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Abstract
Up to now, almost all existing methods for joint modeling survival data and longi-
tudinal data rely on parametric/semiparametric assumptions on longitudinal covari-
ate process, and the resulting inferences critically depend on the validity of these 
assumptions that are difficult to verify in practice. The kernel method-based pro-
cedures rely on choices of kernel function and bandwidth, and none of the exist-
ing methods provides estimate for the baseline distribution in proportional hazards 
model. This article proposes a proportional hazards model for joint modeling right 
censored survival data and intensive longitudinal data taking into account of within-
subject historic change patterns. Without any parametric/semiparametric assump-
tions or use of kernel method, we derive empirical likelihood-based maximum like-
lihood estimators and partial likelihood estimators for the regression parameter and 
the baseline distribution function. We develop stable computing algorithms and pre-
sent some simulation results. Analyses of real dataset are conducted for smoking 
cessation data and liver disease data.

Keywords  Empirical likelihood · Intensive longitudinal data · Maximum likelihood 
estimator · Proportional hazards model · Right censored data

1  Introduction

In medical research, epidemiology, social and behavior science studies, etc., the 
interrelationships between time-to-event variable, i.e., survival time, and longitudi-
nal covariates are often the primary research interest. Due to the challenges encoun-
tered in some important clinical trials on AIDS and cancer research, statisticians 
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started modeling survival data and longitudinal data jointly, viz. Tsiatis et al. (1995), 
Henderson et al. (2000), Hsieh et al. (2006), Ding and Wang (2008), Su and Wang 
(2012), and Cao et  al. (2015); see review articles on this subject by Tsiatis and 
Davidian (2004), Li and Ren (2011). Such joint modeling procedure or methodol-
ogy has broad applications in many scientific research fields, but it is a considerably 
difficult problem due to censoring on the survival time and the fact that the longitu-
dinal covariate is an unknown and not completely observed stochastic process. Up to 
now, almost all existing methods rely on parametric or semiparametric assumptions 
on the longitudinal covariate process, and the resulting inferences critically depend 
on the validity of these assumptions that are difficult to verify in practice. The kernel 
method-based procedures (Cao et al. 2015) rely on choices of kernel function and 
bandwidth, and such methods are not really necessary for very intensive longitu-
dinal data. Moreover, none of the existing methods considers model checking, nor 
provides estimate for the baseline distribution function (d.f.) in proportional hazards 
model, which can play a role in constructing goodness of fit test for model checking 
(Ren and He 2011).

In statistical literature, other important problems such as joint modeling censored 
survival time and intensive longitudinal covariates and joint modeling censored sur-
vival time and multi-phase intensive longitudinal covariates have not been carefully 
studied. Different from the conventional longitudinal covariates, the intensive longi-
tudinal covariates and the multi-phase intensive longitudinal covariates refer to situ-
ations where considerably more repeated measurements are taken within a relative 
short period of time. The intent of collecting these intensive or multi-phase intensive 
longitudinal data is to conduct micro-analytic assessment of the patterns of change; 
thus, in these situations, it is important to consider the within-subject historic pat-
terns of change in the modeling procedure. Here, historic patterns of change refer 
to the change patterns of the longitudinal covariates over certain time interval of 
interest. However, in the literature, there have not been any modeling procedures 
that directly study the relationship between survival time and within-subject historic 
patterns of change, while intensive longitudinal covariates and multi-phase intensive 
longitudinal covariates have been encountered in various studies, such as smoking 
cessation data (Shiffman et al. 1996; Piper et al. 2009) and child development data 
(Cole et al. 2011).

This article considers proportional hazards (PH) model for joint modeling right 
censored survival data and longitudinal covariates with historic change patterns 
taken into account via the use of modeling function. Without any parametric or 
semiparametric assumptions made on longitudinal covariate process and without 
any kernel or bandwidth choices, we use empirical likelihood method (Owen 1988, 
2001; DiCiccio et al. 1991; Chen and Qin 1993; Qin and Lawless 1994; Mykland 
1995; Ren 2001, 2008; Zhou 2005, 2016; Ren and Zhou 2011; Ren and Riddles-
worth 2014; Cai and Chen 2018; Wang et al. 2019; Muller et al. 2019; Chang and 
McKeague 2022) to derive the maximum likelihood estimator (MLE) for our pro-
posed PH model.

In particular, Ren and Zhou (2011) used empirical likelihood (Owen 1988) to 
derive the full likelihood function for regression parameter and baseline d.f. in the 
Cox model with only time-independent covariate, and explicitly derived the relation 
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between full likelihood function and Cox’s partial likelihood function. They showed 
that the leading term of Taylor’s expansion of the full-profile likelihood estimating 
function is in fact the Cox’s partial likelihood estimating function. In this article, the 
version of partial likelihood estimating function under our PH model with unknown 
time-dependent covariate process is also derived via empirical likelihood method.

The rest of this article is organized as follows. Section 2 gives our proposed PH 
model setting with comparison to existing models and presents some real data exam-
ples; Section 3 derives the empirical likelihood-based MLE for regression parameter 
�0 and baseline d.f. F0 in our PH model for right censored survival time with lon-
gitudinal covariates and also derives the corresponding partial likelihood estimat-
ing function; Section 4 develops computing algorithm and presents some simulation 
results, where careful description of our simulation study setting is given and the 
factor of intensity level for the intensive longitudinal data is considered, then pro-
vides some discussions and concluding remarks; and Section 5 conducts real data 
analysis for smoking cessation data and liver disease data. All proofs and technical 
derivations are given in Appendix which is included in Supplementary Materials.

2 � Proportional hazards model with historic change patterns

Throughout this article, we use the following notations for observed survival time T 
with time-independent covariate Z and longitudinal covariate process X(t):

where for the ith individual, Ti is the survival time, Zi is a vector of q explanatory 
variables observed on time-independent covariate Z = (Z1,⋯ , Zq)

⊤ ∈ ℝ
q which 

does not change over the course of the studies, and the observed longitudinal data on 
unknown covariate process X(t) = (X1(t),⋯ ,Xp(t))

⊤ ∈ ℝ
p are denoted by

with Xi(tij) as a vector of p explanatory variables observed on covariate 
X = (X1,⋯ ,Xp)

⊤ ∈ ℝ
p at time tij.

