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Abstract
The aim of this paper is to delineate a set of new classes of natural exponential fami-
lies and their associated exponential dispersion models whose probability distribu-
tions are supported on the set of nonnegative integers with positive mass on 0 and 
1. The new classes are obtained by considering a specific form of their variance 
functions. We show that the distributions of all these classes are supported on non-
negative integers, that they are infinitely divisible, and that they are skewed to the 
right, leptokurtic, over-dispersed, and zero-inflated (relative to the Poisson class). 
Accordingly, these new classes significantly enrich the set of probability models for 
modeling zero-inflated and over-dispersed count data. Furthermore, we elaborate 
on numerical techniques how to compute the distributions of our classes, and apply 
these to an actual data experiment.
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1  Introduction

A classic tool in statistical modeling and analysis is the concept of natural exponen-
tial families (NEFs). These are classes of probability distributions that are conveni-
ent in practice for executing statistical analysis and numerical computations. In its 
generality, a NEF is defined to be the set of probability measures (Barndorff-Nielsen 
1978),

where

–	 � is a positive Radon measure on ℝ with closed convex support; it is called the 
generating kernel or measure of the NEF;

–	 � ∈ ℝ is a canonical parameter;
–	 D𝜇 =

{
𝜃 ∈ ℝ ∶ L𝜇(𝜃) = ∫

ℝ
e𝜃x 𝜇(dx) < ∞

}
 is the domain of the Laplace trans-

form of the kernel;
–	 its interior �� = int D� is nonempty;
–	 k�(�) = log L�(�) is the cumulant transform of measure �.

Taking derivatives of the cumulant transform gives that k�
�
(�) and k��

�
(�) are the 

respective mean and variance corresponding to probability measure P(�,�) . The 
image M = MF = k�(��) is an open interval, and is called the mean domain of 
F  . As k� is strictly convex on �� , the inverse mapping of its derivative k�

�
∶ � ↦ m , 

�� → M , is well defined. Hence, the canonical parameter � becomes a function of 
the mean m. This is denoted by � = �(m) . In this way, the variance corresponding to 
P(�,�) becomes also a function of the mean, V(m) = k��

�
(��(m)) for m ∈ M.

The pair (V ,M) is called a variance function (VF). We cite an important property 
(Morris, 1982).

 A VF uniquely determines the NEF within the class of NEFs and is not 
dependent on the specific measure �.

A natural generalization is the concept of exponential dispersion models (EDMs). 
An EDM associated with a NEF F(�) is a collection 

⋃
p∈� F(�p) of NEFs where the 

generating kernels are defined implicitly by (Jørgensen, 1987),

The parameter p is called a dispersion parameter. For any dispersion value p ∈ � , 
the associated NEF is the set of probability distributions of the form

(1)F = F(�) =
{
P(�,�)(dx) = e�x−k�(�) �(dx) ∶ � ∈ ��

}
,

� =
{
p ∈ ℝ

+ ∶ Lp
�
is a Laplace transform of some measure �p

}
.

(2)Fp = F(�p) =
{
P(�,�p)(dx) = e�x−pk�(�) �p(dx) ∶ � ∈ ��p

= ��

}
.
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The contribution of our paper is that we delineate a set of new classes of EDMs 
whose probability distributions are concentrated on the set of nonnegative integers 
ℕ0 with positive mass on 0 and 1. We will characterize these classes by their variance 
functions. Particularly, we show that any generating function f (m) = 1 +

∑∞

n=1
anm

n 
of coefficients an ≥ 0 with positive radius of convergence can be used to generate a 
VF of the form V(m) = mf (m) , whose associated NEF (and EDM) is valued in ℕ0 . 
In this way we can construct an enormous number of classes of EDMs supported 
on ℕ0 . The vast majority of these classes have not been considered before, mainly 
because being not known. Consequently, these new classes enrich significantly the 
set of competitive models to those in frequent and widespread use (as the Poisson, 
negative binomial, Poisson-inverse Gaussian, Poisson-Tweedie and the like). Fur-
thermore, we show that the distributions of all these classes are infinitely divisible, 
and we show that these distributions are skewed to the right, leptokurtic, over-dis-
persed, and zero-inflated (relative to the Poisson NEF).

Next to these structural properties, the second contribution of our study is that we 
present two methods for retrieving the generating measure � of a NEF F  supported on 
ℕ0 by solely utilizing the given form of its respective VF (V ,M).

–	 Method I utilizes the techniques presented in Proposition 4.4 of Letac and Mora 
(1990) in which the mean value parametrization of NEFs plays a crucial role for 
the numerical computations of the related probability mass functions. Method I was 
instrumental in Letac and Mora (1990) for describing all cubic VFs of NEFs sup-
ported on ℕ0.

–	 Method II uses directly the Lagrange formula and enables to give information about 
the generating function of the kernel � (which is a discrete measure on ℕ0).

Recently, Method I has been used in Bar-Lev and Ridder (2021) to generate two classes 
of EDMs, namely, the ABM and LM classes. These were applied in Bar-Lev and Rid-
der (2023) for modeling various real count datasets, and in Awad et al. (2022) for mor-
tality projections. Method II is more limited in its applicability than Method I because 
of the level of analytical complexity involved. On the other hand, it has its importance 
because it presents analytical expressions for �n.

The paper is organized as follows. Section 2 presents various basic preliminaries on 
NEFs and EDMs, the mean value parameterization of NEFs and the Lagrange formula. 
Section 3 introduces our main tool (Proposition 2) for constructing new classes of VFs 
associated with NEFs/EDMs supported on ℕ0 . We also prove that the resulting NEFs/
EDMs distributions are over-dispersed, zero-inflated, skewed to the right and leptokur-
tic. In fact we prove that the latter properties hold for the larger set of infinitely divis-
ible NEFs supported on ℕ0 . Section 4 elaborates the practical steps for implementing 
Methods I and II, and in Sect. 5 we apply our methods to a range of variance functions. 
Numerical experiments are reported in Sect. 6. Finally, in Sect. 7 we summarize our 
findings.
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2 � Preliminaries

In this section, we summarize some necessary details of the mean value parametri-
zation of NEFs and EDMs from Bar-Lev and Kokonendji (2017)), and some rel-
evant facts related to the Lagrange formula from Letac and Mora (1990).

2.1 � The mean value parameterization

NEFs.
For a given VF (V ,M) of a NEF F  generated by a measure � , choose any two 

primitives �(m) and �(m) of 1/V(m) and m/V(m), respectively, i.e.,

The following observation is obvious, but crucial (Letac and Mora, 1990). The proof 
is based on the fact that the measure � is not unique for the NEF F  . Any exponential 
shift of � , i.e., �∗(dx) = ea+bx�(dx) for some real a, b, generates the same NEF, i.e., 
F(�) = F(�∗).

Corollary 1  For any pair of primitives as defined in (3), there exists a positive Radon 
measure �∗ ∈ M such that

This leads to a reparameterization of a NEF.

Definition 1  The mean value parameterization of a NEF F  is

As there are infinitely many such primitives, �(m) and �(m) should be chosen 
such that (4) is a family of probability distributions. We shall come back to this 
point in Sect. 4.

