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Abstract

In this paper, we focus on the hypothesis testing problem of the mean vectors of
high-dimensional data in the multi-sample case. We propose two maximum-type
statistics and apply a parametric bootstrap technique to compute the critical values.
Unlike previous hypothesis testing methods that heavily depend on the structural
assumptions of the unknown covariance matrix, the proposed methods accommo-
date a general covariance structure. Additionally, we introduce screening-based
testing procedures to enhance the power of our tests. These test procedures do not
require the use of approximate limiting distributions for the test statistics. Finally,
we obtain and verify the theoretical properties through simulation studies.

Keywords Multi-sample hypothesis - High dimension - Parametric bootstrap -
Maximum-type statistics

1 Introduction

High-dimensional data are essential to the integration of the new generation of
information technology as society develops. More and more sectors, like genom-
ics and biomedical research, will require the processing of high-dimensional
data. Runcie and Mukherjee (2013) estimated the covariance matrix of high-
dimensional genetic data by Bayesian analysis, Pan and Shen (2011) general-
ized the variable thresholds test and applied these methods to the field of genetic
data analysis. In medical research, Zou et al. (2008) proposed a fractional ALFF
approach to analyze brain data. In the area of high-dimensional big data analysis,
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both the dimension and sample size are frequently rather large, with the dimen-
sion frequently being significantly bigger than the sample size. The following is
an introduction to high-dimensional multivariate analysis of variance.

Let X, = {X“, ,Xlnl}, I {XKI, ,XK,,K} represent K groups of ran-

dom vectors, where Xij = (Xijl, ,Xijp)’,i =1,...,K,j=1,...,n;. Assume that K
is known and each group to be composed of independent and identically distrib-
uted  (i.i.d.)  observations, each endowed with mean  vectors
H = (:“11’ ey ylp),, e Mg = (,uKl, ,MKP), and associated covariance matrices
3 = (O-Lkl)lsk,lsly’ e T = (GK,kl)lgk,zgp’ respectively. In this paper, the “covari-
ance heterogeneity" means that the covariance matrices X, ..., X are allowed to
be not identical. This article aims to test the hypothesis

Hy:p=-=pg vs. Hy:p#p; forsomei]. )

Numerous studies have addressed the two-sample high-dimensional hypothesis test-
ing problem (i.e., K = 2), such as those by Bai and Saranadasa (1996), Cai et al.
(2014), Huang et al. (2021), Srivastava (2009) and Chen and Qin (2010). These
results indicate that the sum of squares-type statistics are robustly analyzed and
powerful. In situations where the covariance matrices are unknown and unequal,
Chang et al. (2017) computed the critical value using bootstrap techniques based
on maximum type statistics. Based on Bai and Saranadasa (1996); Schott (2007)
presented a one-way MANOVA test for K > 2 with common covariance matrices.
Under certain mild assumptions, Aoshima and Yata (2015) examined the asymptotic
normality of the multi-sample test statistic. In cases where the covariance matrices
differ, Hu et al. (2017) proposed test statistics for the high-dimensional multi-sample
mean vectors hypothesis testing problem, drawing upon Chen and Qin (2010)’s two-
sample U-statistic. Yamada and Himeno (2015) were concerned with the problem
of multi-sample mean vectors hypothesis testing without assuming common covari-
ance matrices. Zhang and Xu (2009) extended Scheffe’s transformation method to
get an approximate solution of the test statistic. The critical value in the traditional
hypothesis testing procedure was often calculated by determining the limiting null
distribution of the test statistics and in the high-dimensional cases, there are numer-
ous assumptions regarding the structure of the covariance matrix (see Cai and Xia
2014; Zhong et al. 2013; Kong and Harrar 2021; Srivastava 2009 for example).
However, some real data may not satisfy these structure assumptions. For example,
in Wolen and Miles (2012), we know that in the same path, the gene expression level
is highly correlated, which will lead to the covariance matrices being more complex,
thus the existing methods of hypotheses testing based on certain covariance matrices
may not be applicable.

Inspired by Chang et al. (2017) and Chernozhukov et al. (2013), we propose in
this paper several test procedures that do not rely on the covariance matrix struc-
tural assumptions. Next, we introduce the main idea in Chang et al. (2017). Let
X, ... ,X,ll eRPandY,,..., Yn2 € R? be two groups i.i.d. random vectors with
mean vectors E(X;) = u, and E(Y;) = u,, respectively. Considering the following
hypothesis testing problem
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Hy @ py=py vs. Hy:py # py. 2

For the two-sample hypothesis testing problem (2), Chang et al. (2017) proposed
two maximum-type statistics

\/”1”2|Xl— Yll \/”1”2|X1— 1?1|

_— a —,
1<i<p / I<i<p [

where 7, and T, are referred to as non-studentized statistic and studentized

statistic, respectively. Here X,=n7'Y" X; (resp. ¥,=n;'Y" Y;) and
=n' Y (X X,) (resp. 83, =ny' 32 (Y} 17,)2). Instead of requiring the

11m1t1ng null drstrlbutlon of the test statlstlcs as in earlier methods, the critical val-

ues were determined using parametric bootstrap techniques. Therefore, the multi-

sample mean vectors hypothesis testing approaches are suggested consequently.

Let X, ..., 2 be the covariance matrices and 5 1»---» 2 be the estimators of X,
, 2k, respectively. Fori=1,...,Kand j=1,...,K, deﬁne

D; = diag(niZj + ani) and Dij = diag(nif]j + njf]i>.

Now we introduce the test statistics for problem (1) as follows:

Vi (X, -X,)
Vs (X, -X;)
T, = N

\/nk—an(XK—l _XK)
Vig_1+ng

and

V- 1”KDK1/12K (XK—I - XK)

In the sequel, we call T,, and T, non-studentized vector and studentized vector,
respectively. If the infinite norm of T, or T is above a certain threshold, we reject
H,. The critical values of the proposed test are computed using parametric bootstrap
techniques, and the details are postponed in the next section.

The rest of the article is organized as follows. In Sect. 2, we present the pro-
posed test methods in detail. In Sect. 3, we establish the theoretical properties of the
proposed tests. Simulation studies are presented in Sect. 4. In Sect. 5, we present
an example of real data analysis. In Sect. 6, we have added a discussion section to
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summarize the contributions and limitations of the proposed approach. All theoreti-
cal proofs are postponed in Appendix.
Notation. Before presenting our methods, we provide some notations for convenient

use later. In the sequel, we denote |B|, = max |b,, | for any kX p matrix
1<l <k 1<L<p 12

B = (b, ). Let 1(A) be an indicator function, i.e., if the event A happens 1(A) = 1, and
if the event A does not happen 1(A) = 0. For &; = {X,, ... ,Xini}, i=1,...,K and

’ S _ ; ~ _ i > \2 .
X;= (X1, . X;,) » define Xy =n7' 37 Xy and &5 =n7' 31 (X —Xy) i

il
=1,..,Kl=1,...,p.

2 Methodology

In this section, we introduce testing methods: one based on the non-studentized statistic
and the other on the studentized statistic. Additionally, we outline screening-based test-
ing procedures for each method.

2.1 Non-studentized statistic-based test procedure

We first present the testing method based on the non-studentized statistic. Subsequently,
we employ a screening process to filter out irrelevant variables and conduct the test in a
reduced-dimensional space.

2.1.1 Non-studentized statistic-based test without screening

In this section, we detail the procedure of the non-studentized statistic based test. For
the test problem (1), we propose the non-studentized test statistic T’ as

nsmax
\/ninj|Xil - le|

T, )1/2 ’

= max
nsmax > .
1<I<p,1<i<j<K
(n; +n

which is actually the infinite norm of T',,. The estimator of covariance matrix of T,

can be denoted by R,,, and can be written in the following form:
[(1, 2,40, %)) s Z, NN
No o NPV NN
\/hony X (n321+n|£3) \/N3ng X
D _ /2,172 /2172
Rns - Np N13 Nis - N~13 Nm~
Vg i (S5,
/25172 /2172
Ny Ny N3Ny Nig

Here N; = n; + n;forl <i,j < K. The critical value can be computed by

¢ =inf{t€R:P(|W

ns,a ns | «

>1|X, ..., X) <a},
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where W, ~ N(O,R,) be a K(K — 1)p/2-dimensional Gaussian random vec-
tor. Next we aim to estimate the critical value. We generate random vectors
{w

nsifeg ~ N (0 Rm) and use ¢, , to estimate the critical value, denoted as follows:

NVIS
Cryq = inf {x ER:N D I{|W, | x<x} > 1- a}.

