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Abstract
The Gibbsian T-tessellation models allow the representation of a wide range of spatial 
patterns. This paper proposes an integrated approach for statistical inference. Model 
parameters are estimated via Monte Carlo maximum likelihood. The simulations 
needed for likelihood computation are produced using an adapted Metropolis-Hast-
ings-Green dynamics. In order to reduce the computational costs, a pseudolikelihood 
estimate is derived and then used for the initialization of the likelihood optimization. 
Model assessment is based on global envelope tests applied to the set of functional 
statistics of tessellation. Finally, a real data application is presented. This application 
analyzes three French agricultural landscapes. The Gibbs T-tessellation models simul-
taneously provide a morphological and statistical characterization of these data.

Keywords  Gibbsian T-tessellation · Monte Carlo Maximum Likelihood estimation · 
Pseudolikelihood · Global envelope test · Agricultural landscape

1  Introduction

A planar tessellation of a bounded window is called a T-tessellation if all its inter-
nal vertices have three adjacent edges, two of them subtending a straight angle. 
T-tessellations may represent various spatial patterns: cracked soil, burnt wood or 
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agricultural landscapes (see Fig. 1). Random T-tessellation models allow for spatial 
variability of such patterns, generating cells with different sizes and shapes. One of 
the first random T-tessellation models was proposed by Gilbert (1967) to represent 
needle-shaped crystals. A variant of the model using rectangular cells was studied 
by Mackisack and Miles (1996). The STable with respect to ITeration (STIT) tessel-
lation model was proposed by Nagel and Weiss (2005) for modeling random crack 
networks. STIT tessellations are constructed by successive division of tessellation 
cells in a particular manner. Another example of a random T-tessellation was pro-
posed by Arak et al. (1993) in their paper on a random graph model. For particular 
choices of its parameters, the model yields T-tessellation patterns.

In recent years, studies in environmental sciences have attempted to link agro-
ecological process dynamics to the features of agricultural landscapes. There is a 
real need for models that are able to describe and to integrate the morphological and 
statistical characteristics of agricultural landscapes. The paper by Poggi et al. (2018) 
presents an overview of landscape modeling challenges in agriculture. Within this 
general context, the work of Kiêu et al. (2013) introduces the Gibbsian framework 
for T-tessellations. First, a reference measure is proposed. This measure can be 
thought of as the most random T-tessellation. Next, with respect to this reference 
measure, Gibbs probability densities are built. These Gibbs densities make it pos-
sible to consider the geometry of each cell of a T-tessellation and to take interactions 
from cell to cell into account. The paper also describes a Metropolis-Hastings-Green 
(MHG) dynamics that is able to sample such models, together with the correspond-
ing convergence results.

The present paper completes the previous work with the necessary statistical meth-
odology. Based on the previous MHG dynamics, Monte Carlo maximum likelihood is 
performed. At the same time, pseudolikelihood parameter estimation for T-tessellations 
is built. Its role is to be used as the initial condition for the Monte Carlo inference in 
order to reduce computational costs. Model assessment is done via global envelope 
tests based on the estimation of the distribution function of the statistics that character-
ize the geometry and the spatial arrangement of tessellation cells. Finally, three French 
agricultural landscapes are analyzed with the proposed tools.

The use of tessellation methods for modeling agricultural landscapes was first put 
forward in Gaucherel (2008) and Le Ber et  al. (2009). The landscape representation 
in these approaches is based on Voronoi tessellation and its generalizations (Okabe 
et  al. (2009)). In particular, the random tessellation models that allow interactions 
between neighboring cells are of interest in this context. Examples of such models 

Fig. 1   Examples of spatial patterns that may be represented by a T-tessellation: a cracked soil, a texture 
of burnt wood, a mosaic of agricultural fields



449

1 3

Statistical inference for random T‑tessellations models

are Gibbs-Voronoi tessellations (Dereudre (2019), Dereudre and Lavancier (2011)) 
and Gibbs-Laguerre tessellations, explored in Seitl et  al. (2021) for modeling three-
dimensional polycrystalline materials. In Le Ber et al. (2009), a Gibbs-Voronoi tessel-
lation was proposed for landscape modeling. The centroids of the cells of an observed 
agricultural landscape were considered. A Voronoi tessellation was computed for this 
configuration of points. A Gibbs interaction process was fitted to these data. The inter-
actions take the relative position of the cell centroids into account. The proposed model 
may be used to differentiate between several types of agricultural landscapes. However, 
this model does not really characterize the geometry of the observed landscape since 
such a landscape tessellation is not Voronoi. The Gibbsian T-tessellation model makes 
it possible to take the spatial variability of landscape patterns into account by direct 
integration of landscape features into the model definition. The statistical methods pro-
posed in this paper enable direct model fitting to the observed landscapes and allow 
simulation of tessellations that inherit the observed characteristics of real landscapes.

The plan of this paper is as follows. Section 2 provides the basic definitions and 
describes the construction of the Gibbs model. The model simulation algorithm is pre-
sented in Sect. 3. In Sect. 4, the estimation issue is considered. The maximum like-
lihood estimation is briefly presented. For the pseudolikelihood approach, introduced 
for the Gibbsian tessellation model in the unpublished preprint, the construction of 
the estimate is given in greater detail and includes the description of the theoretical 
results obtained in Kiêu  and Adamczyk-Chauvat  (2015), as well as the optimization 
algorithm of the pseudolikelihood function. Section  5 presents the construction of 
the global envelope test applied for model assessment. Section 6 continues with the 
application of the Gibbsian T-tessellation model to the characterization of agricultural 
landscapes. Three samples of the landscape data are compared. The Gibbs model with 
potential that highlights the differences between the landscapes is proposed. Model 
parameters are first estimated by the pseudolikelihood method. Maximum likelihood 
is used in the second step to refine the pseudolikelihood estimation. The global enve-
lope test is applied to the set of tessellation characteristics. Section 7 presents the main 
conclusions and highlights some further perspectives. A procedure for approximating a 
landscape mosaic by a T-tessellation is presented in Appendix A.

2 � Gibbs model for T‑tessellations

This section starts with a short introduction that provides the basic definitions neces-
sary for model construction. The presentation of tessellations, Gibbs-related models 
and T-tessellations follows the formalism adopted by Stoyan et al. (1995) and Kiêu 
et al. (2013), respectively.

2.1 � Poisson line process

Let D be the set of undirected lines in ℝ2 . A line D(�, p) ∈ D is characterized by 
its signed perpendicular distance p from the origin and the angle � between the 
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line and the x-axis, measured in an anti-clockwise direction and belonging to the 
interval [0,�) . A measure � is defined on the set D by the following relationship:

for any measurable � ∶ D → ℝ.
Let L be the set of all countable subsets of D , referred to as line configura-

tions. Let W ⊂ ℝ2 be the bounded set of perimeter b(W) and let DW = D ∩W .

Definition 1  A homogeneous Poisson line process on W with intensity � is charac-
terized by the probability distribution �W such that:

for any measurable � ∶ L → ℝ.   ⊲

2.2 � T‑tessellations

Let ℙ be the set of all bounded open convex non-empty polygons p in the plane ℝ2.