EDMs.
The mean value parameterization of EDMs are defined in a manner similar to 

NEFs. Indeed, given a VF (V ,M) of a NEF then the mean parameter space and vari-
ance corresponding to (2) are

whereas the respective primitives of 1∕Vp(m) and m∕Vp(m) are given by, respectively,

(3)
�(m) = ∫

1

V(m)
dm;

�(m) = ∫
m

V(m)
dm.

�(m) = log∫
ℝ

e�(m)x �∗(dx), m ∈ M.

(4)F =
{
P(m,�∗)(dx) = ex�(m)−�(m) �∗(dx) ∶ m ∈ M

}
.

Mp = pM; Vp(m) = pV(m∕p),
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Then, it is readily seen that

and thus the mean value parameterization of (2) has the form

All results presented in the sequel concerning NEFs hold also for their respective 
EDMs by just replacing �(m) and �(m) , respectively, by �p(m) and �p(m) as given 
in (5).

2.2 � The Lagrange formula

The Lagrange inversion formula is a powerful way of considering an equation of 
the type z = f (m) (z as a function of m), and invert (or solve) it for m (under analytic 
condition on f). A special case is when f(m) is of the form m/g(m) for some ana-
lytic function g(m). Commonly, then the formula is called the Lagrange–Bürmann 
formula, which has several presentations in the literature, essentially split between 
analysis and combinatorics.

Proposition 1  Let z = m∕g(m) be an analytic (complex) function defined on an open 
disc centered at 0, such that g(0) ≠ 0 . Then, the inverse function has the form

More generally, let z = u∕g(u) as above, and suppose that m = G(u) for some ana-
lytic function, then the general Lagrange formula is

The Lagrange formula has been exploited in Letac and Mora (1990) for deriv-
ing explicit expressions for the measure � of four NEFs supported on ℕ0 and having 
cubic VFs. In Section 5 we shall give other applications.

3 � EDMs on Nonnegative Integers

Suppose that a given VF (V ,M) satisfies

�p(m) = ∫ 1∕Vp(m) dm;

�p(m) = ∫ m∕Vp(m) dm.

(5)�p(m) = �(m∕p); �p(m) = p�(m∕p),

(6)Fp =
{
P(m,𝜇∗

p
)(dx) = ex𝜓(m∕p)−p𝜑(m∕p) 𝜇∗

p
(dx) ∶ m ∈ pM, p > 0

}
.

(7)m = h(z) =

∞∑
n=1

zn

n!

[(
d

dm

)n−1

(g(m))n
]

m=0

.

(8)m = G(h(z)) =

∞∑
n=1

zn

n!

[(
d

du

)n−1

G�(u)(g(u))n
]

u=0

.
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–	 The mean domain M = (0, b) for some 0 < b ≤ ∞.
–	 There exists a real analytic function �′ on M such that ��(m) = m∕V(m) on M , 

and such that 

Proposition 4.4 of Letac and Mora (1990) shows that the corresponding NEF F  is 
concentrated on ℕ0 . Moreover, this proposition provides a way to compute a gen-
erating kernel � . Let � be a primitive of �′ , choose a primitive �(m) of 1/V(m), 
satisfying

and define G(m) = me−�(m) . Then, the formulas for �n ’s are given by

Note that the necessary condition (9) leaves infinitely many choices for the primitive 
� , and hence for a generating measure � . By demanding

we get by (11), �0 = 1 , and also �1 = 1.
The above formulas for the �n ’s are rather cumbersome for numerical calcula-

tions. They form the basis of our Method I, whose implementation steps will be 
summarized in Sect. 4.1. A first successful attempt of applying Proposition 4.4 of 
Letac and Mora (1990) was made in Awad et  al. (2022) for obtaining NEFs (and 
their EDM generalizations) that are defined by variance function of the form

Clearly, it includes the Poisson ( r = 0 ), negative binomial ( r = 1 ) and Abel ( r = 2 , 
also known as generalized Poisson) EDMs as special cases. Moreover, the corre-
sponding primitives �(m) and �(m) are explicitly expressible. Because the authors 
implemented these EDMs in a Bayesian model, there was no need to compute 
the �n ’s explicitly, as these quantities are cancelled out when deriving appro-
priate posterior distributions. The class is named ABM after the authors names 
(Awad—Bar-Lev—Makov).

A second application of Proposition 4.4 of Letac and Mora (1990) was made 
by Bar-Lev and Ridder (2021, 2023) who again considered EDMs with variance 
functions (13), but also NEFs (and their EDM generalizations) defined by variance 
functions

(9)lim
m→0

��(m) = 1.

(10)lim
m→0

me−�(m) = 1,

(11)

⎧
⎪⎨⎪⎩

�0 = e�(m)��m=0;
�n =

1

n!

��
d

dm

�n−1

e�(m) × ��(m) × (G(m))n)

�
�m=0, n ≥ 1.

(12)lim
m→0

�(m) = 0,

(13)V(m) = m(1 + m)r, r = 0, 1,… ; M = (0,∞).

V(m) =
m

(1 − m)r
, r = 0, 1,… ; M = (0, 1).
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From the exact expressions of the primitives �(m) and �(m) , they used the formu-
las (11) for computing numerically the �n’s. The interest was in fitting various real 
count data. The class is named LM after the authors names (Letac–Mora).

3.1 � An instrumental proposition

In this section we introduce an instrumental proposition which provides a general 
tool for constructing VFs which satisfy the premises of Proposition 4.4 in Letac and 
Mora (1990), and thus their corresponding NEFs and EDMs are supported on ℕ0 . 
We shall use this proposition throughout this paper.

Proposition 2  Assume that f(m) admits a power series

with radius of convergence R > 0 and an ≥ 0 for all n and let

Then (V ,M) = (V , (0,R)) is a VF of an infinitely divisible NEF F = F(�) such that 
� =

∑∞

n=0
�n�n is supported on ℕ0 . Furthermore, �0 and �1 are positive.

Proof  We deduce the proof by a result of Bar-Lev (1987) and its reformulation in 
Letac and Mora (1990, Theorem 3.2). Indeed, V is positive on (0, R). So we have to 
show that

for an arbitrary m0 ∈ (0,R) . Clearly, f(m) is positive in an interval (−�,R) , 𝛼 > 0, 
and 1/f(m) is expandable in the power series

where bi, i = 1, 2,… are real coefficients and 1/f has a positive radius of convergence 
R1 . Hence,

where

is a continuous function in [0,R1) . Hence,

(14)f (m) = 1 +

∞∑
n=1

anm
n

V(m) = mf (m), m ∈ (0,R).

∫
m0

0

dm

V(m)
= ∞,

1

f (m)
= 1 + b1m + b2m

2 +⋯

1

V(m)
=

1

m
+ b1 + b2m +⋯ =

1

m
− g(m)

g(m) =
f (m) − 1

mf (m)
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In order to use Proposition 4.4 of Letac and Mora (1990), we need to prove that the 
masses on 0 and 1 are positive. To this end we write: if � is any measure which gen-
erates F ,

Let

be the primitive of g on [0,R1) with A(0) = 0 . Adding a first condition on � we get

The fact that A(m) →m→0 0 insures m ∼m→0 z . As a consequence 
m = k�

�
(�) = z + O(z2) = e� + O(z2) since A(0) = 0 and—adding a second condition 

on �—we get k�(�) = e� + O(z2) = z + O(z2) . Therefore,

With the two choices of constants we made we get 𝜇0 = 𝜇1 = 1 > 0 . Hence by Bar-
Lev (1987) it follows that (V ,M) = (V , (0,R)) is a VF of infinitely divisible NEF 
which satisfies the conditions of Proposition 4.4 of Letac and Mora (1990). In par-
ticular F  is supported on ℕ0. 	�  ◻

Proposition 2 inspires the following definition.