=1

Thus, we reject the null hypothesis H, whenever T,

nsmax — "LS a*

2.1.2 Non-studentized statistic-based test with screening

To simplify the testing procedure and improve the power of the
test, we propose a screening-based testing procedure. Define the set
S={1<IZ<p:py=py=-=pug}. We first eliminate irrelevant features
indexed by S. Thus, we need to estimate the set S. Let K, = K(K — 1)p/2, we define
the estimator of S as follows:

§= {1<l<p T < <1+{210g )\/ZIOg +\/0000210g(1/a}

where
- \/”1”2|X11 Xyl mms|Xy =Xy VK- I”K‘X(K I)I_XKI|
Ty = 1/2° 127" 1/2
(I’l26 +n1621) (n30' +I’l|631) (nKGK 1Z+n,( 16,([)

The estimator of set S is inspired by the following test. We recharacterize the origi-
nal global test with the following marginal hypothesis test: for1 <1 < p,

H()l : My = "= Hgy V.S. H][ : Hi # ﬂj[ for some i #j (3)

For the test problem 3, we define the test statistic Tg”, and thus obtain S. We next
focus only on the following hypothesis

Hyg : py=--=p vs. Hyg:p #p;, forsomei#j, 4)

where i, ..., p; are the sub-vectors of u; € R?, ..., puy € RP with the subscripts
not in the index set S, respectively. We give the test statistic

o) —

nsmax
Vi Xy = Xyl fmins]Xy, - X \/”K—aniX(K—l)l - XK1|

)1/2 e (I’lK_1+I’LK)1/2

18 (n2+n1)]/2 ’ (n3+n1
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The critical value can be denoted as follows

C = inf{x eR: P<m§1x (Wl = x|, ..., XK> < a},
all

where W, has been defined previously. We reject the null hypothesis H,g when-

ever T > Furthermore, §,, = {{+ip :i=0,1,....K(K—1)/2,l € 8§}. If

Card(8,;) = K(K — 1)p/2, we don’t reject H .
2.2 Studentized statistic-based test procedure

We present testing approaches based on the studentized statistic, considering both
screening and non-screening conditions. Subsequently, we will provide a detailed
exposition.

2.2.1 Studentized statistic-based test without screening

For the hypothesis testing problem denoted as (1), we define the studentized test statis-
tic as

V%]
= max

1<I<p, 1<i<j<K <

smax >

5 RN
n,ajl +n; O'll>

which is the infinite norm of T',. The estimator of the covariance matrix of T’ can be
denoted by R, and can be written in the following form:

L _1
D ;(n,%, +n 2)1)]; D nyn; XD, 2 D ;\fmn 2D}
& =| D:iymmZD,; D, (ngz1 +n, X, )”’5 D nng 2D}
$ _1 R | ~_, 1
D} \/nyny 2D} D n3n42 D} D, (n124 + n421)Dl4

Analogous to non-studentized statistics, let W, ~ N (O,RY), and the critical value
can be denoted as

=inf{xeR : P(|W|, = x|X),.... X) < a}.

. N, ~ ..
The test procedure is that we first generate {WSJ} 1;1 ~N (0, RS), and then, the criti-
cal value can be estimated as

NT
= inf{x eR: N Y I{|W, | <x}>1- a}.
I=1
Thus, we reject the null hypothesis H,, whenever T

smax — S a*
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2.2.2 Studentized statistic-based test with screening

Next we describe the screening-based testing procedure under studentized statistic.
Based on the screening procedure in Sect. 2.1.2, we obtain the hypothesis testing
problem 4, and next we perform the hypothesis testing with the new statistic. We
give the test statistic

o) —
Tsmax_
\/”1”2|X11 - Xyl \/”1”3|X11 - X3l \/nK—lnk|X(K—l)l = Xkl
rgfsx ( 52 4 A2)1/2’( 52 4 A2)1/2""’ > » 1/2
n,01,+n.0y n307, + n,03, (”K—16K1+”K6(1<—1)1)

The critical value can be denoted as follows:

Cog = inf{x ER: P(mgx Wyl > x| X, ... ,XK) < a},
all

where S, S‘a,, and W have been defined previously. We reject the null hypothesis H g

whenever T8 > ¢ .If Card(Sa”) = p, we accept H .

In Algorithm 1, we let @, , = 1{T, ... > &,,} and &, = 1{T,,. > 2 ). In
non-studentized test, we reject the null hypothesis H, whenever @, , =1, and in
studentized test, we reject the null hypothesis H, whenever dAim = 1. The detailed
algorithms for the bootstrap procedures for @, , and @, , are stated in Algorithm 1.

ns,a

Algorithm 1 Bootstrap procedures for @, , and @, ,

Input: {Xll,...,Xlnl},{le,...,X2n2},...,{XKl,...,XKnK}.
Output: @ns,a and @S,a.

1: Procedures

2: Compute Rns or Rs.

3: Thsmaz =

g | X —X 4
max VTG | zzl/QJz\ or
1<I<p1<i<<K | (nitny)

Vg | X=X }

Tsmaz = max > oN1/2
1<i<p,1<i<j<K (ni(rﬂ-&-nj(r“)

4: {Wns’l7 v s Whs Ny } are independent random vectors from N (0, Rns) and
{WSJ7 o W N, } are independent random vectors from N (0, RS) .
5 éns,a = inf{z € R: Nus ' N 1{ Wi« <2} > 1 —a} and és,o = inf{z € R :

N 1{ Wl S 2} 21— a)
6: qsns,a =1 {Tnsmaz > éns,a} or Qs,a = 1{Tsmaz > és,oc}~

In Algorithm 2, we let &), =1{T,, >, }and &), = 1(T;

nsmax —

>¢ 1. In
smax s,
non-studentized with screening test, we reject the null hypothesis H,, whenever
AS

@ =1, and in studentized with screening test, we reject the null hypothesis H|,
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whenever ¢D = 1. The detailed algorithms for the bootstrap procedures for @
and (D* are stated in Algorithm 2.

Algorithm 2 Bootstrap procedures for @) and @;

Input: {Xllyn-7X1n1}7{X21:-~~7X2n2}7~~~7{XK1:-~-7XKnK}~
Output: 45“ o and eﬁga
1: Procedures

2: Use T5¢ — \/mnz\fflz*)?m\ \/nlna\xufxaz\ \/"K—an‘X(Kq)z*XKl‘
: se 1~ = max ( )/2 ( )1/2,...7 > o \1/2 .
n2011+n1021 '"30'11"!""1(7'3 (nK(TK—llJ"nK*l(TKl)

to get S and ui, ., me
3: Compute R, or R,.

s _ Vg X =X
4: TnemaT - max { 1/2 ’
1<1<p,I¢ 8, 1<i<j<K (ni+n;)
s V| X =X |
T@maT - max 1/2
1<1<p,1¢ 8,1<i<j<K (n & ,+n7o'7l)

5: {Wns,l, RN WnS,N"S} are independent random vectors from N (0, Rns) and
{Ws,l, RN WS,NS} are independent random vectors from N (07 RS) .
6: &5, , = inf{x € R: PN} Y l’Iéng”|W"5’”l| 2 e|lX,...,Xx) < af and & 4 =

inf{x € R: P(N;! Z{\Ql ,max \WS wl=zlX, . Xr) < af
V¢S,

'nsoz 1{ nemarf nsa}ortpea_l{TemaTzég

3 Theoretical properties

Compared with many previous methods, the proposed test procedures do not need to
make any structural assumptions on the covariance matrix and correlation matrix and
do not require the data structure and the limit distributions of statistics. Consequently,
the proposed test methods are broadly applicable. As covariance matrices and correla-
tion matrices are unknown, their estimators are required. It is only necessary to ensure
the validity of the following equations: |R,, — R, |, = 0,(1) and |R -R|, = 0,(1)
hold, where

[(,214n,2,)  \Jm X, N R ]
Niz NN NN
VX, (X 40 25)  y/mang X
R, = NN N NN
\/%21 VsngZ, ("42 +"124)
NN N1/2N1/2 Ny

and
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_1 _1 _1 _1 _1 _1

DX +mZ)D ;) D jy\/mn; XD} D ;\/nyn,X\D }

_1 _1 _1 _1 1 -1

R =| Diynms2 D, DX +n 2D D \/nan, 2D}
1 1 1 1 1

s 1

D }\/nn, 2D} D }\/mn, 2D} D/} nZ,+n,Z)D;

In this section, we give the non-asymptotic bounds on the distributional errors
between the test statistics T, and T, and their Gaussian analog under the null

hypothesis, which can ensure the test procedures introduced in the previous section
work. Let

J=1

From Lemma 2, the following equations |[R,, — R, |, = o,(1)and R, — R, = 0,(1)
hold. As a result, we may conduct the test directly using sample covariance matrices.
The theoretical results of the article are built on the basis that the following two con-
ditions hold. Xj;, ..., X;, (i=1,...,K) are independent and identically distributed
p-dimensional random vectors and E(X;) = p;, cov(Xy) = X, let D; = diag(X,),
define the following p-dimensional random vectors U,

-1

Uy =Uy(Xy) = (Unys o Usy) =D, 7 X;i= 1, K.
Furthermore, R; is the correlation matrix of X;; and I?,- is the sample correlation
matrix of X;;. The conditions (A.1) and (A.2) will be used in the following results.
1
(A.1) max max {E(|U;;,|")}" < C,for some r > 4 and C, > 0.

1<i<K 1<i<p
(A.2) max max E(exp(C,|U;y;|")) < C for some C; > 0, C3 > land0 <y < 2.

1<i<K 1<I<p

Proposition 1 Assume that b Loees b x are any covariance matrix estimators such
that diag(i1> = diag(ﬁ», ,diag(fk) = diag(i’,(). @ If (A1) holds, then
under H ),

sup IP(IT, | > x) = P(IW, | > x| X, ..., X)) |
1

< CN7F {log (K(K = pN/2)}5 + €877 (log (K(K — 1)pN/2)}3
+6] {log(K(K ~ DpN /27 +C(pn'™ )™ flog (K(K ~ 1pN/2)):

(i1) if (A.2) holds, then under H,,
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588 L.Wu, J. Hu

sup |P(|T | > x) = P(|W, | > x| X, ..., Xp)l

x>0
< O3 {log(K(K — 1)pN/2)} + Cn™3 {log(K(K — 1)pN/2)}2*7
+CO; {log(K(K — DpN/2)}* + 1~ {log(K(K — DpN/2)}i+;

where N = n, + - + ng, Oy, =pN17%,n = min {nl, ,nK},QV =|R,—R,|.,V E {s,ns}.