Definition 2  A subset of polygons � ∈ ℙ is called a planar tessellation if the fol-
lowing three conditions are fulfilled:

   ⊲

A planar tessellation � is characterized by the union of all boundaries of poly-
gons in � , denoted by E� . The class P of all planar tessellations is endowed with 
the �-algebra �(P) generated by the sets:

where K runs through all compact subsets of ℝ2.
The polygons of the tessellation � are called tessellation cells, and their verti-

ces are vertices or nodes of � . A segment lying in E� is called a tessellation edge 
if its end-points belong to the set of tessellation vertices and if there is no other 
vertex belonging to its interior. Two edges are incident to each other if they have 

(1)∫
D

�(D)�(dD) =
1

� ∫
�

0 ∫
∞

−∞

�(D(�, p))d�dp,

(2)
�
L

�(L)�W (dL) = exp

(
−
b(W)�

�

)∑

n≥0
�n

n! �DW

…�
DW

�({D1 …Dn})�(dD1)… �(dDn)

(a) p1 ∩ p2 = � if p1 and p2 ∈ � and p1 ≠ p2,

(b)
⋃

p∈�

pcl = ℝ
2, where pcl is a closure of p,

(c) if B is a bounded planar set then the set {p ∈ � ∶ p ∩ B ≠ �} is finite.

(3){� ∈ P ∶ E� ∩ K}
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a common end-point. A maximal union of the incident edges belonging to the 
same line is said to be a segment of �.

In the following, the planar tessellations restricted to a bounded window 
W ∈ ℝ2 will be considered. Tessellation elements that belong to the interior of W 
will be referred to as internal elements.

T-tessellations are a class of planar tessellations characterized by the following 
property:

Definition 3  A tessellation vertex is said to be a T-vertex if it has exactly three inci-
dent edges and if two of these edges subtend the angle of �.

A planar tessellation T of a bounded window W is called a T-tessellation of W if it 
satisfies two conditions: 

	 (i)	 all the internal vertices of T are T-vertices,
	 (ii)	 for any distinct segments s1 and s2 of T, the lines supporting s1 and s2 are also 

distinct.

   ⊲
The space of all T-tessellations of W is denoted by TW . The �-algebra �(TW ) is 

the restriction of �(P) to the T-tessellations in W. For any T-tessellation T ∈ TW , 
the union ET of all the boundaries of its cells is equal to the union of the internal 
segments of T (see Fig. 2). A segment of a T-tessellation consisting of a single 
edge is called a non-blocking segment, whereas a segment with more than one 
edge is called a blocking segment.

2.3 � Completely Random T‑tessellations and Gibbs models

Random tessellations can be generated in numerous ways (see van Lieshout 
(2012) for an overview of random tessellation models). The idea behind the con-
struction of the completely random T-tessellation model and its Gibbsian exten-
sion is to use the Poisson line process as a skeleton on which a T-tessellation is 
drawn. Let LW denote the subset of a line configuration L ∈ L containing the lines 
intersecting W. Let T(LW ) ⊂ TW denote a set of all T-tessellations of W with seg-
ments supported by the lines of LW (see Fig. 2b).

Definition 4  Let {TW , �(TW )} be the measurable space of T-tessellations of W. The 
Completely Random T-tessellation Model (CRTT) is given by the following prob-
ability distribution on {TW , �(TW )}:

(4)�(A) =
1

Z ∫
L

(
∑

T∈T(LW )

�A(T)

)
�W (dL) for A ∈ �(TW )
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where �W is a distribution of the Poisson line process with intensity � = 1 , given by 
the Eq. (2). The symbol 1A stands for the indicator function. Z is the normalizing 
constant.  �  ⊲

The finiteness of the measure � is stated in Kahn (2015). Figure 3a shows a reali-
zation of the CRTT model. The tessellation patterns in an agricultural landscape may 
exhibit more regularity or alignments. Gibbsian generalizations of the CRTT model 
make it possible to take such patterns into account.

Definition 5  Let h ∶ TW → [0,∞[ be the nonnegative function, integrable with 
respect to the measure � . The Gibbs random T-tessellation of W given by the unnor-
malized density h is defined as:

   ⊲

The function U(T) = − log h(T) is called the energy of the model (5).
Hereafter, a parametric family of exponential densities will be considered:

where t(T) ∈ ℝd denotes the vector of tessellation statistics and � belongs to the set 
of model parameters �:

Example 1  The first example is a model with energy function defined as:

(5)P(dT) ∝ h(T)�(dT).

(6)h�(T) = exp
(
�T t(T)

)

(7)𝛩 = {𝜃 ∈ ℝ
d ∶ ∫ h𝜃(T)𝜇(dT) < ∞}.

cell

edge

segment

�vertex

(a) (b)

Fig. 2   (a) T-tessellation T of a square window W and the elements of T; (b) Set of segments of tessella-
tion T (blue lines) together with the supporting line pattern L

W
 (gray lines): T ∈ T(L

W
).
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where ns(T) is the number of internal segments of T. This is a simple generalization 
of the CRTT model that allows control of the tessellation scale. Consequently, the 
model (8) will be referred to as the CRTT model with the scale parameter � (see 
Fig. 3a).  �  ⊲

Example 2  Let us consider the Gibbs model given by energy function:

where C(T) is the tessellation cell set and V(c) is the subset of the vertices v of a cell 
c for which the angle �(v) between the sides incident to v is acute. The contribution 
of the vertex v tends to 0 if �(v) tends to �

2
 . For 𝜃 > 0 , the model tends to favor tes-

sellations with rectangular cells (see Fig. 3b).  �  ⊲

3 � Simulation algorithm

The Metropolis-Hasting-Green algorithm for the simulation of the Gibbs random 
T-tessellation described in Kiêu et  al. (2013) involves the following steps: the 
random proposal of type of tessellation update, the random proposal of update of 
a given type, and the rules for accepting or rejecting the proposals.

Splits, merges and flips Three types of local updates of T-tessellations, illustrated in 
Fig. 4b are considered: 

(8)U�(T) = �ns(T)

(9)U�(T) = �s∢(T) = �
∑

c∈C(T)

∑

v∈V(c)

(
�

2
− �(v)

)

(a) (b)

Fig. 3   (a) Simulation of the Gibbs model with U�(T) = 0.64n
s
(T) (see Example 1). The source 

code for generating this example is given in Appendix B.1; (b) simulation of the Gibbs model with 
U�(T) = 4.1n

s
(T) + 15s∢(T) (see Example 2). Both models control tessellation scale, the model simu-

lated in (b) additionally controls the angles between tessellation edges
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1.	 split: a non-blocking segment is added to a tessellation, splitting one of its cells;
2.	 merge: a non-blocking segment is removed from a tessellation, merging two tes-

sellation cells. A merge can be cancelled by a split and a split can be cancelled 
by a merge;

3.	 flip: an edge at the end of a blocking segment is removed while the incident 
blocked segment is extended. A flip can be cancelled by an inverse flip.

The split and merge operators can be interpreted as the birth of a new segment 
and the death of the existing one. The restriction to the set of non-blocking seg-
ments is required in order to preserve the topology of a T-tessellation. Indeed, 
removing a blocking segment from a T-tessellation (resp. adding a new one) leads 
to the occurrence of the vertices that are no longer T-vertices (see Fig. 5a). The 
flip operator enables a blocking segment to be shortened and reduced to a non-
blocking one. In this way, one can progressively remove a blocking segment from 
a T-tessellation, preserving its topology (see Fig. 5b).

The type of tessellation update is proposed according to a discrete probability 
distribution:

The spaces of splits, merges and flips that can be applied to a T-tessellation T will be 
denoted by �T , �T and �T , respectively.

Uniform measures on �T , �T  and  �T Random proposals of the modification of 
a given type are defined by the probability distributions constructed on the spaces 
�T , �T and �T : 

1.	 A split can be represented by a cell c of T and a line l splitting c. Consequently, 
�T can be identified to the set of pairs (c, l) such that l splits c. The measure on �T 

(10)(ps, pm, pf ), ps + pm + pf = 1.