When Ti is subject to right censoring, the actually observed data on sample (1) are

where (Vi, �i) represents the right censored observation on Ti given by

with Ci as the right censoring variable which is independent of (Ti,Zi,Xi) . In prac-
tical situations, right censoring Ci occurs due to drop-outs or the end time of the 
study or any other possible factors. In statistical literature, this type of censored data 
without longitudinal covariates Xi in (3) has been extensively studied under the Cox 
model in the past few decades; see Cox (1972), Efron (1977), Oakes (1977), Tsiatis 

(1)(Ti,Zi,Xi), i = 1, 2,⋯ , n,

(2)Xi =
(
Xi(ti1),⋯ ,Xi(tiJi )

)
, where Xi(tij) =

(
Xi1(tij),⋯ ,Xip(tij)

)⊤

(3)(Vi, �i,Zi,Xi), i = 1, 2,⋯ , n,

(4)Vi =

{
Ti, if Ti ≤ Ci, 𝛿i = 1

Ci, if Ti > Ci, 𝛿i = 0
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(1981), Andersen and Gill (1982), Fleming and Harrington (1991), Andersen et al. 
(1993), Ren and Zhou (2011), Ren and He (2011), among others. Our interest of the 
study here is the effects of covariate (Z,X(⋅)) on survival time T based on the actu-
ally observed data (3).

2.1 � Existing methods

The existing works for joint modeling right censored survival time and longitudinal 
covariates on the line of Tsiatis and Davidian (2004), Ding and Wang (2008), among 
others consider the following Cox’s proportional hazards (PH) model for data (3):

where the history of the longitudinal process up to time t is denoted by

�Z ∈ ℝ
q and �X ∈ ℝ

p are regression parameters, �(t |Zi,X
t
i
) is the conditional haz-

ard function of T  given Z = Zi,X
t = Xt

i
 , and �0(t) is an arbitrary baseline hazard 

function with corresponding distribution function (d.f.) F0.
Since the covariate process Xi(t) is only observable at time points ti1 < ⋯ < tiJi as 

given in (2), almost all existing works make various parametric or semiparametric 
assumptions on X(t) in order to estimate the covariate process; see review articles 
by Tsiatis and Davidian (2004), Li and Ren (2011). Cao et al. (2015) used the kernel 
method-based procedures which rely on choices of kernel function and bandwidth. 
In practice, the parametric or semiparametric assumptions on covariate process X(t) 
are not really verifiable, and the bandwidth selection needs to be studied. Thus, it 
is of great interest and importance to develop methods without these assumptions/
selections.

It should be noticed that above model (5) is different from the usual Cox model 
with time-dependent covariates. In PH model (5), Xi(t) is only observed at time tij , 
while for the Cox model with time-dependent covariates, Xi(t) is assumed to be 
known and observed fully at any time t; see Kalbfleisch and Prentice (2002), Tsiatis 
and Davidian (2004), Zeng and Cai (2005), among others.

As for the issue of modeling within-subject historic patterns of change mentioned 
in Section 1 of this article, one should notice that in above PH model (5) the regres-
sion covariates used on observed Xi in (3) is Xi(t) which does not reflect the history 
of the observed longitudinal covariates Xt

i
 given by (6), i.e., does not reflect the his-

toric change patterns in observed Xi . To address this point, we take a closer look at 
some real data examples in the next subsection.

2.2 � Data examples

Example 1  AIDS Data. In the HIV clinical trials considered by Tsiatis et al. (1995), 
Ti is time to progression to AIDS or death of a patient, which is subject to right 
censoring (4). For each patient, time-independent covariates Zi include treatment 

(5)𝜆(t |Zi,X
t
i
) = 𝜆0(t) exp{�

⊤

Z
Zi + �⊤

X
Xi(t)},

(6)Xt
i
= {Xi(s) | 0 ≤ s < t},
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assignment, demographic information, etc., while the longitudinal covariates Xi(t) 
include measurements of immunologic and virologic status such as CD4 count and 
viral RNA copy number which are taken at subsequent clinic visits. This is an exam-
ple of right censored survival data with longitudinal covariates, for which above 
PH model (5) is applicable. The Liver Disease Data considered in Section 5 of this 
paper are another example of the same type.

Example 2  Smoking Cessation Data. In a smoking cessation study (Shiffman et al. 
1996), 151 smokers who had quit for at least 24 h were considered, and Ti is time 
to the first lapse, which is subject to right censoring (4) due to drop-outs and the 
end time of study. During the study, each participant was randomly sampled 5 times 
per day to record the measurements on covariate variables such as X1 =[Urge to 
Smoke], X2 =[Mood], etc. The resulting Xi as given in (2) are intensive longitudi-
nal covariates, because compared to Example 1, considerably more information was 
recorded on covariate X within a relatively short period of time. This is an example 
of right censored survival data with intensive longitudinal covariates.

In an empirical analysis of smoking cessation data by Li et al. (2006), one of the 
research interests was the relationship between Ti and the changes in the level of 
urge to smoke. Since the longitudinal covariates of the participants are momentary 
feelings, they fluctuate greatly over time, thus using the average of Xi(tij) in a par-
ticular time interval as the modeling function provides more reliable information 
which can be used to characterize the historic change patterns of a participant’s level 
of urge to smoke.

Example 3  Child Development Data. In the study conducted by Cole et al. (2011), 
children of 18 months of age were invited for four lab visits at age 18, 24, 36 and 
48 months, and Ti is the age at which a specified development goal is achieved for 
a child. As African child development data (Turnbull 1974), here Ti is subject to 
double censoring, because some children already achieved the development goal 
at the first visit which is left censored; and some children did not achieve it at the 
end of the study or dropped out which is right censored. To conduct micro-analytic 
assessment of the change patterns in child’s emotion self-control, at each lab visit an 
8-minute test was performed on the child, and the emotion variables such as anger 
and calm were recorded every 15  s. The resulting Xi from 4 lab visits are multi-
phase intensive longitudinal covariates, because there is rather long time between 
the visits, and at each visit considerably more information was recorded on the 
covariates X within a very short period of time. For each child, time-independent 
covariates Zi include gender, regions, etc. This is an example of doubly censored 
survival data with multi-phase intensive longitudinal covariates.

