵ (67)

)
.

Therefore, noting that M2
L > ML, we have

HT (α)−HT (α
∗)

≤
∫ T

0

λt(α)− λ∗
t

λ∗
t

1{λ∗
t>0}dÑt −

1

2M2
L

∫ T

0

{
λt(α)− λ∗

t

}2
φL(Xt)1{λ∗

t>0}dNt

−
∫ T

0

{λt(α)}2

2M2
L

φL(Xt)1{λ∗
t=0}dt

=

∫ T

0

λt(α)− λ∗
t

λ∗
t

1{λ∗
t>0}dÑt −

1

2M2
L

∫ T

0

{
λt(α)− λ∗

t

}2
φL(Xt)

{
1{λ∗

t>0}dNt

+1{λ∗
t=0}dt

}
.

From (33), we have

λt(α)− λ∗
t = (Xj

t )j∈D[h(α)] (t ≥ 0, α ∈ [0,Mα]
a),
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where h = (h1, ..., hr) : Θ → Rr is a continuous function defined by

h(α) = (α− α∗)A = (α− α∗∗)A (α ∈ [0,Mα]
a). (72)

Then

HT (α)−HT (α
∗)

≤ 1√
T

∫ T

0

(Xj
t )j∈D

λ∗
t

1{λ∗
t>0}dÑt

[√
Th(α)

]
− 1

2M2
LT

·
∫ T

0

{
(Xj

t )j∈D

}⊗2
φL(Xt)

{
1{λ∗

t>0}dNt + 1{λ∗
t=0}dt

}[(√
Th(α)

)⊗2]
= KT

[√
Th(α)

]
− 1

2

{
G+ rT

}[(√
Th(α)

)⊗2]
(t ≥ 0, α ∈ Θ),

where

KT =
1√
T

∫ T

0

(Xj
t )j∈D

λ∗
t

1{λ∗
t>0}dÑt,

G =
1

M2
L

∫
[0,∞)a

{
(xj)j∈D

}⊗2
φL(x)

{
α∗ · x 1{α∗·x>0} + 1{α∗·x=0}

}
ν(dx),

rT =
1

M2
LT

∫ T

0

{
(Xj

t )j∈D

}⊗2
φL(Xt)1{λ∗

t>0}dÑt

+
1

M2
LT

∫ T

0

{
(Xj

t )j∈D

}⊗2
φL(Xt)

{
λ∗
t 1{λ∗

t>0} + 1{λ∗
t=0}

}
dt−G.

Since from [L2],

sup
T>0

E
[
|KT |2

]
= sup

T>0
E

[
1

T

∫ T

0

∣∣∣∣ (Xj
t )j∈D

λ∗
t

∣∣∣∣2λ∗
t 1{λ∗

t>0}dt

]
≤ sup

t≥0
E

[∣∣∣∣ (Xj
t )j∈D

λ∗
t

∣∣∣∣2λ∗
t 1{λ∗

t>0}dt

]

=

∫
[0,∞)a

∣∣(xj)j∈D

∣∣2
α∗ · x

1{α∗·x>0}ν(dx) < ∞,

we obtain KT = OP (1). Similarly,

1

M2
LT

∫ T

0

{
(Xj

t )j∈D

}⊗2
φL(Xt)1{λ∗

t>0}dÑt = oP (1).

From the ergodicity, we have

1

M2
LT

∫ T

0

{
(Xj

t )j∈D

}⊗2
φL(Xt)

{
λ∗
t 1{λ∗

t>0} + 1{λ∗
t=0}

}
−G

P→ 0.

Therefore, rT = oP (1). Moreover, (66) implies the non-degeneracy of G. Thus,
[H1] holds.
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Second, we show [H2]. From Lemma 5 described below, KerA∩⟨{ej}j∈J1
⟩ =

{0}. Therefore, for any α ∈ Θ with αk = 0 (k ∈ J0),

|h(α)| = |(α− α∗∗)A| =

∣∣∣∣( ∑
j∈J1

αjej − α∗∗
)
A

∣∣∣∣ ≥ ϵ0|(αj)j∈J1
− (α∗∗

j )j∈J1
|,

where ϵ0 is some positive constant. Therefore, (a) and (b) of [H2] hold, and
Θ∗ ∩ {θ = 0} = {α ∈ Θ;h(α) = 0} ∩ {αk = 0 (k ∈ J0)} = {θ∗}. Thus, [H2]
holds.

From [L1], Condition [H3]′ holds for Θ∗ = {α ∈ Θ;h(α) = 0} = {α∗ +
Ker(A)} ∩ [0,Mα]

a, which implies [H3]. Condition [H4] obviously holds for
ξj,T defined in (71) since κj > 0 and qj = q < 1 (j = 1, ..., a).