(a)

split

merge

flip

(b)

Fig. 4   (a) T-tessellation T from Fig. 2. (b) Three updates of T: split - a non-blocking segment is added 
(bold line); merge - a non-blocking blocking segment is removed (dashed line); flip - an edge at the end 
of a blocking segment is removed (dashed line) and the incident segment is extended (bold line)
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is defined as a product of a counting measure on the set of tessellation cells and 
the Haar measure on the space of planar lines. The infinitesimal volume element 
of this measure can be written as: 

where dl is the infinitesimal volume element of the Haar measure. Let u(T) 
denote the sum of the perimeters of T cells. The uniform probability distribution 
on �T is given by the density: 

 with respect to the measure (11). Indeed, it can be shown that 1

qT
s
(S)

 is a total mass 

of the measure (11).
2.	 A merge can be represented by a non-blocking segment of T to be removed. The 

set �T can be identified with the set of non-blocking segments of T. If �T is not 
empty, a discrete uniform measure can be defined on �T : 

 �where nnb(T) is the number of non-blocking segments of T.
3.	 A flip can be represented by a blocking segment of T and by one of its extreme 

edges to be flipped. If �T is not empty, a discrete uniform measure can be defined 
on �T : 

(11)dS =
∑

c∈c(T)

1{c∩l≠�}dl

(12)qT
s
(S) =

�

u(T)
, S ∈ �T

(13)qT
m
(M) =

1

nnb(T)
,M ∈ �T

(a) (b)

Fig. 5   Left panel: deleting a blocking segment (dashed line) from a T-tessellation. The resulting tessella-
tion is no longer a T-tessellation. Right panel: step-by-step removal of the edges of the blocking segment 
by a series of flips. The edges added by flips are marked in bold. The resulting tessellation remains a 
T-tessellation



456	 K. Adamczyk‑Chauvat et al.

1 3

where nb(T) is the number of blocking segments of T. The division by 2 corre-
sponds here to a random choice of the extreme edge of the segment to be flipped.

For a given type t update, an update U is drawn according to the distribution qT
t
(U) 

and applied to the current tessellation T. The resulting T-tessellation will be denoted 
by U(T).

Acceptance rules The rules for accepting a new tessellation U(T) are given by the 
Hastings ratio depending on the proposal distributions and on the energy variation 
between T and U(T). The Hastings ratio is given by the equation:

where h(T) is the unnormalized density of the model, pt is given by (10), and qT
t
(U) 

is one of the uniform measures (12), (13) and (14). The symbol t−1 stands for the 
type of update that cancels the modification introduced by t: s−1 = m , m−1 = s and 
f −1 = f  . The symbol U−1 denotes the inverse of the update U.

The tessellation U(T) is then accepted with the probability:

The steps of the algorithm are summarized in Algorithm 1.

Algorithm  1   Metropolis-Hastings-Green algorithm for sampling a random Gibbs 
T-tessellation model (5).

Let �
�
 be the Markov chain of T-tessellations, defined by Algorithm 1. The prop-

erties of �
�
 , namely its convergence in total variation to the target distribution, were 

provided in Kiêu et  al. (2013). The numerical implementation of the algorithm is 
available in Adamczyk-Chauvat and Kiêu (2015).

(14)qT
f
(F) =

1

2nb(T)
,F ∈ �T

(15)rt(T ,U) =
h(U(T))

h(T)

pt−1

pt

q
U(T)

t−1
(U−1)

qTt (U)

(16)min{1, rt(T ,U)}.
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4 � Estimation methods

This section presents two estimation methods for the parameters of model (5). The 
first one is the Monte Carlo Maximum Likelihood given in Penttinen (1984) and 
Geyer and Thompson (1992) for a general family of distributions specified by the 
unnormalized densities. Section 4.1 outlines the principles of MCML. The second 
method is a minimum contrast estimation designed for the Gibbs T-tessellation 
model in Kiêu and Adamczyk-Chauvat (2015). The extrapolation of the latter to the 
point process models leads to the definition of a well-known maximum pseudolike-
lihood estimate. By analogy with point processes, the estimate introduced in Kiêu 
and Adamczyk-Chauvat (2015) is referred to as the maximum pseudolikelihood esti-
mate (MPL) of the T-tessellation model parameter. Section 4.2 provides a detailed 
description of the estimate construction, following Kiêu and  Adamczyk-Chauvat 
(2015).

4.1 � MCML estimation

The log-likelihood function for the Gibbs model (5) is defined by:

where U�(T) is the energy of the model and Z(�) is the unknown normalizing con-
stant. Let � ∈ � be a known parameter value. Maximizing the likelihood (17) is 
equivalent to maximizing the difference of log-likelihoods:

Equation (18) involves the ratio of normalizing constants, which can be expressed 
as:

when the expectation in (19) is calculated under the known distribution P�.
Let Tn = (T1,… , Tn) be a sample from P� , simulated with Metropolis-Hastings-

Green algorithm (Algorithm  1). The expected value in (19) can be estimated by its 
empirical counterpart:

The estimate of the unknown log-likelihood ratio (18) is obtained by substituting 
the ratio of normalizing constants with its approximation (20). It is referred to as a 
Monte Carlo likelihood (MCL) function and denoted by l̂n(𝜃) . The maximizer 𝜃̂n of 
l̂n(𝜃) approximates the unknown value of the maximum likelihood estimate 𝜃̂ . The 
accuracy of the Monte Carlo approximation can be assessed due to the asymptotic 

(17)l(�|T) = −U�(T) − log Z(�)

(18)l(�|T) − l(�|T) = U� (T) − U�(T) − log
Z(�)

Z(�)
.

(19)
Z(�)

Z(�)
= �� exp

(
U� (T) − U�(T)

)

(20)
Z(�)

Z(�)
≃

1

n

n∑

i=1

exp
(
U� (Ti) − U�(Ti)

)
.
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normality of 𝜃̂n − 𝜃̂ (see Geyer (1994)). Consequently, the standard error of 𝜃̂n − 𝜃̂ , 
referred to as the Monte Carlo Standard Error (MCSE), can be controlled by fixing a 
sufficiently large Monte Carlo sample size.

The likelihood of exponential family models is convex. Hence, the optimization of 
its Monte Carlo approximation is justified. In practice, the behavior of 𝜃̂n depends on 
the choice of the parameter � : the MCL approximation is poor if � is far from the 
true ML estimate. The trust region algorithm (see, for example, Fletcher (1987)) was 
applied to find the maximum of Monte Carlo likelihood.

Example 3  Let us consider the following Gibbs model:

where ns(T) is the number of internal segments of T and s∢(T) is the angle statistic 
defined in Example 2. The model was fitted to the tessellation T0 , simulated with 
parameters � = (31, 5) in the unit square (see Fig.  6a). The MCML estimate was 
calculated from a Monte Carlo sample of size n = 400 . The trust region algorithm 
started from � = (24, 10) and converged after 12 iterations at 𝜃̂n = (29.15, 4.76) (see 
Fig. 6b). The distribution of two model statistics calculated over 1000 runs of the fit-
ted model appears to be correctly centered on the observed values (see Fig. 6c).   ⊲

4.2 � Pseudolikelihood estimation

The construction of the maximum pseudolikelihood estimate proposed in 
Kiêu and Adamczyk-Chauvat (2015) is based on the reduced Campbell measures for 
the Gibbsian T-tessellation model and the Kullback–Leibler divergence extended to 
nonnegative measures.