Remark 1 1t is obvious that (21, e, f,() = (21, ey fK) satisfies the condition for
the covariance matrices in the proposition.

Next, we state the asymptotic results for the proposed four test statistics.

Theorem 1 Let X, = 2], X = i',( represent the sample covariance matrices.
Assume that: (i) (A.1) holds, and p = 0<n§_1N_‘s)f0r some 6 > 0; (ii) (A.2) holds

for some y > %, and log (pN) = o(n% ); then, under either (i) or (ii), we have

lim Py (T > cv,a) =a,

vmax

ny,...,Ng,p—>00
wherev € {ns,s}, N =n; + -+ + ng,and n = min{n,, ... ,ng}.
Theorem2 Let X, = 21, s = EK denote the sample covariance matrices, and

consider the sequence &,,n>1,§, > 0. As n = o0, &, = 0, and £,4/log (p) = .
Assume that either (A.1) holds with p = O(ng_lN“s) or (A.2) holds with

Ty ) “<1‘d<’;|!4i1—ﬂ,-1| .
log(pN):o(nmz). 0 If 1(-';/ i > (1+&)n(p.a) forij € (1, ..., K),
max \ou/ it/

then

im Py (T > Cpa) = 1.

nsmax
Ny, g, p—>00

And (i) if max —2Z5 > (14 \n(p, @) for i,j € (1, ..., K), then
ISZSP (0'2,/n.+0'-2,/n»>§

lim Py (T,

smax
ny,...,Ng,p—>00

> c_w) =1

Where N =n, + - +ng,n=min{n,,...,ng}, n(p,a)=1/2log(3p)++/2log(1/a)
for0<a <1

Theorem 3 Consider £, = £,,..., 2, = £ as the sample covariance matrices.
Assume that: (i) (A.1) holds with p = 0<n%‘1N—5); (if) (A.2) holds with y > L and

log(pN) = o(n% ); then, under either (i) or (i), we have
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Multi-sample hypothesis testing 589

fim sup PH()(T‘Y > cia) <a+o,(1),

v max
Ny, Mg ,D—>00

wherev € {ns,s}, N =n; + -+ + ng, andn = min{n,, ... ,ng}.

Theorem 4 Let X, = b e X = 3 x represent the sample covariance matrices,

and consider the sequence &,n>1, £ >0. As n— oo, &, — 0, and

&,V 1log (p) = oo. Assume that (A.1) holds with p = O(n%_lN_‘s),é >0 or (A2)
max | py—p;|

holds  with 10g(pN)=0(n3ryT). If ls’s”—, >0+ Enp,a) for all

2 2 3
max(oc;/n;+o0;/n;)2
199(6"/ o)

i,j €(,...,K), then we have

lim T* > ) =1;

T ) H‘( nsmax s,

if max “”;M”ll > (1 + e:n)n(p, a)foralli,j € (1,...,K), then we have
S (o2 nraim )

lim PH<TS >c‘j)=1.
Apsitgpoo LA SMAX T msa

Where N =n,+ - +ng,n=min{ny,....,ng}, n(p,a)=+/2log(3p) +1/2log (1/a)
forO0<a<1.

4 Simulation studies

In this section, we present the findings derived from the multi-sample hypothesis
testing simulations. For the sake of simplicity, we only present the results of the
three-sample case. The simulation results include the following four methods: non-
studentized test without screening @, ,, non-studentized test with screening difm,a,
studentized test without screening @, ,, studentized test with screening @; .. To
show the performance of the proposed tests, we compare them with the method
proposed by Hu et al. (2017), denoted by T""""¢. We generate samples based on
different sample sizes and dimensions. The empirical sizes and powers are based
on 1, 000 replications. To produce samples and compute the critical values for the
suggested test, we use the sample covariance matrix and the Monte Carlo approach
based on M = 1,000. The four models are of the following forms.
Model I: Let Xij = EiZij +u, i€{l,2,3},j=1,...,n;, where X, = II,, and
Z;,= (Ziil,...,Z,/,,)’ . Z;;'s are independent random variables which are distributed as
distribution: (y2, — 50)/ 10.

Model IL Let X, <7, (u.Z;), i€ (1,23}, j=1,....n, X,=D\"HD!",
where D, = Diag[D;,, s Dyl for 1<I<p, D,, ~ U(0.75,0.85),

Dy, ~ U(0.75,0.8), Dy; ~ U(0.65,0.75), H, = (1)1, Where o) =4, @, =7,
CU3 = 8, and hl,kl = O.Slk_ll, hZ,kl = 075|k_[|, h3,k/ = 0.02|k_[|
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590 L.Wu, J. Hu

Table 1 Empirical sizes of @,,,, @,,, @, ., @, . and """ at 5% nominal significance are con-
sidered when n, =n, = ny = 40, p = 100, 200, 500; n, =n, = ny = 80, p = 100,200, 500;

Ny =n, = ny = 120,p = 100,200, 500; n, = n, = ny = 240, p = 100,200, 500

n=n,=n; p Model I Model II

D D P>° qj;a Tmvue gy ) D PD* ¢ia Tumvue

ns,a S,a ns,a ns,a s,a ns,a

40 100 0.039 0.092 0.106 0.099 0.080 0.030 0.072 0.090 0.075 0.070
200 0.039 0.093 0.113 0.097 0.070 0.035 0.066 0.077 0.076 0.050
500 0.031 0.089 0.096 0.106 0.020 0.059 0.092 0.138 0.099 0.029
80 100 0.041 0.064 0.079 0.068 0.070 0.038 0.060 0.078 0.060 0.040
200 0.041 0.058 0.078 0.076 0.050 0.052 0.053 0.084 0.053 0.015
500 0.036 0.077 0.080 0.077 0.060 0.055 0.056 0.096 0.061 0.020
120 100 0.043 0.055 0.069 0.067 0.050 0.042 0.051 0.075 0.058 0.040
200 0.046 0.060 0.069 0.062 0.040 0.042 0.056 0.076 0.063 0.030
500 0.041 0.068 0.078 0.070 0.070 0.034 0.048 0.076 0.054 0.033
240 100 0.04 0.051 0.06 0.056 0.033 0.042 0.050 0.062 0.052 0.040
200 0.045 0.065 0.066 0.065 0.063 0.053 0.042 0.072 0.049 0.047
500 0.047 0.059 0.061 0.059 0.043 0.043 0.046 0.063 0.046 0.027

Table2 Empirical sizes of @, ,, ®@,,, @, ., @, , and T at 5% nominal significance are con-
sidered  when  n, =n, =ns = 40,p = 100,200,500; 1, =n, = ny = 80, p = 100,200, 500;

ny = n, = ny = 120,p = 100,200, 500; n, = n, = ny = 240, p = 100,200, 500

no=nm=n; p  Model Il Model TV

D b PD° ¢3§ . Tm™vue g ) D P* 45; . Tumvue

ns,a s, ns,a ns,a s, ns,a

40 100 0.035 0.067 0.091 0.074 0.040 0.043 0.090 0.093 0.090 0.060
200 0.046 0.055 0.106 0.067 0.090 0.050 0.098 0.099 0.110 0.030
500 0.052 0.084 0.124 0.088 0.060 0.034 0.098 0.100 0.104 0.110
80 100 0.040 0.053 0.079 0.053 0.100 0.035 0.055 0.073 0.070 0.050
200 0.040 0.059 0.086 0.067 0.060 0.040 0.073 0.080 0.079 0.040
500 0.047 0.059 0.083 0.059 0.063 0.038 0.062 0.072 0.070 0.040
120 100 0.052 0.043 0.084 0.053 0.065 0.048 0.055 0.070 0.064 0.080
200 0.043 0.071 0.073 0.071 0.075 0.043 0.063 0.072 0.069 0.070
500 0.041 0.052 0.073 0.054 0.075 0.046 0.054 0.072 0.069 0.072
240 100 0.044 0.051 0.076 0.052 0.090 0.048 0.047 0.060 0.056 0.040
200 0.046 0.055 0.069 0.055 0.080 0.045 0.043 0.060 0.053 0.053
500 0.041 0.054 0.070 0.055 0.060 0.046 0.056 0.068 0.066 0.067

Model T Let X, <N(u,Z%) i€{l,23%j=1..n,
2, = W¥W, W,=DiaglW,, ..., W], Wy = 0.02Xi+(p—L+)/p, ¥, = (),

$h = L, = (=102 x )" ke £ 1

where
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Table3 Empirical powers of model T and model II about @, ,, @ ., @, @ , T when
n, =n, =ny =40,p =500

p Q Model 1 Model II
Qns,a Qs,a Qf” a ¢;“ " Tumvue an{ ¢L0! @fu.a ¢§_a Tumvue
0.1 0.180 0413 0470 0430 0.176 0.2 0264 0480 0.510 0.040

0.327 0.820 0.853 0.847 0.643 059 0.752 0.770 0.624 0.070
0353 0.843 0.850 0.860 0.847 0.704 0.816 0.864 0.850 0.110
10 0.440 0903 0937 0918 0903 0.822 0916 0928 0.922 0.170
12 0.637 0977 0997 0997 0987 0832 0918 0934 0925 0.250
16 0577 0952 0983 0980 0947 0864 0960 0972 0970 0.460

2
4 0.203  0.557 0.593 0.581 0.133 0412 0.602 0.634 0.624 0.060
6
8

20 0.787 1 0997 1 0994 0956 0986 099 0.990 0.540
40 0.863 1 0997 1 1 1 1 1 1 0.940
80 0997 1 1 1 1 0.9% 1 1 1 1