To characterize the historic change patterns of a child’s anger expression during 
the 8-minute test, the modeling functions used by Cole et  al. (2011) are the total 
amount of anger and the average duration of anger for the child in a particular time 
interval.

For doubly censored data, we refer to Chang and Yang (1987), Gu and Zhang 
(1993), Mykland and Ren (1996), among others. Our focus of this article is right 
censored survival time with longitudinal covariates (3)-(4), not doubly censored 
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survival time. But the intensive longitudinal covariates and the modeling functions 
considered in Cole et al. (2011) are of special interests to our proposed PH model 
with historic patterns of change under consideration; see description in the next sub-
section. As for the problem of PH model with multi-phase intensive longitudinal 
covariates, it is not considered in this article because it needs a separate and careful 
study.

2.3 � Proposed proportional hazards model

As pointed out at the end of Sect. 2.1, in model (5), the regression covariates used on 
observed Xi in (3) are Xi(t) , rather than Xt

i
 which, by (6), is the history of the longitu-

dinal process up to time t. Motivated by data examples described in Section 2.2, we are 
interested in the effects of (Zi,X

t
i
) on survival time Ti , thus we propose the following 

PH model with historic patterns of change taken into account:

where Zi(t) = �(Xt
i
) ∈ ℝ

r , �(⋅) is a modeling function which characterizes the his-
toric change patterns in longitudinal covariates prior to time t, and the rest of the 
notations represent the same as in (5), but the dimension of parameter �X ∈ ℝ

r relies 
on the choice of modeling function �(⋅) , thus we do not necessarily have r = p here.

Note that our consideration of Zi(t) = �(Xt
i
) in (7) is motivated by the modeling 

function �(⋅) in Smoking Cessation Data and Child Development Data which are 
described in Section 2.2. Also note that our above proposed PH model (7) includes PH 
model (5) as a special case when Zi(t) = Xi(t).

Due to the complexity of model (7) and that our main interest here is Zi(t) = �(Xt
i
) , 

for simplicity of presentation, the rest of this article considers the case that PH model 
(7) does not contain time-independent covariate Zi , and the longitudinal covariate Xi(t) 
and Zi(t) are scalar rather than vector, i.e., p = r = 1 in (7):

where Z(t) = �(Xt) with Xt = {X(s) | 0 ≤ s < t} , �0 is the regression parameter, �0(t) 
is an arbitrary baseline hazard function with corresponding d.f. F0 , and �(t |Xt) is 
the conditional hazard function of T  given Xt in the following sense:

which is the conditional probability of failure at time t given that the failure does not 
occur prior to time t and that the covariate process X(⋅) has the history of the process 
up to time t, denoted by Xt.

Following the notations in data (1)-(3), for PH model (8) the observed right cen-
sored data on survival time T with longitudinal covariate process X(t) are given by:

(7)𝜆(t |Zi,X
t
i
) = 𝜆0(t) exp{�

⊤

Z
Zi + �⊤

X
𝜑(Xt

i
)} = 𝜆0(t) exp{�

⊤

Z
Zi + �⊤

X
Zi(t)},

(8)�(t |Xt) = �0(t) exp{�0Z(t)},

(9)𝜆(t |Xt) = lim
Δ→0

Δ−1P{t ≤ T < t + Δ |T ≥ t,Xt},

(10)(Vi, �i,Xi), i = 1, 2,⋯ , n,
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where Xi =
(
Xi(ti1),⋯ ,Xi(tiJi )

)
 with (Vi, �i) given by (4). Notice that in practice we 

do not observe anything on Xi(t) for t > Vi in (10), thus the time points observed 
on Xi(t) , i.e., Xi(tij) , satisfy tiJi ≤ Vi . In turn, the actually observed data in (10) on 
(Ti,Xi(t)) ’s for PH model (8) are given by

where Xt
i
= {Xi(tij) | tij ≤ t} represents the vector of all observed Xi(s) satisfying 

s ≤ t.
In this article, we derive the empirical likelihood-based MLE for (�0,F0) in our pro-

posed PH model (8) based on right censored survival data with longitudinal covari-
ates (11). Under model assumption (8), our approach does not make any parametric or 
semiparametric assumptions or use kernel method on the longitudinal covariate process 
X(t). It should be noted that the generalization of our results here to PH model (7) with 
time-independent covariate Zi and multivariate dimension Zi(t) for p > 1 or r > 1 is 
straightforward, but the computing algorithms are quite complicated and require further 
studies, which are developed in upcoming paper by Ren and Shi (2023).

3 � Maximum likelihood estimator

To derive the empirical likelihood function for (�0,F0) in our proposed PH model (8) 
based on right censored survival data with longitudinal covariates (11), we let

then from (9) and Kalbfleisch and Prentice (2002; Page 96), we have that  for any 
fixed t > 0,

Assuming that the covariate process X(t) is external, that is for any s < t , X(t) is not 
affected by the occurrence of failure at time s, and assuming the uniform conver-
gence in (13), in Appendix we show that for any t > 0:

Thus, from (12)-(14) and F̄(t |Xt) + F(t |Xt) ≡ 1 , we have

which gives the version of Lehmann family property under model assumption (8):

(11)(Vi, �i,X
Vi

i
), i = 1, 2,⋯ , n,

(12)F̄(t |Xt) = P{T ≥ t |Xt},

(13)

f (t |Xt) = 𝜆(t |Xt)F̄(t |Xt) = lim
Δ→0

P{t ≤ T < t + Δ |T ≥ t,Xt}

Δ
F̄(t |Xt)

= lim
Δ→0

P{t ≤ T < t + Δ |Xt}

ΔP{T ≥ t |Xt}
F̄(t |Xt) = lim

Δ→0
Δ−1P{t ≤ T < t + Δ |Xt}.

(14)
�

t

0

f (s |Xs) ds = P{0 ≤ T < t |Xt} ≡ F(t |Xt) ⇒
d

dt

(
F(t |Xt)

)
= f (t |Xt).