Definition 2 

	 (i).	 D is the set of NEFs (or VFs) which fulfills the premises of Proposition 2.
	 (ii).	 ID is the set of infinitely divisible distributions on ℕ0 with positive mass on 

0 and 1.
	(iii).	 CP is the set of infinitely divisible distributions on ℕ0 with positive mass on 

0.

Trivially ID ⊂ CP , and in Proposition 3 below, we shall see that D is strictly 
contained in ID , thus various properties of the elements of CP are inherited by 
those of D . Note that D is an infinite set of classes of NEFs/EDMs as any func-
tion of the form (14) can be used to construct such a class. Thus, the class D 
significantly enriches the set of count probability models aiming at count data 
modeling as well as at other applications.

∫
m0

0

dm

V(m)
= ∫

m0

0

dm

m
− ∫

m0

0

g(m)dm = ∞.

d� = � �
�
(m)dm =

dm

m
− g(m)dm.

A(m) = ∫
m

0

g(t)dt

� = ��(m) = logm − A(m) ⇒ z = e� = me−A(m) ⇒ zeA(m) = m.

L�(�) = ek�(�) = ez+O(z
2) = 1 + z +

∞∑
n=2

�nz
n.
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3.2 � Properties of the set CP inherited by D

Let us adopt the following notation: if u = (un)
∞
n=0

 , we write

Suppose that � = (�n)
∞
n=0

 is a probability measure on ℕ0 . Recall that � is said to 
be infinitely divisible if and only if for all t > 0 there exists a probability measure 
�(t) = (�n(t))

∞
n=0

 such that for all |z| ≤ 1 one has

From Feller (1968, page 271) we cite the following result describing the class CP:

Lemma 1  If 𝜇0 > 0 , then � is infinitely divisible if and only if there exists a probabil-
ity measure � = (�n)

∞
n=1

 on ℕ and a number 𝜆 > 0 such that f� has the form

Note that the latter representation of f� is equivalent to saying that all NEFs 
supported on ℕ0 considered here are of a compound Poisson type in the follow-
ing sense. Suppose that Y1, Y2,… are i.i.d. with distribution � and consider an 
independent Poisson random variable N with mean � . Then the distribution of 
Y1 +⋯ + YN is � by a classical calculation using conditioning by N. This explains 
the notation CP.

We shall use Lemma 1 in the following proposition recalling some important 
properties of CP (and thus of D).

Proposition 3  Consider the sets D, ID , and CP as defined in Definition 2, then, 

(a)	 The inclusions D ⊂ ID ⊂ CP are strict.
(b)	 The elements of CP are zero-inflated relative to the Poisson NEF, which means 

�0 ≥ exp
�
−
∑∞

0
n�n

�
 with equality if and only if � is Poisson.

(c)	 The elements of CP are overdispersed relative to the Poisson NEF, which means 
VF(�)(m) − m ≥ 0 with equality if and only if � is Poisson.

(d)	 The elements of CP are skewed to the right, which means the third centered 
moment of � is positive.

(e)	 The elements of CP are leptokurtic, which means that � has a positive kurtosis.

Proof  (a). For seeing that D ≠ ID , we consider a variance function of the form 
VF(m) = m +

∑∞

n=2
cnm

n that belongs to ID but has at least one negative coefficient. 
For instance, let f�(z) =

1

2
(z + z2) , and f�(z) = ef� (z)−1 . By expanding f�(z) we get 

𝜇0 > 0 and 𝜇1 > 0 ; hence, it is an element of ID . However, standard calculations 
show that

(15)fu(z) =

∞∑
n=0

unz
n.

(
f�(z)

)t
= f�(t)(z).

(16)f�(z) = e�(f� (z)−1).
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which has c2n+1 < 0 for n ≥ 1 . Thus, VF(m) ∉ D . The origin of this example is 
the Hermite distribution, obtained as the compound Poisson (�) sum of binomial 
(n = 2, p) variables, which is infinitely divisible. Specifically, � = 9∕8, p = 2∕3 , see 
Section 9.4 in Johnson et al. (2005).

For seeing that ID ≠ CP , consider the probability � such that f�(z) =
1

2
(z2 + z3) , 

and define the probability � by f�(z) = ef� (z)−1 . As � satisfies the conditions of 
Lemma 1, it is an element of CP . However, by expanding f�(z) we get �1 = 0 , which 
means that � ∉ ID.

(b)–(e). For the proofs of (b), (c), (d), and (e), we consider � infinitely divisible, 
concentrated on ℕ0 and such that 𝜇0 > 0 . Then, the statements follow from similar 
properties of compound Poisson distributions as set out in Section 9.3 in Johnson 
et al. (2005). 	�  ◻

A crucial observation of part (a) of Proposition 3 is that the NEFs (and EDMs) 
satisfying the conditions of Proposition 2 do not cover all NEFs on ℕ0 which are 
infinitely divisible. Specifically this holds for compound Poisson distributions with 
generating functions f�(z) = e�(f� (z)−1) . These distributions are also called multiple 
Poisson distributions, they are infinitely divisible, and they come in a large variety 
of combinations, see Chapter 9 in Johnson et al. (2005). Each combination may or 
may not have a VF of the form in Proposition 2. We have seen that compounding 
Poisson with the Binomial n = 2 leads to an infinite divisible NEF not lying in D . 
Also interesting is to consider the Poisson(�)-Poisson(� ) compounding distribution, 
i.e., the distribution of SN =

∑N

j=1
Yj where N ∼ Poisson(� ) and Y ∼ Poisson(� ). This 

distribution is also called the Neyman type A distribution (Johnson et al. 2005, Sec-
tion 9.6). Hence, its generating function is

We use � as kernel of the NEF

on ℕ0 , where the cumulant is obtained by k�(�) = log f�(e
�) . Computing 

first and second derivatives, we obtain its variance function, cf. Vinogradov 
(2013, Theorem 5.1)

in which W(x) is the Lambert W function defined by W(x)eW(x) = x . Whereas Vino-
gradov (2013) examined the NEF generated by the Neyman type A distribution in 
relation to the Lambert function, Mselmi (2022) introduced many more NEFs with 
variance functions that depend on the Lambert function, and therefore called Lam-
bert classes. In Mselmi (2022), these NEFs are generated by subordinated Gamma 

VF(�)(m) =
1

8
(1 + 16m −

√
1 + 16m)

f�(z) = e�(e
�(z−1)−1).

{
P(�,�)(n) = �n e

�n−k�(�)
}

V(m) = m

(
1 +W

(
me𝜙

𝜆

))
, m > 0,
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or Lévy processes with a Poisson subordinator. Expansion of W(x) in a Taylor series 
is done by the Lagrange inversion formula (7), and shows that the coefficients are 
alternating positive and negative (Vinogradov 2013, Equation (1.3))

We conclude that the NEF generated by the Poisson-Poisson compounded distribu-
tion is not an element of our set D . Further investigation of other Lambert classes 
goes beyond this paper’s scope.

