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Abstract

This study aims to test for detecting a change point in the conditional quantile of
general location-scale time series models. This issue is quite important in risk man-
agement because the conditional quantile is utilized to measure the value-at-risk or
expected shortfall of financial assets. In this paper, we design two types of cumula-
tive sum tests based on the conditional quantiles. Their limiting null distributions
are derived under regularity conditions, together with consistency of the proposed
tests under the alternative. Monte Carlo simulations demonstrate the good perfor-
mance of the proposed tests in terms of both stability and power for various time
series settings. A real data analysis using the daily returns of the Brent Oil futures
also confirms the validity of the tests in real-world applications.

Keywords Change point detection - Conditional heteroscedastic time series models -
CUSUM test - Quantile regression - Risk management

1 Introduction

Quantile regression was introduced by Koenker and Bassett (1978) to estimate the
conditional quantile functions for regressive models at any given quantiles and has
been used to measure the tail risk of the response variable. Later it has been applied
to various research fields such as econometrics and finance. We refer to Bloom-
field and Steiger (1983), Weiss (1991), Koenker and Zhao (1996), Xiao and Koen-
ker (2009), Lee and Noh (2013), and Noh and Lee (2016). Quantile regression was
then extended by Engle and Manganelli (2004) to measure the value-at-risk (VaR)
of financial time series using the conditional autoregressive heteroscedastic (ARCH)
models. We also refer to Fitzenberger et al. (2013) and Kim and Lee (2016) for mod-
eling the VaR and the expected shortfall (ES) in generalized ARCH (GARCH)-type
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time series models. In particular, Noh and Lee (2016) particularly considered the
quantile regression estimators for the general location-scale time series mod-
els, which includes a broad class of models such as ARMA and GARCH models,
and derived the consistency and asymptotic normality of such quantile regression
estimators.

In this paper, we consider the change point test problem for the conditional quan-
tiles of the general location-scale time series. The change point test for time series,
pioneered by the seminal paper of Page (1955), has a long history and has been
regarded as one of the influential research topics in time series analysis over past
decades. It has been deployed in various fields of research, including economics,
finance, statistical process control, and health sciences, where detecting the cause
of the structural change is crucial at tracing the phenomenon of status change. We
refer to Csorg6 and Horvath (1997) and Chen and Gupta (2012) for a general review
of the field. In particular, the change point test employing the cumulative sum
(CUSUM) method has been acclaimed by a broad range of researchers and prac-
titioners because of its great detection ability, reliability and convenience. We refer
to Inclan and Tiao (1994), Kim et al. (2000), Lee et al. (2003), Berkes et al. (2004),
Gombay (2008), Oh and Lee (2018), and the papers cited therein, to provide a com-
prehensive look regarding the development of the CUSUM method. The CUSUM
tests have been confirmed to retain their stability and potency to detect changes
for GARCH models (Engle 1982 and Bollerslev 1986) as validated in Berkes et al.
(2004) and Oh and Lee (2019).

CUSUM tests were originally formulated using the estimators of target param-
eters of the model, and were devised to compare the discrepancy among sequentially
calculated estimates. However, estimate-based CUSUM tests tend to suffer from
oversizing, which impairs the overall stability of the test. To circumvent the prob-
lem, the residual-based CUSUM test has later been advocated by, e.g., de Pooter
and van Dijk (2004), Lee et al. (2004), and Oh and Lee (2019). Residual-based tests
regain stability by mitigating the size distortion problem rooted from estimate-based
CUSUM tests. Inspired by this fact, we here propose two variants of residual-based
CUSUM tests featuring the scheme of quantile regression estimation established
in Noh and Lee (2016). Specifically, we propose a test which utilizes the marked
empirical process-type CUSUM process, and a CUSUM of squares test based on
model residuals.

Change point tests via a CUSUM method, primarily targeting to detect the struc-
tural change in conditional quantiles, have been explored in the literature as a form of
both retrospective change point test and prospective monitoring scheme, see Qu (2008),
Oka and Qu (2011), Zhou et al. (2015), and Ciuperca (2017). Moreover, it has been
extended to embrace some time series models, such as the quantile AR model (Su and
Xiao 2008). Lee and Kim (2022) recently considered this problem for GARCH(1, 1)
models, and proposed two CUSUM tests which perform effectively well detecting
changes in tail quantiles in real-world circumstances. Nevertheless, their tests possess
some opposite merits and drawbacks. Specifically, it was revealed that one of their tests
exhibits a good stability but produces low powers on occasions, and the other test has
oversizing problems but produces superior powers. Therefore, our study is not only
devoted to the extension of those tests to the general location-scale time series models,
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but also to the improvement of those two tests through a suitable modification in test
statistics and in algorithms for better tunings. Regularity conditions required for estab-
lishing the null limiting distributions are also properly tailored to the case of general
location-scale time series models. Moreover, we investigate the behavior of our change
point tests under the alternative, while imposing milder regularity conditions compared
to those of Oh and Lee (2019).

The fundamental difference between the classical tests as in Oh and Lee (2019) and
our proposed tests stems from the intrinsic disparity between the parameter estimators
and the conditional quantile estimators, although both estimators share similar asymp-
totic properties (Noh and Lee 2016; Oh and Lee 2019). Indeed, classical tests were
constructed using estimators of the individual model parameters, such as the quasi
maximum likelihood estimator (QMLE) (Francq and Zakoian 2004). On the other
hand, our test is particularly crafted using the conditional quantile estimators, thus is
able to adequately harness the information of residuals derived from those estimators.
As the approach of quantile regression is semiparametric in principle, the discrepancy
particularly prohibits one from simply plugging in the individual parameter estimators
into the formula of the conditional quantiles in constructing our test. Indeed, such a
heuristic parametric method does not mandatorily guarantee the desired accuracy of
the quantile estimators. Also, the quantile regression estimators has robust properties
against outliers, which may fail to hold for QMLE. As a whole, the purpose of the
quantile change test is conceptually different from the parameter change test, thus it
should be properly distinguished.

The rest of this paper is structured as follows. Sections 2 and 3 introduce CUSUM
tests for conditional quantile changes in the location-scale time series models, and
study their asymptotic properties. Section 4 conducts a simulation study to evaluate the
performance of the proposed CUSUM tests. Section 5 analyzes the daily returns of the
Brent Oil futures from September 2010 to September 2018 to exhibit its applicability
to the real-world financial time series. Finally, Sect. 6 provides the concluding remarks.
The proofs are provided in the Appendix.