Λ(t |Xt) = ∫
t

0

𝜆(s |Xs) ds = ∫
t

0

f (s |Xs)

F̄(s |Xs)
ds = − ln F̄(t |Xt)



624	 J.-J. Ren, Y. Shi 

1 3

Consider the probability density function (p.d.f.) of (V , �) in (11) given Xt in the 
following sense: g(t, 𝛿 |Xt) = limΔ→0 Δ

−1P{t ≤ V < t + Δ, 𝛿 = 𝛿 |Xt} , then we have

Lemma 1

 

where fC(t) and FC(t) are the p.d.f. and d.f. of right censoring variable C, 
respectively.

Thus, the likelihood for (Vi, �i) in (11) given XVi

i
 , 1 ≤ i ≤ n , is given by

which is proportional to

However, above L(V , �,XV ) is not the likelihood for observed data (11) because 
from (8) and (11) we know XVi

i
≠ X

Vi

i
 , and in practice we only observe Xi(t) at time 

points ti1 < ⋯ < tiJi , thus under model assumption (8), term F̄(Vi |XVi

i
) is not com-

putable by equation (15). A natural way to deal with this is to use a step function 
Ẑi(t) as an estimate for Zi(t) = �(Xt

i
):

where Z̃i(t) = 𝜑(Xt
i
) is estimate of Zi(t) = �(Xt

i
) . Note that we clearly have 

Ẑi(t) ≈ Zi(t) if points tij ’s are very dense in interval (0,Vi) and if Ẑi(t) in (18) is calcu-
lated by replacing Z̃i(t) with true value Zi(t) . Under model assumption (8), this Ẑi(t) 
in (18) gives

Lemma 2  Let f0(t) be the p.d.f. of F0(t) . For any t ∈ [tiJi , Vi],

(15)F̄(t |Xt) = exp{−Λ(t |Xt)} = exp
{
− ∫

t

0

𝜆0(s) e
𝛽0Z(s) ds

}
.

(16)g(t, 1 |Xt) = f (t |Xt)F̄C(t) and g(t, 0 |Xt) = F̄(t |Xt)fC(t),

n∏
i=1

g(Vi, 𝛿i |XVi

i
) =

n∏
i=1

[
f (Vi |XVi

i
)F̄C(Vi)

]𝛿i[F̄(Vi |XVi

i
)fC(Vi)

]1−𝛿i

(17)L(V , 𝛿,XV ) =

n∏
i=1

[
f (Vi |XVi

i
)
]𝛿i[F̄(Vi |XVi

i
)
]1−𝛿i .

(18)Ẑi(t) = Z̃i(tiJi )I{t ≥ tiJi} +

Ji−1∑
j=0

Z̃i(tij)I{tij ≤ t < ti, j+1}, 0 ≤ t ≤ Vi

(19)F̄(t |Xt
i
) = exp

{
− ∫

t

0

𝜆0(s) e
𝛽0Ẑi(s) ds

}
=
[
F̄0(t)

]ci Ji∏
j=1

[
F̄0(tij)

]ci, j−1−cij

(20)f (t |Xt
i
) = cif0(t)

[
F̄0(t)

]ci−1 Ji∏
j=1

[
F̄0(tij)

]ci, j−1−cij
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where cij = e𝛽Z̃i(tij) and ci = ciJi with � = �0 and ci0 = 1.

Thus, based on the idea of (17) and some algebra work shown in Appendix, the like-
lihood for observed data (11) under model assumption (8) is proportional to

Hence, the likelihood function for (�0,F0) in our proposed PH model (8) based on 
right censored survival data with longitudinal covariates (11) is given by

where F is an arbitrary d.f., dF(t) = F(t) − F(t−) and

The maximum likelihood estimator (MLE) (𝛽n, F̂n) for (�0,F0) is the solution that 
maximizes above likelihood function L(�,F) given in (22).

To find the MLE F̂n for F0 , while the general formulas are presented later in Sec-
tion 5 with proofs given in Appendix, for simplicity of presentation here we assume 
that there are no ties among Vi ’s in observed data (11) satisfying:

and we restrict all possible candidates to those d.f.’s that assign all their probability 
masses to points Vi ’s and interval (Vn,∞) , i.e., d.f. F in L(�,F) of (22) is given by

where pi = F(Vi) − F(Vi−) for 1 ≤ i ≤ n , and 
∑n+1

i=1
pi = 1 with pn+1 ∈ [0, 1] as the 

probability mass of F on interval (Vn,∞) . Thus, for p = (p1,⋯ , pn, pn+1) we show 
that likelihood function in (22) has the following expression for F given by (25):

Lemma 3  For ci = e
𝛽Z̃i(tiJi ),

where di = e
𝛽Z̃i(tiJi ) +

∑n

k=1

∑Jk
j=1

�
e𝛽Z̃k(tk, j−1) − e𝛽Z̃k(tkj)

�
I{Vi ≤ tkj < Vi+1}.

(21)

n∏
i=1

[
f (Vi |XVi

i
)
]𝛿i[F̄(Vi |XVi

i
)
]1−𝛿i

=

n∏
i=1

[
cif0(Vi)

]𝛿i[F̄0(Vi)
]ci−𝛿i( Ji∏

j=1

[
F̄0(tij)

]ci, j−1−cij).

(22)L(𝛽,F) =

n∏
i=1

[
ci dF(Vi)

]𝛿i[F̄(Vi)
]ci−𝛿i( Ji∏

j=1

[
F̄(tij)

]ci, j−1−cij),

(23)cij = e𝛽Z̃i(tij), j = 1,⋯ , Ji; with ci0 = 1 and ci = ciJi .