Extended Kullback–Leibler divergence

Definition 6  Let �1 and �2 be two non-negative finite measures on a measurable 
space {E, �(E)} such that �1 is absolutely continuous with respect to �2 . The extended 
Kullback–Leibler divergence of �2 from �1 is defined as:    

where d�1
d�2

 denotes the density of �1 w.r.t. �2.   ⊲

If �1 and �2 have the same total mass and, in particular, if �1 and �2 are probability 
measures, definition (22) simplifies to:

Since the function:

(21)U�(T) = −�1ns(T) + �2s∢(T)

(22)DKL(�1||�2) = ∫
E

(
d�1

d�2
(z) log

d�1

d�2
(z) + 1 −

d�1

d�2
(z)

)
�2(dz)

(23)DKL(�1||�2) = ∫
E

(
d�1

d�2
(z) log

d�1

d�2
(dz)

)
�2(dz).
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is non-negative and cancels if and only if x = 1 , the extended Kullback-Leibler 
divergence given by Eq. (23) is also nonnegative and cancels only if �1 equals �2 
except from a �2-null subset of E.

Reduced Campbell measures and Papangelou intensities. Let T be the 
Gibbs T-tessellation with the distribution P = h� on {TW , �(TW )} . Let 
Es = {(S, T) ∶ T ∈ TW , S ∈ �T} be the product space of TW and the splits that can 
be applied to the tessellations in TW . Similarly, let Ef = {(F, T) ∶ T ∈ TW ,F ∈ �T} 
be the product space of TW and the flips that can be applied to the tessellations in 
TW.

Definition 7  The reduced split Campbell measure on Es associated with P is defined 
as:

where M−1 denotes the split cancelling the merge M and M(T) denotes the T-tessel-
lation resulting from the application of the merge M to T.  �  ⊲

Definition 8  The reduced flip Campbell measure on Ef  associated with P is defined 
as:

where F−1 denotes the inverse of the flip F and F(T) denotes the T-tessellation 
resulting from the application of the flip  F to T.   ⊲

x → x log(x) + 1 − x

(24)C!
s
(B) = �

∑

M∈�
T

�B(M
−1,M(T)) ∀B ⊂ Es

(25)C!
f
(B) = �

∑

F∈�
T

�B(F
−1,F(T)) ∀B ⊂ Ef

Fig. 6   Estimation of parameters of model (21). (a) Training tessellation T0 simulated with � = (31, 5) . 
(b) Contour plot of the MCL function. The true parameter is represented by a red dot. The optimization 
algorithm starts at � = (24, 10) and converges after 12 iterations at 𝜃̂

n
= (29.15, 4.76) (blue dot). (c) Scat-

ter plot of the values of energy statistics calculated for 1000 simulations of the fitted model. The blue and 
the red dot represent the mean and the observed values of the statistics, respectively
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Definition 9  The density h of T is said to be hereditary if and only if:

� ⊲

The following properties of the reduced Campbell measures for the Gibbsian 
T-tessellations have been derived in Kiêu et al. (2013):

Theorem 1  If T ∼ h� and h is assumed to be hereditary, then:

where dS is the infinitesimal measure element of the uniform measure defined on �T by 
(12) and dF is the infinitesimal measure element of the counting measure (14) on �T.� ⊲

The density �s(S, T) =
h(S(T))

h(T)
 of the split Campbell measure is called the split 

Papangelou intensity of T . The flip Papangelou intensity �f (F, T) of T is defined 
in an analogous way.

MPL estimate construction Consider a parametric family of distributions 
P� = h�� on {TW , �(TW )} where � ∈ � . The model is assumed to be identifiable:

for �-almost all T ∈ TW . The densities h� are assumed to be hereditary. The split and 
flip Papangelou intensities are denoted by �s,� and �f ,� , respectively.

Definition 10  Let T be an observed T-tessellation. The log-pseudolikelihood func-
tion of � given T is defined as:

The maximum pseudolikelihood estimate of � is defined as:

� ⊲

(26)∀(S, T) ∈ E
s

h (T) = 0 ⇒ h(S(T)) = 0,

(27)∀(F, T) ∈ E
f

h (T) = 0 ⇒ h(F(T)) = 0.

(28)C!
s
(ds, dT) =

h(S(T))

h(T)
dSP(dT)

(29)C!
f
(df , dT) =

h(F(T))

h(T)
dFP(dT)

(30)� = �0 ⟺ h�(T) = h�0(T)

(31)

LPL (�|T) =
∑

M∈�
T

log �s,�(M
−1,M(T)) − ∫

�T

�s,�(S, T)dS

+
∑

F∈�
T

log �F,�(F
−1,F(T)) − ∫

�T

�f ,�(F, T)dF.

(32)𝜃̂MPL = argmax
𝜃∈𝛩

LPL (𝜃|T).
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The following result states that −LPL (�|T) is a contrast function and that 𝜃̂MPL 
is the associated minimum contrast estimate of �.

Proposition 1  If T ∼ P�∗ then for every � ∈ �:

where:

   ⊲

Proof  The expected value of the two terms of the log-pseudolikelihood (31) involv-
ing splits is equal to:

The first integral has been transformed according to the Georgii-Nguyen-Zessin for-
mula for the splits (see Kiêu et al. (2013)). The above expression can be rewritten as:

In a similar manner, it can be shown that:

	�  ◻

Proposition 2  If  T ∼ P�∗ , then for every � ∈ �:

The equality holds if and only if � = �∗.   ⊲

Proof  (outline)
Consider the difference:

��∗ LPL (�|T) = M(�, �∗) = Ms(�, �
∗) +Mf (�, �

∗)

Ms(�, �
∗) =∫

Es

log �s,�(S, T)C
!
s,�∗

(dS, dT) − ∫
Es

�s,�(S, T)dSP�∗ (dT)

Mf (�, �
∗) =∫

Ef

log �f ,�(F, T)C
!
f,�∗

(dF, dT) − ∫
Ef

�f ,�(F, T)dFP�∗ (dT).

∫
TW

∑

M∈�
T

log �s,�(M
−1,M(T))P�∗ (dT) − ∫

TW
∫
�T

�s,�(S, T)dSP�∗ (dT)

=∫
TW

∫
�T

(
log �s,�(S, T)

)
�s,�∗ (S, T)dSP�∗ (dT) − ∫

TW
∫
�T

�s,�(S, T)dSP�∗ (dT).

∫
Es

log �s,�(S, T)C
!
s,�∗

(dS, dT) − ∫
Es

�s,�∗ (S, T)dSP�∗ (dT) = Ms(�, �
∗).

��∗

(
∑

F∈�
T

log �F,�(F
−1,F(T)) − ∫

�T

�f ,�(F, T)dF

)
= Mf (�, �

∗).

(33)��∗ LPL (�|T) ≤ ��∗ LPL (�∗|T).
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The expression involving the splits can be transformed as follows:

where:

Let us notice that the measure �s
�,�∗

 dominates the measure �s
�∗,�∗

:

Consequently:

Similarly, it can be shown that:

where:

It follows that:

It follows from the properties of the extended Kullback–Leibler divergence that the 
difference M(�∗, �∗) −M(�, �∗) is non-negative. If M(�∗, �∗) −M(�, �∗) = 0 , then:

M(�∗, �∗) −M(�, �∗) = Ms(�
∗, �∗) −Ms(�, �

∗) +Mf (�
∗, �∗) −Mf (�, �

∗).

Ms(�
∗, �∗) −Ms(�, �

∗) =

=∫
Es

log
�s,�∗

�s,�
(S, T)�s,�∗ (S, T)dSP�∗ (dT) + ∫

Es

(
�s,�(S, T) − �s,�∗ (S, T)

)
dSP�∗ (dT)

=∫
Es

(
�s,�∗

�s,�
(S, T) log

�s,�∗

�s,�
(S, T) + (1 −

�s,�∗

�s,�
(S, T))

)
�s,�(S, T)dSP�∗ (dT)

=∫
Es

(
�s,�∗

�s,�
(S, T) log

�s,�∗

�s,�
(S, T) + (1 −

�s,�∗

�s,�
(S, T))

)
�s
�,�∗

(dS, dT)

�s
�,�∗

(dS, dT) = �s,�(S, T)dSP�∗ (dT).

