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Abstract

Estimation of a multivariate regression function from independent and identically
distributed data is considered. An estimate is defined which fits a deep neural net-
work consisting of a large number of fully connected neural networks, which are
computed in parallel, via gradient descent to the data. The estimate is over-para-
metrized in the sense that the number of its parameters is much larger than the sam-
ple size. It is shown that with a suitable random initialization of the network, a suffi-
ciently small gradient descent step size, and a number of gradient descent steps that
slightly exceed the reciprocal of this step size, the estimate is universally consistent.
This means that the expected L, error converges to zero for all distributions of the
data where the response variable is square integrable.

Keywords Neural networks - Nonparametric regression - Over-parametrization -
Universal consistency

1 Introduction

Deep neural networks belong nowadays to the most promising approaches in many
different applications. They have been successfully applied, e.g., in image classifica-
tion [cf., e.g., (Krizhevsky et al. 2017)], text classification [cf., e.g., (Kim 2014)],
machine translation [cf., e.g., (Wu et al. 2016)] or mastering of games [cf., e.g., (Sil-
ver et al. 2017)].
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In the last few years, various results concerning the approximation power of deep
neural networks [cf., e.g., (Yarotsky 2017; Yarotsky and Zhevnerchuk 2020; Lu
et al. 2020; Langer 2021b) and the literature cited therein] or concerning the sta-
tistical risk of corresponding least squares estimates [cf., e.g., (Bauer and Kohler
2019; Kohler and Krzyzak 2017; Schmidt-Hieber 2020; Kohler and Langer 2021;
Langer 2021a; Imaizumi and Fukamizu 2019; Suzuki 2018; Suzuki and Nitanda
2019) and the literature cited therein] have been derived.

The above results ignore two important features of the typical application of
deep neural networks: Firstly, in practice, the estimates are computed using gradient
descent and not (as in the theoretical results above) the principle of least squares.
And secondly, often the applied neural networks are over-parametrized in the sense
that the number of parameters is much larger than their sample size.

These two principles contradict classical theory. Nevertheless, to some surprise,
they work very well in practice. In Bartlett et al. (2021), the theory of this observa-
tion is explored in more detail. To do this, they put forward two hypotheses. The
first hypothesis concerns the tractability via over-parametrization. It is conjectured
that even if the objective function is non-convex, the hardness of the optimization
problem depends on the relationship between the dimension of the parameter space
(the number of optimization variables) and the sample size. Thus, the tractability is
given if and only if a model is chosen that is over-parametrized. This is in contrast
to the classical assumption that statistical learning is achieved by restricting to lin-
early parameterized classes of functions and convex objectives. The second hypoth-
esis concerns generalization via implicit regularization. In classical theory, one
wanted to avoid over-parametrized neural networks and therefore restricted them
to an under-parametrized regime or a suitable regularizing regime. It was assumed
that a method that has too many degrees of freedom by perfectly interpolating noisy
data cannot have a good generalization. However, it was observed in practice that
over-parametrized models generalize well. This is very interesting since empirical
evidence shows that an optimization task is simplified if the model is sufficiently
over-parametrized.

Bartlett et al. (2021) suggest that deep learning models can be divided into a sim-
ple component and a spiky component. The simple component is useful for predic-
tion, and the spiky component is useful for overfitting. If the model is suitably over-
parametrized, this interpolation does not affect the prediction accuracy.

Nonconvex empirical risk minimization problems in a linear regime are solved
efficiently by gradient methods. In a linear regime, a parameterized function can be
approximated exactly by its linearization over an initial parameter vector. Bartlett
et al. (2021) were able to show that for a suitable parameterization and initializa-
tion, a gradient method remains in the linear regime. Furthermore, it leads to linear
convergence of the empirical risk and to a solution whose prediction is well approxi-
mated by the linearization of the initialization. Especially, they showed that for two-
layer networks in the linear regime, a suitably large over-parametrization together
with a suitable initialization is sufficient. This theory is not able to capture training
schemes in which the weights genuinely change.

One approach beyond the linear regime considered in Bartlett et al. (2021) is the
mean field limit. Here, the weights move in a nontrivial way during training, even
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though the network is infinitely wide. Using mean field theory, global convergence
results can be proved for two-layer (Mei et al. 2018; Chizat and Bach 2018) and
multi-layer neural networks (Nguyen and Pham 2020).

Another approach is to consider the linearized evolution as a Taylor expansion of
the first order and then construct higher-order approximations. Other approaches are
considered in Dyer and Gur-Ari (2019), Hanin and Nica (2019) and Yang and Hu
(2020).

It is well-known that gradient descent leads to a small empirical L, risk in over-
parametrized neural networks, see, e.g., Allen-Zhu et al. (2019), Kawaguchi and
Huang (2019) and the literature cited therein. However, such results are in general
not useful for the proof of the consistency of corresponding estimates, because it
was shown in Kohler and Krzyzak (2021) that any estimate which interpolates the
training data does not generalize well in a sense that its error does not converge to
zero for sample size tending to infinity in case of a general design measure.

In the current article, we analyze deep neural networks in the context of non-
parametric regression. Here, we consider an R? x R—valued random vector (X, Y)
with EY? < o0, where X is the so—called observation vector and Y is the so-called
response variable. We assume that a sample of (X, Y), i.e., a data set

D, ={X,Y),....(X,, Y,)}. (1)

where (X, V), (X}, Y)), ..., (X,,Y,) are i.i.d., is available. We are searching for an
estimator

m,(-)=m,(-,D,) : R? > R

of the so—called regression function m : RY = R, m(x) = E{Y|X = x} such that the
so—called L, error

/ Im,,(x) — m(x)|*Py(dx)

is “small” [cf., e.g., (Gyorfi et al. 2002) for a systematic introduction to nonparamet-
ric regression and a motivation for the L, error].

In Sect. 2, we introduce an over-parametrized deep neural network estimate,
where the weights are learned by gradient descent. Our main result is that, in case
we initialize our starting weights randomly in a proper way and proceed with a suit-
able number of gradient descent steps with a sufficiently small constant stepsize, this
estimate m,, is universally consistent in the sense that

E / Im, (x) — m(x)|*Py(dx) = 0 (n = o)

holds for every distribution of (X, ¥) with EY? < co.