(24)V1 < V2 < ⋯ < Vn

(25)F(t) =

n∑
i=1

piI{Vi ≤ t}

(26)L(�,F) =

n∏
i=1

[
ci pi

]�i( n+1∑
j=i+1

pj

)di−�i ≡ L(�, p)
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3.1 � Estimating function with restriction

Theorem 1  For any fixed � satisfying assumption (AS1): di ≥ 1, i = 1,⋯ , n , likeli-
hood function L(�,F) in (26) is maximized by:

Replacing F in (26) by F̂n(t; 𝛽) , from the proof of Theorem 1 we obtain the profile 
likelihood function for �0 in PH model (8) under assumption (AS1):

From differentiation, we obtain the profile estimating function: 
Ψn(�) = n−1

d

d�

(
log�(�)

)
 , then under assumption (AS1), the MLE 𝛽n for �0 in PH 

model (8) with observed right censored survival data with longitudinal covariates 
(11) is given by the solution of equation: Ψn(�) = 0 , and the MLE F̂n for F0 is given 
by:

where F̂n(t; 𝛽) is given by (27), and algebraic simplification gives:

As mentioned at the end of Section 1, Ren and Zhou (2011) showed that the lead-
ing term of Taylor’s expansion of the empirical likelihood-based full-profile likeli-
hood estimating function for regression parameter in the Cox model with time-inde-
pendent covariate is in fact the Cox’s partial likelihood estimating function. Thus, 
the leading term of Taylor’s expansion of above profile estimating function Ψn(�) , 
i.e., using linear approximation log(1 − x) ≈ −x on term log

(
1 −

1

ei

)
 in (30), gives 

the following version of partial likelihood estimating function for �0 in PH model 
(8):

which we also call approximated profile estimating function. Then, the partial likeli-
hood estimator or approximated MLE 𝛽n for �0 in PH model (8) based on data (11) is 
given by the solution of equation: �n(�) = 0.

Noticing the simplified form of ei given in equation (32) below, it is easy to 
see that above �n(�) has the same form, though not exactly the same, as the par-
tial likelihood estimating function (4.15) on Page 102 in Kalbfleisch and Prentice 

(27)1 − F̂n(t; 𝛽) =
∏
Vi≤t

(
1 −

𝛿i

ei

)
, where ei = di +⋯ + dn.

(28)𝓁(𝛽) = L
(
𝛽, F̂n(⋅; 𝛽)

)
=

n∏
i=1

(ci
ei

)𝛿i
(
1 −

𝛿i

ei

)ei−𝛿i
.

(29)F̂n(t) = F̂n(t; 𝛽n), t > 0

(30)Ψn(𝛽) = n−1
n∑
i=1

𝛿i

(
Z̃i(tiJi ) + e�

i
log

(
1 −

1

ei

))
, with e�

i
=

dei

d𝛽
.

(31)𝜓n(𝛽) = n−1
n∑
i=1

𝛿i

(
Z̃i(tiJi ) −

e�
i

ei

)
,
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(2002), where without tij’s, our Ẑi(t) in equation (18) is just their assumed known 
Zi(t).

With proofs given in Appendix, the following lemma gives some properties of 
estimating functions Ψn(�) and �n(�).

Lemma 4  (a) For Eik = {tkj | tkj ≥ Vi, 1 ≤ j ≤ Jk} and Jik = max{j | tkj < Vi,

1 ≤ j ≤ Jk},

(b) �n(�) is non-increasing in � ∈ ℝ.

Remark 1  The results in this article are under the assumption that covariate process 
X(t) is external, because the proof of (14) requires equation (6.8) on Page 196 in 
Kalbfleisch and Prentice (2002) to hold. As pointed out by Kalbfleisch and Pren-
tice (2002; Page 198), this equation (6.8) does not hold for internal process X(t). 
Moreover, it should be noted that for fixed � under assumption (AS1) in Theorem 1, 
likelihood function L(�,F) in (26) has finite maximum value, and F̂n(t; 𝛽) in (27) 
is a proper d.f. because ei ≥ di ≥ 1 . Here is an example that (AS1) does not hold: 
n = 2, �1 = �2 = 1 , d1 ≥ 1, d2 < 1 , for which in (26) we have supp L(�, p) = ∞ . 
The next subsection provides a data-based algorithm to compute MLE 𝛽n without 
assumption (AS1).

3.2 � Generalized estimating function

To remove assumption (AS1) for estimation function Ψn(�) given in (30), we notice 
from the proof of Theorem 1 that in fact (AS1) can be replaced by assumption:

e
i
≥ 1, i = 1,⋯ , n (AS2)

which ensures that L(�, p) in (26) has finite maximum value for fixed � , and that 
F̂n(t; 𝛽) in (27) is a proper d.f. From (32) of Lemma 4, here we use the “shifting” 
method based on Remarks 1-2 in Ren and Zhou (2011) to achieve (AS2) for � being 
restricted on an arbitrary compact set.

Consider any constant M > 0 and rewrite PH model (8) as follows:

where �1(t) = �0(t)e
−M is a hazard function with corresponding d.f. F1(t) and p.d.f. 

f1(t) . From the derivation of (15), we have the version of Lehmann family property 
under the “shifting” PH model (33):

(32)ei =

n∑
k=i

(
e
𝛽Z̃k(tkJk )I{Eik = �} + e

𝛽Z̃k(tkJik )I{Eik ≠ �}
)
;

(33)�(t |Xt) = �1(t) exp{�0Z(t) +M},

(34)F̄(t |Xt) = exp
{
− ∫

t

0

𝜆1(s) e
𝛽0Z(s)+M ds

}
.
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Following the derivation of (26), we obtain the likelihood function for (�0,F1) in PH 
model (33) with observed data (11) given by:

where Ci = eMci, Di = eMdi , and F is any d.f. given by (25). Letting Ei = eMei , 
notice that for large enough M > 0 , (AS1) in Theorem 1 holds for Di ’s and above 
assumption (AS2) holds for Ei ’s with any � in the neighborhood of �0 , thus from 
Theorem 1 we know that above likelihood function LM(�,F) is maximized for fixed 
� by

Hence, the derivation of (28) and (30) gives the generalized profile estimating 
function:

and the MLE 𝛽n for �0 is given by the solution of equation: ΨM, n(�) = 0 , with the 
MLE F̂n for F0 given by ̄̂Fn(t) =

[ ̄̂
Gn(t; 𝛽n)

]eM.
In practice, we use estimating function Ψn(�) in (30) to find the MLE 𝛽n when-

ever possible. If constant M is needed for the use of generalized estimating function 
ΨM, n(�) , we choose the one with smallest possible M based on the data; see Sec-
tion  4 for a brief description and see Appendix for more detailed explanation on 
data-based choice of M.

It should be noted that using Taylor’s expansion log(1 − x) ≈ −x on term 
log

(
1 −

1

Ei

)
 in above (37), the resulting approximation of ΨM, n(�) is the same as 

�n(�) given by (31) for any constant M. Since �n(�) is well defined for any � and 
since �n(�) is monotone based on Lemma 4, the computation of partial likelihood 
estimator or approximated MLE 𝛽n is much simpler than the MLE 𝛽n , although 𝛽n 
often has better performance.

