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1 Properties of the coefficients c;j, ... j,(z)

We now demonstrate some of the properties of the ¢;, ... j,(x) coefficients.

1.1 Sum of the coefficients : Z Ciy o ga(x) =1
1y jae{0,1}d
Clearly, the coefficients c;, ... ;,(z) € [0,1]. Let Y3,--- .Yy be d independent random va-
riables such that every Yy is B(1, us(z)) distributed, for s = 1,. .., d; recall that us(x) € [0, 1].
Under this assumption, for j;,- -+, jq € {0,1}%, the joint probability of Y;,..., Yy is

d
P{(YL s 7Yd> = (jl; cee ajd)} = HP(Y;‘ = ]s) = Cj17"'7jd(x)'

Then, immediately

g1y ,3a€{0,1}4

An immediate consequence of this property is that fn(x) is a density in RY.

1.2 For all fixed s = 1,...,d, Z (=1)7 ey (1) = 2us — 1 =

jl?'“ 7jd€{071}d

There is no loss of generality in taking s = 1. Then the summation is

Z <_1)J1+1C]177.7d(x) = - Z COLij"'?jd(:C) _'_ Z Cl:j27"'7.jd(x)'

jlv"'v.jde{ovl}d j27"'7jd€{071}d_1 j2"'»jd€{071}d_1

d
Using the definition of ¢j, ... j,(z) = H ul* (1 — u,)' ™7+, we obtain
s=1

Z (_1)j1+lcj17"wjd(x> - _(1 - ul) Z cj27"'7jd(x) +u Z Cja,ej

g1, Ja€{0,1}4 g2, 3a€{0,1}4-1 g2+ ,ja€{0,1}4-1

= Qu-1) ) Chpeglr)=2u-1=2 bl

g2+ ,ja€{0,1}4-1

by using (1).



1.3 For all fixed s and ¢, Z (=) ey, () = (2us — 1) (2uy —

g, ja€{0,1}4
Ls — Qs Ty — Qg

bs bt
There is no loss of generality in taking s = 1 and ¢ = 2. Then, letting j = ji,..., jq, the

1) =4

summation is

Y () Re) = > (=1)* 00,05, ga () + > (—=1)"* 0,1, ju ()

Jiy,da€{0,1}4 935,3a€{0,1}4-2 J3s,ja€{0,134-2

+ > (=D (@) + > D) ey )

33,+,3a€{0,1}4-2 J3sja€{0,134-2

= > (1 —u1)(1 = ug)cjy . j, () — > (1 = ur)ugcjs,... j,(x)

j3:"'7jd€{071}d_2 j37"'7.jd€{071}d_2

- Yo wl-w)ege @)+ Y wuac. ()

j37"'7.jd€{071}d72 j37"'7jd€{071}d72

Note that
(1 —u)(1 —ug) — (1 —ug)ug —ug (1 — ug) + wgug = (2ug — 1)(2ug — 1).

Finally, using (1), we obtain

S (@) = (2~ D2y 1) =4 BT
1 2

gty .ja€{0,1}4

d
2
1.4 Z {¢jp o j,(@)} = H [(1- u;)? + u?]
1, ,jdG{O,l}d =1
Let us proceed by induction. When d = 1 we get directly

Yo Aa@) =1 —w)? +ul.

jle{oﬂl}



Now let us suppose that the formula is verified for a fixed d € IN* — {1}. Using the definition

of ¢j, ... j,(x), we have

Z {lev"'vjd+1(x>}2 = Z li[ {ugs(l — us)1’j5}2 {Ufﬁ:ll(l — gy ) I }2

g5 Jar1€{0,1}4+1 Jie s da41€{0,1}+T s=1

= Z {eh e ga@)}” (1= ua)® +

Ji, ’jde{o’l}d

Z {cina (m)}g Uzﬂ

Jiy 7jd€{071}d

= Y e @Y {1 ) 03 )

Ji,dac{0,1}4

d+1

= [T —w)?+uf],

i=1

which completes the proof.