For many years, it is well-known that universally consistent regression esti-
mates exist, see Stone (1977) for the first result in this respect and Gyorfi et al.
(2002) for an extensive overview of such results. So, it is not surprising that
deep neural networks have this property, too. However, our main result presents
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interesting aspects of the application of gradient descent to deep neural networks
which are useful for proving such universal consistency: Firstly, the over-para-
metrization is useful in our result since it ensures that a finite subset of the ini-
tially chosen inner weights has nice properties. Secondly, due to the fact that we
use a small stepsize, gradient descent applied to a properly regularized empirical
L, risk is able to adjust the outer weights in an optimal way. And thirdly, due to
the fact that the number of gradient descent steps is only slightly larger than the
reciprocal of the stepsize, the inner weights do not change drastically during our
learning. Altogether this enables our estimate to perform a kind of representation
guessing instead of representation learning.

In our proofs, we use techniques that have been introduced in Braun et al.
(2021) in the context of the analysis of gradient descent of neural networks with
one hidden layer. These techniques have been also applied in Kohler and Krzyzak
(2022) to analyze the performance of over-parametrized neural networks with one
hidden layer. But in contrast to Kohler and Krzyzak (2022), we do not control
the complexity of our estimate by using a strong regularization term. Instead, we
combine the techniques introduced in Braun et al. (2021) with the approach of
Li et al. (2021), which suggested to analyze the complexity of over-parametrized
neural networks with metric entropy bounds.

Throughout this article, we will use the following notation: The sets of natural
numbers, real numbers and non-negative real numbers are denoted by N, R and
R, respectively. For z € R, we denote the smallest integer greater than or equal
to z by [z]. The Euclidean norm of x € R? is denoted by ||x|. For f : R - R

Iflle = sup [f(x)]
x€R4
is its supremum norm.
Let F be a set of functions f : RY - R, let x,,...,x, € R?, set X! = (x,...,x,)
and let p > 1. A finite collection fi,...,fy : R4 - R is called an Lp e—cover of F
on x']’ if for any f € F there existsi € {1, ..., N} such that

n 1/p
(1 PATES —f,-(xk>|"> <e.
A

The L, e—covering number of F on x/ is the size N of the smallest L, e—cover of F
on x’l‘ and is denoted by ./\/;,(e, f,x’l’).

If A is a subset of RY and x € R, then we set 1,(x) =1 if x€A and
1,(x) = 0 otherwise. For z € R and f > 0 we define Tz = max{—p, min{p,z}}.
If f:R?Y—> R is a function and F is a set of such functions, then we set

(Tpf)(x) = T4(f(x)) and
Ty F={Tyf : fE€TF}L
In Sect. 2, we define the estimate. In Sect. 3, we present our main result concerning

the universal consistency of our deep neural network estimate learned by gradient
descent. The proof of the main result is given in Sect. 4.
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2 Definition of the estimate

Let o(x) = 1/(1 + e™) be the logistic squasher. In the sequel, we use a network
topology where we compute a linear combination of K|, fully connected neural
networks with L layers and r neurons per layer, i.e., we define our neural network
as follows: We set

fu@) = iwﬁ YA C) @)
=
for some w(1 ; > w(ll‘f x € R, where fj(i‘) are recursively defined by
(”(x) (Z Wz(f,,l) £- 1>(x) + wi’jﬁf) 3)
for some wf’i_’(l)), (l ]) eR(=2,...,L)and
fk(])(x) = O'<Z Wg):),; x4 W/(C()l)()) “
j=1
for some wz )0, f{ol)d eR.

The above neural network consists of K, fully connected neural networks with
depth L, which are computed in parallel. These networks have » neurons in all layers
except for the last layer, where they only have one neuron. In the k-th such network,

we denote the output of neuron i in the /-th layer by f( ), and the weight between
neuron j in the (I — 1)-th layer and neuron i in the /-th layer is denoted by w(l 1) . The
number of weights of the above neural network is given by

K, - d+r+DH+L=-2)-r-(r+1)+r-(d+1)).

: — (1,
In order to learn the weight vector w = (Wk,i,;)k,i ;i of the neural network, we apply

gradient descent to a properly regularized empirical L, risk of our estimate. We ini-
tialize w% by setting

n

w%b:O forj=1,...,K, 3)

and by choosing all others weights randomly such that all weights w()

)

are indepen-
dently randomly chosen, and such that all weights w(l withl <1< L are uniformly
distributed on [—20d - (log n)?,20d - (logn)*], and all weights w' ),;' are uniformly

distributed on [—n®,n"] for some fixed O0<t<1/(d+1). Then, we set
@, = c; - logn, and compute

witD =w® — 3 S (V FH)W?) (t=0,...,t,—1)

where
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n K
1 n

Fuwy =2 DI (FCORD ARES TV ARNOR W lent &
i=1 =

is the regularized empirical L, risk of the network f,, on the training data. The step
size A, > 0 and the number ¢, of gradient descent steps will be chosen in Theorem 1
below.

The estimate is defined by

M) = (T frgin ) - 1, g ),

i.e., as an estimate we use the neural network with the weight vector which we get
after £, gradient descent steps and truncate this function on height —f, and g, and set
it equal to zero outside of a cube. Here, we set §, = c5 - logn.

Because of (5), we have

n
1
Fyw®) = n DV 1y g (XD,
i=1

3 Main result
Our main result is the following theorem.

Theorem 1 Let 6 be the logistic squasher, and let K,,L,r € Nand v € R,. Assume
L>2,r>2d,0<t<1/(d+1),

K}’l
— >0 (n- o) (6)
nK
for some x > 0,
n - lggn = (1= o), 0

and set a, = c - logn, f, = c; - logn,

1
A, = T and 1, =[¢,-L,-logn] (8)

n

for some L, > 0 which satisfies
Ln > (lOg n)lO-L+10 . Ks/Z (9)

Let the estimate m,, be defined as in Sect. 2. Then, we have

E / |m,, (x) — m(x)|*Py(dx) = 0 (n = o)
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Consistent neural networks 367

for every distribution of (X, Y) with EY? < 0.