2 Quantile change point for location-scale models
2.1 Quantile regression estimator

Let us consider a conditional location-scale model of the form:

v, = guo) + b @, t€Z, (1)

where  g,(u) =80V,_1, V0> .- 3H) 1S the  conditional mean and
h(0) = h(y,_;,Y,_,...;0) is the conditional variance; g :R®X60, - R
and h:R®X6 — R are known measurable functions; y € ©, C R™ and
0 =", A1) € ® =6, x6,CcR™ x R™ are unknown parameters; 6, = (u. , A[)"
is the true parameter; {#,} is a sequence of iid random variables with mean zero and
a finite fourth moment. In what follows, we assume that {y, } is strictly stationary and
ergodic, #, is independent of y, for all s < ¢, and further, Ey, = 0 and Ey;‘ < o0. For
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the stationarity and ergodicity, we refer to Bougerol and Picard (1992), Straumann
and Mikosch (2006), and Meitz and Saikkonen (2008).

Model (1) includes a broad class of stationary ARMA and GARCH type models.
A representative location-scale model is the ARMA(p, ¢)-GARCH(1,1) model as
follows:

P q
Ve = Z by + Z Vi€t €,
P =

1/2

@)

e=h""n, h=1 +0{€t2_1 + ph,_,,

where ¢(z) =1 — d)z #0and () =1+ Zq | q/Jz’ # 0 for all |z] < 1in the
complex plane, and r/, ’s are iid with mean zero and variance @ > 0. Here, we assume
a,f > 0and aw + f < 1, which ensure the stationarity (causality) and invertibility;
see (Al)’ in Noh and Lee (2016).

Below, we present the scheme of the quantile regression estimator for the strictly
stationary location-scale model in (1), introduced in Noh and Lee (2016). For
0 < 7 < 1, the rth quantile of y, conditional on the past observations is given by

4,(90) = &,(Ho) + & (8y), 3)

where &, = F () is assumed to be nonzero for model 1dent1ﬁab111ty, with F,(-)
being the dlstrlbutlon function of ;. We denote by 9, = (&,, 9 T the true parameter
vector. For 9 € ©*, where ©* is a subset of R X O, we express

49) = 8Vr1sVicas i) + ERP Gy, Vs - 30), “@
which is approximated with

3,9) 1= g,(u) + &R ()

=8(Vs1s e s V15C1> Cpo vev 3H) +§h1/2(yl_l, cees V15 €2, Coy e 30),

wherein all y,, t < 0, are set to constants ¢, and ¢, (usually 0). Then, in light of (3),
the zth quantile regression estimator for model (1) is defined by

,9 = - 9
a%gergjn pr(yt G,(9), )

where p_ (1) = u(r — I(u < 0)). Noh and Lee (2016) established that 1§n is a consist-
ent estimator of J, and is asymptotically normal as n — oo under regularity condi-
tions. The following conditions are their reformulations and implicate the conditions
in Theorems 1 and 2 of Noh and Lee (2016) except for their (N4)(iii); see Remark 2.

(Al) ©*is compact and 9, is an interior point of @*.

(A2) h,(6) = c uniformly in ¢ and @ for some positive constant c.
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(A3) Ifgq,(9) =q,(9y) a.s. for some t and 9 € ©F then I = 9,

(A4) The distribution function F, of n, has a positive continuous density f, and
sup, f,(x) < oo.

(A5)
g,(u) and h,(0) are twice continuously differentiable on @ and the following moment
conditions hold:

)

(i) E(supsey Ig,(u)l) < 00, E( supyeq ||ag,<u>”)

ii o6 1\ 4
(i) E( SUPpeo 1A, (9)|) < 00, E( SUPyeo ”% 09)”>
0* gr(l‘)

0%h,(0)
ououT Il + supyee ”h(9) 90007 “)

(iii) E( SUPyep |

(A6) Both g and h and their first derivatives belong to the class 4. Herein,
f 1 R® x O — Ris said to belong to the class A if for all 7 > 1,

sup [0y 1e ) = O i) [ VI as

for a constant ¢, where V is an integrable random variable and p € (0,1) is a

constant.

(A7) The following matrix J(r) is positive definite:

1 99,(8y) 9g,(8)
h(0,) 09 09T |

J(r) = E[ ©)

Remark 1 The above assumptions with (A3) replaced by (A3)/: g:(n) = g,(uy) and
h,(0) = h,(6,) a.s. for some ¢ if and only if 8 = 6, can yield the consistency and
asymptotic normality of the Gaussian QMLE of §, as verified by Oh and Lee (2019),
for which, however, (A4) becomes redundant. In fact, under certain circumstances,
(A3) and (A3)’ are equivalent. Particularly, (AS) implies

<sup9€@ |24 ‘°’||2> +E<sup'9€@* ||‘fw"l;;’)||) < oo. Stationary ARMA-GARCH

and pure asymmetric GARCH (AGARCH) (or GJR-GARCH) models satisfy (Al)—
(A7) under fairly mild conditions; see Sect. 3 of Noh and Lee (2016).

More specifically, the asymptotic results of Noh and Lee (2016) are summa-
rized as follows, which will be utilized for analyzing the asymptotic behavior of the

CUSUM test in the next section.

Proposition 1 Under (A1)-(A7), §n converges to 9y a.s. and
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i _d) (1l —1) 4 4
V@, - 9) N(o, f—;@—l(f))“” V(2)J(7) )

where J(7) is given in (6) and

V(r)= E [5%(190) 5%(190)]

29 09T

Remark 2 Noh and Lee (2016) assumed in their condition (N4)(iii) that the second
derivatives of g,(#) and h,(0) belong to A. However, this condition is redundant
since the approximating assumption regarding the first derivatives of g,(x) and /,(0)
is sufficient for the verification. This can be easily checked by looking over the proof
of Lemma A.3 of Noh and Lee (2016).

2.2 CUSUM test

In this subsection, we consider the problem of testing a change in the conditional
quantile g,(8,). As the conditional quantile formula depends on 8, we convert this
problem into the change point testing problem for 9. Henceforth, we set up the fol-
lowing hypotheses:

H, : 9isconstant as 9y overt =1,...,n. vs. H; . not H,. @

However, when testing for H, vs. H|, rather than using the classical parameter
change test of Oh and Lee (2019), we employ another type of CUSUM test that
reflects the features of conditional quantiles as follows:

T, := lrg]flsxn T,(k)

®)

k n
.k .
max | 3 |y, "y, (0 = 4) — - Z{ et w0 = @)
1=

1
\/;fn 1<k<n o

with0 <y <2,y () =7 — I < 0),§, = &,(4,) + & 17*@,), and

=-ny1(wf(y, W) - (; Z'yrl'("’f(yf )’

which is similar to the test proposed in Zhou et al. (2015), Ciuperca (2017), and
Lee and Kim (2022). It is notable that unlike Lee and Kim (2022), who used y = 2
we allow to use any y € [0, 2] not only to enhance the flexibility of the test, but also
to significantly augmenting the detection ability of the test in many circumstances.
Moreover, our simulation study suggests that a small y is favored for better detecting
scale parameter changes, while a large y is favored for handling location parameter
changes.