1.5 For all fixed s, Z (1) {ej . (2)} =
Jiye,ja€{0,1}4

d

[ug —(1—- us)ﬂ H [u? +(1- uZ)Q]
i=1,i#s
We can take s = 1 without loss of generality. So we easily have

Y Y e @)

Ji, 7jd€{071}d

=—(1-w) Y (pea@)+ud Y ()

j27"'7.7.d€{071}d71 j27"'»jd€{0»1}d71

d
= [u? — (1 —u)? H [uf + (1 —wi)?] .

1=2



2 Bias of the LBFP f,(x).

1
Using a Taylor-Lagrange expansion around the point a = x; + Eb’ there exists £, between

a and z such that

+— Z o —as) (s — ) (T — Q).

s,t,m=1
By integrating (2) we get
d
flx)de = bl---bdf(a)+2fs'(&)/ (x5 — as)dr + = Z / xs — as)(xy — ap) do
I(j’k) s=1 I(jvk) St 1 )
/ fetm( —as)(zy — a) (X — ap) do.
s,t,m=1 1(3,%)

(3)

Let us first calculate

L[ amagar= D [T ayan = dncrsai) = e @
Ts—0as) QT = — Ts —0Aas)QTs = 05— Js) = F0s(— ST
bl ce e bd (J k) bs aer(js*l)bs 2 2

Then

as+jsb 2
1 1 s s0s b5

b b2
:L'S—as2dx:— :ES—CLSZd:cs: 3j52—3js+1:—s, 5
bl T bd /(] k)< ) bs as+(js_1)bs( ) 3 ( ) 3 ( )

and, using (4), we obtain
1

1 as+jsbs at+7ibe 1 ) '
/ (xs—as)(xt_at) dr = / (xs_as) dl’s/ (xt—at) d.fCt = —bsbt(—l)js+ﬁ.
bl .. bd (‘7 k) bsbt as+(js_1)bs at+(jt—1)bt 4
(6)

For the third term in Equation (3), we will use Lemma 1 below which is a multivariate

version of what Scott (1985) calls the generalized mean-value theorem.

Lemma 1 Let f be a non negative and continuous function defined on a cell [a,b] =
d

H[as, bs]. If ¢ is an other continuous function on that same cell, then
s=1



for some T € [a,b.

Proof. First of all, (7) is trivially true if f(z)dz = 0. So, let us assume that this last
[a,]

f(z)

integral is not zero and let us set fy(z) = ——————. Of course, f is a density on [a, b]

f(z)dx

[a,]

and E[p(X)] = [ o(z)fo(z) dx

[a,b]

d

But ¢ carries the convex set H[as,bs] onto an interval, say [c,d|, and E[¢(X)] must be
s=1
somewhere in that interval. So there exists T € [a, b] such that (7) is verified. O

Using Lemma 1, the third term in the right member of Equation (3) is

/ ;Ig m as) (ZE at)(mm_am d!L‘ - Z f”; m;j gs,t,m;j) / LsTiLm de‘
1G:k) stm=1 [(G—1)b,5b]
(8)

s, t,m=1

where & 45 1 in [a + (j — 1)b, a + jb].

From (2), (3), (4), (5), (6), and (8), we obtain

d d d
A 1 1
Efa(x) = fla)+ 3 fil@)w, —a) + 3 L@z + Y flya)5 (e - a)(w - a)
s=1 s=1 S;L;;ﬁl
&
+= f!/ m(fs,t,m; ) / LT, dx.
6 stzm:1 " 7 JiG-vpa
(9)
It follows that
d
. A . 1, 1 ,
bias(z) = Efu(z) — f(x) = Z fos(a) Bbs — Q(xs —ag)” ¢ +e(x) =b(x)+e(x), (10)
s=1
where
1 /// /
er) = stm: T Tt Ly AT
@ =5 X LS s s
Ji,r.Ja€{0,1} stm 1

(11)
-5 Z o (€)(s = a) (2 — @) (T — am)-

s,t,m=1



We want to calculate [ {b(z)}?dz. We first evaluate
R4

/I(k){b(x)}de— /(k lz { 7 5 asy}rdx 12)

s=1

A few elementary calculations give us

/I(k){b(a:)}Qdac _ / { b2—— s—as)Q}de

d
1 1 1 1
3 st [ {e S ar G- jo-ar) @
2 o L2 %

s#t

— 49 2 2 " "
= Sas0s +Z64bsb a)fly(a) | by ba.

s=1 s,t=1
s;ét

(13)
We'll need the following lemma, which is a multidimensional generalization of results

reached by Friedman and Diaconis (1981).