4 � Simulation studies

This section presents some simulation results on the partial likelihood estima-
tor or approximated MLE 𝛽n given by �n(�) = 0 in (31), and the MLE 𝛽n given by 
Ψn(�) = 0 in (30) or ΨM, n(�) = 0 in (37) with a data-based choice of M. We con-
sider two cases of modeling function �(⋅) in our proposed PH model (8) which are 
motivated by the Smoking Cessation Data and Child Development Data described 
in Section 2.2. Routines in C++ for computation here are available from the authors.

(35)LM(�,F) =

n∏
i=1

[
Ci pi

]�i( n+1∑
j=i+1

pj

)Di−�i ≡ LM(�, p)

(36)1 − Ĝn(t; 𝛽) =
∏
Vi≤t

(
1 −

𝛿i

Ei

)
, where Ei = eMei.

(37)ΨM, n(𝛽) = n−1
n∑
i=1

𝛿i

(
Z̃i(tiJi) + E�

i
log

(
1 −

1

Ei

))
, with E�

i
=

dEi

d𝛽
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Data-based choice of M
The main idea of data-based choice of M is as follows. Since the computation of 𝛽n 

is simple and does not depend on M, and since asymptotically 𝛽n and 𝛽n are very close, 
we first compute 𝛽n , then search for 𝛽n in the neighborhood of 𝛽n : (𝛽n − 𝜌, 𝛽n + 𝜌) with 
small 𝜌 > 0 . If all ei ≥ 1 in such neighborhood, then no need to use M and compute the 
MLE 𝛽n by Ψn(�) = 0 ; If not all ei ≥ 1 in the neighborhood, choose the smallest M > 0 
such that all Ei ≥ 1 in the neighborhood, then compute 𝛽n by ΨM, n(�) = 0.

More detailed description on data-based choice of M can be found in Appendix. But 
it should be noted that such procedure is mainly for the sake of Monte Carlo simulation 
studies, because it is not possible to do sample by sample checking for 1000 times. For 
the analysis of real data, our experiences show that it is quite easy to determine how to 
compute 𝛽n because we are only dealing with one data sample at a time.

4.1 � Case 1 simulation studies

Motivated by Smoking Cessation Data, here we consider the average of longitudinal 
covariate process X(t) in time interval (0, t) as the modeling function in PH model (8):

Let Exp(�) represent the exponential distribution with mean � and U(a, b) represent 
the uniform distribution on interval (a,  b). For each case of �0 = 0,±1 under PH 
model (8), we generate 1000 samples (11) with sample size n = 100, 200, 500, 1000 , 
respectively; see detailed description given below. For Ẑi(t) in Eq. (18) calculated by 
using estimated value Z̃i(t) as given and by replacing Z̃i(t) with the true value Zi(t) , 
respectively, Tables 1, 2, 3, 4, 5  6 include the simulation average of MLE 𝛽n and 
partial likelihood estimator 𝛽n with the simulation standard deviation (s.d.) given 
in the parenthesis next to the average, respectively. The censoring percentages are 
reported in the tables.

We consider F0 = Exp(1) with �0(t) = 1,FC = Exp(3) , and X(t) = X(t;�) = � t 
with � as a random variable (r.v.) from U(0, 1), which by the 1st equation in above (38) 
gives Z(t) = � t

2
 , and by equation (15) gives

Thus, generating �i from U(0, 1), then generating Ti from above proper/improper d.f. 
G(t;�i) and Ci from FC give (Vi, �i) in (11) with longitudinal covariate Xi(t) = �i t that 
satisfies PH model assumption (8). To generate time points tij’s, we consider m time 
points for each unit of Vi ; that is we let Ji = m([Vi] + 1) be the total number of time 
points for ith observation in (11), which gives XVi

i
= {Xi(tij) = �itij | j = 1,⋯ , Ji} , 

(38)

⎧⎪⎪⎨⎪⎪⎩

Z(t) = 𝜑(Xt) =
1

t

t∫
0

X(s)ds

Z̃i(tij) = 𝜑(X
tij

i
) =

j∑
k=1

(tik−ti,k−1)Xi(tik)

tij

.

(39)G(t;�) = F(t |Xt) =

{
1 − exp

{2(1 − e�0�t∕2)

�0�

}
if �0 ≠ 0

1 − e−t if �0 = 0

.
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then Ẑi(t) in (18) calculated by using estimated value Z̃i(t) as given by the 2nd equa-
tion in above (38) and calculated by replacing Z̃i(t) with the true value Zi(t) =

�it

2
 , 

respectively, give the estimating functions Ψn(�) in (30), �n(�) in (31) and ΨM,n(�) 
in (37).

We use the following two different methods to generate time points tij’s:

and in Tables 1, 2, 3, 4, 5  6 we consider cases with m = 5, 10, 20, 30, 40, 50 , respec-
tively, which indicate the intensity of intensive longitudinal covariate in observed 
data (11).

4.2 � Case 2 simulation studies

Motivated by Child Development Data, here we consider the total of longitudinal 
covariate process X(t) in time interval (0, t) as the modeling function in PH model 
(8):

For each case of �0 = 0,±1 under PH model (8), we generate 1000 samples (11) 
with sample size n = 100, 200, 500, 1000 , respectively, for F0(t) = 1 − e−t

2∕2 with 
�0(t) = t , FC = Exp(3) , and X(t) = X(t;�) =

� t

2
 with � as a r.v. from U(0, 1), which 

by the 1st equation in (41) gives Z(t) = � t2

4
 , and by equation (15) gives

The observed sample (Vi, �i,X
Vi

i
) in (11), the time points tij ’s and Z̃i(tij) ’s are gener-

ated following the description for Case 1 simulation studies via Eqs. (40)–(42) with 
m = 5, 10, 20, 30, 40, 50 , respectively. For Ẑi(t) in (18) calculated by using estimated 
value Z̃i(t) as given by the 2nd equation in above (41) and calculated by replacing 
Z̃i(t) with the true value Zi(t) =

�it
2

4
 , respectively, Tables 7, 8, 9, 10, 11,  12 include 

censoring percentages and the simulation average of 𝛽n and 𝛽n with the simulation 
s.d. given in the parenthesis.

