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Auxiliary results for the proof of Theorem 1

Lemma 6 Let σ : R → R be bounded and differentiable, and assume that its derivative
is bounded. Let αn ≥ 1, tn ≥ Ln, γ

∗
n ≥ 1, Bn ≥ 1, r ≥ 2d,

|w(L)
1,1,k| ≤ γ∗n (k = 1, . . . ,Kn), (64)

|w(l)
k,i,j | ≤ Bn for l = 1, . . . , L− 1 (65)

and

∥w − v∥2∞ ≤ 2tn
Ln

·max{Fn(v), 1}. (66)

Then we have

∥(∇wFn)(w)∥ ≤ c44 ·K3/2
n ·B2L

n · (γ∗n)2 · α2
n ·
√

tn
Ln

·max{Fn(v), 1}.

Proof. We have

∥∇wFn(w)∥2

=
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(
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∂

∂w
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(
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2

))2

≤ 8 ·
∑
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1
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s=1

(Ys − fw(Xs))
2 · 1[−αn,αn]d(Xs) ·
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(l)
k,i,j

(Xs)

2

+8 · c22 ·Kn · (γ∗n)2

≤ c45 ·Kn · L · r2 · d · max
k,i,j,l,s

 ∂fw

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs)

· 1
n

n∑
s=1

(Ys − fw(Xs))
2 · 1[−αn,αn]d(Xs) + 8 · c22 ·Kn · (γ∗n)2.

The chain rule implies

∂fw

∂w
(l)
k,i,j

(x) =
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· · ·
r∑
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f
(l)
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′

(
r∑

t=1

w
(l)
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(l)
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)
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·w(l+1)
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· σ′
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t=1

w
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)
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·σ′
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w
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)
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·σ′

(
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t=1
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k,sL−1,t

· f (L−2)
k,t (x) + w

(L−2)
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)
· w(L−1)

k,1,sL−1

·σ′

(
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w
(L−1)
k,1,t · f (L−1)

k,t (x) + w
(L−1)
k,1,0

)
· w(L)

1,1,k, (67)

where we have used the abbreviations

f
(0)
k,j (x) =

{
x(j) if j ∈ {1, . . . , d}
1 if j = 0

and
f
(l)
k,0(x) = 1 (l = 1, . . . , L− 1).

Using the assumptions of Lemma 6 we can conclude

max
k,i,j,l,s

 ∂fw

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs) ≤ c45 · r2L ·max{∥σ′∥2L∞ , 1} ·B2L
n · (γ∗n)2 · α2

n.

By the Lipschitz continuity of σ together with the assumptions of Lemma 6 we get for
any x ∈ [−αn, αn]

d

|fw(x)−fv(x)| ≤ 2 ·Kn ·max{∥σ′∥L∞, 1}·γ∗n ·(2r+1)L ·BL
n ·αn ·max{∥σ∥∞, 1}·∥w−v∥∞.

(cf., e.g., Lemma 5 in Kohler and Krzyżak (2021) for a related proof). This implies

1

n

n∑
s=1

(Ys − fw(Xs))
2 · 1[−αn,αn]d(Xs)

≤ 2 · Fn(v) +
2

n

n∑
s=1

(fv(Xs)− fw(Xs))
2 · 1[−αn,αn]d(Xs)

≤ 2 · Fn(v) + 8 ·max{∥σ′∥2L∞ , 1} ·K2
n · γ∗n

2 · (2r + 1)2L ·B2L
n · α2

n ·max{∥σ∥∞, 1}2

·2tn
Ln

·max{Fn(v), 1}.