Under (A1)-(A7) and certain additional assumptions, the limiting null distribu-
tion of the test can be shown as follows (see the Appendix for the proof): Asn — oo,
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i) T,-T,=o0p01), )
where

k n
1 k
T, = max Z et w0 = 4,(80)) = - z Y1 w0 — 4,(80))
=1

\/;T 1<k<n =

with 72 = Var(|y; 1w, (v, = ¢,(8)) ), and

d
(i) T,— sup |B°(s)|,
0<s<1

where B° is a Brownian bridge, due to Donsker’s invariance principle (Billingsley
1968).

Theorem 1 Suppose that (A1)-(A7) hold. Moreover, assume sup, [f’;(x)| < oo.
Then, under H, as n — oo,

7,5 sup B,
0<s<1
Remark 3 Lee and Kim (2022) assumed a more stringent condition that
Ely,|**% < oo for some § > 0 in GARCH(1, 1) models, which is no longer neces-
sary in our analysis. The theorem can be proven through manipulating a martingale
sequence similarly to the one for the GARCH(1, 1) model. However, the approach
herein is more sophisticated than that of Lee and Kim (2022) in that the martingale
sequence is equipped with a stopping rule scheme to overcome the restriction of the
4th moment condition. This part is of independent interest.

Aside form 7"”, we can employ another CUSUM test based on g,(fi,) and the
squared residuals ﬁ,2 with

A, = O, — &) /16,

Specifically, we utilize the following test statistics (Lee 2020):

T, = max {Tn,l(k) +T,,()},

1<k<n
where

1| k) < i

T 0 = —| X 20 - (5 ) X 2|
ny, = o
. (10)

~ 1 A2 k ‘ A2
T,k = —— - (%)
n,2 n’i'22’n ;nt n ~ rlt
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with

n n 2
N 1 A DA 1 NN
le,n - Z gt(/’ln)zrlzz - (_ ng(ﬂn)rh) s
= 3
n n 2
1 1
2 4 2
f=1% -<;zn,> |

t=1

The primary reason why we consider 7, is that it substantially augments the detec-
tion ability regarding the change in location parameters compared to 7, as further
revealed in the simulation study in Sect. 4. The following result shows the weak
convergence of the residual-based CUSUM of squares test to the supremum of a
Brownian bridge, which can be verified similarly to Oh and Lee (2019) and Lee
(2020) and the proof is omitted for brevity.

Theorem 2 Suppose that (A1)—(A7) hold. Then, under Hy, as n — oo,
T d o 2
Tn_) sup ||B2(S)|| s
0<s<1
where BS denotes a two-dimensional Brownian bridge.
In circumstances where the underlying model is a pure GARCH-type, namely,
g,(u) =0 for all > 1, we alternatively consider the test statistics only consisting

of Tmz(k) to particularly examine the change in scale parameters. Specifically, we
consider

T,,:= max T, ,(k).

Corollary 1 Suppose that (A1)-(A7) hold. Then, under H, as n — oo,

7,0 sup )
0<s<1

Although 7, and Tn,2 can precisely detect parameter changes in general, our
unreported simulation study indicates that they can occasionally suffer from mild
size distortions. As a remedy, we employ a test that uses 7, and Tn,2 below that
slightly modifies f'%n to facilitate the test to be much more stable, and report these
results in Sect. 4. The following shows that the Brownian bridge result is valid for
Tn, the proof of which is omitted for brevity.

Theorem 3 Suppose that (A1)—(A7) hold. Then, as n — o,

v ~ N d
T, := max {T, (k) + T, ,(k) }—> sup [IB5(s)]I*
1<k<n 0<s<l1
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and

. . d
T, , := max T, ,(k\— sup |B°(s)|*,
' I<ksn 0<s<1

where Tn’l(k) is defined in (10) and Tn,z(k) is defined as

1 Ix |
¥ _ z 2 z 2
Tn,Z(k) - v2 rll - ( - ) rll
n
2.0 | t=1 =1
Here, %3’2 = max(%,, v,), v, is a sequence of positive real numbers decaying to 0, and

t, = 7,(0) + 27, (1) with

n—j n n

o 1 . 1 R . 1 . .

Pa) = ;Z(ﬂ,ﬂj— ;an)(nf—;z:nf), j=0,1.
t=1 =1 t=1

In practice, k, can be negligibly small, as it does not influence the overall perfor-
mance of 7, in terms of both size and power. For instance, ,, can be a sequence that
decays rapidly toward zero (e.g., k,, = 0.001n72).

3 Consistency of CUSUM test

In this section, we investigate the consistency of the proposed tests and substantiate it
under regularity conditions via using the framework in Sect. 2.2 of Oh and Lee (2019).
For a relevant paper, see also Kirch and Kamgaing (2012). In this scenario, the null and
alternative hypotheses are set up as follows:

H, : disconstant as 9, overt=1,...,n vs.

H, : disconstant as I, overt =1, ...,k, and changesto 9, fort =k, +1,...,n,
where ko = [nk,] with ky € (0,1) and 9, # §,. Namely, under H,, {y,, ...,y } fol-
lows Model (1) with 9 = 9, and {yk0+1, ...y, } follows Model (1) with § = 8,. Spe-
cifically, we denote by y, =y, fort=1,...kyand by y, =y, fort =k, + 1, ...,n.
All the symbols g, hy;. g, i = 1,2 (for example, g(9) = g,(u) + Eh/*(8)) with

i) = 80> Yiys -+ 1) and h(0) = h(y,, ¥, 1 -..30)), and their variants are
accordingly defined, and the regularity conditions in (A1)—(A7) are assumed to hold
for both {y,; } and {y,, }. Specifically, (A5) is modified for {y,, } as follows: for ¢ < k,

sup W Gprseee s V11065 0030) = FOrs Yoy 15 - OIS PV as.
€

Also, we assume that g, & and their first derivatives belong to the class .A’, where

fe A implicates that for > k,
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zug Hf(y127 7yk0+1,2»yk0’]7 7y117C7C"~ 70)
€

t—k, (11)
_f(ytz,yr—l,z’ D L PV ass.

for constant c. This condition will be harnessed for investigating the asymptotic
properties regarding §,, and g,,, as seen in the proofs of Theorems 2 and 3 of Oh and
Lee (2019). Moreover, like in their study, the following conditions are imposed:

(B1) Under H,, there exists 9% = (&,0;7)" € ©* such that g = 95 + op(1), where
'an is the one in (5).

