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This supplementary file contains detailed results regarding the simulation studies conducted in

Section 4. Specifically, Tables S.1 to S.3 describe the quality of the quantile regression estimators

of the proposed CUSUM tests of all six cases introduced in Section 4.1, which report the bias,

standard deviation (SD), root mean-squared error (RMSE), and the rejection rate of two coverage

tests. Moreover, Tables S.4 to S.9 depict empirical sizes and powers of our proposed test statistics

for all six cases. Finally, Tables S.10 to S.11 report the mean and the standard deviation (SD)

of the location of the detected change point, where the quantile and the location of the change is

given as τ ∈ {0.9, 0.1} and n = 1, 000.

1Corresponding author: sylee@stats.snu.ac.kr
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Table S.1: Quality of the quantile regression estimators for Cases 1-3, where τ ∈ {0.9, 0.1}. SD

and RMSE respectively are abbreviations for the standard deviation and root mean-squared error.

τ = 0.9 τ = 0.1

α1 α2 β ξ α1 α2 β ξ

Case 1

n = 500

Bias 0.116 0.250 0.043 -0.028 0.203 0.211 0.034 0.024

SD 1.195 0.729 0.282 0.093 1.166 0.698 0.277 0.091

RMSE 1.201 0.771 0.285 0.097 1.184 0.729 0.279 0.094

n = 1, 000

Bias 0.094 0.135 0.006 -0.011 0.176 0.101 0.016 0.014

SD 0.871 0.540 0.246 0.078 0.945 0.520 0.242 0.077

RMSE 0.876 0.556 0.246 0.079 0.961 0.530 0.242 0.079

n = 1, 500

Bias 0.122 0.073 -0.005 -0.005 0.149 0.082 -0.003 0.006

SD 0.763 0.431 0.215 0.068 0.798 0.440 0.218 0.070

RMSE 0.773 0.438 0.215 0.069 0.811 0.448 0.218 0.070

Case 2

n = 500

Bias 0.124 0.154 0.041 -0.017 0.209 -0.017 0.041 0.016

SD 1.822 2.623 0.294 0.066 1.872 2.575 0.284 0.065

RMSE 1.826 2.628 0.297 0.068 1.883 2.575 0.287 0.066

n = 1, 000

Bias 0.046 0.060 0.022 -0.011 0.087 -0.004 0.024 0.011

SD 1.437 2.046 0.265 0.069 1.477 2.101 0.258 0.058

RMSE 1.438 2.047 0.266 0.070 1.480 2.101 0.259 0.059

n = 1, 500

Bias 0.014 0.176 -0.017 -0.001 0.101 0.028 -0.009 0.002

SD 1.241 1.774 0.229 0.050 1.234 1.767 0.228 0.049

RMSE 1.241 1.783 0.230 0.050 1.238 1.767 0.228 0.049

Case 3

n = 500

Bias -0.032 -0.142 -0.088 -0.242 -0.024 -0.157 -0.088 0.238

SD 0.100 0.176 0.150 0.186 0.102 0.193 0.152 0.188

RMSE 0.105 0.226 0.174 0.305 0.105 0.249 0.175 0.303

n = 1, 000

Bias -0.029 -0.108 -0.056 -0.285 -0.022 -0.118 -0.052 0.290

SD 0.080 0.132 0.097 0.118 0.082 0.137 0.096 0.121

RMSE 0.085 0.170 0.112 0.308 0.085 0.181 0.109 0.314

n = 1, 500

Bias -0.023 -0.088 -0.040 -0.310 -0.024 -0.098 -0.037 0.310

SD 0.070 0.105 0.071 0.086 0.068 0.114 0.077 0.095

RMSE 0.074 0.137 0.082 0.322 0.072 0.150 0.086 0.325
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Table S.2: Quality of the quantile regression estimators for Cases 4-6, where τ ∈ {0.9, 0.1}.