�s
�∗,�∗

(dS, dT) = �s,�∗ (S, T)dSP�∗ (dT) =
�s,�∗

�s,�
(S, T)�s

�,�∗
(dS, dT).

Ms(�
∗, �∗) −Ms(�, �

∗) =

=∫
Es

(
d�s

�∗,�∗

d�s
�,�∗

(S, T) log
d�s

�∗,�∗

d�s
�,�∗

(S, T) + (1 −
d�s

�∗,�∗

d�s
�,�∗

(S, T))

)
�s
�,�∗

(dS, dT)

=DKL(�
s
�∗,�∗

||�s
�,�∗

).

Mf (�
∗, �∗) −Mf (�, �

∗) = DKL(�
f

�∗,�∗
||�f

�,�∗
)

�
f

�,�∗
(dF, dT) = �f ,�(F, T)dFP�∗ (dT).

(34)M(�∗, �∗) −M(�, �∗) = DKL(�
s
�∗,�∗

||�s
�,�∗

) + DKL(�
f

�∗,�∗
||�f

�,�∗
).

DKL(�
s
�∗,�∗

||�s
�,�∗

) = DKL(�
f

�∗,�∗
||�f

�,�∗
) = 0.



463

1 3

Statistical inference for random T‑tessellations models

Consequently �s,�(S, T) = �s,�∗ (S, T) except from the �s
�,�∗

-null set and 
�f ,�(F, T) = �f ,�∗ (F, T) except from the �f

�,�∗
-null set. Since the split Papangelou 

intensity and flip Papangelou intensity uniquely determine the density of T , it fol-
lows that h� = h�∗ except from a �-null set (see Kiêu and Adamczyk-Chauvat (2015) 
for the detailed proof). Since the model is assumed to be identifiable, it follows that 
� = �∗ . 	�  ◻

This result shows that ��∗ (−LPL (�|T)) has a global unique minimum at � = �∗ . 
Consequently, 𝜃̂MPL minimizing −LPL (�|T) is a minimum contrast estimate of �.

Algorithm for approximating the maximum of pseudolikelihood For the canonical 
exponential family of distributions (6), the log-pseudolikelihood simplifies to:

where:

A simple approach for approximating the log-pseudolikelihood consists in discre-
tizing the integral on �T that appears in Eq. (35). Let SD be a finite set of so-called 
dummy splits of T. The number of elements of SD is denoted |SD| . The integral in 
(35) is replaced by a weighted sum:

The approximate log-pseudolikelihood function is denoted by LPL d(�|T;SD).
A straightforward approximation of the log-pseudolikelihood gradient is given by:

Similarly, the Hessian of the log-pseudolikelihood can be approximated by:

(35)

LPL (�|T) = − �T
∑

M∈�
T

�t(M, T) − ∫
�T

exp
(
�T�t(S, T)

)
dS

+�T
∑

f∈�
T

�t(F, T) −
∑

f∈�T

exp
(
�T�t(F, T)

)

�t(M, T) =t(M(T)) − t(T),

�t(S, T) =t(S(T)) − t(T),

�t(F, T) =t(F(T)) − t(T).

(36)∫
�T

exp
(
�T�t(S, T)

)
dS ≈

u(T)

�

1

|SD|
∑

S∈SD

exp
(
�T�t(S, T)

)
.

(37)

∇LPL d(�|T;SD) = −
∑

M∈�
T

�t(M, T) −
u(T)

�|S
D
|
∑

S∈S
D

�t(S, T) exp
(
�T�t(S, T)

)
−

∑

F∈�
T

�t(F, T) −
∑

F∈�
T

�t(F, T) exp
(
�T�t(F, T)

)
.
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The integral on splits in the log-pseudolikelihood can be written as an expectation 
with respect to the uniform distribution on the space �T . The estimation criterion 
consists of deterministic terms and of an expectation with respect to a random vari-
able that can be simulated. Algorithm 2 for approximating the maximum of pseu-
dolikelihood, proposed in Kiêu and Adamczyk-Chauvat (2015), alternates between 
the updates of the parameter according to a Newton optimization method and the 
estimation of the expectation.

Algorithm  2   Algorithm NOIS (Newton optimization and increasing splitting) for 
approximating the pseudolikelihood maximum.

Example 4  The MPL estimate calculated for the model from Example 3 is equal to 
𝜃̂MPL = (37.5, 5.8) . It overestimates both parameters but provides an initial value for 
MCL maximization that ensures the convergence of the algorithm in only four steps. 
If no information about the parameters is available, the computation of the MCL 
estimate may become much slower. For example, one possible strategy would be to 
first fit a one-parameter model containing the number of internal segment statistic, 
starting from an arbitrary value of �1 , and to initialize the algorithm with (𝜃̂1, 0) . 
Figure 7 illustrates the advantage of MPL initialization compared to such a strategy. 
Indeed, when applying this strategy, the convergence is reached after 24 iterations 
and the computation time increases by a factor of 9.   ⊲

(38)

H(LPL d)(�|T;SD) = −
u(T)

�|S
D
|
∑

S∈S
D

�t(S, T)�t(S, T)T exp(�T�t(S, T))−

∑

F∈�
T

�t(F, T)t(F, T)T exp(�T�t(F, T)).
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5 � Goodness of fit of the model

Goodness of fit of the model can be assessed by comparing summary statistics of 
the observed tessellation pattern with its counterparts calculated from model simula-
tions. The global envelope test is a diagnostic tool that can be applied for this purpose. 
Originally, the method was considered for point pattern analysis (see Myllymäki et al. 
(2017)).

The global envelope test is a Monte Carlo goodness of fit test based on the test sta-
tistic F. Let F = (F(r1),… ,F(rd)) be a statistic, calculated for the set of arguments 
{r1,… , rd} . Let F1,F2,… ,Fs be a sample of d-dimensional vectors of function values 
calculated for the same set of arguments. F1 is calculated from the data and F2,… ,Fs 
are calculated from the simulations of the null model. Global envelopes are based on an 
univariate measure M that orders the functions F1,F2,… ,Fs from the less extreme to 
the most extreme one (for the sake of simplicity, the order is assumed here to be strict). 
More precisely:

where the symbol ≺ stands for less extreme. This means that the smaller the meas-
ure Mi is, the more extreme the function Fi will be. Under the hypothesis that the 
observed pattern comes from a null model, the sample M1,… ,Ms is i.i.d. The 
hypothesis is rejected at the significance level � if M1 ≤ m� where m� is the empiri-
cal �-quantile of M1,… ,Ms . A Monte Carlo p-value of the test is:

The test is based on the measures leading to the construction of global envelopes 
that yield a graphical interpretation of test results. A 100(1 − �)% global envelope is 
a set of d-dimensional vectors (F�

low
,F�

upp
) such that:

Mi > Mj ⟺ Fi ≺ Fj

p =
1

s

s∑

i=1

�(Mi ≤ M1).

Fig. 7   Comparison of two 
strategies of MCML algorithm 
initialization for model (21). 
The first strategy (blue line 
with triangle symbols) starts 
from the MPL estimate: the 
algorithm converges after four 
iterations. The second strategy 
(red line with + symbols) fits 
a one-parameter submodel of 
(21) starting from an arbitrary 
value of �1 . The value of (𝜃̂1, 0) 
is used to initialize the MCML 
algorithm. The convergence 
is reached in 24 steps and the 
computation time increases by a 
factor of 9. The true parameter 
� = (31, 5) is represented by a 
black dot
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Under the null model, the probability that the data function F1 falls outside the band 
delimited by F�

low
 and F�

upp
 in any of d points is equal to � . Different measures and 

related global envelopes have been introduced (see Myllymäki and Mrkvička (2020) 
for the summary of methods). Hereafter, the extreme length test will be applied to 
the cumulative distribution functions or the density functions of tessellation statis-
tics. The computation of the envelopes relies on the R package GET that implements 
global envelopes for a general set of d-dimensional vectors in various applications 
(see Myllymäki and Mrkvička (2020)).