(B2) Letd; = Ely,_i;I"v. (v — 4:(9p)), then d, # d,.

These conditions result in the following, the proof of which is provided in the
Appendix.

Theorem 4 Let Tn be the one in (8) and lAcn = argmaxlskgnf‘n(k), and assume that

(B1) and (B2) hold. Then, under H, we have Tn — oo and lAcn/n — K in probability

asn — Q.

Remark 4 1t can be checked from (5) that (Bl) holds if
KoE{p. (i — 4n )} + (1 = k)E{p. (v — 4(9))} for 9 € O* has its maximum

uniquely at an interior point J;; of ©*, see Appendix. A similar condition was also
assumed in Lemma 5 of Oh and Lee (2019) as the form of the assumption (C1)(i)
and (C2)(i) of their study for investigating the consistency of the CUSUM test for
location-scale models, as analytically verifying the presence of such J; or finding a
suitable sufficient condition could be in general quite difficult except for some basic
models like AR models. Therein, a more stringent condition like the \/ﬁ-consistency
of 'an to 19;; was assumed, which, however, can be relaxed to the one in (B1).

To deal with the consistency of 7, we impose the conditions (B1) and

(B3) Let d" = Eg,(uin,(6%) and d® = En(6)), where

1

1,0 =, — g:(w)/ htll./ 2(9). Then, at least, one of the two conditions
d\V # d" and @ # d holds true.
These conditions ensure the consistency of T, the proof of which is omitted as it is
straightforward and essentially follows the same lines as those in Oh and Lee (2019).

In particular, the consistency of Tn,Z holds if diz) # d;z). The case of T, can be similarly
handled.
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4 Simulation study

This section evaluates the performance of the proposed change point tests Tn, T,
and T, for various location-scale models. Section 4.1 describes the experiment set-
tings and evaluate the overall quality of the quantile estimates presented in (5). Sec-
tion s4.2 summarizes the performance measured in terms of the empirical sizes and
powers and reports the accuracy regarding the location of the change point.

4.1 Preliminaries

We evaluate the performance of the proposed change point test under various set-
tings of location-scale time series models. For this task, we employ the ARMA(1,
1)-GARCH(1, 1) model in (2) and the GIR-GARCH(1, 1) model as follows:

1/2 2 _
Ve = hr/ N hy=1+ (let+_1 + azy,_]z + Bih_y,
yf =max(y, 0), y =-min(y,0), & >0, a>0, >0

[cf. Noh and Lee (2016)]. Herein, #, is generated from a normal distribution with
variance o, implying that the quantile parameter £ is approximately —1.282 when
w = land 7 = 0.1, and we consider T € {0.9,0.1}. For the GIR-GARCH model, we
consider the three cases:

e Case l.(w,a;,a,, ) =1(0.3,0.5,0.1,0.3);
e Case2. (w,a;,a,, f)=1(0.2,0.3,0.7,0.3);
e Case 3. (w,a;,a,,p)=(0.7,0.1,0.5,0.6).

Also, for the ARMA-GARCH model, we consider the following:

o Case4. (p,yv,w,a, f)=1(0.2,0.2,0.3,0.3,0.3);
o Case5. (p,y,w,a,p)=(-0.5,-0.2,0.5,0.2,0.3);
o Caseb.(p,yv,w,a,f)=(-0.3,0.6,0.6,0.2,0.7).

Notice that the former three cases are variants of the pure GARCH-type model,
namely, g,(#) = 0. Therefore, we employ Tn,Z and Tn,Z rather than 7, and 7, when
conducting the experiment.

Prior to the analysis of the proposed change point tests, we first assess the per-
formance of the conditional quantile estimator in (5), as the quality of the estima-
tors is critical in obtaining well-behaved test statistics. For this experiment, we inde-
pendently generate 1,000 time series of length 2n with n = 500, 1,000 and 1, 500,
then evaluate the bias, sample standard deviation (SD), and root mean-squared
error (RMSE) of the estimators (@, a,, #, &) for Cases 1 and 2, and (¢, v, a, f, &) for
the latter two cases, analogous to Lee and Noh (2013). Note that for all cases with
7 = 0.9, the true quantile parameter £ is approximately 0.256, 0.384 and 0.641 for
@ = 0.2, 0.3 and 0.5, respectively.

To further evaluate the quality of the quantile estimates, we additionally present
the results of two backtesting measures, namely, Kupiec’s unconditional coverage test
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(Kupiec 1995) and Christoffersen’s conditional coverage test (Christoffersen 1998). To
perform these tests, setting

L=1G(t)<1), 1<t<2n,

for = € (0, 1), where I(A) is the indicator function for an event A, we construct a
likelihood ratio test using /, and evaluate whether {/,} can be considered as iid ran-
dom variables from a Bernoulli(z) distribution. We refer to Campbell (2006) and
Lee and Noh (2010).

Tables S.1 and S.2 report the bias, standard deviation (SD), and RMSE of the
quantile estimates, and Table S.3 summarizes the results of two backtesting meth-
ods mentioned above. These tables all are available in the supplementary material.
Notice that these results indicate that some parameters, especially, those in Cases 3
and 6, are somewhat biased and are shown to converge more slowly than the other
parameters, which are analogous to the results in Noh and Lee (2016). We speculate
that this estimation bias is the byproduct of two factors: (i) the parameter § of both
Cases 3 and 6 is relatively large, resulting in the model being nearly nonstationary
compared to the other cases, and (ii) the objective function in (5) is not convex,
thereby rendering the parameters to converge toward the local minimum. Neverthe-
less, these results still substantiate that most estimators are ultimately consistent, as
both the bias and variance diminishes as n tends to co. Moreover, both backtesting
measures illuminate that the quality of predicted quantiles g,(z) are not undermined
for both upper and lower quantiles. These results strongly advocate the validity of
the quantile regression estimator of (5) in constructing the change point tests.