(40)

{
Method 1: Generate tij’s from U(0,Vi), then arrange ti1 < ⋯ < tiJi
Method 2: Evenly choose tij =

j

Ji
Vi, 1 ≤ j ≤ Ji, in interval (0,Vi)

,

(41)

⎧⎪⎪⎨⎪⎪⎩

Z(t) = 𝜑(Xt) =
t∫

0

X(s)ds

Z̃i(tij) = 𝜑(X
tij

i
) =

j∑
k=1

(tik − ti,k−1)Xi(tik)

.

(42)G(t;�) = F(t |Xt) =

{
1 − exp

{
1 − e�0�t

2∕4

�0�∕2

}
if �0 ≠ 0

1 − e−t
2∕2 if �0 = 0

.
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4.3 � Discussion and concluding remarks

From Tables 1–12 we see that the right censoring percentage is rather high, but our 
algorithm runs stably. The MLE 𝛽n and the partial likelihood estimator 𝛽n have sim-
ilar performance, while in most cases 𝛽n performs better. It should be noted that for 
smaller sample size n and low intensity m of intensive longitudinal covariate, 𝛽n and 
𝛽n perform better when Ẑi(t) in (18) is calculated using the true value Zi(t) , which is 
expected. Overall, the estimation of both 𝛽n and 𝛽n for �0 improves as the sample size n 
and the intensity m of intensive longitudinal covariate increase. This is consistent with 
the asymptotic properties of 𝛽n and 𝛽n shown in Ren (2023).

For both Case 1 and Case 2 simulation studies, we can see that for time points tij ’s 
generated from U(0,Vi) , sometimes the performance of 𝛽n and 𝛽n does not improve 
steadily as m increases, which is due to the randomness of tij’s. But for time points 
tij ’s evenly chosen in interval (0,Vi) , the performance of 𝛽n and 𝛽n clearly improves as 
m increases, which makes sense because the bigger the m is, the more time points we 
observe on the longitudinal covariates that evenly capture the covariate process X(t) 
over time interval (0, t). Thus, our simulation results here suggest better designed time 
points for observing the intensive longitudinal data in certain situations.

In summary, our simulation studies here show that without parametric/semiparamet-
ric assumptions or use of kernel method on the longitudinal covariate process X(t) in 
PH model (8), our MLE 𝛽n performs well for large sample size n and high intensity m.

Variance Estimate and Model Checking. In Ren (2023), it is shown that both 𝛽n 
and 𝛽n are asymptotically normal and that for MLE F̂n(t) given in (29), 

√
n(F̂n − F0) 

weakly converges to a centered Gaussian process on any compact set within the sup-
port of survival time T. Thus, using centered n out of n bootstrap (Bickel and Ren 2001; 
Bickel et al. 1997), we can obtain the variance estimate for 𝛽n and 𝛽n . As for model 
checking for PH model (5) or PH model (8) in real data analysis, it has not been stud-
ied in literature. Based on the asymptotic results on MLE F̂n(t) in Ren (2023) above 
mentioned and based on the idea in Ren and He (2011), a goodness-of-fit test will be 
constructed in an upcoming paper.

5 � Real data analysis

Here, we conduct analysis for Smoking Cessation Data and Liver Disease Data, 
respectively. Although we know that for observed data (11), assumption (24) on not 
having ties among Vi ’s holds true with probability one for continuous lifetime variable, 
in practice we often encounter cases with ties among Vi ’s in data (11) due to measure-
ment error or round off error. Thus, with the proofs given in Appendix, the general ver-
sions of estimating functions Ψn(�) in (30), �n(�) in (31) and ΨM, n(�) in (37) with ties 
among Vi ’s are presented below before our real data analysis.

General versions of estimating functions
For observed data (11), assume that all distinct observations among V1,⋯ ,Vn are:
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where N ≤ n . Then, with algebraic work, we write the likelihood function in (22) as:

where F(t) =
∑N

k=1
pkI{Uk ≤ t}, p = (p1,⋯ , pN , pN+1) and for cij given in (23),

Thus, from the derivations of (30)–(31) and (37), respectively, we obtain the follow-
ing general versions of these estimating functions when Vi ’s in observed data (11) 
have ties as given by above (43):

where Z̃k =
∑n

i=1
𝛿iZ̃i(tiJi)I{Vi = Uk} and Ẽk = eMẽk for ẽk = d̃k +⋯ + d̃N.

From a similar proof of Lemma 4, we can simplify the expression of ẽk ’s and can 
show that above general version of partial likelihood estimating function �n(�) is non-
increasing in � . Thus, the data-based choice of M for above general version of general-
ized estimating function ΨM, n(�) follows the same idea as described in Section 4. For 
our real data analysis in this section, we use above general versions of estimating func-
tions in (46) to compute MLE 𝛽n and partial likelihood estimator 𝛽n because there are 
ties among Vi ’s in the datasets under consideration, but ΨM, n(�) is never needed here.

5.1 � Smoking cessation data analysis

Consider the Smoking Cessation Data from Piper et al. (2009), and we use the data-
set processed by Liu (2014) which contains the record of participants for a period of 
two weeks after their quitting smoking.

(43)U1 < U2 < ⋯ < UN ,

(44)

L(𝛽,F) =

N∏
k=1

∏
Vi=Uk

[
ci dF(Vi)

]𝛿i[F̄(Vi)
]ci−𝛿i( Ji∏

j=1

[
F̄(tij)

]ci, j−1−cij)

=

N∏
k=1

[
c̃k dF(Uk)

]𝛿k[F̄(Uk)
]d̃k−𝛿k =

N∏
k=1

[
c̃k pk

]𝛿k( N+1∑
j=k+1

pj

)d̃k−𝛿k ≡ L(𝛽, p)

(45)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

𝛿k =

n�
i=1

𝛿iI{Vi = Uk}

c̃k = I{𝛿k = 0} + e
(𝛽∕𝛿k)

∑n

i=1
Z̃i(tiJi )𝛿iI{Vi=Uk}I{𝛿k > 0}

d̃k =

n�
i=1

�
ciJi I{Vi = Uk} +

Ji�
j=1

(ci, j−1 − cij)I{Uk ≤ tij < Uk+1}
�
.