Finally, we show [H5]. Take G = {ϕ,Ω}, and take N as

N = Int(Θ) ∩
{
α ∈ Ra; |αi − α∗∗

i | < 2−1α∗∗
i (i ∈ J1)

}
.

Note that N satisfies (16) and (17) and that for any α ∈ N , λ∗
t > 0 implies

λt(α) > 0 since λt(α) ≥ 2−1λ∗
t . We have

∂θHT (α
∗∗) =

∫ T

0

Xt

λ∗
t

1{λ∗
t>0}dNt −

∫ T

0

Xtdt+

∫ T

0

Xt1{λ∗
t=0}dt

=

∫ T

0

Xt

λ∗
t

1{λ∗
t>0}dÑt.

Similarly as before, from [L2],

1√
T

∣∣∣∣ ∫ T

0

(Xj
t )j∈J0

λ∗
t

1{λ∗
t>0}dÑt

∣∣∣∣ = OP (1).

Moreover, from [L2] and the martingale central limit theorem, we have

ST :=
1√
T

∫ T

0

(Xj
t )j∈J1

λ∗
t

1{λ∗
t>0}dÑt

d→ ∆,

checking Lindeberg’s condition as for any a > 0,

E
∑
t≤T

(
∆St

)2
1{|∆St|>a} ≤ a−1E

∑
t≤T

∣∣∆St

∣∣3
≤ a−1E

[ ∫ T

0

∣∣∣∣ 1√
T

(Xj
t )j∈J1

λ∗
t

1{λ∗
t>0}

∣∣∣∣3dNt

]
= a−1T− 1

2E

[∣∣∣∣ (Xj
0)j∈J1

λ∗
0

∣∣∣∣3λ∗
01{λ∗

0>0}

]
→ 0

as T → ∞. Thus, the first half of the argument of [H5] holds.
Let us show the second half of the argument of [H5]. That is, take any

R > 0 and we show

sup
α∈N

|a−1
T (α−α∗∗)|≤R

∣∣∣∣a′T∂2
θHT (α)aT +

(
Γ O
O O

) ∣∣∣∣ P→ 0, (73)
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for ∂2
θHT (α) that satisfies the following equation:

∂2
θHT (α)

= −
∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt −
∫ T

0

X⊗2
t

ML
φL(Xt)1{λ∗

t=0}dt

= −
∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt −
∫ T

0

X⊗2
t

ML
φL(Xt)1{

Xi
t=0 (i∈J1)

}dt
= −

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt −
∫ T

0

{
(Xj

t 1{j∈J0})j=1,...,p

}⊗2

ML
φL(Xt)

·1{
Xi

t=0 (i∈J1)
}dt (α ∈ N ).

Since aT is defined as (70) and r
q > 1, we have

a′T∂
2
θHT (α)aT

= a′T

(
−
∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt

)
aT − 1

T
r
q

∫ T

0

{
(Xj

t 1{j∈J0})j=1,...,p

}⊗2

ML

·φL(Xt)1{
Xi

t=0 (i∈J1)
}dt

= (
√
TaT )

′
(
− 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt

)
(
√
TaT ) + o(1).

Thus, for (73), it suffices to show

sup
α∈N

|a−1
T (α−α∗∗)|≤R

∣∣∣∣− 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt + Γ

∣∣∣∣ P→ 0, (74)

where Γ is a a × a matrix defined as Γ =
∫
[0,∞)a

x⊗2

α∗·x1{α∗·x>0}ν(dx). Take

any ϵ > 0. Then there exists some T0 = T0(R, ϵ) such that for any T ≥ T0 and
any α ∈ N with |a−1

T (α− α∗∗)| ≤ R,

(1− ϵ)λ∗
· ≤ λ·(α) ≤ λ∗

· + ϵ
∑
j∈D

Xj
·

almost surely. Therefore, for any T ≥ T0 and any α ∈ N with |a−1
T (α−α∗∗)| ≤

R,

AT [u
⊗2] ≤ 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt[u
⊗2] ≤ BT [u

⊗2] (u ∈ Ra, |u| ≤ 1),

where

AT =
1

T

∫ T

0

X⊗2
t(

λ∗
t + ϵ

∑
j∈D Xj

t

)2 1{λ∗
t>0}dNt,

BT =
1

T
(1− ϵ)−2

∫ T

0

X⊗2
t

(λ∗
t )

2
1{λ∗

t>0}dNt,
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for any T > 1, any u ∈ Ra with |u| ≤ 1 and any α ∈ N . Since from [L2],