4 � Practical implementation steps

Since the set D is infinite, we shall select a number of classes that lead to relatively 
explicit computation. For this, Proposition 2 delineates functions f(m) of the form 
(14) with radius of convergence R > 0 and an ≥ 0 for all n. Then we use the fact that 
V(m) = mf (m) is a VF of an infinitely divisible NEF or EDM supported on ℕ0 . This 
allows us in general to compute numerically �n by (11).

The choice of appropriate primitives of ∫ dm

V(m)
 and ∫ mdm

V(m)
 that fulfills conditions 

(9), (10), and (12) is crucial for implementing Proposition 2. Indeed, if 𝜓̃(m) and 
𝜑̃(m) are some specific primitives, then the sets of all corresponding primitives are 
given by {𝜓̃(m) + c, c ∈ ℝ} , and {𝜑̃(m) + d, d ∈ ℝ} , in which case c and d should 
be chosen to comply with (9)–(12) for selecting the specific �(m) and �(m) . How-
ever, we found that the following is a simpler way for such a choice. This is intro-
duced in the following proposition.

Proposition 4  Consider the VF V(m) = mf (m) of Proposition  2 associated with a 
NEF F = F(�) , where � =

∑∞

n=0
�n�n . Let

Furthermore, let � and � satisfying the requirements of Proposition 4.4 in Letac and 
Mora (1990). Then 

	 (a).	As �0 and �1 are positive, one can choose �0 = �1 = 1.

	 (b).	The choice �0 = �1 = 1 is equivalent to requiring that 

an = lim
x→0

1

n!

(
d

dx

)n−1

e−nx =
(−n)n−1

n!
.

(17)
g(m) =

f (m) − 1

mf (m)
;

A(m) = ∫
m

0

g(t)dt.

(18)
�(m) = logm − A(m);

�(m) = ∫
m

0

dt

f (t)
.
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Proof 

(a)	 By Proposition 2, �0 and �1 are positive. Recall that if � is a generating measure, 
then eax+b�(dx) is also a generating measure. We can choose a and b such that 
eb�0 = 1 , and ea+b�1 = 1.

(b)	 Assume that �0 = �1 = 1. Then 

 Therefore 

 We get 

 And finally ��(m) − logm →m→0 0 . Now, 

 Thus ��(m) − logm is the primitive of −g vanishing at 0, namely, 
−A(m) = ∫ m

0
−g(t)dt . Since �� = 1∕f  and since for satisfying to the require-

ments of Proposition 4.4 of Letac and Mora (1990) it is required that 
1 = �0 = e�(0) , we get �(0) = 0 and therefore �(m) = ∫ m

0
dt∕f (t) . 

	   Conversely if �(m) = logm − A(m) and �(m) = ∫ m

0
dt∕f (t) , then �(0) = 0 . 

From Letac and Mora (1990, (4.16)) we have �0 = e�(0) ; therefore, �0 = 1 . We 
now prove that �1 = 1 . Imitating the direct part we write 

	   Therefore, 

 and 

	�  ◻

k�(�) = log

�
1 + e� +

∞�
n=2

�ne
n�

�

⇒ m = k�
�
(�) =

e� +
∑∞

n=2
n�ne

n�

1 + e� +
∑∞

n=2
�ne

n�
.

m → 0 ⇔ � → −∞, e� ∼�→−∞ k�
�
(�).

e
��(k

�
�
(�)) ∼�→−∞ k�

�
(�); e��(m) ∼m→0 m; e

��(m)−logm →m→0 1.

d

dm

(
��(m) − logm

)
=

1

V(m)
−

1

m
= −g(m).

k�(�) = log

�
1 + �1e

� +

∞�
n=2

�ne
n�

�

⇒ m = k�
�
(�) =

�1e
� +

∑∞

n=2
n�ne

n�

1 + e� +
∑∞

n=2
�ne

n�
.

m → 0 ⇔ � → −∞; �1e
� ∼�→−∞ k�

�
(�),

�1e
��(k

�
�
(�)) ∼�→−∞ k�

�
(�); �1e

��(m) ∼m→0 m; �1e
−A(m)

→m→0 1.
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We shall divide the search for such f(m)’s falling into various categories of ele-
mentary functions as polynomial functions, rational functions, trigonometric func-
tions, exponential functions and their inverse functions, including the inverse trig-
onometric functions and logarithms. However, for a practical reasoning it is more 
convenient to confine the search to those f(m)’s for which at least one of �(m) and 
�(m) is expressible as elementary function. Otherwise the numerical computations 
of �n in (11) might turn out to be rather cumbersome.

4.1 � Method I

The steps for implementing Method I, and some accompanying comments are basi-
cally elaborated in Bar-Lev and Ridder (2021, Appendix A) and Bar-Lev and Ridder 
(2023, Section 3). To summarize: 

Step 1	 Start with a VF (V ,M) ∈ D associated with a NEF F = F(�) of probability 
distributions generated by kernel � , and use its mean value parameterization (4).

Step 2	 Next, compute the functions f (m) = V(m)∕m , and g(m), A(m) as in (17).
Step 3	 Then, compute the primitives � and � by (18).
Step 4	 Let, for n = 2, 3,… , 

 compute its derivatives H(j)
n (m) , j = 1,… , n − 1 , and evaluate H(j)

n (0)∕j!.
Step 5	 Next, compute the kernel � by �0 = �1 = 1 , and for n = 2, 3,… by applying 

(11) and the general chain rule, 

 where the sum is over all nonnegative integer solutions of the Diophantine 
equation 

∑n−1

j=1
jkj = n − 1 , and where k =

∑n−1

j=1
kj.

Step 6	 Finally, the probabilities of the NEF are computed by 

Hn(m) = �(m) + log��(m) + nA(m),

�n =
1

n!

((
d

dm

)n−1

e�(m) × ��(m) × en(logm−�(m))

)
|m=0

=
1

n!

((
d

dm

)n−1

eHn(m)

)|||m=0

=
1

n!

∑ (n − 1)!

k1!k2!⋯ kn−1!

((
d

dx

)k

ex
)

x=Hn(0)

n−1∏
j=1

((
H

(j)
n (m)

j!

)
||m=0

)kj

=
1

n

∑ 1

k1!k2!⋯ kn−1!
eHn(0)

n−1∏
j=1

(
H

(j)
n (0)

j!

)kj

=
1

n
eHn(0)

∑ n−1∏
j=1

kj∏
t=1

H
(j)
n (0)∕j!

t
,
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Remark 1  In a similar manner, the probabilities of an associated EDM with disper-
sion parameter p are computed. Just replace V(m) by Vp(m) = pV(m∕p) in Step 1; 
f(m) by fp(m) = f (m∕p) , g(m) by gp(m) = g(m∕p)∕p , and A(m) by Ap(m) = A(m∕p) 
in Step 2; �(m) by �p(m) = logm − Ap(m) , and �(m) by �p(m) = p�(m∕p) in Step 
3; and substitute these in Hn,p(m) = �p(m) + log��

p
(m) + nAp(m) . Step 6 delivers the 

kernel �n,p , which is substituted in

4.2 � Method II

In this section, we use the fact that NEFs belonging to D are valued in ℕ0 , and that 
their elements are infinitely divisible. Given a NEF of the type of Proposition  2, 
Method II tries to find from the knowledge of VF(m) = mf (m) a probability measure 
� on ℕ and 𝜆 > 0 such that F = F(�) is generated by a probability measure � with 
the form (16), namely f� = e�(f�−1).