015 2 0307 0.856 0.843 0.870 0310 0562 0.742 0.772 0.750  0.042
0.500 0.876 0.903 0.896 0.590 0.834 0928 0942 0936 0.060
0.667 0997 0.997 0.997 0.890 0.876 0978 0098 0.982 0.150
0.643 0989 0.990 0.992 0900 0950 099 0.996 0.998 0.240

10 0.860 1 1 1 1 0972 0998 0.996 0.996 0.350
12 0853 1 1 1 1 0984 0998 1 1 0.560
16 0906 1 1 1 1 1 1 1 1 0.780
20 1 1 1 1 1 1 1 1 1 0.800
40 1 1 1 1 1 1 1 1 1 0.990
80 1 1 1 1 1 1 1 1 1 1
0.2 2 0.487 0.863 0.893 0.894 0360 0804 0916 0918 0918 0.052
0.687 1 1 1 0910 099 0992 0998 0994 0.070
6 0.833 1 1 1 0980 0984 099 0999 0998 0310
0.843 0956 1 0967 1 1 1 1 1 0.510
10 0.903 1 1 1 1 1 1 1 1 0.680
12 0953 1 1 1 1 1 1 1 1 0.710
16 0993 1 1 1 1 1 1 1 1 0.903
20 0997 1 1 1 1 1 1 1 1 0.910
40 1 1 1 1 1 1 1 1 1 1
80 1 1 1 1 1 1 1 1 1 1

Model IV: Let X; ~'N(u;, Z)), i € {1,2,3}, j=1,...,n; and X, = D\”*H.D!"”,
D; = Diag[Dy,...,D;)], for 1<I1<p, D;~U(0951), H;= )<y
hyy = 0.5““”,}12,,(1 = 0.6/, hy = 0.6,

Under the null hypothesis, we assume that g, = y, = y; = 0. Under the alter-
native hypothesis, we assume that the nonzero components of yu;,i=1,2,3 are

1 1
My = [/361,1110%(17)(& + 4+ L)] ’ My = [4/35'2,1110g(P)<i + t + i)] ’,

ny n3 n3
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Table4 Empirical powers of model Il and model IV about @, ,, @, , @, D; , T when
n, =n, =ny =40,p =500

p Q Model IIT Model IV
¢n3’u ¢S’u ¢;Yl\ N ¢A\‘ N TL[ITIVH(’ ¢nx’a ¢S’a ¢;S . ¢f . TMmVH(’
0.1 0.230 0432 0447 0440 0.093 0227 0312 0410 0353 0.107

0.530 0.767 0.820 0.810 0.160 0397 0.612 0.633 0.630 0.437

0.653 0.860 0.867 0.860 0.190 0.700 0.850 0.880 0.870 0.677

10 0.783 0.883 0.930 0920 0.213 0.733 0910 0923 0917 0.807

12 0.820 0936 0960 0947 0260 0.547 0917 0937 0937 0.883

16 0.870 0977 0977 0977 0402 0867 0927 0970 0967 0.677

20 0927 0990 0993 0993 0510 0810 0962 0987 0980 0.997
40 0993 1 1 1 0970 0983 1 1 1 1
80 1 1 1 1 1 1 1 1 1 1

0.15 2 0.547 0.742 0.767 0.760 0.110 0.480 0.707 0.717 0.720  0.203

0.710 0907 0923 0923 0.123 0.650 0.887 0.867 0.896 0.457

0.883 0967 0980 0977 0.180 0.848 0.873 0923 0.892 0.763

8 0.927 0990 0.990 0.990 0.260 0953 0966 0.983 0.980  0.907

2
4 0413 0.683 0.703 0.690 0.110 0.32 0.600 0.660 0.603 0.253
6
8

10 0.980 0.997 0.997 0.997 0370 0923 1 1 1 0.980
12 0987 1 1 1 0460 0986 0992 0997 0997 0.997
16 1 1 1 1 0.683 0997 0993 1 0993 1
20 1 1 1 1 0.890 0993 1 1 1 1
40 1 1 1 1 1 1 1 1 1 1
80 1 1 1 1 1 1 1 1 1 1

0.2 2 0.836 0908 0923 0920 0.110 0470 0.873 0.893 0.883 0.267
0953 0973 0997 0.993 0.207 0.836 0965 0973 0.97 0.630

6 0987 0990 0997 0997 0317 0.86 1 0997 1 0.923
0993 1 1 1 0407 0933 1 1 1 0.987

10 0.997 1 1 1 0520 0993 1 1 1 0.997

12 1 1 1 1 0.680 1 1 1 1 0.997

16 1 1 1 1 0900 0997 1 1 1 1

20 1 1 1 1 0963 1 1 1 1 1

40 1 1 1 1 1 1 1 1 1 1

80 1 1 1 1 1 1 1 1 1 1

L
Mz = [8,86'3,” log (p)(L + 4+ i)] *. Where &, , 6,,,65, are the I-th diagonal
ny B B i

n n3
elements of 3 1> 22 and fl3, respectively. Both u,, u, and u; have Q nonzero terms
that are sampled from {1,...,p}, respectively. Simulation results on the test
D, .. D, ¢fw’a, Qia, T""™"¢ are summarized in Tables 1, 2, 3, 4, 5 and 6.
The empirical sizes of the four models are summarized in Tables 1 and 2. The
empirical sizes are reasonably close to the nominal level of 0.05 for all the tests.

Especially for @, ,, even when the sample size is small, the empirical sizes are
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Table 5 Empirical powers of model T and model II about @, ,, @ ., @, @ , T when
n, =n, =ny = 80,p =500

p Q Model I Model 1T
¢ns,a ¢s,a djfﬂ N ¢f " Tumvue' ¢m’a ¢5,a ¢Z\ B ¢f B Tumvm'
0.1 0283 0406 0417 0410 0.150 0.170 0363 0413 0.383 0.020

0.613 0.706 0.763 0.747 0.680 0463 0.763 0.780 0.772  0.140

0.620 0.803 0.820 0.807 0.801 0383 0.710 0.760 0.733  0.150

10 0.770  0.866 0.887 0.883 0.860 0.727 0903 0.937 0.920 0.240
12 0.777 0.883 0923 0918 0904 0.603 0897 0906 0902 0.350
16 0916 0976 0980 0980 0.962 0.727 0963 0980 0973 0.540
20 0926 0970 0978 0972 0963 0.63 0956 0970 0.966 0.600
40 1 1 1 1 1 0977 1 1 1 0.990
80 1 1 1 1 1 0997 1 1 1 0.990
0.15 2 0.530 0.643 0.690 0.680 0.230 0457 0.743 0.767 0.756  0.050
0.853 0.863 0913 0.897 0.580 0578 0940 0950 0950 0.120

0.887 0943 0958 0953 0.890 0.830 0977 0980 0.986 0.190

0.967 0.990 0.990 0.990 0970 0.850 0983 0987 0.986 0.290

2
4 0450 0573 0.587 0.577 0360 0.183 0.753 0.733 0.753  0.050
6
8

10 0983 1 1 1 1 0.880 0997 1 1 0.610
12 0990 1 1 1 1 0980 0993 099 0993 0.630
16 1 1 1 1 1 0963 1 1 1 0.880
20 1 1 1 1 1 0990 1 1 1 0.920
40 1 1 1 1 1 1 1 1 1 0.980
80 1 1 1 1 1 1 1 1 1 1

0.2 2 0.87 0.883 0910 0.890 0420 0803 0893 0920 0.896 0.060
0970 0980 0.987 0983 0.820 0.753 0993 0993 099 0.230

6 0990 1 1 1 1 0960 099% 1 1 0.370
1 0997 1 1 1 1 1 1 1 0.600

10 1 1 1 1 1 0997 1 1 1 0.740

12 1 1 1 1 1 1 1 1 1 0.760

16 1 1 1 1 1 0993 1 1 1 0.970

20 1 1 1 1 1 1 1 1 1 1

40 1 1 1 1 1 1 1 1 1 1

80 1 1 1 1 1 1 1 1 1 1

still close to the nominal level of 0.05. When the sample size is too small (e.g.,
ny =n, = ny = 40), the tests @, . D, @, and 7" show a slightly inflated
result. However, as the sample size increases, the proposed test method demon-
strates improvement. It is worth noting that the screening-based tests @, , and (Dia
have higher empirical sizes. From these results, we can also find that the empirical
sizes of test T""""¢ are more affected by the model settings, which makes sense since
the test 7% heavily depends on the structure of the covariance matrix.
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D D, D T when

ns,a> ns,a’ s,a? s,a’

Table 6 Empirical powers of model III and model IV about &
n, =n, =ny = 80,p =500

p Q Model IIT Model IV
¢ns,a ¢s,a djfﬂ N ¢f " Tumvue' ¢m’a ¢5,a ¢Z\ B ¢f B Tumvm'
0.1 0.180 0420 0450 0440 0.080 0256 0350 0370 0.357 0.150