E

[∣∣∣∣ 1√
T

∫ T

0

X⊗2
t(

λ∗
t + ϵ

∑
j∈D Xj

t

)2 1{λ∗>0}dÑt

∣∣∣∣2]

≲ E

[
1

T

∫ T

0

|Xt|4(
λ∗
t + ϵ

∑
j∈D Xj

t

)4λ∗
t 1{λ∗

t>0}dt

]

≤ E

[
1

T

∫ T

0

|Xt|4

(λ∗
t )

4
λ∗
t 1{λ∗

t>0}dt

]
=

∫
[0,∞)a

|x|4(
α∗ · x

)3 1{α∗·x>0}ν(dx) < ∞

and since

∫
[0,∞)a

|x⊗2|(
α∗ · x+ ϵ

∑
j∈D xj

)2 α∗ · x 1{α∗·x>0} ν(dx)

≤
∫
[0,∞)a

|x⊗2|
α∗ · x

1{α∗·x>0} ν(dx) < ∞,

we have

AT =
1

T

∫ T

0

X⊗2
t(

λ∗
t + ϵ

∑
j∈D Xj

t

)2 1{λ∗
t>0}dÑt

+
1

T

∫ T

0

X⊗2
t(

λ∗
t + ϵ

∑
j∈D Xj

t

)2λ∗
t 1{λ∗

t>0}dt

P→
∫
[0,∞)a

x⊗2(
α∗ · x+ ϵ

∑
j∈D xj

)2 α∗ · x 1{α∗·x>0} ν(dx) =: A(ϵ).

Similarly,

BT = (1− ϵ)−2

{
1

T

∫ T

0

X⊗2
t

(λ∗
t )

2
1{λ∗

t>0}dÑt +
1

T

∫ T

0

X⊗2
t

λ∗
t

1{λ∗
t>0}dt

}
P→ (1− ϵ)−2

∫
[0,∞)a

x⊗2

α∗ · x
1{α∗·x>0} ν(dx) =: B(ϵ).
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Then for any T ≥ T0,

sup
α∈N

|a−1
T (α−α∗∗)|≤R

sup
u∈Ra,|u|≤1

∣∣∣∣− 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt[u
⊗2] + Γ [u⊗2]

∣∣∣∣
≤ sup

α∈N
|a−1

T (α−α∗∗)|≤R

sup
u∈Ra,|u|≤1

(
− 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt[u
⊗2] + Γ [u⊗2]

)+

+ sup
α∈N

|a−1
T (α−α∗∗)|≤R

sup
u∈Ra,|u|≤1

(
− 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt[u
⊗2] + Γ [u⊗2]

)−

≤ sup
u∈Ra,|u|≤1

(
−AT [u

⊗2] + Γ [u⊗2]

)+

+ sup
u∈Ra,|u|≤1

(
−BT [u

⊗2] + Γ [u⊗2]

)−

≲
∣∣−AT + Γ

∣∣+ ∣∣−BT + Γ
∣∣ P→

∣∣−A(ϵ) + Γ
∣∣+ ∣∣−B(ϵ) + Γ

∣∣
as T → ∞, where f+ := f ∨ 0 and f− := f ∧ 0 for any R-valued function f .
Since limϵ→+0 A(ϵ) = limϵ→+0 B(ϵ) = Γ , we have

sup
α∈N

|a−1
T (α−α∗∗)|≤R

sup
u∈Ra,|u|≤1

∣∣∣∣− 1

T

∫ T

0

X⊗2
t

λt(α)2
1{λ∗

t>0}dNt[u
⊗2] + Γ [u⊗2]

∣∣∣∣ P→ 0.

Therefore, (74) holds. Thus, the second half of the argument of [H5] holds.
Then using Theorem 2, we obtain (68).

Furthermore, [S] holds from Example 1. Therefore, using Theorem 3, we
have limT→∞ P

[
(α̃k,T )k∈J0

= 0
]
= 1. Since (68) holds and α∗∗

i ̸= 0 (i ∈ J1),
we obtain (69). ⊓⊔

Proof of Proposition 1. From the following Lemma 4,{
α ∈ {α∗ +Ker(A)} ∩ [0,∞)a;Pe(α) = inf

α̃∈{α∗+Ker(A)}∩[0,∞)a
Pe(α̃)

}
⊂ {prE(α∗);E ∈ E} ∩ [0,∞)a.