The implementation of Method II starts with the same first 3 steps of Method I. It 
goes on as follows. 

Step 4	 Using the natural parameter � , the distributions of the NEF are given by (1), 
i.e., 

 Recall from (15) the generating function f�(z) =
∑∞

n=0
�nz

n of a kernel � , and 
the cumulant function 

 whose derivative ��
�
(�) = m , the mean of P(�,�) . Hence, we get the relations 

 In this way we get z = z(�) = e� as function of � , and z = z(m) = e�(m) as func-
tion of m.

Step 5	 Consider its inverse, m = m(z) , i.e., solve z = e�(m) for m. Defining the func-
tion �(z) = log f�(z) , we get a differential equation for this function, by 

Pn(m,�) = �ne
n�(m)−�(m), n = 0, 1,… .

�n,pe
n�p(m)−�p(m), n = 0, 1,… .

Pn(�,�) = �ne
�n−��(�), n = 0, 1,… .

��(�) = log

∞∑
n=0

�ne
�n = log f�(e

�),

(19)� = �(m) = (��
�
)−1(m) = �(m), and d� =

dm

V(m)
.

(20)m(z) =
d

d�
��(�) =

d

d�
�(e�) =

d

dz
�(z) ×

d

d�
z(�) = �

�(z) z,
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 with boundary condition �(0) = 0 . Suppose that this equation is solvable, then 
we would obtain �(z) explicitly.

Step 6	 If Step 5 is not feasible, we consider z = z(m) as function of m as in Step 4, 

 Apply the Lagrange–Bürmann inversion formula (7), 

 Then (20) gives 

Step 7	 Given �(z) either by Step 5 or Step 6, we get an explicit expression for the 
generating function of kernel � , 

 Let gn = �ne
n�(m) , then an explicit expression is available for 

Step 8	 Numerical inversion of the generating function G(z) yields the coefficients 
gn, n = 0, 1,… , and from these the NEF probabilities, 

Remark 2  A particular feature of Method II is the fact we do not have to bother 
to the extension of the method to EDM. Indeed, the corresponding �(z) when we 
replace � by �p is simply p�(z) . Thus, defining gp,n = �p,ne

n�p(m) , an explicit expres-
sion is available for

Numerical inversion of the generating function Gp(z) yields the coefficients 
gp,n, n = 0, 1,… , and from these the EDM probabilities,

z = e�(m) = elogm−A(m) =
m

eA(m)
.

m =

∞∑
n=1

zn

n!

((
d

dm

)n−1

enA(m)
)|||m=0

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
an

(21)z��(z) =

∞∑
n=1

an
zn

n!
⇒ �(z) =

∞∑
n=1

an
zn

n × n!
.

f�(z) = e�(z) =

∞∑
n=0

�nz
n.

G(z) = f�
(
e�(m)z

)
=

∞∑
n=0

�n

(
e�(m)z

)n
=

∞∑
n=0

gnz
n.

Pn(m,�) = �ne
n�(m)−�(m) = gn e

−�(m), n = 0, 1,… .

Gp(z) = e�p(e
�p (m)z) = f�p

(
e�p(m)z

)
=

∞∑
n=0

�p,n

(
e�p(m)z

)n
=

∞∑
n=0

gp,nz
n.

Pp,n(m,�) = �p,ne
n�p(m)−�p(m) = gp,n e

−�p(m), n = 0, 1,… .
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Remark 3  For numerical inversion of a generating function G(z) we applied the Fast 
Fourier Transform (FFT) method. The FFT assumes that the series converges for 
|z| = 1 . Suppose that the radius of convergence R < 1 . Then, choose any 0 < r < R , 
and define

which converges for |z| = 1 . Numerical inversion gives the coefficients g∗
n
 , and hence 

gn = g∗
n
∕rn . Thus, the NEF probabilities are

5 � Examples

In this section, we present several examples of classes in D . Each class is given by the 
VF (V�,M) of the NEF, where � represents extra parameter(s). The associated primi-
tives �(m) and �(m) in the examples of Sects. 5.1, 5.2, and 5.3 are both elementary 
functions, whereas in Sects. 5.4 and 5.5 one is not. For the associated EDM we add 
dispersion parameter p, thus VF (V�,p,Mp) . Moreover, the examples have the follow-
ing distinctions.

–	 In Sect. 5.1 we exploit Method II, where the mean m can be solved explicitly in 
Step 5.

–	 Section 5.2 uses the Lagrange formula for applying Method II.
–	 The example in Sect. 5.3 is worked out by computing Method I.
–	 Section 5.4 is worked out by Method I, and Sect. 5.5 by Method II.

We prefer to be able to compute Method II, because when Method II is analytically 
solvable, and numerically implementable, it is faster, and more stable than an imple-
mentation of Method I.

5.1 � Polynomial VF

In their review paper, Bar-Lev and Kokonendji (2017) presented the following class 
of VFs as an example for which both primitives �(m) and �(m) have explicit forms. 
This class has extra parameters a > 0 and r ∈ ℕ0 , and is given by VF

Then, by setting 
(

r

r + 1

)
= 0,

G∗(z) = G(rz) =

∞∑
n=0

gn(rz)
n =

∞∑
n=0

g∗
n
zn,

Pn(m,�) = gn e
−�(m) = g∗

n
e−n log r−�(m) n = 0, 1,… .

Va,r(m) = m(1 + m)(1 + m∕a)r, M = (0,∞).
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which shows that Va,r ∈ D.
We work out the special (and simple) case of a = 2 and r = 1 , thus

The functions in Step 2 and Step 3 are derived easily.

We show the computations for Method II. In Step 5 we derive m as function of z by 
solving z = e�(m).

with solution

for 0 < z < 1∕2 . Thus, the differential Eq. (20) is

such that �(0) = 0 . Solution is (see Appendix A),

Note that �(z) < ∞ for |z| < 1∕2 . Since we compute in Step 7 the series G(z) for 
�(e�(m)z) , we need

fa,r(m) = (1 + m)(1 + m∕a)r = 1 +

r+1∑
i=1

1

ai−1

((
r

i − 1

)
+

(
r

i

)
1

a

)
mi,

V(m) = m(1 + m)(1 + m∕2), m > 0.

f (m) =
V(m)

m
= (1 + m)(1 + m∕2);

g(m) =
f (m) − 1

V(m)
=

(1 + m)(1 + m∕2) − 1

m(1 + m)(1 + m∕2)
=

3∕2 + m∕2

(1 + m)(1 + m∕2)
;

A(m) = ∫
m

0

g(t) dt = 2 log(1 + m) − log(1 + m∕2);

�(m) = logm − A(m) = logm − 2 log(1 + m) + log(1 + m∕2);

�(m) = ∫
m

0

dt

f (t)
= 2 log(1 + m) − log(1 + m∕2).

z = e�(m) =
m(1 + m∕2)

(1 + m)2
⇔ m +

1

2
m2 = z + 2zm + zm2

⇔ (z −
1

2
)m2 + (2z − 1)m + z = 0,

m =
1√

1 − 2z
− 1,

z��(z) = m =
1√

1 − 2z
− 1,

�(z) = log
1 −

√
1 − 2z

z(1 +
√
1 − 2z)

+ log 2.
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Thus, R > 1 , and the FFT method is applied in the usual manner.