4.2 Experiment results

We here report the empirical sizes and powers of the change point tests introduced
in Sect. 2.2 under various circumstances. The procedure of the simulation is given
as follows. Analogously to the preceding analysis, we first generate time series of
length 2n, and then consider the case that the change point is located at the center of
the time series. When computing empirical sizes and powers, we obtain the residu-
als by fitting the quantile regression model in (5), then, respectively, compute fn, Tn,Z
and Tn,z for Cases 1-3, and also 7, 7, and T, for Cases 4-6. Subsequently, at the sig-
nificance level of o, = 0.05, we reject the null hypothesis of (7) if the values of the
tests are greater than 1.3397 for T, Tn,Z and Tn,Z’ and also 2.495 for 7, and 7,,. These
critical values are obtained through Monte Carlo simulations, and this procedure is
iterated 1000 times to obtain the empirical sizes and powers.

Using n = 500, 1000 and 1500, we inspect the empirical power when the param-

eters or the innovation distribution for #, changes to a normal mixture as follows:
N, =2 (@) :=09X+0.1Y, X ~ NO,w), Y ~ N(k, Pw).

To illustrate, the distribution of #, changing from N(0, @) to that of Z,,;(w) when
o = 0.3 actually means the parameter £ changing from approximately 0.384 to 0.615
when 7 = 0.9. Despite the change in any model parameters can contribute to the
change in conditional quantiles, the change of #, particularly reflects the circumstance
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where the change in conditional quantiles is solely induced from the change of ¢,
not from the model parameters. Here, we consider (k, ) = (0, 5), (0, 7) for the GJR-
GARCH model, and (k,[) = (0,4.5) for the ARMA-GARCH model. Moreover, for
the ARMA-GARCH model, we additionally consider (k, /) = (1, 3) and (-1, 3) for the
upper and lower quantiles, respectively. Throughout the subsection, we abbreviate
Z; (@) as Z; , and the zero-mean variant Z, ,(w) as Z, for simplicity. Moreover, all the
tables that describe the results can be found in the supplementary material.

Tables S.4 to S.6, respectively, portray the empirical sizes and powers for the
GJR-GARCH model for r € {0.9,0.1}, namely, Cases 1-3. The size in general is
stabilized around the prescribed nominal level a for all tests, which validates that
all three tests can make a stable test even when the sample size is relatively small.
When comparing empirical powers of Tn, the results of y = 0.2 and 0.5 appear to
surpass those of y =1 and 2 by a large margin and also to be comparable with
those of Tn,Z and 7",1,2 in many circumstances. This finding indicates that y = 2 may
dilute information that y, possesses, and we can massively augment the detection
ability of f"n by adopting a small y, which is indeed a substantial improvement
over the results of Lee and Kim (2022). However, both T, , and 7"”72 still exhibit
their superiority over T, in cases other than w experiencing a change, including
the case of the quantile parameter &. In short, change point tests using 7,,,, 7",172
and f‘n with small y are generally preferable when one primarily intends to detect
a change in the conditional volatility of tail quantiles.

Tables S.7 to S.9 summarize the results of the ARMA-GARCH model, namely,
Cases 4-6. To elaborate, analogously to the GJR-GARCH model case, the tests
appear to retain their stability in these cases, aside from a mild downwards size
distortion, which can be witnessed when employing 7. Also, for T, it is seen
that adopting different values of y yields distinctive results. Specifically, small
values of y are favored for detecting a change in scale or quantile parameters o,
a, f and &. In contrast, large values of y, especially those larger than 1, are more
effective in detecting a change in location parameters, although they seem to be
underpowered under some circumstances. Moreover, as T, and T, are particularly
augmented to detect a location parameter change as well, they produce stellar
performance across all parameter changes.

Most notably, Tables S.6 and S.9 exhibit that the size of Tn—based tests, namely,
variants of 7, is generally much more stable than Tn,2 and 7",,’2. For instance, the
latter two tests suffer from upwards size distortions up to 0.1 in case n is small,
whereas the size of 7,-based tests stabilize around the nominal level of 0.05. As
illustrated in the aforementioned tables, this phenomenon is commonly observed
when the parameter f associated with GARCH models becomes moderately large,
which can often be observed in real-world financial time series. This finding con-
solidates that both tests have a complementary relationship and so is recommended
to be implemented simultaneously in practice, as the former can be utilized to deter
false alarms, while the latter is useful when detecting subtle structural changes.

Finally, Tables S.10 and S.11 report the mean and SD for the location of the change
point in Cases 1 and 3 when n = 1000, which indicates that the change point is located
at 7 = 1001. Here, we specifically utilize 7, with y = 2 for location parameter changes,
and use y = 0.2 for scale and quantile parameter changes. Although all tests well
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capture the location of a change, T, and Tn particularly have a smaller variance across
all instances compared to 7). This indicates 7, and T, can be more useful when pre-
cisely pinpointing the exact period of the structural change in practice.

The results unravel two distinct advantages of our change point tests: (i) the tests
respond well to small and subtle changes of the underlying structure; (ii) they can effec-
tively detect the decrease in volatility of tail quantiles. In Table S.5, empirical powers
tend to one when n becomes large even when the degree of the parameter change is
small, which is well reflected in cases that @ changes from 0.2 to 0.25 or 0.35, or g
changes from 0.3 to 0.05. Remarkably, T, and Tn are shown to produce high powers
even when the length of observations is relatively short, namely n» = 500. In addition,
the power rapidly approaches one when the overall volatility diminishes, which is well
illustrated when w decreases from 0.2 to 0.15 or 0.1. In a nutshell, the two discoveries
further solidify the validity of our change point tests.

In addition, Tn with smaller y is observed to excel in detecting a change of scale
parameters, while the power regarding the location parameter change is shown to
increase when incrementing y. We speculate that this phenomenon occurs as the
increase in volatility can contribute to triggering the normalizing factor, 7, of (8), to
become excessively large when employing larger y, and thereby lower the values of the

test statistics Tn. Hence, if one intends to utilize Tn in practice, one can first fit a suit-
able location-scale model like the ARMA-GARCH model to a given time series, then
choose a suitable y accordingly to the obtained results. In case one desires to detect a
change in the location parameters that concurrently appear to be statistically significant,
one can employ a large y, possibly around 1, to balance between the detection ability of
both location and scale parameters. If not, a small y would be adequate to maximize the
detection ability of quantile changes induced from a scale parameter change.

A =~

Thus far, our findings have demonstrated the respective strengths of 7, T, and Tn. For

both pure GARCH-type and ARMA-GARCH models, Tn retains its superiority in terms
of the size, therefore is more robust against false alarms. Moreover, for GARCH-type

models, 7, with smaller y, namely y = 0.2, Tn,Z’ and 7",172 outperform the remaining tests
in terms of power, while for ARMA-type models, T, and T, tend to outperform the oth-
ers. In conclusion, we recommend using both 7, with small y and T, in practice. This is
because 7/, with small y complements the drawback of both 7, and T, also performing

well in handling scale parameter changes, while T,, has strong detection ability in general,

being more stable than T,. Those two tests have their own merits that are more adaptable
to a specific situation, which is further reflected in our real data analysis addressed below.