6 � Application to the landscape data

In agronomy, finding and quantifying relationships between landscape features and 
spatial processes is an important research goal. Building parametric stochastic mod-
els of the landscape that provide its realistic representation is an effective approach 
for studying such relationships (see Poggi et al. (2018) and Poggi et al. (2021) for an 
overview of landscape models and their applications).

The current section presents the application of the Gibbs tessellation model and 
related statistical methods to landscape modeling. The key idea is to propose the 
energy function that controls the geometrical features that differentiate three land-
scape samples. The model is fitted to the landscape data approximated by T-tessella-
tions. Model assessment based on the global envelope test is than carried out.

6.1 � Data description

Three landscape datasets were compared: the landscape of Selommes (Centre-Val de 
Loire), an area of intensive cereal crop cultivation; the landscape of Kervidy (Brit-
tany), a region characterized by mixed crop-livestock farming systems (see Poggi 
et  al. (2020)); and the landscape of the Basse Vallée de la Durance (BVD) in the 
Provence-Alpes-Côte d’Azur region, specialized in apple orchards. These regions 
were previously referenced in the study on the influence of landscape features on 
insect pest dynamics (see Ricci et al. (2009)) and in the modeling of pollen dispersal 
at the landscape scale (see Devaux et  al. (2007)). The datasets are represented in 
Fig. 8.

The three landscapes were limited to domains encompassing a comparable num-
ber of fields: 230 for Selommes, 245 for BVD and 287 for Kervidy. The total area of 
the domains is equal to 6.2 km2 for Selommes, 5.8 km2 for Kervidy and 2.1 km2 for 
BVD landscape. At first glance, the landscapes exhibit contrasted patterns: from the 
most regular landscape of BVD with extremely thin rectangular plots, to the land-
scape of Kervidy with plots of highly variable sizes and shapes, embedded in the 
mosaic of woods and farmlands.

The observed landscape patterns are different from the T-tessellation defined 
by Definition 3. Consequently, the algorithm for approximating landscapes by 

M1 > m𝛼 ⟺ F1(ri) ∈
(
F𝛼
low

(ri),F
𝛼
upp

(ri)
)
for all ri ∈ {r1,… , rd}.



467

1 3

Statistical inference for random T‑tessellations models

T-tessellations was proposed (see Appendix A). The approximation results for the 
three landscapes are illustrated in Fig. 9.

6.2 � Gibbs model for landscape

The landscape model is expected to account for common landscape features (for 
example, cell shapes close to rectangles), as well as to synthesize the main differ-
ences between the three patterns. The Gibbsian model introduced below attempts to 
combine both aspects.

Let T1 , T2 and T3 be the tessellations approximating the three landscapes (see 
Fig.  9). A tessellation Ti is assumed to follow a Gibbsian model with the energy 
defined by:

where: 

t1(T):	� number of tessellation cells. This term controls the tessellation scale;

(39)U�i
(Ti) =

4∑

j=1

�i,jtj(Ti), i ∈ {1, 2, 3}

(a) P1 (b) P2 (c) P3

Fig. 8   Landscapes of Selommes (a); Kervidy (b); and BVD (c). Light green polygons depict agricultural 
plots; dark green polygons represent non-agricultural areas (mainly woods, villages and farmlands)

(a) P1 (b) P2 (c) P3

Fig. 9   Landscapes of Selommes, Kervidy and BVD approximated by T-tessellations
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t2(T):	� sum of squared cell areas. This term measures the departure from tessella-
tions with cells with equal areas, minimizing the value of t2;

t3(T):	� angle statistic introduced in model (9). This term measures the departure 
from rectangular tessellations;

t4(T):	� number of elongated cells. A measure of cell elongation is defined as the 
length-to-width ratio of the rectangle with the smallest area containing the 
cell (see Fig. 10); a cell is said to be elongated if this ratio exceeds a thresh-
old l0 . In this example l0 = 4 , the median of the length-to-width ratio of 
BVD landscape cells. 

The maximum pseudolikelihood estimates of model parameters were calculated in 
order to initialize the MCML estimate computations. Figure 11 compares two estimation 

Fig. 10   Smallest rectangle containing a tessellation cell

Table 1   Estimation results for the Gibbs model (39) fitted to the three landscapes: Maximum pseudo-
likelihood estimate 𝜃̂

MPL
 , Monte Carlo Maximum Likelihood estimate 𝜃̂

n
 ( n = 500 ), Standard Error of 

Maximum Likelihood estimate 𝜃̂ and Monte Carlo Standard Error

Model parameter Landscape 𝜃̂MPL 𝜃̂
n

SE(𝜃̂) MCSE

�1 (scale) P1 1.62 1.99 0.12 1.35*10−6

P2 1.43 1.70 0.11 1.05*10−6

P3 2.32 2.11 0.13 2.97*10−6

�2 (areas) P1 68.36 181.19 66.48 0.17
P2 23.73 79.19 56.34 0.20
P3 1361.46 2561.46 679.28 28.21

�3 (angles) P1 0.95 2.23 0.15 3.28*10−6

P2 0.77 1.26 0.12 1.59*10−6

P3 1.72 2.21 0.16 4.41*10−6

�4 (elongation) P1 0.48 0.28 0.17 2.93*10−6

P2 0.31 0.07 0.15 3.44*10−6

P3
−0.64 −0.63 0.08 7.95*10−6
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methods on the example of the Selommes landscape, highlighting the bias of MPL esti-
mates corrected by the MCML method. The size of Monte Carlo samples for MCML 
computation was fixed at n = 500 for all the landscapes. A burn-in period was selected 
after a graphical inspection of the energy function variations. A sampling period was 
fixed in order to ensure that the autocorrelation level was less than r0 = 0.2 for all the sta-
tistics. The values of both MPL and MCML estimates are provided in Table 1.

The model fitted to the BVD landscape ( P3 ) tends to generate the tessellations 
close to the patterns with cells of equal size (high positive value of 𝜃̂n,2 ) and orthog-
onal segments (positive value of 𝜃̂n,3 ). The model favors the patterns with a number 
of long cells greater than in other landscapes and greater than in the reference model 
(negative value of 𝜃̂n,4 ). The model fitted to the Kervidy landscape ( P2 ) is closest to 
completely random T-tessellation. The estimates of parameters �n,2 , �n,3 and �n,4 are 
smallest in absolute value compared to the other landscapes.

Figure  12 gives the examples of the fitted model simulations for the three 
landscapes.

6.3 � Model assessment

Landscape model assessment begins by checking whether the model fulfills the 
expected properties. Figure 13 shows the boxplots of model statistics t1(T) , t2(T) , 
t3(T) and t4(T) . Each plot juxtaposes the simulated distributions of a given statistic 

Fig. 11   Distributions of the statistics t1(T),… , t4(T) , calculated for 500 simulations of the model (39) fit-
ted to the Selommes landscape by: (1) MPL method (gray boxplot), (2) MCML method (white boxplot). 
Red horizontal lines depict the values of the statistics calculated for the Selommes landscape

(a) (b) (c)

Fig. 12   Simulations of the Gibbs model (39) fitted to the (a) Selommes, (b) Kervidy, and (c) BVD landscapes
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in the three landscapes. As expected, all the distributions are correctly centered on 
the values calculated from landscape data, represented here by red segments. In this 
sense, the model controls selected features of the landscape. Figure 13 also high-
lights the differences between the landscapes: the BVD landscape differs from the 
Selommes and Kervidy landscapes with respect to the statistics t2(T) and t4(T) . The 
Kervidy landscape differs from the two others with respect to the statistic t3(T) . 
Clearly, the model accounts for the observed contrasts.