(46)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ψn(𝛽) = n−1
N∑
k=1

[Z̃kI{𝛿k >} + ẽ�
k
log(1 −

𝛿k

ẽk
)], with ẽ�

k
=

dẽk

d𝛽

𝜓n(𝛽) = n−1
N∑
k=1

[Z̃kI{𝛿k > 0} −
ẽ�
k
𝛿k

ẽk
)]

ΨM,n(𝛽) = n−1
N∑
k=1

[Z̃kI{𝛿k > 0} + Ẽ�
k
log(1 −

𝛿k

Ẽk

)], with Ẽ�
i
=

dẼi

d𝛽



645

1 3

Empirical likelihood MLE for joint modeling 

Here, the first lapse time T is the same as described in Example 2 of Section 2.2 
with 59.7% right censoring/truncation percentage, and during the study each par-
ticipant was randomly sampled 4 times per day to record: urge for smoking, nega-
tive effect and smoking cessation fatigue. There are 794 participants included in this 
study, who were in the following three treatment groups: Placebo with n1 = 83 par-
ticipants, Monotherapy with n2 = 412 participants, and Combined Pharmacother-
apy with n3 = 299 participants.

Under our proposed PH model (8) with modeling function given by (38), we com-
pute estimators 𝛽n and 𝛽n based on this dataset and display the results in Table 13.

Discussion: In Liu (2014), a form of PH model (5) was used assuming the lon-
gitudinal covariate process to be Gaussian, and the resulting estimates based on 
the whole dataset for regression parameters of urge, negative effect and fatigue are 
0.13, 0.15 and 0.03, respectively. Under our PH model (8) using Z(t) = X(t) without 
any assumptions on X(t), our 𝛽n based on the whole dataset for these parameters are 
0.10, 0.11 and 0.03, respectively. Evidently, our estimates 𝛽n for regression param-
eters of urge and negative effect are smaller than those by Liu (2014), which could 
be due to the use of Gaussian assumption on the longitudinal covariate process in 
Liu’s procedure.

Our further analysis under PH model (8) using Z(t) = X(t) shows that under 
therapies, negative effect has positive impact to lapse time T, while under placebo, 
negative effect has no impact to T. Table 13 displays our estimates under proposed 
PH model (8) using the “average” modeling function Z(t) = �(Xt) given in (38), 
which indicates that under therapies, urge has less impact to T than placebo, because 
𝛽n = 0.11, 0.09 are smaller than 𝛽n = 0.17 , while under therapies and placebo, nega-
tive effect has similar impact to T, because 𝛽n = 0.11, 0.11, 0.14 are quite similar. 
Thus, the results in Table  13 make much more sense and suggest that the use of 
modeling function makes the observed longitudinal data more informative. Interest-
ingly, our 𝛽n and 𝛽n in Table 13 based on the whole dataset for regression parameters 
of urge, negative effect and fatigue are quite close to those above mentioned by Liu 
(2014) who did not consider the use of “average” modeling function.

5.2 � Liver disease data analysis

Consider the Liver Disease Data which was collected from a Primary Biliary Cir-
rhosis (PBC) clinical trial (Murtaugh et  al. 1994) conducted by Mayo Clinic 

Table 13   Estimation for 
Smoking Cessation Data Using 
Average Modeling Function

Urge Negative 
Effect

Fatigue

# 𝛽
n

𝛽
n 𝛽

n
𝛽
n 𝛽

n
𝛽
n

Whole Data Set 794 0.12 0.13 0.13   0.15 0.03 0.04
Placebo 83 0.17 0.18 0.11   0.14 0.06 − 0.05
Monotherapy 412 0.11 0.12 0.11   0.13 0.05 0.05
Combined Therapy 299 0.09 0.10 0.14 0.16 0.03 0.04
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between 1974 and 1984. During PBC trial period, 312 patients participated in the 
randomized trial of the drug D-penicillamine: Placebo with n1 = 154 patients; 
D-penicillamine with n2 = 158 patients. In an earlier study, Shapiro et  al. (1979) 
showed that after a relatively stable phase, serum bilirubin increased sharply in the 
months preceding death.

Here, the survival time T is the time from entering the clinical trial to death and 
is subject to right censoring due to drop-outs, the end of the study, liver transplan-
tation and other factors. The right censoring percentage of the data set is 55.13%, 
and observed data (11) have Vi ’s ranging 0.11 − 14.32 years (more follow-up visits 
occurred after 1984). For each patient, longitudinal covariate serum bilirubin was 
measured at follow-up lab visits at 6 months, 1 year and annually thereafter, which 
gives XVi

i
 in data (11).

This is a data example similar to Example 1 in Sect. 2.2, thus we conduct our anal-
ysis under PH model (5), i.e., PH model (8) using Z(t) = logX(t) and Z(t) = X(t) , 
respectively, without any assumptions on longitudinal covariate process X(t). Here, 
the use of logX(t) is following the clinical literature on bilirubin. Table 14 displays 
our estimators 𝛽n and 𝛽n based on this PBC dataset.

Discussion: Ding and Wang (2008) conducted analysis for the same data under PH 
model (5) using logX(t) as the longitudinal covariate with Gaussian assumption. 
Their resulting estimate for �X is 𝛽X = 1.07 , which is smaller than our 𝛽n = 1.2871 
and 𝛽n = 1.2891 in Table 14 for the whole data set. Thus, our results without any 
parametric or semi-parametric assumptions on Xi(t) are in stronger agreement with 
the conclusion by Shapiro et al. (1979). Interestingly, our results in Table 14 show 
that 𝛽n and 𝛽n for treatment group are smaller than those for placebo group, which 
indicates that treatment has some effect to the disease.

Supplementary Information  The online version contains supplementary material available at https://​doi.​
org/​10.​1007/​s10463-​024-​00899-5.
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Table 14   Estimation for Liver 
Disease Data

log(bilirubin) bilirubin

# 𝛽
n

𝛽
n 𝛽

n
𝛽
n

Whole Data Set 312 1.2871 1.2891 0.1506 0.1507
Placebo 154 1.4072 1.4111 0.1830 0.1833
Treatment 158 1.1582 1.1621 0.1299 0.1303
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