Remark 1 Condition (7) implies that K, is asymptotically larger than n", conse-
quently the number of parameters of our estimate is much larger than the sample
size and our estimate is over-parametrized. Nevertheless, it generalizes well on new
independent data since its expected L, error converges to zero for sample size tend-
ing to infinity. In its definition, we add a regularization term to the empirical L, risk;
however, this regularization term is not really used to control the complexity of our
estimate, it is only used to help us in analyzing the gradient descent. We control the
complexity of our estimate by imposing bounds on the absolute values of the initial
weights and by requiring that the number of gradient descent steps is not much
larger than the reciprocal of the stepsize. In particular, the condition
0<7<1/(d+1) controls the range [—n®,n"] of the weights w]((%, and all initial
weights of level 1,...,L — 1 are bounded in absolute value by some logarithmic
term.

Remark 2 We need only a single initialization of our random starting weights in
Theorem 1. This is due to the over-parametrization, which enables us to show that
even with one single initialization, there exists with probability close to one, a finite
subset of our K, fully connected neural networks where the initial inner weights
have some nice property.

Remark 3 In the proof of Theorem 1, we use that the inner weights do not change
much during gradient descent and that gradient descent is able to find proper values
for the outer weights of our network. In this sense, our network is not based on rep-
resentation learning; instead, it is using a representation guessing.

4 Proofs
4.1 Auxiliary results

In this subsection, we present various auxiliary results which we will need in the
proof of Theorem 1.

Lemma 1 Ler F : R - R, be a nonnegative differentiable function. Let t € N,
L>0,a, € RX and set

i=1
L

and

a,, =a,—1-(V,F)a) (*ke(0,1,....,r—1}).

Assume
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|(VaF)@)|| < v/2 - L- max{F(ap), 1} (10)

foralla € RX with||la — ag|| < /2 -t max{F(a), 1}/L, and
[(VaF)(@) = (V,F)(b)|| < L-la—Db]| (11)

for all a,b € RX satisfying

lla—ay] < \/% -max{F(ay),1} and |[b—ay| < \/Szt -max{F(ay), 1}.

Then, we have

lla, —a|l < \/2 : % -(F(ay) — F(a) forallk € {1,....1t},
s—1

2
D llagy, —al* < ~ - (F@ag) - Fa)) foralls € {1,....1)

k=0
and
Flay) < Fla,_,) i IV )IP forallk € {1, ....1).
Proof The result follows from Lemma 2 in Braun et al. (2021) and its proof. O

Lemma2 Leta > 1,0 >0andlet A,B,C > 1. Let 0 : R — R be k-times differenti-
able such that all derivatives up to order k are bounded on R. Let F be the set of all
functions f,, defined by (2)—(4) where the weight vector w satisfies

X

1

w1 <c, (12)
1

J

|w§3d.|§B (ke{l,....K,},ije{l,..,rhle(l,..,L—=1})  (13)
and
|w§?l{i|gA (ke{l,....K }.ie{l,....,r},je{l,....d}). (14)
Then,wehaveforanyl§p<oo,0<€<ﬂandx’l’e[Rd
./\fp(e,{Tﬂﬂ L gap * fef},x'l’)
pr c6-tld~B(L‘”"’-Ad-(§)d/k+c7
S <C5 * _> .

eP

Proof In the first step of the proof, we show for any f, € F, any x € R? and any
Spseen8 €{L, ..., d}
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o,y

0xG1 ... 0xbo (X)

<cg- C- Bk AR = (15)

The definition of f,, implies

o, & M)

— W )= w
ox©) ... oxGe © 21 YL e oxen )
=
hence (15) is implied by
()kf(L)
Jil (L-1)k | 4k
_ <cy-B -A".
oo oxon | < o (16)
We have
(1> , , f(l )
(I-1)  ,(1-1) (-1
(2wk1t Sro @ +W ) ’ Zwk,i,/‘ ENT) )
=1 j=1
- f(l 1))
-1 (=1)  p(-1) (-1
Zwkt,/ <z k[l fk ( )+Wk10> ax(s) (.X)
Jj=1 t=1
and
(1) d
© (.0 Y. .0
x<v)( x) =0 (2”’1”,; X+ Wk,i,0> Whis'
By the product rule of derivation, we can conclude for [ > 1 that
akf(l)
() (17)
0xGD ... ox(se)
is a sum of at most 7 - ( 4+ k)*~! terms of the form
r
) (=1  L(1-1) (-1
w GS(Z Wi Sy TGO+ kzO>
j=1
t, £(=1) t 401
. L(x) e L(x)
ox) ., gx\"1a) oxUs) . gxrs)

where we have s € {1, ...,k},|w| < B*andt, + -+ + t, = k. Furthermore,
akf(l)

0xGV ... oxtse) )

is a given by
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k d

O O 0, . O
Hwk,i,sf ° <Zwk,i,t X +Wk,i,0)'
j=1 =1

Because of the boundedness of the derivatives of ¢ we can conclude from (14)

ok

k,i
5 ()

- M < . Ak
axen) . oxt | = €10

forallk e Nand s, ...,s, € {1,...,d}.
Recursively we can conclude from the above representation of (17) that we have
k(D)
0y.i

- <, - BUEDk L Ak
axtn) . gxt | T M

(x)

Setting [ = L we get (16).
In the second step of the proof, we show

N(eATyf - 1ga = [ €FLY) < A@,(%Tﬂgon,xY), (18)

where G is the set of all polynomials of degree less than or equal to k — 1 which van-
ish outside of [—a, «]¢ and I is the family of all partitions of R which consist of a
partition of [—a, @]¢ into K many cubes of side length

e\ 1/k
(cr-%)

where ¢, = ¢,(d, k) is a suitable small constant greater than zero and the additional
set R\ [—a, a]?.

A standard bound on the remainder of a multivariate Taylor polynomial together
with (15) shows that for each f,, we can find g € GoIl such that

€
[ @) — g(0)] < 3

holds for all x € [—a, a]¢, which implies (18).