5.2 � Sibuya VF

This class has an extra parameters a ∈ (0, 1) , such that a = 1∕(r + 1) for some 
r = 1, 2,… . The VF is

Recall

Thus,

Then,

which shows that Va ∈ D.
We work out the special (and simple) case of a = 1∕2 ( r = 1 ), thus

The functions in Step 2 and Step 3 are as follows, see Appendix B  for the calculus.

e𝜓(m)|z| < 1

2
⇔ |z| < 1

2
e−𝜓(m) =

(1 + m)2

2m(1 + m∕2)
= 1 +

1

2m(1 + m∕2)
= R.

Va(m) =
1 − (1 − m)a

a
, M = (0, 1).

(1 − m)a =

∞∑
i=0

(−1)i
(
a

i

)
mi, where

(
a

i

)
=

a(a − 1)⋯ (a − i + 1)

i!
.

(1 − m)a = 1 − am +
1

2
a(a − 1)m2 +

∞∑
i=3

(−1)i
(
a

i

)
mi.

fa(m) = Va(m)∕m = 1 +
1

2
(1 − a)m +

1

a

∞∑
i=2

(−1)i
(

a

i + 1

)
mi,

V(m) = 2(1 −
√
1 − m), 0 < m < 1.

f (m) =
V(m)

m
=

2(1 −
√
1 − m)

m
;

g(m) =
f (m) − 1

V(m)
=

2(1 −
√
1 − m) − m

2m(1 −
√
1 − m)

;

A(m) = ∫
m

0

g(t) dt = 1 −
√
1 − m − log f (m);

�(m) = logm − A(m);

�(m) = ∫
m

0

dt

f (t)
=

m

2
+

1 − (1 − m)3∕2

3
.
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We apply Method II. We cannot directly solve z = e�(m) for m. However, by substi-
tuting u = 1 −

√
1 − m , we get

Using the relation (19) for d� , and the chain rule, leads to � = �(u) = log u − u . 
Then z = z(u) as a function of u is given by,

There is no explicit solution to this equation; therefore, we invert it by the Lagrange 
formula to give u as function of z. Because m = G(u) , the generalized Lagrange for-
mula (8) gives m as function of z,

Using Leibniz formula of differentiating for n = 2, 3,…,

and a1 = 2 . Hence, Step 6 gives

The radius of convergence of �(z) is given by

For the series �(e�(u)z) in Step 7, we need

Easy to see that eu−1∕u > 1 on (0, 1). Thus R > 1 , and the FFT method is applied in 
the usual manner.

5.3 � Rational VF

The rational VF is defined by

m = G(u) = 1 − (1 − u)2.

z = e� =
u

eu
.

m =

∞∑
n=1

zn

n!

[(
d

du

)n−1

2(1 − u)enu
]

u=0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

an

.

an = 2

[
n−1∑
k=0

(
n − 1

k

)(
d

du

)n−1−k

(1 − u) ×
(
d

du

)k

enu

]

u=0

= 2nn−2,

�(z) =

∞∑
n=1

an
zn

n × n!
= 2z + 2

∞∑
n=2

zn

n!
nn−3.

lim
n→∞

nn−3

n!

/ (n + 1)n−2

(n + 1)!
= lim

n→∞

(
1 −

1

n + 1

)n−3

= 1∕e.

e𝜃(u)|z| < 1

e
⇔ |z| < 1

e
e−𝜃(u) =

1

u
eu−1.

Vc(m) =
m(1 + 2cm − m2)

1 − m2
, M = (0, 1),
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with parameter c > 0 . Then

which shows that Vc ∈ D . We use the following identities. Let c = sinh a , a > 0 , 
then

and

The functions in Step 2 and Step 3 are

The function Hn(m) , n = 2, 3,… in Step 4 of Method I is

where

Derivatives of Hn(m) are computed by considering separately its terms, which gives

These derivatives are implemented in Step 5 for the kernel �c , from which the NEF 
probabilities follow in Step 6.

Method II is numerically more demanding, and left out.

fc(m) = Vc(m)∕m =
1 + 2cm − m2

1 − m2
= 1 +

2cm

1 − m2
,

2 cosh a

1 + 2x sinh a − x2
=

2 cosh a

(ea − x)(e−a + x)
=

1

ea − x
+

1

e−a + x
,

2x cosh a

1 + 2x sinh a − x2
=

2x cosh a

(ea − x)(e−a + x)
=

ea

ea − x
−

e−a

e−a + x
.

gc(m) =
fc(m) − 1

mfc(m)
=

2c

1 + 2cm − m2
=

2 sinh a

(ea − m)(e−a + m)

= tanh a
(

1

ea − m
+

1

e−a + m

)
;

Ac(m) = ∫
m

0

gc(t) dt = tanh a(2a − log(ea − m) + log(e−a + m));

�c(m) = logm − Ac(m);

�c(m) = ∫
m

0

dt

fc(t)
= m − 2a

sinh2 a

cosh a
+ tanh a(ea log(ea − m) + e−a log(e−a + m)).

Hn(m) = m + log(1 − m) + log(1 + m) + �n log(e
a − m) + �n log(e

−a + m) + �n,

�n = (ea − n) tanh a − 1;

�n = (e−a + n) tanh a − 1;

�n = −2a
sinh2 a

cosh a
+ 2na tanh a.

H
(j)
n (0)

j!
= −

1

j
+ (−1)j−1

1

j
− �n

e−ja

j
+ �n(−1)

j−1 e
ja

j
.
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5.4 � Exponential VF 1

Our first exponential VF is defined by

Then

which shows that V ∈ D . The functions in Step 2 and Step 3 are

This VF has no elementary primitive �(m) . However, consider the function Hn(m) 
is Step 4,

We see immediately that Hn(0) = 0 . Derivatives of Hn(m) are computed by consid-
ering that for j = 1, 2,… and i = 1, 2,…,

Thus, for j = 2, 3,… , we get

For the first derivative H(1)
n
(0) , add −1 . These derivatives are implemented in Step 

5 for the kernel � . In Step 6, we need to compute the infinite series of the function 

V(m) = mem, M = (0,∞).

f (m) = V(m)∕m = em = 1 +

∞∑
n=1

1

n!
mn,

g(m) =
f (m) − 1

mf (m)
=

em − 1

mem
=

1 − e−m

m
=

∞∑
n=1

(−1)n−1
mn−1

n!
;

A(m) = ∫
m

0

g(t) dt = ∫
m

0

∞∑
n=1

(−1)n−1
tn−1

n!
dt =

∞∑
n=1

(−1)n−1
1

n

mn

n!
;

�(m) = logm − A(m);

�(m) = ∫
m

0

1

f (t)
dt = ∫

m

0

e−t dt = 1 − e−m.