Lemma 2 Suppose that ¢ : RY — R is continuous and its first order partial derivatives

Lo @l are continuous and integrable. Then

D A(&)by by = /}Rd ¢(z)dr+ O <Z bs /Rd |¢5()] dl’) ; (14)

where the sum is of over all cells, the union of which is R?, each cell has volume by - - - by and

&k 1s an arbitrary point in cell number k.

An explicit bound is available if the mized higher order derivatives

o a3) = e o(a)
Li.d v = al’l : ~8xd *
92
exist, and all the functions ¢} .(z) = o(x) fori<j,
J 8%6%
o3 ad

N o @
= axiaxjaxkgb(a:), fori<j<kand o) 4(v) Fr— &Edgzﬁ(m)



exist and are square integrable. We have

> o) - bd—/ ¢(z) dx <Zb/ 64 ()] dz+ > bb/ |0 ()] dz

1<i<j<d

- bbbk/ (6% ()] da 4 4 by /‘gzﬁ o) o (19)

1<i<j<k<d

d

Proof. We first consider a cell I = H[as,cs] with ¢, = as + by and an arbitrary point
s=1

€= (&, -+ ,&) € I. We have

d
¢(x) - Qs(g) = Z{¢(§17 755—17$57$5+17"' ,lL‘d) - ¢(£17 ags—th?xS-‘rl?”' ,l’d)}
s=1

d s 9

¢(§17 e 7fs—laysaxs+17 e 7xd> dys'

(16)
We then deduce immediately that
d -
|¢<I’) _¢(§)| S Z/ a gb(fla 7§S—1aysaxs+17"' ,CC'd) dys (]-7>
s=1 Y&
By Fubini’s theorem, we obtain
Dyde =0 bal = | [[106e) = 0(6) da| < [16() - g(6)] da
S Z// Sla"' 768—17y57$5+17"' 7xd) dysdaj
e as>/ A G, )| do
s=1 I
(18)



We can use this bound for each cell :

vyde -3 p(Eh < 3|/ 1) - o) as
k k Iy,
0
S b / dl' +b2 gk,laan"' ,l’d)
82:1
+-+ -+ ba (k1 T2, Ta1, Ta)| d.
(19)
We can note that the integrability of 0 qb(x) was necessary in the previous develop-

ment. Thus we have demonstrated the first part, i.e. equation (14).

Remembering the first part of the proof, we can proceed to the following algebraic de-

composition. There are 3¢ — 1 terms in the right side of (20) and it is needed to be shown

repeatedly and thoroughly :

¢( Z afL’ Ila"' sy Ls—1yYsy Ls41, " 7‘Td) dys
&s s
/ Tl s Y s aa) dys dys
8x 8xt
1=s<t=d & V& 3
/ ( 7"'7y57”’7yt7"’7ym7"'7'rd>dysdytdyk
8x 8x8m
l=s<t<m=d ” &m /& /S e
d
b (—1) J & Ydyy - --d
Oy - - Oy Y1, 5 Yd) AY1 Yd-
&d &1

(20)



Now, consider first the particular cell 1. Then we have

d e
’/{¢(I)_ ¢(€)} dr SZ// o ¢(x17"' y Ls—15Ysy L1, 7Id) dysdx
I s—1 I Jag S
+ Z //a / axsaxt 7"',ys,"‘,yt,"‘;$d) dysdytdm
1=s<t=d t
cq c1
e - . dus -+ - dud
+/[/ad /a1 axl---ﬁxd¢<y1’  Ya)| din Ya dx
_Z(c a)/ a¢($) dr + Z (cs — ag)(c a)/ o (x)| dz
N B ] 0x, * S 0x 01y
s=1 l=s<t=d
ad

+ + (Cl - Cbl) (Cd — ad)/ 8$1 ”8xd (JZ) dx.