In the third step of the proof we show the assertion of Lemma 2. Since Goll is a
linear vector space of dimension less than or equal to

d/k
c
€13 -t (‘)

€

we conclude from Theorem 9.4 and Theorem 9.5 in Gyorfi et al. (2002),

e d/k
2e(2B) log <3e(2ﬂ)” > >”13'“ (2)
(e/2) (e/2y '

Together with (18), this implies the assertion. O

N (§:7y00m.2) §3<
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Lemma 3 Let o be the logistic squasher and let0 < 6 < 1,1 < a, <logn,u,v e R4

with

v —u® >28 forle(l,...,d)}

and x € [—an,an]d. Let L,r,neNwith L>2,r>2d, n>8d and n > exp(r + 1).

Consider fl(Ll)(x) where fk(f].)(x) are recursively defined by (3) and (4).

Assume
4d(log n)* )
) _
1:/:/_ 5 for]e{15--'5d}7
4d(logn)*> . )
o _
oS T u?  forje {1,...,d},
4d(log n)* )
(0) _
L T T T s forj e {l1,...,d},
4d(logn)> . .
W(1(3;+d,0=—5 W forje{l,...,d},
w\ =0 ifs<2d,s#ts#t+d and >0,
L _ 2
wi,, =8 (logn)y* forre{l,...,2d},
W'}y = -8 Gogm? (24 - 3),
w =0 fort>2d
1,1,¢ - )
o _ 2
wi), =6-(logn)® forle{2,....L-1},
w? =_3.(logn)y® forle{2,..,.L—1
110 = gn)® forle{2,..., }
and

W(11)1z=0 fort>1 and [€{2,...,L—-1}.

Let w be such that

19)

(20)

2n

(22)

(23)

(24)

(25)

(26)

27

(28)

(29)
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O _ 0

le g ]l]

| <logn foralll=0,...,L—1. (30)

We denote by f o (x) the neural network corresponding to W where

oo =o Bt ot

j=1

forl=2,...,Land

d
o =of Zn 045,

Then, we have
fl(L)(X) >1- l if x € [u® + 6,v0 = 6] X - X [uD + 5,V — 5]
and
f(L)(x) < % ifx? ¢ [u® —5,v? +68] forsomeie {1,...,d}.
Proof In the first step of the proof, we show
f(L)( y>1- % forall x € [u® + 5,V = §] X - X [u® + 5,V - §].

Let x € [u®+6,vD 8] x - x [u?P +6,v® —5]. Then, we get for any
i€ {1,...,d} by (19), (20), (23) and (30)

0 4+ w0
Z AT T Wi

J=1

d
2 7O 0y 0 4 GO 0 ) ZW«» ) +W<0)

1[,] 11,/ 1,i,0 110 Liyj
4d(1 2 4d(1 2
> —d(logn) - a, — logn + %(W +6) - %uw

> 3d(logn)® — logn
>logn

and foranyi € {d+1,...,2d} by (21)—(23) and (30)
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d

(0) (/) — (0)
Z AT T W

J=1

M&

(0) _ (0) 0 (0) _ .0 (U2 X0 (U]
Wi =W)X+ v 110)+2W TWiio

=1
4d(log n)?

: 4d(1 2
> —d(logn) - a, — logn — T(v(’_d) -6)+ %w—w
> 3d(log n)* — logn
> logn.
This implies
Z(1) 1 1
f [ =ologn)=1-——2>1--
n+1 n

foranyi e {1,...,2d}.
Using (24)—(26), (30) and |o(«)| < 1for any u € R, we get similarly as above

r

- (1) 71 = (1)
Z Wy f e+ W

J=1

> —(r+ Dlogn+ Y\ wi -0 +wi)

j=1
2d r
1 1 1 1 1
=—(r+Dlogn+ Y w0+ Y il FO@ +wl
Jj=1 Jj=2d+1

> —(r+ 1)logn +2d - 8(10gn)2<1 - 1) - 8(1ogn)2<2d— %)
n

— —(r+ Dlogn + 8(10gn)2(l - %>
2 n
> logn.

Therefore, we obtain
FAw>1-

With the same argument as above and with (27)-(30), we can recursively conclude
for! =3, ..., L that we have
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_(=1) (-1 _(=1)
2 LI AT CO R T

j=1

,

-1 Z(-1 -1

>—(r+1)logn+ ZW(MJ) f( )( )+w(1,1’0)
J=1

> —(r+ D)logn + 6(logn)2<1 - 1) — 3(log n)?
n
2 6 2
= —(r+ 1)logn + 3(logn)- — —(logn)
n

>2 - (log n)? — 9(log n)?
n
> logn.

Therefore, we obtain

Fwz1-1

n

forl=3,...,L
This implies

FO@ > 1= Lifx € W + 6,00 = 8] x - x [0 + 5,99 — 5],
n
In the second step of the proof, we show
e <= 1fx<'> & [u® — 5,99 + 8] for some i € {1,....d}.

Leti € {1,...,d} and assume x® & [u? — §,v® + §]. Then, we can argue similarly
as above. In case x) < u? — § for some i € {1,...,d} we obtain by (19), (20), (23)
and (30)

d

2O 0 4 7O
Zwl,i,j AT W0
Jj=1

4d(log n)?

. 4d(1 2
<d(logn) - a, +logn + T(u(’) —-06)— Mu(‘)

5
—3d(logn)* +logn

<
< -—logn

and in case x > v + § for some i € {1,...,d} we obtain by (21)~(23) and (30)
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d
_(©) ©)
2 Wiirdj "% A+
j=1
4d(logn)® 4d(log n)?
<d(logn) - a, +logn — %(VO) +6)+ %v(”
< —3d(logn)* + logn
< —logn.
Together with the logistic squasher it holds
(1) 1 1
J(x) £ o(—logn) = < -
i@ < o(-logn) = —— <~

for somei € {1,...,2d}.
Similar to above we get with (24)—(26) and (30)

r
= D - (1)
2 Wi S+

j=1

p
1 1 1
<(r+1)logn+ Z W(l,i,] fl( )(x) + W(1 i,o
j=1

< (r+Dlogn+ (2d — 1) - 8(log n)* + 8(log n)* - 1_ 8(log n)2(2d - %)
n

—(r+ Dlogn + 8(10gn)2(l - 1)
n 2
—logn.
From this, we obtain
P <1
n

Using (27)-(30), we can argue similarly as above and conclude recursively for
[=3,...,L

_ (- 1) Z7(-1) _(I-1)
DR AP C R
J=1

.