0450 0.760 0.810 0.773 0.120 0.613 0.740 0.763 0.753  0.400

0.510 0.876  0.920 0.900 0.170 0.756 0.833 0.863 0.847 0.640

10 0.500 0.827 0.873 0.830 0.160 0.800 0.892 0.903 0916 0.700

12 0.560 0923 0940 0936 0.180 0.843 0957 0943 0968 0.900

16 0.730 099 0987 0987 0330 0906 0957 0973 0963 0.920

20 0.717 0976 0990 0987 0.510 0940 0980 0980 0.980 0.930

40 0936 1 1 1 0970 0993 0997 0997 0997 0.997
80 0993 1 1 1 1 1 1 1 1 1

0.15 2 0277 0.662 0.693 0.687 0.110 0.627 0.690 0.720 0.693  0.200

0433 0.897 0903 0910 0.140 0.853 0.862 0900 0.874 0.410

0.602 0963 0983 0977 0.180 0917 0954 0967 0963 0.720

0.750 0927 0.993 0997 0310 0956 0970 0970 0.970 0.820

2
4 0270  0.620 0.630 0.630 0.110 0446 0546 0.607 0.587 0.290
6
8

10 0.810 0937 1 0.999 0420 1 1 1 1 0.900
12 0.860 0993 0993 0993 0460 0997 1 1 1 0.940
16 0.892 1 1 1 0.610 1 1 1 1 0.980
20 0970 1 1 1 0.900 1 1 1 1 1
40 0997 1 1 1 1 1 1 1 1 1
80 1 1 1 1 1 1 1 1 1 1
0.2 2 0463 0930 0930 0930 0.100 0.883 0.887 0916 0.888 0.260
0.708 0962 0983 0.997 0.270 0973 1 1 1 0.580
6 0.580 1 0983 1 0290 0994 1 1 1 0.82
0.743 0992 0993 0998 0480 1 1 1 1 0.920
10 0936 1 1 1 0.620 1 1 1 1 1
12 0.91 1 1 1 0.640 1 1 1 1 1
16 0994 1 1 1 0.890 1 1 1 1 1
20 0997 1 1 1 0980 1 1 1 1 1
40 1 1 1 1 0.990 1 1 1 1 1
80 1 1 1 1 1 1 1 1 1 1

We give simulation results for power with sample sizes of 40 and 80. The empiri-
cal powers are summarized in Tables 3-6. In model I, the powers of T“™" are
significantly lower than @ . @ ,. @ with sparse signals and small values of
My, i=1,2,3. The powers of dinsa are Tower than 7™ when ny =n, =n; =40,
but the powers of @, are significantly higher than 7" when n; = n, = n; = 80.
Thus, the proposed tests significantly outperform with sparse signals and
small values of nonzero items. As the values of the nonzero term increase and the
alternative hypothesis becomes less sparse, the powers of all tests tend to 1. Both

TMmVME
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Table7 The values of the proposed test and the estimate of the critical values we compute as following

Tests The values of the test statistic Critical value estimators
D, . 44.0500 0.5900
D, 711.5348 3.7300
difw 24.8578 0.5855
[ 711.5348 3.6765

8,

diflm and @] are more powerful than @, and @, ,, respectively. Moreover, the
difference between @’ and @, , is even greater. @  performs the best on all of
the proposed tests. In model II, when the alternative hypothes1s is sparse and the val-
ues of p;,i = 1,2, 3 are small, the proposed tests significantly outperform 7""""°. As
the values of the nonzero term increase and the alternative hypothesis less sparse,
the powers of all tests tend to 1. Both @) and @] demonstrate higher power than
D, . and D . respectively. Moreover, the drfference between @' and @, is
more significant. In model III, the proposed tests significantly outperform "™ in
sparse cases under small values of y;,i = 1,2,3 setting. Both @) and @;  exhibit
higher power compared to @, , and @, respectively. Addltlonally, the drfference
between @’ and @, is more pronounced. The powers of all tests incline toward 1
as signal strength rises. In model IV, it is also @’ and @; that performed best. In
sparse cases under small values of y;,i=1,2,3 settmg, the powers of the proposed
test are significantly better than that of 7", The powers of all tests converge to 1
when the values of the nonzero term increase and the alternative hypothesis is less
sparse. In summary, the simulation results indicate that the proposed tests exhibit
significantly higher power than T""""¢ in sparse cases under weak signal settings.
Additionally, the screening-based testing procedures uniformly enhance the power
performance of the tests and simplify the testing procedures.

5 Real data analysis

In the real data analysis section, we conducted an analysis of the rice data, which
were collected from https://www.muratkoklu.com/datasets/. The original dataset
consists of 75, 000 samples from five regions, namely Arborio, Basmati, Ipsala,
Jasmine, and Karacadag. Each sample is characterized by 106 features, includ-
ing Area, Perimeter, Eccentricity, Extent, Perimeter, etc. Within each of these
five data groups, there are 15,000 samples. After completing the data preprocess-
ing, each group retained 14,999 samples. We denote each set of sample sizes as
ny =n, =n; = n, =ns = 14999, respectively. Therefore, the total sample size is
N = 74995. After normalization of the data we performed hypothesis testing analy-
sis. The question we want to investigate was to test whether there are significant
differences in the rice data from the five regions, which is equivalent to the hypoth-
esis testing problem Hy; * py = p, = p3 = py = psversus H,;  p; # p; for some
i #j. We use 1, 000 replications when using the bootstrap method to find the critical
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values of the tests. The values of the test statistics and the approximate critical val-
ues are shown in Table 7.

From the results presented in Table 7, we find that the values of the test statistics
of the four proposed tests are greater than the critical values. Based on these find-
ings, we can conclude that there are significant differences among the rice features
of the five regions.

6 Conclusion and discussion

This article proposes four multi-sample mean vector hypothesis testing methods. For
the test problem H,, : py = -+ = pg v.s. Hy @ p; # p; for some i # j, we propose
the test statistics 7,,,,,,, and T, ... To simplify the test procedure and enhance the
powers of the test, we propose the screening-based hypothesis method. The corre-
sponding test statistics are 7> andT: . For the test procedure, instead of directly
seeking the limiting distribution of the test statistic under the null hypothesis, we
utilize normal distributions N(0,R,,) and N(0,R,) to approximate them. We then
employ the Monte Carlo method to generate an infinite number of normals with
vectors to obtain the critical values of the tests. We give the bound of T, .. (Tnax)
and W[ (IW|) as Proposition 1 when conditions |R, — R,|. = 0,(1) and
IR, — R,|, = 0,(1) are satisfied. The first type of error of the proposed method can
be controlled within 0.05, and their powers tend to 1. The validity of the proposed
tests is verified in the simulation section, and a real data analysis section is included
to illustrate the application of the proposed tests. The four methods are built upon
two maximum-type statistics, distinguishing them from previous hypothesis testing
methods that rely on the limiting null distributions of the statistics. As a result, we
only need to utilize a parametric bootstrap technique to compute the critical value of
the test. The suggested techniques allow for the general covariance structure and do
not rely much on the structural assumptions of the unknown covariance matrix. The
proposed tests are widely used because they do not make assumptions about the data
structure.

In general, the screening-based testing procedures simplify the testing steps and
improve the powers of the test, but the improvement of the power of the test @ is
not very impressive in the high-dimensional case, we will try to solve this problem
in our subsequent work, and we will push the mean vector testing method to a less
restrictive situation so that it can be more widely applied.

sloo
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A. Appendix

In this section, we present the technical proofs of the results stated in Sect. 3. Before
that, we give some auxiliary results for convenient use later.

Lemma 1 (Lemma 3.1 in Chernozhukov et al.(2013) X and Y are p-dimensional
random vectors, we assume that X ~ N(O, 21),Y ~ N(O, 22) and there exist
constants Cy > c¢; > 0 such that for every 1 <1 <p, ¢c; <oy, 0y < C,, where
oy = diag(Zl) and o, = diag(Zz). Then, there exists a constant C' depending
only on C, and c, such that

P<max X, < x> P<max Y, < x)
1<I<p 1<i<p

where A = |2 — X,|...

sup < C'AT{1Viog(p/A))}:,

x€ER

Lemma 2 (Lemma 3 in Chang et al. 2017) Suppose that n;, p > 2 and log(p) < n;,
1- _ . A .
0;1[,/2 = pn,‘ 2’ zr(X) maX(EID l/ZXl ll )l/r (ri,kl)’Ri = (ri,kl)’ ri,kl = Z;ll

(Xijk —}_(ik)(Xijl ,1)/\/Zj 1( ik — ik)z Z ( il — 1)2’ for all i=1,...,K
established.

(1) Assume that condition (A.1) holds. Then, there exist constants C,, C, > 0 inde-

pendent of n; and p such that, with a probability of at least 1 — Cz{ 9(“’) }

i)

_1
<G [V;ni 2 {log(pni)} +V; 9“*2) +V; 9,, » log(p)]

1

L,
max <‘Di ZZlDi -

(i1) Assume that condition (A.2) holds. Then, there exist constants C,, C5 > 0 inde-
pendent of n; and p such that, with a probability of at least 1 — C4ni_1,

(ST

max (‘D;%ﬁpl—% — R, ,'Ri—R[‘ > < Cs [n;%{log(pni)} +ni‘llog(pni)§].