1 − e−m − m + n

∞∑
i=1

(−1)i−1
1

i

mi

i!

=

∞∑
i=1

(−1)i−1
mi

i!
− m + n

∞∑
i=1

(−1)i−1
1

i

mi

i!

= −m +

∞∑
i=1

(−1)i−1
(
1 +

n

i

)
mi

i!
.

(
d

dm

)j

mi =

{
i!

(i−j)!
mi−j for j ≤ i;

0 for j > i.

H
(j)
n (0)

j!
= (−1)j−1

(
1 +

n

j

)
1

j!
= (−1)j−1

1

j!
+ n(−1)j−1

1

j(j!)
.
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A(m) (in the primitive �(m) ). The series is approximated by computing the first 
k − 1 terms,

Then, for k > me,

For a small 𝜖 > 0 , find k such that

Let k0 = ⌈me⌉ , thus me∕k0 < 1 , and

Thus, find k > k0 such that

In this way, the probabilities in Step 6 of Method I are computed. Method II is cum-
bersome, and not implemented.

5.5 � Exponential VF 2

Our second exponential VF has the form

which has appeared in Letac (2022). Then

which shows that V ∈ D . The functions in Step 2 and Step 3 are

Ak(m) =

k−1∑
i=1

(−1)i−1
1

i

mi

i!
.

�A(m) − Ak(m)� ≤
∞�
i=k

1

i

mi

i!
≈

∞�
i=k

1

i

mi

√
2�i(i∕e)i

≤
∞�
i=k

�
me

k

�i

=
�
me

k

�k
∞�
i=k

�
me

k

�i−k

=
(me∕k)k

1 − (me∕k)
.

(me∕k)k

1 − (me∕k)
< 𝜖 ⇔

(
me

k

)k

< 𝜖
(
1 −

me

k

)
⇔

(
1 −

me

k

)
kk >

(me)k

𝜖
.

1 −
me

k
> 1 −

me

k0
.

(
me

k

)k

< 𝜖

(
1 −
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k0

)
⇔ k log(me∕k) < log 𝜖

(
1 −

me

k0

)
.

V(m) = em − 1 M = (0,∞),

(22)f (m) = V(m)∕m =
em − 1

m
=

∞∑
n=1

1

n!
mn−1 = 1 +

∞∑
n=1

1

(n + 1)!
mn,
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where Li2(z) is the dilogarithm function given by

In case that |z| < 1 , we get by expanding log(1 − u),

A useful identity is (Abramowitz and Stegun 1965, Eq. 27.7.3).

Applying this identity to z = 1 − e−m , we get

We shall work out the computations for Method II. We have

for |z| < 1 . The differential equation in Step 5 is

The solution is the dilogarithm function �(z) = Li2(z) , see (23). The series G(z) in 
Step 7 is defined for

where clearly R > 1 . The FFT applies to G(z).

g(m) =
f (m) − 1

mf (m)
=

1

m
−

1

em − 1
;

A(m) = ∫
m

0

g(t) dt = logm − ∫
m

0

et + 1 − et

et − 1
dt

= logm − ∫
m

0

et

et − 1
dt + ∫

m

0

1 dt = logm − log(em − 1) + m;

�(m) = logm − A(m) = log(em − 1) − m;

�(m) = ∫
m

0

1

f (t)
dt = ∫

m

0

t

et − 1
dt = ∫

m

0

te−t

1 − e−t
dt

u=1−e−t

= −∫
1−e−m

0

log(1 − u)

u
du = Li2(1 − e−m),

(23)Li2(z) = −∫
z

0

log(1 − u)

u
du z ∈ ℂ.

(24)Li2(z) =

∞∑
n=1

zn

n2
.

Li2(z) + Li2(1 − z) =
�2

6
− (log z)(log(1 − z)).

�(m) =
�2

6
− Li2(e

−m) + m log(1 − e−m).

z = e�(m) = elog(e
m−1)−m = 1 − e−m ⇔ m = − log(1 − z),

z��(z) = − log(1 − z) ⇔ �
�(z) = −

log(1 − z)

z
.

e𝜓(m)|z| < 1 ⇔ |z| < e−𝜓(m) =
1

1 − e−m
= R,
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6 � Numerical experiments

To see our distributions in action, we run two experiments. The first experiment is 
a visualization of distributions coming from the five classes presented in Sect.  5. 
The second experiment is fitting these distributions to a count dataset. In both 
experiments we compare with the traditional count models of Poisson and negative 
binomial. These experiments have illustrative purposes only, and are by no means 
exhaustive for showing the capabilities of our distributions. More on this issue will 
be said in the concluding Sect. 7.

6.1 � Visualization

We compute the probability mass functions of distributions in all five classes pre-
sented in Sect. 5. The parameters are chosen such that all these distributions have 
mean � = 3.4 , and variance �2 = 6.2 . These numbers are chosen arbitrarily. Dis-
tributions from EDM classes have always the mean parameter m, and the disper-
sion parameter p, and thus a two-moment fit is possible. When distributions have an 
extra parameter, we fit skewness to be 2. As for the computations, when possible we 
apply Method II, otherwise Method I. The code for computing the distribution of the 
Sibuya class by Method II (Sect.  5.2) is available at https://​github.​com/​adria​anrid​
der/​sibuya

The code for the other distributions follow by similar implementations. For com-
parison, we consider the Poisson distribution with mean m = � , and the negative 
binomial distribution with mean m = � and dispersion parameter p. The relation to 
the usual parameterization � for success probability, and r for the number of failures 
is r = p , and � = m∕(m + p) . Table 1 lists the specifics.

In Fig. 1, we show the probability mass functions of the five distributions versus 
the Poisson and negative binomial.

Next, in Fig. 2 we show the distributions versus the Poisson by their cumulative 
probabilities. We give these for the Sibuya and exponential 1 only, the other dis-
tributions show similar graphs. In Fig. 3, we show two distributions (rational and 
exponential 2) versus the Poisson by their quantiles. Again, the other distributions 
show similar graphs.

Table 1   Parameter values of the 
distribution classes

VF p Extra Method Remark

Polynomial 7.17 II Section 5.1
Sibuya 3.43 0.5 II Section 5.2
Rational 5.05 0.33 I Section 5.3
Exponential 1 5.66 I Section 5.4
Exponential 2 3.09 II Section 5.5
Poisson Traditional
Negative binomial 4.13 Traditional

https://github.com/adriaanridder/sibuya
https://github.com/adriaanridder/sibuya
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The overall picture is that our distributions show more probability mass at 
small values than the Poisson (the zero-inflated property of Proposition 3), and 
have fatter tails (the leptokurtic property of Proposition 3).

Fig. 1   Probability mass func-
tions of the distributions with 
mean � = 3.4 , and variance 
�2

= 6.2

Fig. 2   P-P plots of distributions versus the Poisson

Fig. 3   Q-Q plots of distributions versus the Poisson
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6.2 � Data fitting

We consider a dataset of the number of direct job changes from the German Socio-
Economic Panel (Winkelmann, 2008), given in Table 2.