I-1 -1 -1

<(r+1)logn+ Z W(LIJ) f( )(x) + W(l,l,())
e

<(r+1Dlogn+6-(logn)*- 1_ 3(logn)?
n
< (logn)> + 6 - (logn)* - 1_ 3(log n)?
n

= 2. (logn)? +6 - (logn)’ - -
n

< —logn.
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So, we get fl(l) ) < l forl/ =3, ..., L. Therefore,

f(L)(x) < - 1fx(’) & [u® = 8,V + §] for some i € {1,....,d}
holds. This yields the assertion. O
Lemma 4 Let 0<6 <1, 1 <a,<logn and let o be the logistic squasher, let
m: RIS R be Lipschitz continuous with Lipschitz constant CL,-,,, let L,r,ne N

with L>2,r>2d,n>8d, n>exp(r+ 1) and let K € N with Ke< K,. Further-
more, define fg by

fo@) = 2 AR A ©)

= (L) = (L)
L Wik,

- a(z )

(o) :
for some w € R, where ];’1 are recursively defined by

j=1
= (I-1) —(l D —
for some Weio i € R (= ..,L)yand
d
Dy —(0) 0 4 _ (0
fk,i ()C)—(F(Z li X kzO)
j=1

Choose w such that

o _ 4d(log n)?
W e

= > for j € {1,....,d}, (31)

o _ —4d(10gl’l)2 u(l)

Wijo = 5 uy forje{l,....d}, 32)
—4d - (logn? .
Wl gy = e forj € (1. d), (33)
4d - (log n)? - v .
Wiy = ————— forj € (L....d}, (34)
S’?t 0 ifs<2d,s#t,s#t+d and >0, (35)
W;(:;,=8'(10gn)2 for t € {1,...,2d}, (36)
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1

W)y =8 (ogm?(2d - 3 37)

W
klt—O for t > 2d, (38)
wl, | =6-(ogn? forl€(2,....L—1}, (39)
Wﬁ)l,o = —3(log n? forle{2,..,L—1} (40)

and
W

ku_o fort>1 and [€{2,...,L—1} (41)

forallk € {1, ..., K?). Furthermore, set
wl =0 for k& {1,....K).

Let ay,...,a;b,,...,b; € [—a
A € R,. Then, there exist

a,] with b,—a; =A for all i€ {l,...,d} and

l’l’rl

Ay, s g € [=|lmll o, Imll ] (42)

and uy, vy, ..., Ugd, Vga € [a;, b)) X -+ X [ay, by) such that for all pairwise distinct
Jis--sjxa € {1,...,K,} the inequality

A 1
i) = m9)| < ¢y - <CL,,, S K ) (43)
holds for all x € [a;,b,] X -+ X [ay, b;] which are not contained in

n
D — a+'-bi_ai <6 44
it ¢ (44)

wiffjkzak (ke {l,....,KD, W, =0 (k& i ....jx)) (45)

and for all weight vectors W which satisfy

and

|w§,”kl—w”> | <logn foralll€{0,....L—1}, se({l,....K'}. (46)

Foré < %and xe R we get additionally

d
Ol < il - <3“ + K;) @)
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Proof We partition [a,,b,) X ++- X [a,, b,) into K equivolume cubes of side length
%. For comprehensibility, we number these cubes C; by i € {1, ..., K9}, such that C;

corresponds to the cube
[ugl), vgl)) X o X [ul(.d), vl(.d)).

Since m is Lipschitz continuous with Lipschitz constant C,;,, m can be approximated
by an approximand S that is piecewise constant on each cube. S can be expressed in
the form

S@w= D a-lgW

if1,....K4}

where a; = m(z;) fori € {1,...,K?} and z; is the center of the cube C,.
S(x) has the value m(z;) for x € C;. Therefore, it follows from the Lipschitz conti-
nuity of m

1S() = m(x)| < Cp, - llz; = xll

if x e C,; for some i € {1,... ,K?}. Since every cube has a side length of% , We
obtain

1S(x) = m()| < Cpyp - Vd - % for x € [a;,b,) X -+ X [a. b,).

Now, because of (45) and the definitions of S and f;(x), we have

Kd
S0 = o) = Y (1,0 74 ®)-
k=1

Application of Lemma 3 yields

1SG) = £y @) < ¢y5 - K- l

for all x € [a,,b;) X -+ X [ay, b,) which are not contained in (44).
From this, we obtain

1 A
[ ) = ()] = [fis () — S| + [ S) = m)| < c16(1<d o })
for all x € [a,,b,) X -+ X [a,, b;) which are not contained in (44). This implies (43).
To show inequality (47), we assume that x € R¢. Then for § < % and every fixed
X, we get
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K4

_V o0 D

A Z R ALC))

— w D

- 2 lle f ( )
ke{l,...kd} xeul =5V +81x-x[ul” -5.v"+5]

WD

+ > XTI C)

ke(l....k4} xg =60 +5]x- X[l ~5.v " +6]

There are at most 3¢ many cubes [u(l) 0, vjl) +6] XX [ugd) -9, vl@ + 6] which
contain x. Together with the definition of Wi n forke {1,...,K%} we get

_ (L L d
> Wl FH@ <37 Il
ke{L,...k4} xelu’ =60 +51x-x[ul" -5, +6]
By Lemma 3, we know that fj@f(x)g,ll for kel{l,...,K4 if
k>

x @ 1) =86, + 8] - x [ — 8,1\ + 5]. Thus, we get together with the defi-
nition of w |, fork € {1, ,Kd}