The goodness of fit of the model with respect to some additional criteria, different 
from energy statistics, was also assessed. The choice of the statistics was guided by 
the work of Nagel et al. (2008) and Leon et al. (2020). The following set of features 
of a typical cell c was considered: the area a(c), the perimeter p(c), the width w(c) 
and the length l(c) of the smallest rectangle encompassing c and the isoperimetric 
quotient r(c), also referred to as roundness or sphericity. The latter is defined as the 
ratio of the area of c to the area of a circle with the same perimeter.

Figure 15 shows the empirical cumulative distribution functions of five statistics for 
the three landscapes, together with 95% global envelopes based on the extreme length 
test. The envelopes were constructed from n = 500 model runs. The fit of the model to 
the Selommes landscape is definitely the best: the distribution function of the area, perim-
eter and width of the cells lies entirely between the envelopes. For the Kervidy landscape, 
it is the case for the perimeter and the length cumulative distribution function. The model 
poorly fits the BVD landscape: all the statistics exceed the envelopes in at least one point.

The comparison of the mean values and the coefficients of variance calculated 
from the observed and simulated data shows that the model tends to keep the mean 
values of the statistics but overestimates their variability (see Table 2). This conclu-
sion holds for all the statistics except for the cell size a(c). Both the mean and the 
coefficient of variance of a(c) are close in the observed and model simulations. This 
is not surprising because the model statistics depend on the first two moments of 
a(c) distribution. Nevertheless, it is not sufficient to control an entire distribution, at 
least for the Kervidy and BVD landscapes.

The analysis of spatial pattern of cell centroids completes the model assessment. 
The centroid (“center of mass”) of a cell is the point whose coordinates are the mean 
values of coordinates of all points in the cell. The observed centroid patterns are 
composed from clusters of the aligned points, corresponding to the arrangements 
of the plots that share a common border (see Fig.  14). The following summary 

Fig. 13   Model checking: distributions of the statistics t1(T) , t2(T) , t3(T) and t4(T) , calculated over 
n = 500 runs of the model (39). Red segments represent the observed values of the statistics
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statistics were considered for comparing the observed and simulated centroid pat-
terns: nearest-neighbor distribution G(r), Besag’s L function and empty-space func-
tion F(r). The latter refers to the distance d(u,X) from the fixed location u ∈ ℝ2 to 
the nearest point of the stationary point process X , called also empty-space distance. 
The empty-space function F(r) is a cumulative distribution function of the empty-
space distance, namely:

for all distances r ≥ 0 . The calculation of summary statistics was done in spatstat 
package (see Baddeley et al. (2016)). The estimates of summary statistics and the 
95% global envelopes are represented in Fig. 16. The p-values of the GET test are 

F(r) = P(d(u,X) ≤ r)

(a) Selommes

+

++

(b) Kervidy (c) BVD

Fig. 14   Centroid patterns of the cells in the observed landscapes
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Fig. 15   Empirical cumulative distribution functions (black lines) of tessellation cell characteristics for 
the three landscapes: size a(c), perimeter p(c), width w(c), length l(c) and roundness r(c). Gray areas rep-
resent 95% global envelopes constructed from 500 simulations of the landscape model. P-values of the 
GET test are given at the top margin of each plot
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higher than 0.05 for all the functions calculated for the Selommes and Kervidy land-
scapes. The model particularly well fits both nearest-neighbor distribution functions. 
As for the BVD landscape, the centroid pattern is significantly more aggregated than 
the simulated patterns.

In addition, the distribution of the direction of the vector joining each cen-
troid to its nearest neighbor was calculated in order to detect anisotropy (see 
Baddeley et al. (2016)). The estimated density D(o) of nearest-neighbor orienta-
tion for the three landscapes is shown in Fig. 16 (the last column of the plots). 
For the landscapes of Selommes and BVD, the shape of the density function is 

Table 2   Comparison of landscape data and model simulations. Mean values and coefficients of varia-
tions (cv) were calculated for each landscape and compared with their simulated counterparts (averages 
over n = 500 simulations are shown)

Tessellation cell statistics

a(c) p(c) w(c) l(c) r(c)

Landscape mean cv mean cv mean cv mean cv mean cv

Selommes Data 0.026 0.97 0.667 0.51 0.113 0.61 0.249 0.51 0.584 0.23
Model 0.026 0.96 0.700 0.56 0.118 0.63 0.266 0.62 0.563 0.30

Kervidy Data 0.019 1.23 0.600 0.66 0.103 0.67 0.220 0.63 0.544 0.29
Model 0.019 1.23 0.613 0.76 0.105 0.77 0.220 0.71 0.507 0.33

BVD Data 0.008 0.92 0.467 0.49 0.046 0.54 0.198 0.55 0.471 0.37
Model 0.008 0.92 0.503 0.64 0.049 0.69 0.216 0.74 0.435 0.49
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Fig. 16   Estimates of summary statistics (black lines) calculated for cell centroids of the three landscapes: 
nearest-neighbor function G(r), empty-space function F(r), Ripley function L(r) and nearest-neighbor 
orientation density D(o). Gray areas represent 95% global envelopes constructed from 500 simulations of 
the landscape model
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determined by the preferential directions of point alignments: bimodal distribu-
tion for Selommes and unimodal, extremely peaked distribution for BVD. In the 
latter, the alignments of points are long and follow one leading direction. In the 
Selommes landscape, the alignments are shorter and concentrated around two 
orthogonal directions. In both cases, the estimated density exceeds global enve-
lopes. The centroid pattern in the Kervidy landscape does not exhibit anisotropy, 
and the density of nearest-neighbor orientation for this landscape lies between 
the envelopes.

7 � Concluding remarks

This paper proposes the extension of statistical inference tools for Gibbsian models 
to T-tessellations. An application to agricultural landscape modeling is then devel-
oped for three landscape samples. The mathematical development presented here is 
a continuation of the work of Kiêu et al. (2013) and Kiêu  and Adamczyk-Chauvat 
(2015). The main results of this work are outlined in order to provide the reader with 
a self-contained paper.

The pseudolikelihood approach designed in Kiêu and Adamczyk-Chauvat (2015) 
for Gibbsian T-tessellations is recommended for model parameter estimation for 
practical reasons. The main advantage of the pseudolikelihood procedure is the low 
computational cost of the criterion optimization. For the CRTT model with scale 
parameter, the analytical form of the estimate is available and may be applied as 
an initial value in more complex models. On the other hand, even if the bias and 
dispersion of the estimate decrease as the number of cells in the observed tessella-
tion increases, they may be important for small-scale tessellations. Therefore, the 
maximum likelihood should be used in the second step to refine the pseudolikeli-
hood estimation. Other inference methods should also be investigated for Gibbsian 
T-tessellations. For example, Bayesian approaches could be of interest (see Stoica 
et al. (2017) and Vihrs et al. (2021)).

The model can be simulated using the Metropolis-Hasting-Green algorithm based 
on three local modifications of a T-tessellation. It is worth noting that for some set-
tings, model simulation becomes prohibitively time-consuming. This is especially 
the case of the model fitted to the BVD landscape that requires an extremely high 
burn-in and sampling period. One possible explanation for this behavior is that the 
acceptance probabilities of the algorithm became small in the presence of the high 
parameter values estimated for this landscape. A similar problem has already been 
addressed in Seitl et al. (2021). Alternative simulation algorithms should therefore 
be investigated. In particular, it seems interesting to test if the algorithm for simulat-
ing polygonal Markov fields proposed in Schreiber and van Lieshout (2010) would 
be adaptable to the T-tessellation Gibbs model.

