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Auxiliary results for the proof of Theorem 1

Lemma 6 Let 0 : R — R be bounded and differentiable, and assume that its derivative
is bounded. Let oy, > 1, t, > Ly, v; > 1, By, > 1, r > 2d,
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The chain rule implies
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where we have used the abbreviations

() if
o, | =z if je{l,...,d}
fka‘(x)_{1 if j=0

and l
@) =1 (1=1,...,L-1).
Using the assumptions of Lemma 6 we can conclude

2

max | — 5= (Xs) | 1, 0,00(Xs) < ess o r® o max{|lo’ |55, 1} - BRE - (7)? - o

By the Lipschitz continuity of o together with the assumptions of Lemma 6 we get for
any r € [_ana an]d

|fw(@) = fo(@)] < 2- K max{]|o’|| %, 1} -7 - (2r+ )" By - ag - max{[|o oo, 1} [|W = V]loc.

(cf., e.g., Lemma 5 in Kohler and Krzyzak (2021) for a related proof). This implies
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Summarizing the above results, the proof is complete. O

Lemma 7 Let o : R — R be bounded and differentiable, and assume that its derivative
s Lipschitz continuous and bounded. Let o, > 1, ty, > Ly, vy > 1, B, > 1, 7 > 2d and
assume
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lmax{(w1)\, ., (wa)\} } < B, forl=1,...,L—1 (69)
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Proof. We have
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From the proof of Lemma 6 we can conclude

2
Of;
max (Vlv)l (Xs) . 1[,an an]d(XS)
— s=1,.,n 8“) .. ’
k717_77l k:fh]
<ecar- Ky Leor?-d-r® max{]|o’|3,1} - BYE - (47)% - a7,

1 n
n Z(fwa (Xs) = fw, (XS))2 ) 1[—an,an]d(XS)
s=1
< 4-max{||o’|[535, 1} - K7 - (2r + 1) - (4)% - BRE - o - max{]|o]|o, 1} - [[w1 — wo|?

and

1 n
n z;(ys — fws (XS))2 ’ 1[—an,an}d(XS)

<2 Fo(v) + 8- max{[o|32, 1} - K7 - (2r + 1)* - ()% BRE - o, - max{]|o]|oo, 1}

2.
Stn max{ F,(v),1}.
L,
So it remains to bound
2
max 8fW1 (XS) o afWQ (XS) . 1[70[ o ]d(Xs)
— s=1,..,n aw(l) ) 8w(l) A n,Qln,
k,i,g,l k,i,j k,i,j
By (67) we know that
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is for fixed & € [—au,, a,]? a sum of products of Lipschitz continuous functions (considered
as functions of w). Arguing as in the proof of Lemma 6 in Kohler and Krzyzak (2021)
we can show that we have for any x € [—ay,, ay]?
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Summarizing the above results we get the assertion. O

In order to be able to formulate our next auxiliary result we need the following no-
tation: Let (z1,71),...,(@n,yn) € RExX R, let K € N, let By,...,Bg : R — R and let
cg > 0. In the next lemma we consider the problem to minimize
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where a = (ay,...,ax)”, by gradient descent. To do this, we choose al® e RX and set
al*t =al —x, . (VaF)(@") (72)

for some properly chosen A, > 0.
Lemma 8 Let F' be defined by (71) and choose ayy such that

F(agy) = argﬂig}l( F(a).

Then for any a € RE we have
I(VaF)(@)|*> = 4-c2- (F(a) = F(agp))-

Proof. The proof is a modification of the proof of Lemma 3 in Braun, Kohler and Walk

(2019).
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Then A is positive definite and hence regular, from which we can conclude

Fla) = —-B-a-y)l-B-a-y)+c-a’ -E-a

1
n
1 1
= alAa-— 2yTﬁBa + EyTy
1 1
= (a— A*lﬁBTy)TA(a - A*lﬁBTy) + F(agp),

where

SRS
3



Using
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where the last equality follows from
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