(iii) Assume that vy, i = 1, ..., K are uniformly bounded, then for 0 <t < \/711.,
P{ a

where D, = diag(é'izl, ai> = (X

ERRE

by (- )

> t} < Cpexp(—ct) + ni_l,

- 1 .
,Xip) and C, ¢ > 0 are constants inde-

pendent of p.
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The following states the auxiliary theory of the procedures for testing the equal-
ity of means, which is based on the idea of Gaussian approximation. H,,H,, ... ,H
are independent random vectors in RX?, suppose each H; is centered and has a finite
covariance matrix E[HiH;]. Which H,; = (Hl-l, ,Hl-K[,)/, B; = diag(E[HiH;]),
61'21 = var(H;) = o;; and define

N

_1 H,'[
T, := max N 22—.
1<I<Kp ~ o,
Let Gy, ..., Gy are a sequence of independent centered Gaussian random vectors in

RXP such that each G; has the same covariance matrix as H; and G; ~ N(0, E [H ,-Hl’.] ).
The following Z,, is the Gaussian analogue of 7|, can be defined as

_1 Gil
Zy := max N 22—.
1<I<Kp O-il

i=1

For/=1,...,Kpandr > 1, define the moments

N 1/r
.- —1 r
M,(H) = max (N Z;Ewﬂl ) :

where V,=V(H) = (Vy,....Vi,) =B, H,, i=1,...,N. For 0<r<1, set
u(t) = max (ux(t), uG(t)), which is the maximum (1 — #)-quantiles of max |V, and
<i<

max
1<i<N

B, *G,

, respectively.
Lemma 3 (Theorem 2.2 in Chernozhukov et al. 2013) Assume that o, is bounded
away from 0 and . Then, for any 0 <t < 1,

sup |P(Ty < x) = P(2, < x)|

X€R

3 1 1 7 1 3 &)
< C[<M34 VMZ)NT {log(KpN/t)}s + u(®)N~2 {log(KpN/t)}2 +¢t{,

where C > 0 is a constant independent of N, p and t.

Remark 2 The bound of (5) can be easily reduced under some conditions, respec-
tively. According to Markov’s inequality, for u > 0,

i 1

P<max

1<i<N

1 > u> < 2KNp(1 — ®(u)) < u™" exp {log (KpN) — u*/2}.

Since
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: >u>§t},
X

l

ug(t) = inf{u >0: P<max

1<i<N

1
for 0 <1< 1, ug(t) < \/2log(KpN/1). If max max {E(|V,|)}" < C; for r >4

1<i<N 1<I<Kp
and C; > 0 holds, according to Markov’s inequality, for all u > 0, let

-
s

My, = {E(lmgglV,-lu)}

thus P<ma)1§v Vil > u> < u"E<max |Vi|;> =u""py . And since

I<i< 1<i<N
= 1 > : . <
uy(t) mf{u_O P(ln;;gl(v|Vl|o(> >u)_t},

1
hence uy (1) <t 7 uy . By the inequality that

o= {E(pag VL) } < dom? s (E(VAI)"

1<i<N 1<I<Kp,1<i<N
And taking = min { 1, [,uN,rN_% {log (KpN)}%] = } the bound of (5) is
1
N5 {log (KpN) )5 + 6,77 {log (KpN)) 3. (6)

Moreover, if max max E(exp(C;|‘/i,|y)) < C'6 for some C; >0, C/6 >1 and
1<i<N 1<I<Kp

0 <y < 2holds, then uy(?) < {log {KpN/t}}%.Lett = N_%, thus the bound of (5) is
N~ {log (KpN)} + N~3 {log (KpN)} 27, ™

where 6, , = Kle_g.
In the sequel, we give the proofs of Proposition 1 and Theorems 1-4. For simplicity,

we only consider the three-sample case, i.e., K = 3, and the proofs are analogous when
K>3

A. 1 Proof of Proposition 1

Because the non-studentized statistic 7,,,,, can be handled similarly, we only provide
the proof of the studentized statistic T,,,,,

for the sake of clarity. To begin with, observe
that for every x € R, |x| = max(—x, x). For ¢ > 0 and the definition of T, the distri-
bution of test statistic can be written as follows:
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600 L.Wu, J. Hu

P t

smax

>

(i
<I<p ~ N ~ ~
\/ /nl +621/n2 \/6121/1’11 +6321/n3 \/051/n2+6§1/n3

|X11 B X21| p_(ll B Xﬁill |X21 - )_(3l| > > t)

st _ Xy — Xy

bl )

—X X, —X
. L ))s)
l/n2+0'1/n3 \/6§l/n2+&§l/n3

Establish a new set of dilated random vectors
X¢ X6, X8, X L XY ,X§n3 taking values in R?, given by

>
< < max ( - Xy B Xy — Xy >
11/”1 +63,/n, \/6'fk/”l +63,/n,

122> 210 20, X310

Xii = (Xlezl’ Xle12p>/ = (X,w _X/li)/’
X5 = (ngl’ X;zZp) = (X,Zi’ _Xlzi)/’
X5 = (Xgll’ ngzp>/ = (X/3i’ _X;i),'

From this point of view, we have P(T,,,,, > t) = P(T¢, > t), where

!
e _ -1 e Ae —1 _ ve 2
X =n leil’ 11 = Z(Xm Xl)
i=1

X{, - Xe

T¢, = max

s1 <Ig :
S S 5 Iy

ny

ve -1 e ~e -1

X5 =n, szw ("21 =n, Z i ’
i=1

¢ — max Xfl _Xiz .
27 1<i<p 2 2
¢ (65)° /my + <&;,> /n;
-1 e 2
=ny Z 3il° =ny Z( 50— X507
T¢, = max X;l _ X;,
s3 1<i<p 3 ’
\/(86 ) /ny + (857 /n;
Tsemax = maX(Tsl’ Tr2’ T 3)
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Multi-sample hypothesis testing 601

Without loss of generality, we only need to focus on
+ — max { Xll _)_(2[ Xll _XBI XZI _X3l }
smax - 1<j< ~ ~ 1727 /. n 127 /. ~ 12
== U (67/n) +83/ny) (65,/m +63,/n3) (63,/m +63,/n3)

Let N = n; + n, + n;, denote by

n n n n
2 1 2 1 2\ 2 1 A2 142
s, = o, +—o 5 =—\|067,+—¢6 l=1,...,p
1 N< ", 21)’ 1 N< ", 21)’ T

2
ST R ST
D] = . 5 N D] = 5
51 5
n n n n
2_Mmf 2 Mo\ o _ (. 1 A2 _
S N< ut ‘731)’ $21 N< Tha n °’31>7 [=1,...p,
2 2
521 ) 521
D, = , I D, = )
S2p S2p
n n n
2 _Mf 2 M o\ o _ M., M., _
TN <‘721+ 0 "31>’ TN <Gzz+ s %1>’ [=1,...p,
2 2
531 R 531
D3 = ) N D3 = )
53 5
And
D, D,
p=| b, |.b=| b,
D, D,

First, we define a pooled sequence of random vectors {ai

Il
—_
R
RS
o3
S}
S~—"

——
=z
o
7]

follows:
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a; =
Ipxp Xli - H
Ly [Xli_ﬂl]= Xy | I<i<ng
| Vrxp 0,
o - n
nzlpxp _Z(Xﬂi—nl) - /‘2)
H o0 |[Xaiony = 12| = 0, L mAl<i<ng 4ny
L Ip><]7 i X2(i—n|) — Hy
0pxp 0,
g Ay ——"—‘(X- _,,) l<i< .
ny PXP 3(i—nj—ny) ~ M3 | = 1y \ 3=y —ny) 3), np+ny+1<i<n +ny+n;s;
_n nx
L™ ny PP _E 3(i—ny—-ny) H3

~ - A ~-1/2
a,=D l/zai, ;=D " a,.

L

By the above notation and under the null hypothesis H|,, we have that

N
T* =N71/2 maxz @

smax 1 < Il S3P i=1

5(][ _}_(21 Xll _}_(31 5(21 _5(31

- ]rrsl;%g; 2 2 172> 5 2 1727 ¢ o 2 172
(‘711/”1 + Uzl/”2) (‘711/”1 + 631/”3) (021/”2 + ‘731/”3)

and
N
Tt =N"Y2 max oy
smax 1<I<3p i=1
Xy — Xy Xy — Xy X — X3

= max

1<i<p ~2 A 1/2° /.o A 1/2°
(‘711/”1 + 621/"2) (‘711/”1 + 631/"3)

« N 1/2
(63,/n2 + 65/n3)
Conditional on {X, &,, &3}, the 3p-dimensional random vector

/. . . . .
W, = (WS] yeens Wﬁp) is a centered Gaussian random vector with covariance matrix

R, Let

+ = max W.

smax 1<I<3p N
We will demonstrate that the distribution of TF is sufficiently close to the condi-
tional distribution of Z  given {X), X, X3} with high probability. We define the
following random vectors. When1 <i <ny,letg; ~ N(0, X,),

,EN

Xp ~
G, =|1,,|(g;) and G, =D™'/*G,.

i PXp
pXp

=]

Whenn, +1<i<n +ny,letg ~N(0,%,),
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ny I
nzlep

L

g and G, = D7'/*G,.
Whenn, +n,+1<i<n +n,+n;3letg; ~N(0,Z3),

G =| il |g and G, =D"'G,,

By the notation of G; and R,, we define

" N

1 ~
= max N 2 G,

smax 1<I<3p i=1

Note that Z* ~and T are random variables. By Lemma 3, we have the following
Berry-Esseen type bound

d = sup

XER

P<T:max S x) - P(Zs*max S )C) |’ (8)
where the order of d depends on the moment conditions imposed on «; as described

in (6) and (7). For the Gaussian maximum Z;  and Z:max given above, obtained
from Lemma 1 to bound:

1
d=sup|P(Z <x)-P(Z <x|X1,X2,X3)|§C8§{1+log(3p/95)}§,

smax — smax —
X€ER
)

where ©; = |R, — R,|..For 0 < 1, < %, define the event

enl,nz(IIZ) = {}213';; < t12’v = 1’2}

On 6n|,n2(t12)’we havel — 1), < (fv”/sll)z <1l+1t,foralll=1,...,p. The inequal-

A2
&_1

2
O-vl

ity 1 + %/4 - %;42 <@ +,u)1/2 <l+ %,u holds for y > —1, and thus, we can apply
the inequality for 0 < #,, < 1/2 to obtain that

5 to(1+1¢

S 1‘ < 12( 12) .