Summarizing the above results, the proof is complete. □

Lemma 7 Let σ : R → R be bounded and differentiable, and assume that its derivative
is Lipschitz continuous and bounded. Let αn ≥ 1, tn ≥ Ln, γ

∗
n ≥ 1, Bn ≥ 1, r ≥ 2d and

assume
|max{(w1)

(L)
1,1,k, (w2)

(L)
1,1,k}| ≤ γ∗n (k = 1, . . . ,Kn), (68)
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|max{(w1)
(l)
k,i,j , (w2)

(l)
k,i,j}| ≤ Bn for l = 1, . . . , L− 1 (69)

and

∥w2 − v∥2 ≤ 8 · tn
Ln

·max{Fn(v), 1}. (70)

Then we have

∥(∇wFn)(w1)− (∇wFn)(w2)∥

≤ c46 ·max{
√

Fn(v), 1} · (γ∗n)2 ·B3L
n · α3

n ·K3/2
n ·

√
tn
Ln

· ∥w1 −w2∥.

Proof. We have

∥∇wFn(w1)−∇wFn(w2)∥2

=
∑
k,i,j,l

(
2

n

n∑
s=1

(Ys − fw1(Xs)) · 1[−αn,αn]d(Xs) ·
∂fw1

∂w
(l)
k,i,j

(Xs)

+
∂

∂w
(l)
k,i,j

(
c2 ·

Kn∑
r=1

|(w1)
(L)
1,1,r|

2

)

−
∑
k,i,j,l

(
2

n

n∑
s=1

(Ys − fw2(Xs)) · 1[−αn,αn]d(Xs) ·
∂fw2

∂w
(l)
k,i,j

(Xs)

+
∂

∂w
(l)
k,i,j

(
c2 ·

Kn∑
r=1

|(w2)
(L)
1,1,r|

2

))2

≤ 16 ·
∑
k,i,j,l

 1

n

n∑
s=1

(fw2(Xs)− fw1(Xs)) · 1[−αn,αn]d(Xs) ·
∂fw1

∂w
(l)
k,i,j

(Xs)

2

+16 ·
∑
k,i,j,l

(
1

n

n∑
s=1

(Ys − fw2(Xs)) · 1[−αn,αn]d(Xs)

·

 ∂fw1

∂w
(l)
k,i,j

(Xs)−
∂fw2

∂w
(l)
k,i,j

(Xs)

)2

+8 · c22 · ∥w1 −w2∥2

≤ 16 ·
∑
k,i,j,l

max
s=1,...,n

 ∂fw1

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs)

· 1
n

n∑
s=1

(fw2(Xs)− fw1(Xs))
2 · 1[−αn,αn]d(Xs)

+16 · 1
n

n∑
s=1

(Ys − fw2(Xs))
2 · 1[−αn,αn]d(Xs)
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·
∑
k,i,j,l

max
s=1,...,n

 ∂fw1

∂w
(l)
k,i,j

(Xs)−
∂fw2

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs)

+8 · c22 · ∥w1 −w2∥2∞.

From the proof of Lemma 6 we can conclude

∑
k,i,j,l

max
s=1,...,n

 ∂fw1

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs)

≤ c47 ·Kn · L · r2 · d · r2L ·max{∥σ′∥2L∞ , 1} ·B2L
n · (γ∗n)2 · α2

n,

1

n

n∑
s=1

(fw2(Xs)− fw1(Xs))
2 · 1[−αn,αn]d(Xs)

≤ 4 ·max{∥σ′∥2L∞ , 1} ·K2
n · (2r + 1)2L · (γ∗n)2 ·B2L

n · α2
n ·max{∥σ∥∞, 1}2 · ∥w1 −w2∥2

and

1

n

n∑
s=1

(Ys − fw2(Xs))
2 · 1[−αn,αn]d(Xs)

≤ 2 · Fn(v) + 8 ·max{∥σ′∥2L∞ , 1} ·K2
n · (2r + 1)2L · (γ∗n)2 ·B2L

n · α2
n ·max{∥σ∥∞, 1}2

·8tn
Ln

·max{Fn(v), 1}.

So it remains to bound

∑
k,i,j,l

max
s=1,...,n

 ∂fw1

∂w
(l)
k,i,j

(Xs)−
∂fw2

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs).