1
wi A )<Kd Nlmll g

ke{l,...Kd} xglul’ =8P +81x-x[ul” -5.v " +]
This results in
@] <3 il + K2 -l
for x € RY. O
Lemma 5 Let ¢ be the logistic squasher, let 1 < a, <logn, let m : RY - R be

Lipschitz continuous as well as bounded, let L,r,n € Nwith L>2,r > 2d, n > 8d
and n>exp(r+1)and let K eNwith2 < K < a,—1and (K2 + 1) < K,. Given

Ups Vs oo s Uiy pyas Vigepype € [K = %, K19, choose w such that

2‘3)2]_46[ K? - (logn)* for je{l,...,d}, (48)
W =—4d- K- (ogn)? -u for je {1,....d}, (49)
W, =—4d - K> (ogn for j€{l,....d). (50)
W, o =4d - K- (ogn)® v for j€ (1,....d), 1)
1203; 0 if s<2d,s#t,s#t+d and >0, (52)
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w/(:;’t =8-(logn)® forre{l,...,2d}), (53)
1
W)y = =8 (logn? (24— =) (54)
,(c‘])t =0 fort>2d, (55)
wy | =6-(logn)’* for l€(2,....L—1}, (56)
o
Wiy =—3-(ogn)® forl€(2,....L—1} (57)
and
w,(jf,’tzo forr>1 and [€{2,...,L—1)} (58)
forallk € {1,...,(K* 4+ 1)3?}. Furthermore, set
,(j)” =0 for k¢ {1,...,(K*+ 1)*}.
Then there exists
. " cl- llm]] o llml| (59)
Lo (K2+1)¥ (K2 + 1)24° (K2 + 1)
such that for all pairwise distinct ji, ... sJkeeny € {1,....K,}
/ Ifis @) = m(0)*Py(dx)
60)
| Kl K6d 2 J ; (
<cqp | =+=—+(=—+1) ‘P,R\[-K.,K
S Cp (K+ 2 +<I’l+> X( \[ ’])
holds for all weight vectors W which satisfy
W = e (L K+ D)), 3 = 0 Loy D)
and
W — -(” 'l <logn foralll€{0,...,.L—1}, se&{l,....(K*+1)*}.
(61)

Proof We subdivide [-K — %,K]d in (K% 4+ 1)? cubes of side length % We number
these cubes C;by i € {1, ..., (K* + 1)?}, such that C; corresponds to the cube

1 1 d d
[ V) x e @ ).
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Let Cy;, be the Lipschitz constant of m. Then by Lemma 4 applied to m/(K?* + 1)*
and 6 = — , we know that

Cy
Scl4-<$-g+(1(2+1)d'l>
n

p ) - () et

1)2d

d
holds for all x € [ - K- %, K ] which are not contained in

a= U U xeRd:xU>—<—K—3+i-3><5.
u kKUK

i€{0,1,....K2+1} je{l1,...,
)211

Next, we repeat the whole construction (K2 + 1
approximation f; of

many times, which results in an

(KZ + l)2d . m . m(x)

which satisfies

outside of A.

Now, we want to move the grid so that [-K, K]¢ is always covered. We slightly
shift the whole grid of cubes along the j-th component by modifying all uf’) vl(.j) by
the same additional summand. This summand is chosen from the set

{k 2 k= o,1,...,1<—1}

for fixed j € {1, ...,d}. In this way, we can construct K different versions of f that
still satisfy (62) for all x € [-K, K]¢ up to corresponding versions of A.
Since we shift the grid of cubes, we obtain for fixed j € {1, ...,d} K disjoint ver-

sions of Uicio.1.. k241 {x eR?: |xV) — <—K— % +i- %) < 5}. Because the

sum of Py-measures of these K disjoint sets is less than or equal to one, at least one
of them must have measure less than or equal to % Consequently, we can shift the u;
and v; such that

=Nl

P)= Y ==

jell,...d)

holds.
Now, we have found a shifted version of the grid such that the set A has a meas-
ure less than or equal to %. By (62) we know that |f;(x) — m(x)| < c¢jq - ( + K—Gd>

holds for x € [-K,K]¢ \ A. From this together with the second assertion from
Lemma 4, we obtain

@ Springer



382 S. Drews, M. Kohler

/ Ify () = m(0)| Py (d)
- / [fis (0) = m()| " Py (d) + / If () = m(0)* Py (dx)
[-K.K19\A A
+ / If; () = m(x)| Py (dx)
RA\[-K,K]4
A K6dN\? 4
< Ci;(g + T) +620<3d+ T) . E
6d \ 2
+ oy <3d + K7> Py (R?\ [-K, K]%),
which implies the assertion. O
4.2 Proof of Theorem 1

Lete > 0 and K € N be arbitrary. W.1.0.g., we assume K, > (K* + 1)°?. By Jensen’s
inequality for conditional expectation, we obtain

E{|lmX)|?} = E{|[E{Y|X}|*} < E{E{|Y[*|X}} = E{Y?} < co.

Choose a Lipschitz continuous and bounded function 72 : R? — R such that
/ |m(x) — m(x)|*Py(dx) < . (63)
Let A, be the event that firstly the weight vector w(® satisfies
|(w<°>);l)ki —w' | <logn foralll€{0,....L—1},s € {1,...,(K* + 1)*}

for some weight vector w which satisfies the conditions (48)—(58) of Lemma 5 for m
and some j, ... ,j(K2+1)3d € {1,...,K,}, and that secondly

%;ﬁsﬁ
holds. Define the weight vectors (w*)® by
(WO, = w0 foralll=0,...,L—1
and
(W) = forallk=1,..., (K> + 1)*

and

(W), =0 forallk & {ji, ... .jxep1p)
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where @, is chosen as in Lemma 5 in case that A, holds and where
a; = ... = a4y = 0in case that A, does not hold.