5 Data analysis
In this section, we analyze the daily returns of the Brent Oil futures from September

1, 2010 to September 28, 2018 (2088 observations). The raw indices are depicted
in Fig. 1a. These datasets are available at the website “investing.com,” named “Oil”
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Table 1 P values for the =095 =09 =01 =005
backtesting results of the

conditional quantile estimates

Prior
regarding the tail quantiles Kupi 0.961 0.943 0.943 0.818
7 € {0.95,0.9,0.1,0.05} of Oil upiec : : : :
Christoffersen ~ 0.025 0.067 0.818 0.919
Posterior
Kupiec 0.809 0.809 0.930 0.952
Christoffersen ~ 0.094 0.673 0.099 0.082
Table 2 Results of the 7 ¥
change point detection " n
test for tail quantiles y=02 r=1
7 € {0.95,0.9,0.1,0.05}
regarding Oil =095 Jan/15/15 Jan/15/15 Sep/29/14
=09 Jan/13/15 - Sep/29/14
7=0.1 Aug/11/14 - Oct/10/14
T =0.05 Sep/26/14 - Oct/10/14
“~” indicates that the test did not detect any significant change point
(a) Raw price index (b) log-returns

Fig. 1 Plot of (a) the price index of Oil and (b) its log-returns. A noticeable drop in price is observable
during the late 2014

for simplicity, and the log returns r, = 100 X {log(y,) — log(y,_,)} (¢ = 2) are used in
our analysis.

We first fit an AR(1)-GARCH(1, 1) model to Oil, then notice that the AR param-
eter is revealed to be significant according to a test. We then obtain the conditional
quantile regression estimators presented in (5) for 7 € {0.95,0.9,0.1,0.05}, which
are depicted in Fig. 1b, and examine whether a change in tail quantiles is present for
those z’s. For this purpose, we employ Tn with y = 0.2 and 1, alongside with Tn, to
cope with a change regarding both the AR parameter and the conditional volatility,
see Sect. 4.2 for the discussion of the respective strengths of the test statistics.
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AT
Y=Y

(a) Before (b) After

Fig.2 Plot of the estimated conditional quantiles of Oil (a) before and (b) after the change point at
7 = 0.95 (red), 0.9 (orange), 0.1 (blue), and 0.05 (purple) (color figure online)

Table 2 and Figs. 3 and 4 illustrate the results for the change point test applied
to Oil. They show that Tn detects a change on September 29, 2014 and October 10,
2014 for the upper and lower quantiles, respectively. Similarly, Tn with y = 0.2 is
shown to detect a change on January 15, 2015 and two days prior, respectively, for
upper quantiles 7 = 0.95 and 0.9, and also on August 11, 2014 and September 26,
2014 for lower quantiles = = 0.1 and 0.05, respectively. Moreover, it is shown that
7",1 with y = 1 detects a change in the 95% quantile on January 15, 2015, but detects
no significant change in other tail quantiles. These results signify that no quantile
changes are induced from the AR parameter change, except for the uppermost quan-
tile, and with a high possibility, a change may exist in the conditional quantile origi-
nated from the conditional volatility change. Indeed, Fig. 3 displays that an increase
in volatility exists, including that of the tail quantiles, around the locations of the
detected change point.

T

J 1
1 "'s Wl

- '
'J Wﬂ '11‘”}”\%! b

(a) raw price index (b) log-return
Fig.3 Location of the change points of Oil at 7 € {0.95,0.9,0.1,0.05}, using Tn with y =0.2. Red

(7 = 0.95) and orange (z = 0.9) dotted lines symbolize the detected location of upper quantiles, while
blue (z = 0.1) and purple (z = 0.05) solid lines denote those of the lower quantiles (color figure online)
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Ty
VAN ] i |
) Iy g
/ W' V W "\
/ ! T
| i
M o
H My of
WA ty
‘wdu
(a) raw price index (b) log-return

Fig.4 Location of the change points of Oil at 7 € {0.95,0.9,0.1,0.05}, using Tn with y =1 and Tn.
Green dotted lines symbolize the detected location of the former test, while red (r = 0.95,0.9) and blue
(z = 0.1,0.05) solid lines denote those of the latter test (color figure online)

Moreover, to further analyze the model structure prior and posterior the change
point, we first divide Oil into two separate subseries, based on the results of Tn, then
independently apply the two backtesting measures introduced in Sect. 4.1. Table 1
and Fig. 2, respectively, depict the results of the two measures and the estimated
conditional quantiles of Oil for the two subseries. Although the result mostly indi-
cates the adequacy of the quantile regression estimates across all tail quantiles,
Christoffersen’s test with 7 = 0.95 applied to Oil before the change point appears
to reject the null at the significance level of 0.05. This is actually because the first
subseries of Qil prior to the change point also contains a change point of a smaller
magnitude on November 7, 2012 according to Tn: a decrease in volatility can be
observed in Fig. 3b.

The results suggest that f‘n can be preferable to 7",1 when the underlying structure
of the dataset is heavily asymmetric. In fact, Fig. 1a displays a steep plunge in the
price of the futures from September 29, 2014 to January 13, 2015. This is reasoned
to cause the lower quantiles of the log returns to depart from their original structure
prior to the upper quantiles, which is concurrent with the results of f"n mentioned
earlier. Moreover, 7",, with y = 0.2 detecting a change a month prior to this event
implicates that there could have been a warning for this structural break during July
and August, 2014, as the actual price drop commenced around July 15, 2014, as
seen in Fig. la.

Our findings reaffirm the merits of f"n as it can detect conditional quantile changes
owing to location and scale parameter changes by adjusting y properly, particu-
larly those induced from volatility changes. Moreover, 7",, can simultaneously detect
changes in all aspects and is advantageous when one aims to detect a small change
in tail volatilities, see Sect. 4.2. We in general recommend using f"n with small y
when the location parameters of the given time series is insignificant, and Tn oth-
erwise, as each test has its own merit to react more sensitively to a given situation.
Overall, our empirical study strongly confirms the validity of our tests.
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6 Concluding remarks

In this paper, we have proposed the three types of CUSUM tests to detect a change
in conditional quantiles for a general location-scale time series models, derived their
limiting null distributions, and explored the consistency under the alternative. Our
simulation study has demonstrated that the proposed CUSUM tests in general per-
forms stable and powerful under a variety of model settings, and also have exhib-
ited that Tn, T, and Tn have complementary relationships, namely, Tn is more geared
toward being more stable, while T, and Tn are more suitable when detecting a change
of a small magnitude. A real data analysis has also been conducted for illustration
using the log returns of Brent oil futures, which not only demonstrated the validity
of our proposed tests but also additionally revealed the adaptability and versatility of
f"n. All these results strongly confirm the functionality of the proposed tests.
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Appendix

In this section, we provide the proofs of some results in Sects. 2 and 3.