(21)
By summing up over all cells, we finally obtain (15). O
From (13), using Lemma 2 and summing up over all cells, we obtain
449 ) d
b(x)}2der = —p? / ! dx + O bs

L)) da ;2880 . [ @)} de (; )]

(22)

+ Z —be2 [/ dx+0<§d:bs)]

1<s<t<d

or, equivalently,

[t =300 [ (g2 der S it [ oo s (sz)

1<s<t<d
(23)
d
Now consider (z) = Z €st.m(x). Fixing j, from (11), we have
s,t,m=1

Z lev"' ( )f;”ss(fSSSJ) ( ]‘>js+1b§ - f;/,,s,s(gl?)(xs - CLS)?) : (24)

1
Es,5,5(T) = =
0 g1, ,3ac{0,1}4

10



Using the inequality (a — b)? < 2(a? + b?) and integrating {sss(x)}* on the interval I(k),

we obtain

2 |1
foss(@)}rde < = —bg/ Ciyoon fos o(Esps.s: 1)+t
[, st = T T D SRR

g1, ,ja€{0,1}4

b A (oo s].

Using lemma (1), we have

2

1 /1"
[(k){gs,s,s(m)}z d{E S ﬂ (5) bg Z f;c;75(€s,s,s;j) b1 st bd

g1, ,ja€{0,1}4

e (72,06)) b

Finally, summing over all cells, we obtain

/Rd{€57575(.1')}2 dr = O (bg) )

We can do a similar analysis for all the other terms e, ,,(z), using the inequality

fe@P <2 Y {esrm(@)}?,

s,t,;m=1

| =0 (Z bS> .

which will finally give

2

dx

(26)

Remembering that / {b(z)}* dx = <Z b4> by Schwarz’s inequality we also have

s=1

/Rdb() z)dz| = O (Zzﬁ)

We finally obtain the behavior of the integrated squared bias :

Rd{bz’as(x)}2dx— 2880 / {12, ()} da+ Z —b2b2/ dx—l—O(

1<s<t<d

11



3 Variance of the LBFP f,(x).

Let us first recall that

falz) = b Yo G dd @ Vg ke o € 1(R), (32)

d . .
J1y 7.7d€{071}d

d
where I(k):H[xk,s,Q:k,s—l—b H{ S,as—ir2b)
s=1

1 if X; € I(k,§)

Vi = and  p(j) = f(z)dx (33)
I(k,j)
0 otherwise

d d
1 1
where I(k, j) H {xks ( 5) bs , xps + <j5 + 5) bs) = H [as 4+ (js — 1)bs , as + jsbs).
s=1

s=1

Then vy, 4, kytjy = Z Yik,;. Letting j = (j1,- -+, ja), from (32) we easily have

i€Zy
- 1
var fu(z) = (b1 b} > (@) var (Z Yl’w)
01045 501y €7,
(34)
1
+ e 2@y (@)cov (Z Yies: Y Y) -
(Il 100 d) G5 i€Zn €Ty
For convenience, define
Tln—(ﬁ 2ZCOV 1k]7Y’k]) (35)
1 d i£i/
and, for j # j',
1
Ton = W Z cov (Yig;, Yi',k,j’) . (36)
1 d i£i/

For notational simplicity, we have suppressed the dependence of 71, and rq, on k,j, j'.

First of all, we have that

ar <Z Ylkj) = Z var (Yig;) + ZCOV (Yikgs Yiks) (37)

i€y €Ty i1/

12



where

Z var (Yie;) = npe(j) {1 —pe(J)} -

Therefore the first term of the right member of (34) becomes

;. @Y ) {1 -pG)}+ D (¢i(@) 1.