Under [L1]#, the set on the right-hand side has the unique minimizer prE0(α
∗)

of Pe on the set itself. Therefore, prE0(α
∗) uniquely minimizes Pe on {α∗ +

Ker(A)} ∩ [0,∞)a. Since prE0
(α∗) ∈ [0,Mα)

a under [L1]#, prE0
(α∗) also

uniquely minimizes Pe on {α∗ + Ker(A)} ∩ [0,Mα]
a. Therefore, [L1] holds

and α∗∗ = prE0
(α∗). ⊓⊔

Lemma 4 For any M ∈ (0,∞) ∪ {∞},{
α ∈ {α∗ +Ker(A)} ∩ [0,M)a;Pe(α) = inf

α̃∈{α∗+Ker(A)}∩[0,M)a
Pe(α̃)

}
⊂ {prE(α∗);E ∈ E}. (75)
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Proof Take any α ∈ {α∗ +Ker(A)} ∩ [0,M)a satisfying

Pe(α) = inf
α̃∈{α∗+Ker(A)}∩[0,M)a

Pe(α̃).

Define F as the set of all j ∈ {1, ..., a} with αj ̸= 0. We prove

⟨{ej}j∈F ⟩ ∩KerA = {0} (76)

by contradiction. Suppose that ⟨{ej}j∈F ⟩ ∩ KerA ̸= {0}. Then there exists
(cj)j∈F ∈ R|F | \ {0}|F | such that

∑
j∈F cjej ∈ KerA. Take λ < 0 and λ > 0

such that for any λ ∈ (λ, λ),

α− λ
∑
j∈F

cjej ∈ [0,M)a. (77)

Note that for any λ ∈ (λ, λ),

α− λ
∑
j∈F

cjej ∈ {α∗ +Ker(A)}. (78)

Define two functions f : (λ, λ) → Ra and g : (λ, λ) → R as f(λ) = α −
λ
∑

j∈F cjej and g(λ) = Pe
(
f(λ)

)
, respectively. Then g(0) cannot be the local

minimum of g since g′′(λ) < 0 for any λ ∈ (λ, λ). Therefore, there exists some
λ0 ∈ (λ, λ) such that

Pe(α) = g(0) > g(λ0) = Pe
(
f(λ0)

)
.

Furthermore, f(λ0) ∈ {α∗ +Ker(A)} ∩ [0,M)a from (77) and (78). This con-
tradicts the minimality of α. Thus, (76) holds.

From (76), we can take some E1 ∈ E with E1 ⊃ F . Then 0 = (α−α∗)A =(
α−prE1

(α∗)
)
A. Since α ∈ ⟨{ej}j∈F ⟩ ⊂ ⟨{ej}j∈E1

⟩ and ⟨{ej}j∈E1
⟩∩KerA = 0,

we have α = prE1
(α∗), and hence α ∈ {prE(α∗);E ∈ E}. Thus, (75) holds. ⊓⊔

Lemma 5 Assume [L1]. Then

KerA ∩ ⟨{ej}j∈J1
⟩ = {0}. (79)

Moreover, if [L2] holds, then Γ is non-degenerate.

Proof From Lemma 4, under [L1], α∗∗ ∈ {prE(α∗);E ∈ E}. Therefore, there
exists some E ∈ E such that J1 ⊂ E. Thus, KerA ∩ ⟨{ej}j∈J1⟩ ⊂ KerA ∩
⟨{ej}j∈E⟩ = {0}, and (79) holds.

We show that Γ is non-degenerate under [L2]. Assume Γ [v⊗2] = 0 for some
v ∈ R|J1|. Then ∣∣(xi)i∈J1

· v
∣∣ 1{∑a

j=1 α∗
jxj>0

} = 0 ν-a.e. x, (80)
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where ν-a.e. x denotes almost everywhere x ∈ [0,∞)a with respect to the
measure ν. Since the probability that λ∗

t =
∑a

j=1 α
∗
jX

j
t =

∑a
j=1 α

∗∗
j Xj

t (t ≥ 0)
is equal to one, we have

1{∑a
j=1 α∗

jxj=0
} = 1{∑a

j=1 α∗∗
j xj=0

} = 1{xi=0 (i∈J1)} ν-a.e. x.

Therefore, from (80), we have (xi)i∈J1 · v = 0 ν-a.e. x. Thus,

0 =

∫
[0,∞)a

(
(xi)i∈J1

)⊗2
ν(dx) [v⊗2] =

∫
[0,∞)a

{(
ei · x

)
i∈J1

}⊗2
ν(dx) [v⊗2]

=

∫
[0,∞)a

{(
eiA · (xj)j∈D

)
i∈J1

}⊗2
ν(dx) [v⊗2]

(
∵ (32)

)
= (eiA)i∈J1

∫
[0,∞)a

(
(xj)j∈D

)⊗2
ν(dx)

(
(eiA)i∈J1

)′
[v⊗2].

Now {eiA}i∈J1
is linearly independent from (79). Therefore, from (30), we

obtain v = 0, which implies the non-degeneracy of Γ . ⊓⊔