Proof of Theorem 1 1t suffices to prove (9). Put

A) = @,(1) — () /1y > 6y + ER(0) /() /* = &,

Noting thaty,(y, —q,) =7 —1(n, < &, + At(ﬁf")), We can express

max
1 n

\/r_z <k<
k < .
— ; ; |yt—1 |y{ll/r(yt - qt) - l//T(y, - q,(&o))}'

k
X il {0 =) = w0, — 4,80 |
t=1

< max
1 n

\/; <k<

k
D el {100 < &+ A8, = FyG + A + (&) — 101, < &) }‘
t=1

k
T {FuGo+ A - F@) |

k% .
-2 ; 1y IY{Fﬂ(éo +A,8,)) - Fn(go)}‘
‘=24, +B,.

Owing to Proposition 1, for any 6 € (0, 1), there exists a (large enough) L > 0 such
that P9, € N, /) 21— 8, where N, /y/n is @ compact neighborhood of 8, with
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[[9 =gl < L/\/ﬁ forall 9 € NL/\/— Given any fixed ¢ > 0, we decompose NL/\/-
into a finite number of subsets Dy, ..., Dy, for some N = N({) > 1, with their diam-

eters less than ¢/ \/_ We then choose points 9; from D;. Then, in case of 8 €D,
we have

I, < &+ A9) + A ) <1, < & + A8, ) <1, < &+ A9) + A)
with At; = inflgepj A,(9) — A,(9;) and A;T = SUPyep, A,(9) — A,(9;). Putting
k
A;J;- zﬁ ; [zt |y{1(’1t <&+ A0)+ A;)
= Fyo+ AL9) + AD = Fy&) + 101, < &) },

k
Ay —L\/_ Z (R I’{I(ﬂ; <G+ AW+ A

= FyGo+ A8) + A7) = Fy(&) + 101, < &) |,

and using (AS5), (A6), and the mean value theorem, we can show that

Ay < max max |Ag|+ max max Ayl +7, (12)
with
1 n
rn:7 f;‘,x Sup i 1F, G + A,(9) + A)) = F (& + A,(9))]
n =1
1 < ) (13)
+ 7 lmax Sup Y1 ["Fy o + A,(9)) + A) = F (& + A (9))]
n =1
=¢0p(1),

which can be made arbitrarily small by taking a small .
Next, putting

ef =l {1 < &+ A,9) + 4D

= FyGo+ AL9) + A = Fy(&) + 10, < &)},
&5 =yt 17 {10, < & + A,9) + A7)

— FyGo+ A9) + A7) — F (&) +10, < &) }.

bk _
we set Skj = Zl_l et and S Zt 1 €5 Moreover, for B > 0, we set
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k k
— s+ T — -
= Zerj’ Sy = Ze,,
t=1

t=1

with
A ()
—6*1(2 P sup |55 < n).
e, =e I(Z ly,|* sup |£H SBn).
seo !l 09

Then, we get martingale arrays {(S‘Jri, F)k=1,...,n} and {(S;l,, Frk=1,...,n},
where F, = o(y,, 1,_ L )
Note that P(e #* e for some ¢t = 1, ...,n) can be made arbitrarily small by tak-

ing a large B, Wthh can be seen using the mean value theorem, Holder’s inequality,
(AS) and (A6). Then, for any ¢, 1> 0,0 < 6 < 1and p > 1, using the sub-martin-
gale inequality and taking a sufficiently large B := B({), we can get

lim sup P(A:Lr >A)

n—oo

< hmsupP< max max |A+| > /1) < hmsupZP< max |S+| > \/_/1)

n—o00 1<j<N 1<k<n n—oo 7 n®<k<n

< limsu P max |S+| > /i) +¢ <limsu ES+2P A+
p p
n—oo .- n—oo ] 1

(14)
Moreover, using Rosenthal’s inequality (Hall and Heyde 1980), we get

ES'Y sc( [ZE(é“I}'t 1)] + ZE(@“” ) C>0,

and further,

[Z E@P|F,_ o] =0 and 2 E@™) = Om),

which leads to Z ES+2P O"’? + n). Then, in view of (14), we obtain

max max |AT| = 0,(1
1§J<N1<k<n| | p(D-

Analogously, we have max, ;. y max; g, |A;j| = 0p(1). Hence, from (12) and (13),
we have A, = op(1).
Next, we handle B,,. Set
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k
Bu=| 2 it P { FyGo + AL9,0) = F(Go) |
=1
k < ]
—;Zm4%a%+mm»4%mw
=1
Note that for k, = n!/ 7 max; ¢ B, = 0p(1). Thus it suffices to show that
B;: = L max B, = op(1).

\/_k <k<n

To this end, we use Taylor’s theorem to get
. . 1ona s
F, (& + AI,) — F, (&) = A,(9,)f, (&) + EA,Z(Bn)fn(f, )

for some number £ lying between &, and &, + A (19 ). Then, using this, (A2), (AS),
(A6), and our assumption on f we can show that for some K > 0,

Z | |yagz(ﬂ0) 1
V-1
6/4 hll/z(ao)

B <K\/—||un—yo | max

_1i||ﬁww I
» V-1 ou h1/2(90)

ZMAﬁ“@ .