( ba)” je{0,13 je{0,13¢

Now, for j # j’, we have

cov (Z Yik Z Yi’,k,j’) = Z cov (Yin,, Yikg) + Zcov (Yikg, Yirg)-

i€y V'€ln i€y iAi

But for j # j’ we also have
cov (Yigy, Yorg) = E (Yig;Yiey) — £ Yigs) E Yirg) = —oe(i)oe(d’)-

Thus the second term of the right member of (34) is

S @) —— s D) + 3 (@) (@)

(b -+~ ba)” 727 0 (b ba) i

We can notice that
2
1 1 1 2
—| D @n) = ———— > (@) R0)
n o by - by 1 (by - by) Prst?
1 1
+ cilx)eq (@
(ﬁbl bd)QZ ]( )]( )fl(bl b)

We have therefore shown that

var fo(z) = ;b Z C?(x)pk(j)—n% Z c;j(@)pr(7)

A~ 2
je{o,13 (by - ba) je{o,1

T Z C?(w) 701nJFZ:CJ(SU)CJ"(SC) Ton-

je{0,1}¢ J7#3’

13

(42)

(44)



1
Using a Taylor-Lagrange expansion around the point a = z + §b, there exist & ; and &4

somewhere in the interval [a + (j — 1)b , a + jb) such that

d d
1
fz) = fla)+ Z fola)(@s — as) + 2 Z fs”,s(gs,s,j)(xs —a,)’
s=1 s=1
(45)
Z s,t €st] _as)<xt_at)-
s#t
Expression (45) is used to evaluate pg(j) = / f(z)dx. So we have
1(k.j)
1A
nii) = bat Z M@ [ @ma)det 3316 [ @ a s
1(k.j) s=1 1(k.5)
Z s,t gst] / (xs—as)(:vt—at) dx.
,s;ét I(k,j)
(46)
We calculate below the different integrals involved in (46). First,
1 .
/ (v — ay)do = / ysdy = = (=11 (by - - - by). (47)
1(k) (VD 2
For s = t, we have
2 2 Lo
/ (xs —as) dx = / ys dy = =bZ(by -+ bg). (48)
1(k.9) [G=1)b , 3b) 3

For s # t, we have

1 L
/ (20 — ) (21 — ar) dz = / pady = (1P by b (49)
(k.j) [(G=1)b, jb)

Thus, using (47), (48), (49), we obtain

Z V(&) (=17 Dby (by -+ - by).
s;ﬁt

14



Now, we want to integrate varfy(x) on I(k), then on R?. First of all, in (44), we replace

pr(j) by its value given by (50), which yields

d
1
+62f (€.s4)b% + Z (o) (— 1)7s b, b,
s=1

s;ét
1 1 d
= | fla+3 Yo (@)Y fia)(=1)" b,
je{o,1}4 s=1
1 d 1 ?
e Y GO Mt s Y ale) Y e ()b
je{0,1}4 s=1 je{o,1}4 st
Y St Y e@)e (@)
je{o,1}4 J#3'
(51)
Let us calculate the next integral :
d ey tbs _ 2 B
[ 3 swrwa=ro]] | [2 (g me) o (25 )
JE{O 1}d s=1" Tk,s S s
(52)
: : Ts — Tks
Using the change of variable y = b— we get

/ > 4 = f(a) (g)dwl - ba). (53)

e{o 1}d

Another integral to evaluate is

/ Z Zf 1)+, = Zf /I(k us —(1—us)2} H [u + (1 —u;)?] du.

Jjefony s=1 i=1,its
(54)

15



By Fubini’s theorem, the integral on the right-hand side of (54) is equal to

Tk, s+bs 2 2 d 2k i+b; 2 2
’ Ts — Tk,s Ts — Tk, Il ’ Ty — Ty Ty — Ty
’ _ 1 _ ’ d s 2 1 — : d g
)8 i=1,its ¥ Tkt

(55)
Ts — Tks

bs

mk,s‘f'bs _ 2 — 2 1
/ [(M) _ (1_M> ] dxszbs/ (2y —1)dy=0.  (56)
Tr bs bS 0

,S

We now calculate the first integral in (55), again using a change of variable y =

Thus we have

/ > Z i) (@)(—1)"*b, da = 0. (57)

JG{O 1}d s=1

Now, we have to evaluate the following mtegral :