RNy 2

Stl:?,’ V= 173}9

1<i<p

5n],n2(t12) c Anl,nz(t12) = {max

Similarly, we define the event
A2
O-vl
— -1
o2
vl

gm,nz (t13) = {{Elag;;

and
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604 L.Wu, J. Hu

< ty3, v=2,3}.

. t;(1 +t3)
e”h"} (t13) c A”l’”3 (t13) - {Pﬁllaﬁ)[g |SZI/S2[ - 1| = %}

A2
&_1

O-vl

£"2~”3 (t23) - { 1H_<11as);

We have that

and

Epn(13) €A, , (123) = {{222 [331/83 = 1] < — [

Apply Theorem 3 in Chernozhukov et al. (2015),

P(x—e<Zz:, <x)<4e(l+Q2log(3p)'/?) := 4,. (10)

X

Consequently, combination of inequalities (8) (9) (10) gives, for arbitrary x € R and
>0,

smax smax

P(Toae > %) S P(T5 > x =€) + P((T0 = Tio) > )

<sup |P(T: >x—¢)—P(Z >x- e)'
X€R
+ P(Z:max > X - 6) + P(T:r—nax - T;kmax > 6)
Sd+ A+ PZ, > PTG, — 15,0 > ©)
<d+ A +d+PZ > XX, X, X))+ PATY —T5 ) > é).

(11
From the above inequalities, we can get the following conclusion

P(T! >x)=P(Z5 >x|X, X, X3)

Sh smax

<d+d+ A +P((TF —TF )>e).

smax

Similarly, we can get the inverse inequality as follows

P(Z} . >x)=P(Th  >x|X)., Xy, X)) <d+d+ A +P((T:, —Th ) >e).

smax smax smax

Thus, we can obtain the following result. For every x € R, we have that

smax smax

XER (12)
<A +d+d+max {P((T} T V>e),P((T: —TH )>¢€)}

smax smax smax smax

Sup |P(T5, > %) = P(Zh,, > x|, X, &)

The next major task is to calculate the probability of

P(Tt —T: y>¢) and P((TS  —-T! )>e¢

smax sma. smax smax ) :
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Multi-sample hypothesis testing 605

Under the null hypothesis, we know that

\/"1”2()_(11 _Xzz) ~ max \/”1"2(5(11 _Xzz)

1<I<p

1<i<p ) D
n,o4, + n,65,

< max |8,,/s), — 1|\/”_1’D1,2(ﬂ1 - f‘Z)L’

1<I<p

o, + 0y, (13)

\/”1”3(5(11 - 5(31) \/”1”3(5(11 - 5(31)
_ —max ————

mlax ;
1<i<p D ~2 I<i<p
n30'”+n1631

< {Islfg) |81/ 52 — 1|\/n1|D1’3(ﬂ1 - ,13)|0(,

”30-%1 + nlagl (14)

VM3 (5(21 - }_(31) ~ max V123 (5(21 - 5(31)

1<i<p

1<I<p N N
ns agl + ”20'§,

< max |83,/s3 — 1|\/n_2|D2,3(IA42 - /A‘S)L(’

1<I<p

n30%, + my03) (15)

where

A~ N ny A N a Ny ~ A N ny ~
D12=diag(21 +—122>, D23=diag<22+—223>, D, =diag<21+—123).
’ ny ’" ns . ”

By the above definitions, we obtain that
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606 L.Wu, J. Hu

PUTY =T > €)
(X, — X nna (X, — X
| VKX)o VKX)o

1<I<p — 2 smax 1<I<p 2 — smax
\/ 1207, + 105 307, +n, 03,
Vs (le - X3z) ;

max —  — T > €

Iisp [ 4 A smax
n26§l+n3a§l

£/ X, -X
staxM—T* > £ |+ P| max

1<I<p 2 2 Smax 1<I<p
07, + 1,6y,

Vs (Xy = Xy)

Vi (Xll -Xy) _

smax

~2 ~2
n3oy, +n10'3l

+Plmax —— - T" >¢
1<I<p 2 o) smax
n365, + 1,63,
Vi (Xu - le) Vi (Xll - Xzz)
<P {nlax——lmlax— > €
<I<p A2 A2 <I<p 2 2
n,6,,+n,65, ny07,+ 1,05,
ann3(X” _X3l) \/”1”3(X11 —X31)
+P|lmax ————  — —max — | > ¢

Isi=p ) ~2 == 2 2
n367, + 1,63, nyoy, +ny03,
V23 (le - X3l) AV (le - X31)

+Pljmax ——  — —max —— | > ¢|.

1<i<p ~ R 1<i<p
”3051 + n20'§l n, 0'221 + n20'§1

Similarly, the following inequalities

\/”1"2(5(11 —5(21) \/”1”2()_(11 —5(21)

P(T* —T' )>¢g)<P||max — max >

smax smax 1<I<p 1<ig
<I< A2 ~2 sisp 2 2
n,01, + 1,03 ny01, + 103

\/”1”3(5(11 —5(31) \/”1"3()_(11 —5(31)

+ P| [max — max > €

1<I<p 2 D 1<I<p ) )
n30'”+n163[ n30'”+n1031

ARG (5(21 - 5(31) V723 (5(21 - 5(31)

+ P| {max — max > e

I=i=p ) ~2  lsi=p 2 2
n365, + n,63, n365, + 1,03,

can be obtained. Thus, P(TT —T* )Y>ege)and P(T* —TF ) > ¢€)canbe con-

smax . smax A smax smax
trolled by the same boundary. First, we consider the upper bounds of
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Multi-sample hypothesis testing 607

It follows that

\/”1”2(5(11_)_(21) — max \/”1”2(5(11_)_(21)

Pl i
n26 +n16 n26 +I’l16
A-1/2 B
< P({lng}ag; s_” -1 1.2 ( ”2 } r]{An1 nz(t]2)}> <{A"1 nz(tlz)})
—1/2 . t,(1 +112) A
< P VDY )| P2 5 ) (s ()
A-1/2, N 2¢e c
= P({Q,as’; o (= ﬂz))“ = PRIET! _le)) +P<'9n,,nZ (ﬁz))‘
(16)
By Lemma 2
2e 4¢2 1
D >—— )< —— )+l
<1rr<11a<); \/_| 2l |°‘ T+ f12)> B CpeXp< C’fz(l + ’12)2) R
a7
A2 2
< u
and P( (t12)> < P<}r<1]aS>I(7 o 1‘ > t12> +P<{r<11a<); 1‘ > t12>.Let
1, < max {v14n {log(pnl)} + ver,{]“p + V1r v, p 102(P),
Vo {log(omy)} +12.60%, 412 Oé?plog(p)},
we can obtain that
P(eg () <cln! L0 ) 4 elng +6,%), (18)

1-L 1-L
where 0, , = pn, 2 and 0,,, =Drn, 2. From (13), (16), (17) and (18), we have that

\/”1”2(5(11 —le) \/”1”2(5(11 —Xzz)

max — max

> €
1< 1<I<
’ n,8%, +n,6, i \/mo1, + 103,
< cpexp —CZL +n1‘1+c{ 0,;1*2,,} +c{n2 0,;2“,,}
11, (1 +115)?

The bounds of terms

19)
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Vs (5(11 _)_(31) \/”1”3()_(11 _5(31)

P| [max — max > € (20)
1<i<p ) A2 1<i<p 2 2
n3oy, + n,03 n3oy, +n,03

and

Va3 (Xzz - X31) V3 (le - X3z)

P| [max — max > 21
1<i<p A2 A2 1<i<p 2 2
n30y, + n,03, n305, + n,0%,

are analogous. Combining the results of the three parts, we obtain that

max{P(T* —T* )>e),P(T* —T" )>e)}

smax smax smax smax
4 62 . . 2 . 2
- - +2 - 2
< Cp exp —Cm +l’l1 +c l’ll + 0,,1’[, +c l’l2 +0n2,p
12 12

42 . o o
+Cpexp| —c5—————= ) +n] +cyn] +6,7, r +cyny +6,7,
(1 +153)? ! ’ 3

4¢* -1 -1 5 . 5
+Cpexp| —c———— | +n, + c{n +0,7, p4+cqny +0,7 5.
< 133(1 + [23)2> 2 2 2.0 3 3P

Lett = max (tlz, 11313 ), we then have that

max{P((T} —T: )>e),P(T; —Tr )>e¢)}
<Cpexp <—0L> +n]t + c{n'1 + 6"%2 } +n7!
B 2(1 + 1)? : ! ke L2

2 2
+c{n;1 +0,") } +”2_1 + c{n3_1 + anp}

Lete = cr(1 + 1){log(pN)} 3, thus
4, < 4c(1 + 1) log 3pN).