By (67) we know that
∂fw

∂w
(l)
k,i,j

(x)

is for fixed x ∈ [−αn, αn]
d a sum of products of Lipschitz continuous functions (considered

as functions of w). Arguing as in the proof of Lemma 6 in Kohler and Krzyżak (2021)
we can show that we have for any x ∈ [−αn, αn]

d∣∣∣∣∣∣ ∂fw1

∂w
(l)
k,i,j

(x)− ∂fw2

∂w
(l)
k,i,j

(x)

∣∣∣∣∣∣ ≤ c48 ·B2L
n · γ∗n · αn · ∥w1 −w2∥,

which implies

∑
k,i,j,l

max
s=1,...,n

 ∂fw1

∂w
(l)
k,i,j

(Xs)−
∂fw2

∂w
(l)
k,i,j

(Xs)

2

· 1[−αn,αn]d(Xs)
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≤ c49 ·Kn · L · r2 · d ·B4L
n · (γ∗n)2 · α4

n · ∥w1 −w2∥2.

Summarizing the above results we get the assertion. □
In order to be able to formulate our next auxiliary result we need the following no-

tation: Let (x1, y1), . . . , (xn, yn) ∈ Rd × R, let K ∈ N, let B1, . . . , BK : Rd → R and let
c2 > 0. In the next lemma we consider the problem to minimize

F (a) =
1

n

n∑
i=1

|
K∑
k=1

ak ·Bk(xi)− yi|2 + c2 ·
Kn∑
k=1

a2k, (71)

where a = (a1, . . . , aK)T , by gradient descent. To do this, we choose a(0) ∈ RK and set

a(t+1) = a(t) − λn · (∇aF )(a(t)) (72)

for some properly chosen λn > 0.

Lemma 8 Let F be defined by (71) and choose aopt such that

F (aopt) = min
a∈RK

F (a).

Then for any a ∈ RK we have

∥(∇aF )(a)∥2 ≥ 4 · c2 · (F (a)− F (aopt)).

Proof. The proof is a modification of the proof of Lemma 3 in Braun, Kohler and Walk
(2019).
Set

E = c2 ·


1 0 0 . . . 0
0 1 0 . . . 0
...

...
...

...
...

0 0 0 . . . 1

 ,

B = (Bj(xi))1≤i≤n,1≤j≤K and A =
1

n
·BT ·B+ c2 ·E.

Then A is positive definite and hence regular, from which we can conclude

F (a) =
1

n
· (B · a− y)T · (B · a− y) + c2 · aT ·E · a

= aTAa− 2yT 1

n
Ba+

1

n
yTy

= (a−A−1 1

n
BTy)TA(a−A−1 1

n
BTy) + F (aopt),

where

F (aopt) =
1

n
yTy − yT · 1

n
·B ·A−1 · 1

n
·BTy.
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Using
bTAb ≥ c2 · bTEb = c2 · bTb

and AT = A we conclude

F (a)− F (aopt)

= ((A1/2)T (a−A−1 1

n
BTy))TA1/2(a−A−1 1

n
BTy)

≤ 1

c2
· ((A1/2)T (a−A−1 1

n
BTy))TAA1/2(a−A−1 1

n
BTy)

=
1

c2
· ((A)T (a−A−1 1

n
BTy))TA(a−A−1 1

n
BTy)

=
1

c2
· (Aa− 1

n
BTy)T (Aa− 1

n
BTy)

=
1

4 · c2
· (2Aa− 2

n
BTy)T (2Aa− 2

n
BTy)

=
1

4 · c2
· ∥(∇aF )(a)∥2 ,

where the last equality follows from

(∇aF )(a) = ∇a

(
aTAa− 2yT 1

n
Ba+

1

n
yTy

)
= 2Aa− 2

n
BTy.

□
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Kohler, M., and Krzyżak, A.(2021). Over-parametrized deep neural networks minimizing
the empirical risk do not generalize well. Bernoulli, 27, 2564–2597

Braun, A., Kohler, M., and Walk, H. (2019). On the rate of convergence of a neural
network regression estimate learned by gradient descent.arXiv: 1912.03921.

6