1 ) . , o (0~ aps 2(1—js)
3 D dore =Sl [ ()" (552) e
€{0,1 Tk,s s

Using obvious changes of variables and taking j; = 1 or 5, = 0, we obtain

Z Z 55”62/(@0 Z Z 558362(;)61(871---%). (59)

JG{O 1}d s=1 ]e{o 1} s=1

In the same way, the following term is easily obtained :

SPIPWACMY R EIETTIED SN DA (g)d<b1---bd>

ge{o 1} s#t (k) 571 je{o,1}4
(60)
Therefore the first part of the right member of (51), after integrating on I(k), is
1 2(
e a—— c’ f ]s+1b
\/I(k) n (bl ce bd) ]E%}d J Z
14
+62f fssj b2 Z st fst] -75+‘7tb bt] d{]j:
! S (61)

f(a) (§)< iy sy sSSij(g)dwl-.-bd)

JG{O 1}d s=1

d
+Z ~byb, Z tgst] 1)Js+t (%) (by -+ -bg).

s#t je{o,1}4

16



The development of the square of the second part of the right member of (51) is

d

P+ 1@ Y Sab Y @) f@)g S 6

s=1

j€{0,1}4

d

s=1

+f(a)4 S (@)Y fEae ) (1 b 4
je{0,1}4 s7t
where the - - - denotes the terms of order b2 or higher terms.

It is easy to see that

We also have that

/I(k) f(a)dz = f*(a)(by - bg).

/ Z cj(z 1)t de =

We then calculate the following integral :

/ f(a

and finally,

Hence the second part of the right member of (51), after integrating on I(k), is

—%(F@Mh

) jefo,1}4

d

(558])()2 dr = f(a )% Z f!,s(f&&j)bg(bl ++ - ba),

Z Z tfst] cj(z)(— 1)7s b,

j€{0,1}d s#t

ba) + f(a)

W

s=1

d

D H a2y

s=1

17

bt:().

"bd)+“‘>~

(62)

(63)

(65)

(66)

(67)



We can combine equations (61 ) and (67) to evaluate the integral of var f () on I(k), giving

/I (k)varfn(x)da: = m[f(a) (%)d(bl...bd)

; > st (5) b

= je{o,1}4

d
+Z Sbsbe Z 1 (Eog) (= 1)Js e (%) (by -« bg)

s#t je{0,1}d

W =

—% (fz(a)(bl o ba) + (@) Y F(Eosg)B3 (0L ba) + - )

s=1

/ Z ) rin dz + / Z cj(x)cj ron dx.
Ik

) je{o,1}d ) i
(68)
Let us now examine the following integral :
) 1\* 1 e
cj(a:) ripdr < C 3 (by--- bd)ﬁ(bl -+ bg) Wi (69)
I(k)

je{0,1}4

that is,

[ 3 e < 0L b mas () MAG)} (k) ()

jE{O 1}d

The upper bound for the last term is exactly the same, viz.

/I(k) Z Cj(-T)Cj’ Ton dr < C %(bl ... bd) max {(f(fk,j))l/Q, Mf(Ck,])} (bl . bd)—l-i-a. (71)
75’

To obtain the value of the integral / var fn () dz, it only remains to sum on k (k € Z). For

1+0 (ZbS/Rd |£1(x))] d:c)]

that, we use Lemma 2. In (68), we have successively
(72)

S (5) 0w - 5 ()

k

18



and

Zn(bl; 2 Y &) (—)d( b)) =

k =1 je{o,1}d

(73)
Zzﬂ( ) [/ d:c+O<Zb/ | da:|dx>],
then
1\ ¢
Z Z bbt Z f;/t fst] J+Jt (g) (blbd)
k S# je{o,134
(74)
1 7
Sngsbt<—> [/ dx+0<2b/ | F( )|dx>].
s#t
For the second term of the right member of (68), we have
1 2 1 : " 2
S P ba) + ()5 3 s b) + -
k s=1
1 d
< H{ () dz + O (st/(f2)’(a:)d:v>} +
R4 s=1
11 d
/// 2
55521 [ f@)f clx—l—O(Zb/ !f + f(z)f! |dx>]+0<;bs>.
(75)
Let us give an upper bound for the last two terms on the right-hand side of (68) :
Z/ Z rlndx—I—Z/ ZCJ T)Cjr Ton AT
ge{o 1}d o SIR) jorje
(76)