In the first step of the proof, we decompose the L, error of m,, in a sum of several
terms. We have

/ [m,(x) = m(0) Py (dx) = (E{|m,(X) = Y*|D,} = E{|m(X) - Y*}) - 1,
+ /|mn(x>—m(x>|2Px<dx>- Ly = ((E{lmm -YP|D,}

= Ellm, (0= Y1, e (®ID,})

+ (Em, 00 = Y71, a(0ID,)

[~an.an
= U+ Elm,0 =Ty, YP -1, e (0ID,))

+ ((1+e)~E{|m,l(X)—TﬁnY|2 iy o @ (0D,

[=an.an

1 1
— A+ - S X) =Ty, Vil 1y a0 )+ (A0 5 Dm0 =T, VP -1, (XD
=1

i=1

"
1 2
-(+e- - 2 Vo X = T, Vil - 1[—(1,,,an]d(xi)>
i=1

n

1 .
+ 140 (5 X oo X = Ty, Y- 1y 10X
i=1
}

1 .
— 40 = Y KD = Vi1 (X))
i=1
o
+ (1+¢€)?- - Z oyt X)) — Y- 1 a1 X
i=1

— E{Im(x) - Yﬂ) 1+ / I, = m@PPy (@) 1e = (E{lm, 00 = YPID, )
= Elm, 00 = Y1y e ®ID,}) Ly, + (Elm, (0= YE 1, a(0ID,)
= A+ &) Elm, (0 =T Y- 1y, e ®ID,)) - 1,

+ ((1+€)-E{|m”(X)—TﬁnY|2 iy o @ (0ID,)

[—ap.ay
] &
—(1+e)- ; |mn(X,-) - Tﬁn xlz : 1[—m,l,a,,]‘1(xf)) : lAn
i=1
L
2
+ ((1 te) 2 mX) = Ty Vil - 1y o 10 (X)

i=1

1 . 1
— 40 = Yy KD =T, Vi1 X)) L, + (40 2‘1 Uiy 00 = T, YiP 1y 10X
i=1 i=
L L
=0t Dl X =P Wt X)) L, + (102 - Zl Vi XD = Yl - 1 0 (X))
i=1 pn

,
= E(ImC0 - YP)) -1, + / I, (x) = mEOPPy(dx) - 1ye = DT,

j=1

In the second step of the proof, we show

limsupETM <0 forje{l,2,5}.

n—oo

Because of a, — oo (n — oo0) and EY? < oo it holds
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ET,, =E{|Y[" lpn(g o 1)} >0 (1= o0).
Using (a + b)? 5(1+e)-a2+(1+§)-b2(a,be R) we get
ET,, < (1 + 1) CE{|T, ¥ — Y?)
: c ,

and

1\ 1x
ET,, <(1+¢)-E <1+—).- Y- T, Y1, o (X)) 1
5. ( €) { e n;| i B, il [an,an]d( P A,
g(1+e)-<1+1)-E{|TﬂY—Y|2}.
€ ,
Because of , — co(n — o0) and EY? < oo, this implies the assertion of the second

step.
In the third step of the proof, we show

limsupET, , < 0.

If|y| < B, then it holds for any z € R
Ty z—yl <lz=yl

This implies
n
1 2
- X)—-T, Y, |"-1 (X
. ,Z‘ Im, (X)) = Tg, Vil - g, 4,1(X)

n
1
= E Z:l ITﬂnfw(’n)(Xi) - Tﬂ”Yilz . 1[—11,1,11,1]4(Xi)

IA

n
1
3 T Ui ) = Ty Y 1 X

hence T}, ,, < 0 holds, which implies the assertion of the third step.
In the fourth step of the proof, we show that the assumptions of Lemma 1 are sat-
isfied if A, holds. If A, holds, then we have

n
1
T ey
=1

Hence, if the conditions required by Lemma 1, are satisfied for a, = w®), we can
conclude from the random initialization of w(® that (64) and (65) from Lemma 6 in
the supplement, as well as (68) and (69) from Lemma 7 in the supplement hold with
¥} = ¢y - (logn)? and B, = c¢,3 - (logn)*. From this, Lemma 6 and Lemma 7 in the
supplement and the assumptions on L, and ¢, in Theorem 1 we get that (10) and (11)
hold.
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In the fifth step of the proof, we show

¢ Coq

PAY) < ﬂ_f,

To do this, we bound the probability that the weight vector w® does not satisfy

the first condition in the definition of the event A, by considering a sequential

choice of the weights in the K, fully connected neural networks which we com-

pute in parallel. In a single fully connected neural network, the probability that all

r+D+L-2)-r-(r+1)+r-(d+ 1) weights satisfy the conditions of Lemma 5
for j, is bounded from below by

2 logn  \THHEDTCRD g oo\ D
40d - (log n)? 2n? '

Hence in the first K, /(K* + 1)* many fully connected networks, the probability that
the condition for j, is never satisfied is bounded from above by

D) (s N K, J(K>+1)
1 ! CHAL=DTG4D 1100\ D
20d - logn nt '

This implies that all conditions of Lemma 5 are satisfied outside of an event of
probability

(r+D+L=2)-r(r+1) r(d+1)\ Kn/ K3+
K>+ | 1- N S . loﬁ
20d - logn n® ’

which is for large n less than

n"-logn 2 3d
l) <24 oo 2 DT

1
K2+13d-<1— S
( ) n’ n 2 p

because of (7) and 0 < 7 < 1/(d + 1). Furthermore, we can conclude from Markov’s
inequality

1

n E{=3" Y’
P{%;Y3>ﬂn§}5 e ’}=E{Y2}.

B; B;

In the sixth step of the proof, we show

limsupET;, < 0.

n—oo

We have
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1
Tre BTl

4.p2
< / P{(E{Imn(X) - Tﬂ,,le . 1[—an,an]d(X)|Dn}
0
1 % )
P X)=-T,Y.]°-1 (X)) - 1 >t 4
n lzZ]'Wln( 1) b, l| [_an!anll( l)) A, }

4.p2

1 n

< 1/4 * / P{(E{lmn(X) h Tﬁnle ) 1l—a,,,an]d(X)|Dn}
n 1/nl/4

1 © )
o X) =Ty Y"1 X)) -1, >t pdr
n ; |mn( 1) B, ll [_an,an]d( z)) A, }

We want to derive a bound for the above probability. For this, we can assume with-
out loss of generality that A, holds. Due to the fourth step of the proof, it is then pos-
sible to apply Lemma 1 and to conclude

0 0 2
W — wO| o < W — WO < ey - (logn)?.