For fitting parametric distributions we have applied moment matching, similar to 
Sect. 6.1, and maximum likelihood estimation (MLE). The latter seems obvious con-
sidering that we deal with exponential families which makes MLE rather straightfor-
ward. However, in case of our EDMs, the generating measure � = �p depends also 
on the dispersion parameter that we wish to estimate, see their expressions (2) and 
(6). This makes the numerical optimization of the likelihood function more demand-
ing. Table 3 lists the moments of the data for the moment matching method for esti-
mating the distributional parameters, as given in Table 4. This table gives also the 
parameters when estimating these by MLE. For the Sibuya class we increased the 
power parameter to r = 2 (thus parameter a = 1∕(r + 1) = 1∕3 ) for getting a feasible 
solution. The derivations for this case follow similar to the exposition in Sect. 5.2, 
though with a bit more effort.

Each fitted distribution is compared with the empirical distribution of the real 
data, and the fit is assessed by the root mean square errors (RMSE), and the Kull-
back–Leibler divergence (KLD), see Table 4, using the MLE parameters.

We see indeed that, except for the Sibuya class, our new distributions perform 
much better than the traditional Poisson and negative binomial distributions, 
mainly because they capture the zero-inflated and leptokurtic characteristics of 

Table 2   The count data Value 0 1 2 3 4 5 6 7 8 9 10 11 12

Frequency 1333 404 133 43 25 10 4 4 1 2 2 0 1

Table 3   Moments of the data Mean Variance Skewness Kurtosis

0.5398 1.1781 3.7316 21.6006

Table 4   Fitted parameter values of the distributions and the resulting performance

Moment match MLE Performance

VF p Extra par p Extra par RMSE KLD

Polynomial 0.8326 0.9576 0.004197 0.003886
Sibuya 0.5533 0.3333 0.5408 0.3333 0.01105 0.006365
Rational 1.0039 0.7826 0.8086 0.5381 0.001739 0.002387
Exponential 1 0.6915 0.7360 0.002685 0.002629
Exponential 2 0.3855 0.3979 0.001926 0.002263
Poisson 0.040780 0.114849
neg. binomial 0.4564 0.5708 0.005369 0.005505
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the dataset. The rational, the exponential 1, and exponential 2 classes are com-
patible for RMSE and KLD criteria. We hypothesize that the Sibuya class will 
perform better by further increasing the power parameter r. The probability mass 
functions of the fitted distributions are visualized in Fig. 4.

7 � Conclusion

Modeling count data by parametric families of counting distributions has always been 
part of the statistical literature with an enormous number of applications in various 
fields. Originally, count data models were based on the Poisson and the negative bino-
mial distributions (Bliss and Fisher, 1953). Since then, many models have been devel-
oped and analyzed for their properties, see Coly et al. (2016) for the historic develop-
ment of these models. Moreover, reviews of numerous count data models can be found 
in Winkelmann (2008), and Bar-Lev and Ridder (2023).

All these models share that their probability functions can be expressed explic-
itly in a closed form, allowing relatively easy computations and parameter esti-
mation. In our opinion, this is the main reason these distributions have been used 
for statistical modeling. Researchers refrain from using an analytically complex 
mechanism that only allows numerical calculations of probabilities. Conse-
quently, they prefer

–	 Add extra probability mass on zero, such as Hurdle models, or zero-inflated Pois-
son or negative binomial distributions (Feng, 2021).

–	 Generalize existing models, such as generalized Poisson or negative binomial 
distributions (Consul, 1989).

–	 Discretize versions of continuous distributions, such as discrete Lindley distribu-
tion (Gomez-Deniz and Calderin-Ojeda, 2011), and discrete Gamma distribution 
(Chakraborty and Chakravarty, 2012).

–	 Mixture distributions, such as Poisson-inverse Gaussian (Willmot, 1987), and 
Poisson-Tweedie (Kokonendji et al., 2004).

Fig. 4   Probability mass func-
tions of the fitting distributions
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The present paper aims to introduce a new set of counting distributions based on 
explicit variances functions belonging to what we called class D . We have provided 
numerical comparisons with only a limited number of classical distributions (such as 
Poisson and negative binomial) to demonstrate the applicability of our results. We have 
shown that the class D has a large number of exciting features: 

1.	 It establishes an excellent set of new exponential dispersion models which can 
be used to describe the random error distribution in generalized linear models 
(GLMs). Also, as all such EDMs are infinitely divisible, their dispersion space is 
ℝ

+ as indeed required by GLM methodology.
2.	 All members of D are skewed to the right, leptokurtic, over-dispersed, and zero-

inflated.
3.	 All cumulants, moments, and central moments of each EDM in this class are eas-

ily obtainable using the following. Let �r, r ≥ 1, be the r-th cumulant of a NEF 
with VF (V, M) with �1 = m and �2 = V(m) . Then �r+1 = �r+1(m) is given by 

 from which the corresponding moments and central moments can be deduced.
4.	 Four cubic VFs of discrete EDMs, all of which belong to class D , were character-

ized by Letac and Mora (1990).
5.	 Another essential point to note is that there are of course infinitely many kernels 

(generating measures) that can generate NEFs (and thus EDMs). However, for 
a large part of them, their Laplace function cannot be expressed explicitly and, 
therefore, practically, cannot serve as a normalizing constant for computing the 
relevant NEFs’ probabilities. Fortunately, the D class provides expressible alter-
natives to these normalizing constants in terms of the mean value parameteriza-
tion, as elaborated in Section 2.1.

We trust that our presentation of the D class will play a significant role in (a) model 
fit for real count datasets; (b) describing the random error distribution in GLM with 
covariates (as alternatives to the Poisson, negative binomial, or any other distribution in 
use); (c) use in insurance risk models. These are interesting avenues for future work in 
which we intend to consider again the VF examples of Sect. 5.

Acknowledgements  The authors are grateful to an Associate Editor and two reviewers for their construc-
tive comments and suggestions for improvements.

Appendix A Polynomial VF calculus for section 5.1

Here, we show how to solve

such that �(0) = 0 . The 1/z term delivers log z . Let

�r+1(m) = V(m)��
r
(m), r ≥ 2,

z��(z) =
1√

1 − 2z
− 1 ⇔ �

�(z) =
1

z
√
1 − 2z

−
1

z
,
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Substitute

and dz = −u du . Then,

Thus,

where C = log 2 to ensure �(0) = 0.

Appendix B Sibuya VF calculus for section 5.2

The VF with parameter a = 1∕(r + 1) , for r = 0, 1,…,

Then,

from which

A long line of manipulations for

y� = y�(z) =
1

z
√
1 − 2z

⇔ dy =
dz

z
√
1 − 2z

⇔ y = ∫
dz

z
√
1 − 2z

.

u =
√
� =

√
1 − 2z ⇔ z =

1

2
(1 − u2),

y = −∫
2 du

1 − u2
= −∫

(
1

1 − u
+

1

1 + u

)
du = log(1 − u) − log(1 + u) + C.

�(z) = log(1 −
√
�) − log(1 +

√
�) − log z + C = log

1 −
√
�

z(1 +
√
�)

+ C,

Va(m) =
1 − (1 − m)a

a
, M = (0, 1).

fa(m) = Va(m)∕m =
1 − (1 − m)a

am
.

ga(m) =
fa(m) − 1

mfa(m)
=

(r + 1)
(
1 − (1 − m)1∕(r+1)

)
− m

m(r + 1)
(
1 − (1 − m)1∕(r+1)

) .
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