K 6 —6,
+ K+/nl|6, ol max ||

9 \/21,8y)
Z' OO0 1
o JM@
+ Ky/nlé, = &| max. ]% Z Va7 = % 2 bl |+ 0p(1)
o t=1 t=1

=op(D),

due to the ergodicity of {y,} which entails B, = o0p(1). As we can check

112 = r + oP(l) we finally get T T, = op(1), Wthh in turn implicates the weak

convergence of T 10 SUPy<,<; |B°(S)]. O

Proof of Theorem4 Fori = 1,2, we set
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Zi(w) — ga(ut)  ERYO) - &0
1/2 + 1/2 ’
©,) ©,)
g,,(ﬂo) 8ulp) + Exh 1”(9*)
zli/z(gi)

A%(9) =

W=
Noting that y,(y,; — §,) =7 —I(n, < A;"(gn) + &,;), we can express for k < k,

k k
1 y A 1 Y *
= - == —guO)) + 1, + 11,
. ; |yt—l,1| v — 4n) . ; |)’r—1,1| v — gu( 0)) nk nk
where
k
1 y x PR
== 2 el {10, < A58+ &) = F, (43,5
=1
+ &) +F &) — I, < 5,1)},
Hy=—~ Z il { Fy (A5 (8 + 60 = Fy&

Then, following the lines similar to those used for verifying A, = 0p(1) in the proof
of Theorem 1, with W, L/ A,(89), and &, therein, replaced by

={9 : |19 =9l < L}, A7, (9), and &, respectively, where L can be taken to be

arbitrarily small, NV; and L play the role of the partition D; and ¢ (namely, N = D,
L=¢,and N() = 1) and both AJr and A}, are accordingly reformulated with the

denominator y/n replaced by n, we can s1m1lar1y verify that max; o, 1| = op(1).
Also, using (A2), (A5), (A6) (modified with g,;, h,;, &, hn) (B1), the erg0d101ty, and
the mean value theorem, we can readily check that max; ¢, 11,] = 0p(1). Subse-
quently, we get

k k
1 . 1 *
= Z |yt—l,l|yujr(ytl —q,) == Z |Yz—1,1 "w, vy — qtl(go))
n =1 n =1 (15)

+ op(D),

uniformly in k < k. Similarly, additionally harnessing (11), we can verify
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n

k
1 N 1 x
= Z V12w O = ) == Z V12w 02 = 42(8))
t=ky+1 n t=ky+1 (16)

+ op(1),

uniformly in k > k,,. Therefore, we can have

>

ARSI
> Z’ Z Y1 Ve O = @)
=1

=

n

2 Y12l w0 — 51;2)}‘

t=ky+1

k
- ;{ z |yt—l,1|yW‘r(yt1 -4+
=1

kU
1 *
- E| Z AR A a1 (3y)

=1

k
k 0

- ;0{ D e w0 = 40 (9)

t=1

£ 2 iaal W = a0 | +0p(1)

t=ko+1
P
— k(1 = k)ld) = dy| > 0,
due to the ergodicity and (B2), so that 7, — o in probability as 7, = 7, + 0p(1) for

some 7, > 0.
Moreover, putting

k
n 1 ~
L, (k) =;| Z Vo1 "W i = @)
=1

1=ko+1

ko n
k N A
- Z{ Z Vi l"we O = 4 + Z Y12l w0 = sz)}i’
=1

we can see that max,<; |Zin([ns]) — L, ([ns])] = 0p(1) by virtue of (15) and (16),

where
1 k
L0 == 3 1w = an DIk < ko)
=1

ko k
+ { Z [Ye-1,1 ["w, (v — ‘1:1('93)) + Z |yt—1,2|yq/‘r(y12 - %2(193))}1(/‘ > ko)
=1

t=ky+1
k kﬂ n
A D ER AU AR Y R AR RO
=1 t=ky+1
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Furthermore, using the ergodicity, we can easily check that
SUpg<,<1 1L, ([ns]) — L(s)| = 0p(1), where

L(s) =s(1 — kp)|d, — dy|1(s < k) + k(1 = 5)|d| —d,|I(ky < s < 1),

which has a maximum value k(1 — x)|d; — d,| uniquely at s = k,. This with the
argmax theorem yields &, /n — K, in probability, which validates the theorem. O
On the issue regarding (BI) in Remark 4. For t < k,, put

AN =@ (1) — g1 )/ (0)) + Ery () )y (0))/2,
AL(9) =(81 (1) — g ()1 2(0)) + Ehy (0) /By (0))/2.
Then, we can express

Py — 4,(9)) =0y — G, v — G (9)),
P = 4,(9)) =0y — g,V — 41 (9))

with
w0, — 3,9 =7 =10, < A]®), v, (v, — g, (9) = T — I(n, < A(9)).
We first verify
sup |- 2 P, = 3,9) — = 2 PO = 4u (9] = 0p(1). (17)

Due to (A5) and (A6), it suffices to show that

sup Z(y, GO, < AL(9) — ~ Z(y,l GO, < A7) = 0p(D),

Jeo*

or equivalently, for 6 € (0, 1),

sup
9e6*

Z(yt 9,10, < A}(9)) — ~ Z(m GO, < A7) = 0p(D),

t nd t=n%

which we can check to hold via using the Cauchy—Schwarz inequality, provided

sup Z(I(n, < AT@O) — 101, < A29)) = 0p(1). (18)

geor N =

To verify (18), we partition ©* into D; with diameter less than ¢, j =1, ... ,N = N({),
and choose points J; from D;. Then, 1n case of § € D;, we have
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I, < A39) + A < I0n, < AJ@9) < 1, < A39) + A7)
with Ajj“) = infyep, Af(9) = A2(9)) and Ajj(z) = SUpyep, Af(9) = A2(9)). Also,

I(n, < A29) + A7) < I, < A2(9) S 1(n, < A7(9) + A7)
with A;F” = infyep, A7(9) = A7(9)) and A;@ = supgep, A7(9) = A7(9)).

By simple algebras using (A5) and (A6), it can be seen that

T(k) o o(l)
= - < <
c,: lrgglgklglgzni‘,[l(m AO)+AP) ~ I, < A2(9)) + AT )]

=C0p(1) + op(1).

As { can be taken to be arbitrarily small, C, becomes op(1), which ensures (18) and
thereby (17) as the quantity in (18) is no more than C,. Moreover, following the
lines similar to the above, we can also check

gsug Z pr(ytl qtl(ig)) - KOEpT(yll %1(19))’ — Op(l)
ve
and thus, due to (17),

sup
Jeo*

kO
L 0.0 = 40 = Kop. (s — 4 ()] = 051, 19)
=1

Similarly, it can be shown that

n

1 N
sup |- Z pr(v; = q,(9) = (1 = kp)p, (Vo — Qr2(19))|
geo* 11 1=ky+1

n

<swp 2N o0 =g -+ Y 50— 42|

geor I S S (20)
+ sup 2 P02 = 4p(9) = (1 = K)Ep. (v, = 4 ()|
seor T S
= op(),

then combining (19) and (20), we have

sup pr(y[ 3,9) — {koEp, Oy

€O

= 4n(®) + A —x)Ep (v, — q,2(19))}’ = o0p(1),
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which validates the conclusion in Remark 4. Namely, (B1) holds true if
KoEp, vy — 41 (9) + (1 — k))Ep, (¥, — g,2(9)) has its maximum value uniquely at
an interior point J; in ©*. O

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s10463-023-00889-z.
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