By Lemma 3, we can solve for the bound on d:

1 1
d< C<N‘§ {log(3pN)} ¥ + 67 {log(3pN) ) >
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Multi-sample hypothesis testing 609

where N = n; +n, +ns, 0y, = pN -3, Substituting the above result into (12) gives
the result of Proposition 1 (i). Under condition (A.2), the proof is similar, and thus,
it is omitted. a

A.2 Proof of Theorem 1

The proof of the case of non-studentized test is similar to studentized, and thus, we
only give proof of the test based on studentized statistic. Recall that

Coo=inf{tER : P(|W| >11X), ..., X) < a},
then it follows from Proposition 1 and Lemma 2 that, under (A.1) or (A.2)

1P, (Tynar > Coa) = P{UW,loc > ¢l X), Xps 25150,

smax

as N — oo According to Theorem 3 in Chernozhukov et al. (2015), we know the fol-
lowing inequalities hold

a > P(IW > ¢ Xy, Xy, X3)
and
P(IWlo > €4, Xy, )
2 P(IW,lo > 0 = N7X, X, X3) = Pege = N7 SIW,| S0l X &)
> o — CN"'{log(3p)}}.
Thus, we have that

lim PHO(T >c,) =0,

smax
ny,ny,Nn3,p—>00

which completes the proof of Theorem 1. O

A.3 Proof of Theorem 2

For the statistic T,,,,,,, the proof is similar, thus, we only give the proof of the test
based on T,

wnax- Recall that forl <i<j <3,

?12\/”1”2({(1 —):(2) &21
Topar = 1313\/”1”3()_(1 _)_(3) , 5n,.,n,.(fij) = {fﬂﬁ’; la_; -1 <t v= l',j}-
Dzs\/”zna (Xz _Xs) v

Let W,| X}, X,, X3 ~ N(0,R,), Borell (1975) showed that for every u > 0,

X
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610 L.Wu, J. Hu

2
P{|Ws|o< ZE(|WS|0<|X1’ A, X3) +ulX,, &, X3} < exp <_u?> (23)

From the properties of the distribution of |W |, the following inequalities hold
E(IW | |X;, X, X5) < (1+ {210g3p)} ™) {21og(3p)} 2,

which implies

Coa S 11+ {210g(3p)} " 1y/210g (3p) + V2 log(1 /). (24)

Thus the following inequalities hold:
P(T e > Cg) = P(TH
> P75, > (14 (2102 (o)) F + (2102 3p)) 7 Jn(p, ),

smax
‘Enl,nz (t12)’ Enl,n3 (t13)’ Enz.n3 (t23) )

zl—P(T,+ < <1+{2log(3p)}—% +{2log(3p)}—i) o, a)) ( nlnz(tlz))

smax

—P<fﬁl n;(tn)) _P<fﬁ7 n;(t23))
Vi |Xy, = Xyl

> 1 —P<m x S < (14 (21ogGp) 7 + {2log<3p>}‘i)n(p,a>)

> Cgq)

I<i<p nza + 1,6,

<I< 52
I<i<p n30' +n,063,

v/ X, -X i 1
(max MLl (1+{2log(3p>}‘4+{21og<3p)}‘z)n(p,a)>

Xy — X 1 ]
—P(max a3 1Xor = Xyl <(1+{210g(3p)}_4+{210g(3p)}_2)11(p,a))

1<i<p n30' + "2‘731

—P<5f11,n2(f12)> —P<5fll,n3(f13)> —P<5ﬁz,n3(f23))~

(25)
Define the following equations
2 o 6/'21 2 & 613 .
L = arg max ‘71, |,u,, uj,|, cp=—+—,06,=—+—,1<i<j< 3.
1<i<p oompoom Y oo

Forl <i<j<3, 0<t,j_

then on the event g, , (tu)’
(R Y

assume without loss of generality that Hir, = Hjr, > 0,
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Multi-sample hypothesis testing 611

il Xy — Xl (XiLI_-,- - ﬂiLU> - (Xlej - #jL,-j> Hir, = ML
max >

i

1<i<p Oy 6y
L;i L.i
) ) il i
(njcril + nio_jl)

(XiL[j - ﬂiLg> - <)_(ij - MjL,j)
b +

aLijij

o=

-1 M‘Li- — ”.'L,--
(1 + ltzj) #
2 OrL,ij

Combining the above inequalities, let (1 + {21og(3p)}‘5 + {210g(3p)}‘§):1(p, ) =C,,»

we have that

25y 5 1 - pFn T Hor) = P, = o)
Op,12

P (XlL13 - ”IL,3) - (XaL13 - /‘3LI3)

0L,13

P ()_(sz3 - ﬂ2L232 - (X3L23 - ll3Lz3) + (1 + t23/2)_1 Hor,, = M31,,
01,,23

01,,23
_P<E§|,n2(t12)> _P<£;|,n3(tl3)> _P<£;2,n3(t23))'

1ML, — HaL
+ (1 + t12/2) PZe e
OL,12

—1HiL,, — H3L
+(1+15/2) ——=
0L,13

<C,,)

<G,

<G,

pn

(26)
Furthermore, we choose uy, = uy;,, ,, Ujz = U3, Upz = Up3, , Such that

1+6,=(1+ tij/2)<l +(21og (3p)) i + (210g(3p)) 3 + ulj),l <i<j<3.

For &, > O such that §, — 0 and &,4/log (3p) = o0, 1 < i <j < 3, we have that

max 0= U
1<i<p IM[I /’ljl|

- > (1+41,/2) (1+ (2102 Gp)) 7 + (21og (p)) 7 + 1y )1, ).
(61,21/nl- + crj%/nj)2

By Lemma 2, the following inequalities are obtained to deduce (26)

P<fﬁl,n2)(t12) +P<£fll,n3>(t13) +P<522,n3)(f23)

2 2 2
<cin'+ 0,;;;} +c{n;1 + 0,;;;} +c{n;1 + 0,;;;},

where

| 1 2 2
- 2 73 3427 4 207
j < max {ani 2 {log(pn,-)} 2+ v, 0,0 + v, 0, , log(p),

_1 1 Z 2 o
Vi, {log(pn)} = + V2,077 + 20, , logp) | 1 < i <j < 3;
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and under condition (A.1) with p = O<n§_1N‘5>, thus p = O(nf_l_g),i =1,2,3,

we can get 0, , = 0(n1_5>, op 0( %), 0 i = O(n;‘s). Under these conditions,
2 26

forl <i<j<3,lety; < {ni (’”),nj 2 }, we have that

2 26
P(ec (U)><C{ +n, (’+2)}+C{ +n, (’*2)}.

Summing up the above equations, we have the following inequalities

(26) > 1— P( (Xlle B 'ulleg B (XZle B 'MZL]z) < —Mlzﬂ(p, (X)>

Op,12
1LH I‘lLH (XaL13 - /43L13>
< —u13"l([7, @)
0'L,313
Xor,, = ML (X3L — M3 )
23 2? 23 23 S _uzsrl(p’ a)
L,323
( (f12)) — P, nw(t13)) _P(6n2n3(t23)>
> 1= C e—culzlog(p) _ sze—culzlog(p) _ C23e—cu23lag(p) _ l’ll_ln;l n;ln;l

=ty = P(es ) (02) = P(€5, 0, ) (113) = (e, ) (1) = 1.

Under (A.2), forl <i<j<3,let

2
7

~ 1

ty = max{n (1og (pn;))* + 1" (1og (pn))n *(log (pn;))* + 7" (10g () " ).

thus

P<521,n2(’12)) +P<£;]’n3(t13)> + P(eflm(tﬂ)) <cny' +eny' +eny'

Following from (25) and (26), we can get the conclusion. a

A.4 Proof of Theorem 3

Define the event By, ={$={1L...p}}. By = (T, > 1+ (2log(p)) ™)
v/21og (3p) + /0.0002 log (1/a)} and A={T,n > (1+(210gGp)}™")
\/21log (3p) + /2 log (1/a) } Under H|, we have that Py, (B5,) < PHU(an)~ By
the fact that

Py (By,)=Py, (B, NA) + Py (B,, N A°),
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Multi-sample hypothesis testing 613

and

PHO{ {Tssmax > Cia }’ Bln } = O’

we can obtain

PH() { Timax > Ci,a } S PHO{ {ijax > ci,a }’ Bl" } + PHQ{Bin}’

< PHU{ {TS > ¢ } B,n} + Py {By,} < Py (By, NA) + Py (By, N A,

smax 5,0

Thus, we have that

lim sup PH(J(T‘ >’ )S a+o,(D).

smax $,a
1y, 1y,13,p—>00

The proof of the non-studentized analog T} can be constructed similarly, and

thus, we complete the proof of Theorem 3. O

A.5 Proof of Theorem 4

Define the set B, = {Tsmw =T . }, and we know that

5 { \/”1”2|5(11 =Xy \/”2”3|X21 - Xy \/"1”3|X11 - X3 }
= max .
18

smax — (n26-121+nl&§l) ’ (n36'§l+l’l26'2) ’ (n36'12[+n16'2)

3l 31

Because

o < (14 {210g(3p)} ") V/210g(3p) + /2 log(1/a)

and lim, I cw) =1, we have that

T ,11y,13,p—> 00 PHI ( smax

lim Py (T;‘m > (1+ {21og(3p)} ™) v/210gGp) + V2 log(l/a)) =1,

ny,ny,Nn3,p—>00

B;

¢ ) =0.Because S, C {1,...,3p} and the fol-

which implies lim, , ,, e Py (
lowing three equations

P(max {lell > cm}) SP(Wly > ), ¢ =inf{t€R I P(W(| 21 < a},
!

all

. =inf{tER : P(max |Wy| > 1) Sa}’

Sall
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we have that ¢f < ¢, ,. Then, we know that

PH] <T¥Ymax > Ci‘,a) 2 PH] { (T::max > ci,a)* 83"}
2 PHI {Tsmax > Cs,a’ B3n} 2 PHI {Tsmax > Cs,a} - PHI {B_’C’m} - 1’

as n,n,,n,, p — oo. Similarly, the proof for 7°¢ is similar, and then, we complete
1> 725743 nsmax

the proof of this theorem. O
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