From this and the choice of w© , we can conclude that m,, is contained in the func-
tion space

Tgf g ape * [ €F)
where F is defined as in Lemma 2 with C = ¢,; - /K, - (logn)?, B = ¢, - (log n)?

and A = ¢,y - n°. Application of Lemma 2 together with standard bounds of empiri-
cal process theory [cf., Theorem 9.1 in Gyorfi et al. (2002)] yields

P{(E{ Im,(X) =T, YI* - 1, o u(X)|D,}

R )
- = E X -T,Y.]°-1 XV -1., >¢
n - |mn( 1) B, ll [_an,an]d( l)) A, }

dfk
B c31-(logn)32 nrd(W) 3 n-t?
<8-lcy— cexp | — .
1/8 1284

By choosing k large enough the right-hand side above is for ¢ > 1/n!/4 bounded

from above by
n-t \Vn
s P\ "2s6. g7 ) = 0P\ "2s6. 7 )

Consequently, we get
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E{Ty,} <(+e)- <1L/4 +A4p7 - cy7 - exp <_25\éi4>> -0 (n— o).

In the seventh step of the proof we show

limsup E{7T; ,} < 2e.

n—oo

W.l.o.g. we assume |||, < f,. The boundedness of m, by f, together with the fifth
step imply

E(T,,} <2462 P(AS) +2 / i (x) — m(x) 2Py (dx) < 2- 442 - ‘;“ + 2.

n

Because of f, — oo (n — o0) this implies the assertion of the seventh step.
In the eighth step of the proof, we bound

ET,,.
If A, holds, then we can apply Lemma 1, which together with Lemma 8 in the sup-
plement (which we can apply if we use that the norm of the gradient of our non-

linear function is larger than the sum of the squares of the partial derivatives with
respect to the weights corresponding only to the last layer L) yields

1 n
n IZ:‘ Ve (Xi) = Yi|2 g a1 (X))

n K
1 n
<= D ) = Vi - 1w X + €3 Y (WD )7 = F ()
i=1

k=1

< F,wi D)y — — ||V F (w2

1
2L,
L

< F (W t»x_l))

F i)+ 22 T F(w) )

( ,,

2- 2-¢c,
1= F (w*) =2
+ 3 ( 7 > L((W5)™)

n n

4-cy - (Fy(w™D) = F,(wH)®=D))

2-
- F,(whD) +

i) e
=)

2 F,(w)™)

I\

<(i- 2.0\ " F O+ i 2-¢c, (- 2-¢c, k—1F (et
- L n ~ Ln L n N

n n

This implies
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’n

E{T;,} <(+e? -2 rn-E{Y2}+ L+e)? Zzl oL -
6y <A +e)- L 1+e)7- 7 L

k=1 T

(LR &) 1, ) = E(m(0) = YP) - P@4) )

+ (1+6e)? =1 E{|mX) - Y|*}.

We have

2'C2 t” _Z'Cz‘tn
1- T sexp( ——F— <exp (—c3g-logn) >0 (n —> )

n n

and

E{F,(w)“™9) -1, } = E{Im(X) - Y|’} - PA,)
1 n
- E{ n ; Viowoyinon X = Yil? 1 g, 10(Xp) - 1y,
Kll
e 2 IO P = E(meO = YP) - PA,)
=1
1 n
- <E{ n D Wiy XD = Vil - 1y o (X)) - lAn}
i=1

1 n
- +e- E{ n D Viwarin ) = Tp Vil 1y 10X - 1y, }>
i=1

1 n
+ (1 +e)- <E{ ; Z lf((w*)(r,.—k))(xi) - Tﬂ”Yi|2 : 1[—a,l,a”]d(xi) : lAn}
i=1

2.}})

+ (1 + €) * <E{ lf((w*)(/n—k))(x) - Tﬂnle * 1[_a")a"]d(X) ° lAn}

- E{E{ Viweynn @) = Ty Y1 1y g u(X) - 1,

—(1+e?- E{ Vicaworin @) = YP - 1y o 0 (X) - 1 })
+(l+e)- <E{ Wiewoyn-oyX) = Y1+ 1y o u(X) - lA”}

— E{|mX) - Y|*} -P(An)>

K/l
+ (14 = 1) E{mX) - Y} +c,- ) [w) P

Jj=1
=Tg,+ T, + Ty, +Ti1,+Tin) + Tz,

Similar to the second step, we obtain
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limsupTg, <0 and limsupT,, <O.

n—-oo n—oo

According to the assertion of Lemma 4, we know that f,. is bounded. Thus, we get
as in the sixth step

limsup 7y, < 0.

n—-oo

The choice of m and Lemma 5 imply
Tyy,/(1+¢€)?
<E{ / iwoyin@ = mCOPPy(@) - 1, }
<2- E{ / fiweyon-ioy () = )PPy (dx) - 1, }
+2 / |im(x) — m(x)|*Py(dx)
12d 6d 2
<cy- <l + K—2 + <K7 + 1) P, (RY\ [—K,K]d)> +2e,
n
from which we can conclude
limsup Ty, < - (1+ €)2<% +Py(R?\ [-K, K]d)) +2¢-(1+¢).

n—-oo

Furthermore, we obtain by Lemma 5

2
1
2 3d
S =)}

Summarizing the above results yields

In (k=1)
2.-c
lim sup Z <1 - 2 >
k=1 L,

(ELE ()" 0) -1, ) = E(Im(0) = Y} - P4,))

2‘C2
Ln

2
= Car (% + PRI\ [-K, K1) + 6) +eg - (K2 + 1) <(K2 -|1- 1)221)

and

lim sup E{T&n}

n—oo

<(I+e)? <C41 : (% +Py(R\ [-K, K1) + 6) tln- (K2 i 1)")

+ (1+¢€)?=1)-E{jmX)-Y|*}.
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In the ninth step of the proof, we finish the proof of Theorem 1. The results of steps
1,2,3,6,7and 8 imply for K — o

lim supE/ |, (x) — m(x)lzPX(dx) <cy3- €.

With e — 0, we get the assertion. O
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