τ = 0.9 τ = 0.1

φ ψ α β ξ φ ψ α β ξ

Case 4

n = 500

Bias -0.008 -0.036 0.487 -0.063 0.086 -0.005 -0.042 0.484 -0.067 -0.089

SD 0.158 0.158 0.733 0.226 0.090 0.160 0.162 0.753 0.217 0.089

RMSE 0.159 0.162 0.880 0.234 0.125 0.160 0.167 0.895 0.227 0.126

n = 1, 000

Bias -0.005 -0.040 0.435 -0.081 0.097 0.003 -0.050 0.433 -0.095 -0.102

SD 0.112 0.114 0.568 0.179 0.071 0.115 0.118 0.551 0.174 0.069

RMSE 0.112 0.121 0.715 0.196 0.120 0.115 0.129 0.701 0.198 0.124

n = 1, 500

Bias 0.000 -0.045 0.382 -0.096 0.105 -0.008 -0.039 0.370 -0.089 -0.103

SD 0.094 0.097 0.456 0.152 0.060 0.094 0.095 0.449 0.161 0.064

RMSE 0.094 0.107 0.595 0.180 0.121 0.094 0.103 0.582 0.184 0.121

Case 5

n = 500

Bias 0.000 0.046 0.177 -0.080 0.160 0.001 0.046 0.161 -0.109 -0.183

SD 0.080 0.090 0.266 0.204 0.138 0.079 0.094 0.269 0.181 0.129

RMSE 0.080 0.101 0.320 0.220 0.211 0.079 0.105 0.313 0.211 0.224

n = 1, 000

Bias -0.001 0.049 0.150 -0.095 0.173 -0.005 0.050 0.149 -0.107 -0.181

SD 0.055 0.065 0.206 0.171 0.113 0.056 0.068 0.201 0.162 0.110

RMSE 0.055 0.081 0.255 0.195 0.207 0.056 0.084 0.250 0.194 0.212

n = 1, 500

Bias 0.001 0.044 0.148 -0.108 0.184 0.002 0.044 0.148 -0.109 -0.184

SD 0.046 0.053 0.165 0.142 0.095 0.044 0.053 0.167 0.142 0.094

RMSE 0.046 0.069 0.222 0.179 0.207 0.044 0.069 0.223 0.179 0.207

Case 6

n = 500

Bias 0.232 -0.576 -0.205 -0.197 1.232 0.221 -0.570 -0.204 -0.185 -1.203

SD 0.680 0.675 0.054 0.161 0.497 0.641 0.636 0.054 0.158 0.467

RMSE 0.719 0.888 0.212 0.255 1.328 0.678 0.855 0.211 0.243 1.291

n = 1, 000

Bias 0.188 -0.529 -0.198 -0.157 1.108 0.210 -0.558 -0.199 -0.155 -1.112

SD 0.669 0.665 0.042 0.107 0.340 0.619 0.614 0.043 0.102 0.327

RMSE 0.694 0.850 0.202 0.191 1.159 0.654 0.830 0.204 0.186 1.159

n = 1, 500

Bias 0.172 -0.515 -0.200 -0.147 1.088 0.178 -0.526 -0.198 -0.146 -1.079

SD 0.658 0.655 0.035 0.076 0.249 0.590 0.585 0.035 0.075 0.242

RMSE 0.680 0.833 0.203 0.165 1.116 0.616 0.787 0.201 0.164 1.105
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Table S.3: Rejection rate of the Kupiec’s and Christoffersen’s coverage tests for all six cases, under

τ ∈ {0.9, 0.1}.

Kupiec Christoffersen

τ = 0.9 τ = 0.1 τ = 0.9 τ = 0.1

Case 1

n = 500 0 0 0.007 0.007

n = 1, 000 0 0 0.002 0.009

n = 1, 500 0 0 0.004 0.007

Case 2

n = 500 0 0 0.012 0.008

n = 1, 000 0 0 0.010 0.005

n = 1, 500 0 0 0.008 0.006

Case 3

n = 500 0 0 0.024 0.006

n = 1, 000 0 0 0.025 0.010

n = 1, 500 0 0 0.018 0.012

Case 4

n = 500 0 0 0.003 0.007

n = 1, 000 0 0 0.008 0.012

n = 1, 500 0 0 0.011 0.004

Case 5

n = 500 0 0 0.008 0.011

n = 1, 000 0 0 0.011 0.011

n = 1, 500 0 0 0.011 0.011

Case 6

n = 500 0 0 0.034 0.014

n = 1, 000 0 0 0.037 0.036

n = 1, 500 0 0 0.04 0.029
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Table S.4: Empirical sizes and powers of the CUSUM test when the underlying model is GJR-

GARCH(1,1) with (ω, α1, α2, β) = (0.3, 0.5, 0.1, 0.3) (Case 1), under τ ∈ {0.9, 0.1}.
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Table S.5: Empirical sizes and powers of the CUSUM test when the underlying model is GJR-

GARCH(1,1) with (ω, α1, α2, β) = (0.2, 0.3, 0.7, 0.3) (Case 2), under τ ∈ {0.9, 0.1}.
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Table S.6: Empirical sizes and powers of the CUSUM test when the underlying model is GJR-

GARCH(1,1) with (ω, α1, α2, β) = (0.7, 0.1, 0.5, 0.6) (Case 3), under τ ∈ {0.9, 0.1}.
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Table S.7: Empirical sizes and powers of the CUSUM test when the underlying model is

ARMA(1,1)-GARCH(1,1) with (φ, ψ, ω, α, β) = (0.2, 0.2, 0.3, 0.3, 0.3) (Case 4), under τ ∈ {0.9, 0.1}.
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Table S.8: Empirical sizes and powers of the CUSUM test when the underlying model is

ARMA(1,1)-GARCH(1,1) with (φ, ψ, ω, α, β) = (−0.5,−0.2, 0.5, 0.2, 0.3) (Case 5), under τ ∈
{0.9, 0.1}.
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Table S.9: Empirical sizes and powers of the CUSUM test when the underlying model is

ARMA(1,1)-GARCH(1,1) with (φ, ψ, ω, α, β) = (−0.3, 0.6, 0.6, 0.2, 0.7) (Case 6), under τ ∈
{0.9, 0.1}.
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Table S.10: Mean and standard deviation (SD) of the location of the detected change point when

the underlying model is GJR-GARCH(1,1) (Cases 1-3) with τ ∈ {0.9, 0.1} and n = 1, 000. Notice

that the true location of the change point is at t = 1, 001.
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Table S.11: Mean and standard deviation (SD) of the location of the detected change point when

the underlying model is ARMA(1,1)-GARCH(1,1) (Cases 4-6) with τ ∈ {0.9, 0.1} and n = 1, 000.
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