A multiple testing procedure is recommended in this paper for model assessment. 
A global envelope test is applied to the set of functional statistics of tessellation. The 
resulting p-values indicate to what extent the model fits the data and provide some 
guidelines for model improvement. The choice of benchmark statistics, based here 
on bibliographic considerations, can be viewed as a starting proposition that does 
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not account for the correlations between statistics. Building a set of generic tessella-
tion indices for model validation is a question that requires further insight.

The motivation of using Gibbsian T-tessellations is to statistically and morpho-
logically characterize agricultural landscapes. The model with the energy function 
that accounts for the selected landscape features was proposed and fitted to the land-
scape data. This is for the first time that the model has been used to analyze this kind 
of data. The results confirm that it controls the geometrical properties of the land-
scapes summarized in four model statistics. Model assessment with respect to the 
additional criteria was carried out using global envelope tests. The results of model 
fit for the landscapes of Selommes and Kervidy depend on the considered statistic. 
In general, the model correctly matches the spatial pattern of cell centroids for both 
landscapes. The goodness of fit of tests related to geometrical features of tessella-
tion cells is more variable. As for the BVD landscape, the model does not correctly 
handle the high anisotropy and the strong regularity of the observed pattern. The fit 
of the model is uniformly wrong for this landscape, except from energy statistics. 
The generalization of the model handling anisotropy could improve the goodness of 
fit. Furthermore, the energy of the landscape model is composed from the first-order 
terms: considering higher-order potentials could provide more suitable model. The 
examples of such potential functions can be found in the paper of Seitl et al. (2021) 
on the statistical reconstruction of the polycrystalline microstructures using Gibbs-
Laguerre tessellations.

Another point should be raised when discussing the goodness of fit. The Gibbs 
T-tessellation model is based on the assumption that tessellation pattern is driven by 
local tessellation features. This assumption seams reasonable for the Selommes and 
the Kervidy landscapes but probably does not hold for the BVD landscape. This land-
scape is located in the region subject to the action of the Mistral wind. This area is 
covered by a dense network of hedges, protecting crops from the Mistral. The hedges, 
delimiting agricultural plots, run orthogonally to the Mistral direction. The spatial 
structure of the BVD landscape is therefore driven by a hidden variable: presence of 
the hedges on a much larger spatial scale. For this particular landscape, it could be 
more relevant to model hedge pattern rather than agricultural plot pattern. A fiber 
process model with highly correlated fibers could be considered for this purpose.

The modeling framework, illustrated here on the example of an agricultural 
landscape, can be extended to other applications dealing with datasets that can be 
approximated by T-tessellations. The goal is to provide clues to the practitioners to 
help them build the models that match the desired properties of such datasets that 
are important for the applications.
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A. Algorithm for approximating a landscape pattern 
by a T‑tessellation

The algorithm first approximates a landscape pattern by a line-based tessellation 
containing the L-vertices, the I-vertices and the X-vertices (see Figs. 8 and 17). In 
the second step, these vertices are converted into T-vertices.

The algorithm requires the numerical representation of the landscape composed 
from the list of the plots coordinates, the list of the holes coordinates (the holes cor-
respond to non-arable areas) and the coordinates of the outer domain.

Grouping polygon sides
The algorithm starts by grouping the sides of polygons that are close and nearly 
aligned. This is done by hierarchical clustering based on the single linkage method. 
A measure of dissimilarity between the sides can be adjusted to account for specific 
landscape features. Hereafter, the following dissimilarity matrix was applied:

where A(C(ci, cj)) denotes the area of the convex envelope of the sides ci and cj , 
dmin(ci, cj) is the smallest Euclidean distance between ci and cj , and l(.) denotes the 
length of the side.

Choice of representative segments
The clusters of sides are then replaced by representative segments. For a given clus-
ter, a regression line is fitted to the endpoints of its sides. A representative segment 
is defined as the minimal segment containing the projections of all endpoints on 
the regression line (see Fig.  18). The segments representing the side clusters are 
inserted into a landscape domain. The resulting segment-based tessellation contains 
three types of vertices: I-vertices with one incident edge, L-vertices with two inci-
dent edges, and X-vertices formed by the crossing segments (see Fig. 17).

Transformation into T-tessellation
In order to transform an I vertex into a T-vertex, the incident edge is either removed 
or lengthened until it meets another edge. The modification that induces the small-
est variation in total internal length of tessellation is selected. An L-vertex is trans-
formed into a T-vertex by lengthening one of the incident edges. The choice of the 
edge is also based on the comparison of length variation.

The algorithm starts by iteratively removing the I-vertices: the vertex whose sup-
pression induces the smallest variation in length is selected at each iteration. The 
L-vertices are then removed following the same rule. The resulting tessellation con-
tains the T-vertices and the X-vertices. An X-vertex can be suppressed by moving 
the endpoint of one of its four incident edges along a neighboring edge. The proce-
dure is repeated until there is no X-vertex left in the tessellation. Figure 17 illustrates 
the modifications of I-, L- and X-vertices.

(40)d(ci, cj) =
A(C(ci, cj))

l(ci)l(cj)
+

2dmin(ci, cj)

l(ci) + l(cj)
,
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B. Numerical examples of T‑tessellation construction

B.1 Sampling from the CRTT model

This section gives an example of source code for sampling from the CRTT model with 
scale parameter � (see Example 1) with Algorithm 1 implemented in the RLiTe pack-
age (see Adamczyk-Chauvat and Kiêu (2015)):

require(RLiTe)

)1.xEni)uat(gol=ateht(retemarapelacsgnixif#9.1=uat
myTes <- new(TTessel) # myTes is defined for T-tessellation
myTes$setDomain(1,1) # the domain of myTes is specified
myMod <- ModelCRTT(tau=tau) # the CRTT model object is defined ...
myMod$set_ttessel(myTes) # ...and assigned to myTes object
mySim <- new(SMFChain,myMod,0.33,0.33)# initialization of the algorithm

deesmodnar#)5(deeSeTiLtes
mhtiroglaehtfospets0001tsrif#)0001(pets$miSym

noitallessetdelpmas#)seTym(tolp

B.2 Random splits

In this section, the algorithm for simulating the T-tessellation of a bounded window W 
by a sequence of random splits is provided. It can be applied to create a tessellation of 
an empty window or to modify the non-empty tessellation, e.g., to add dummy splits to 
the existing tessellation in the pseudolikelihood optimization algorithm.

The following notation is used:

I

(a)

L

(b)

X

(c)

Fig. 17   Transformation of segment-based tessellation into a T-tessellation: deletion of (a) I-vertex; 
(b) L-vertex; and (c) X-vertex. The original vertices are marked by dots, while the new T-vertices are 
marked by triangles. Dotted lines depict the removed edges and dashed lines depict the inserted edges

Fig. 18   A cluster of polygon 
sides replaced by a representa-
tive segment (in blue)
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–	 e = (p1, p2) : an oriented edge of a tessellation T (halfedge for short) with the start-
ing point p1 and the ending point p2;

–	 c(e): tessellation cell bounded by e and located on the left side of e
–	 E(T) : ordered list of halfedges of T

Two auxiliary algorithms, 3 and 4, are first introduced and applied in the main 
algorithm 5.

Algorithm 3   Draw at random a half-edge bounding an internal face of T 

Algorithm 4   Make a split starting from the selected halfedge of T 

Algorithm 5   Random splits
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