< O3 (b ba) max { (662 M (G} (- ba)

Using one more time Lemma 2, we obtain the bound

0 {%a)l ) e [waul +0 (zbs u<f1/2>’}|1) +lfl+0 (Z b nf'ul)] } ()
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In summary, we have

[ varhu(eyds < ﬁ(;) 1+o<s§;bs / d|f§(x)|drc)]
i) [Lreeofi )

ey b (2) [/ e dx+O(Zb/ e ‘dx)]

+: { [ P (z b (@ da:) }

- d
_1_%%263 | [ @) S de 0 ;bs /R |F/ (@) 1) + () f2 |dx>]

+0 (Z b2 +0 {%(bl b))+ 0 (Z by H(fl/Q)/”l)

+ I/l +0 (Zd; bs ||f’||1>] } :

(78)
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We can then finally deduce

. 1 2\?
/Rd var fn(z) do — —ﬁ(b1 0 (§)

d d
+0 (ﬁl(bl cba)™H Y b, /Rd /()] da:> +0 <f11(b1 : --bd)lzzﬁ)

1
< — fQ(x) dx
n R4

+0 (f“aal b)Y ||(f2)’H1> 0 (b ba) 4 [[772],])

d d
+0 {ﬁl(bl s bg) I [Hfl/zHl +0 (st H<f1/2>’||1> + £l +0 (Z bs Hf’lll)] } :

(79)

4 On the inequalities (28) and (29).

Let us first consider the case d = 1. Then, with obvious notations, the standard frequency

polygon is defined by

o = (3+ 5+ (5- 552 ) (80
and we thus have
o) = o) = (57 (55 1)
Immediately,
falz) — fn(ak)) <2677 |z — ay a.s. (82)

From (81) we have

Bia(o) = Efalon) = 5 (B~ B (25%) = S - ) (25) .

The mean-value theorem implies that there exists & € I(k,0) and & € I(k,1) such that
pi/b = f(&) for i = 1,2. From Assumption 2* it follows that

S%\x—aﬂ. (84)

T — Qg

b

Efa(z) = Efala)| < (&) — f(&)]
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The same bound is obtained for all  and zj such that |z — x| < b.

Now, we suppose that d = 2. Then

A 1

fn(l’) - fn(akz) = = Z {Cj(x) - Cj(ak)} V441 k4o - (85)
nb1bs J1,J2
We obtain
coo(r) —coplar) = _n b_l ay 2 b—2 az i <x1 b—l @1> (x2 b_2 a2)
1 — To — Q9 T — To — Qo
cole) —eolm) = = (T bo
(86)
CO,l(x)_Co,l(ak> = _xlb_lal _i_be_QCIQ . <I1b—1a1) (aj2b_2a2)

e o) = B B () (s

Thus

A A 1 r1—a; To—a

1 —aq To — Q2
(1 — Vo0 + 1o — Vo) +
2b, by

(11 — Vo0 — V1o + Vo1)

(87)

T —ayp Tz — a2

by by

(|vo0 — 10|l + 110 — v04])

o) = hutan)| < 5|

r1 — ap
2by

To — Qg

by

(l11 — vool + 10 — v01l) | -

(83)

(lig — vopol + V10 — v0a]) +

Assume that n is large enough so that b; and by are less than 1. Note then that

(21— a1) (22 — a2)| < 2|(21 — a1) (22 — a2)| < (w1—a1)*+(22—02)% = ||z — all5 < ||z — ),

(89)
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The last two terms can be grouped together in (88), yielding

bg |.1'1—Cl1|+b1 ‘.Z'Q—CLQ’ < 1
2b1by ~ 2b1by

C
(It — @]+ |oo = aof) < ==l —arf,,  (90)
b1bs

because all norms are equivalent in a finite dimensional vector space. Thus we have

- C

fule) = )| < g e —anll |32 Joe = vl |- (91)

jl 7j27j1ajé
Taking the expectation in (87), using the mean-value as was done for d = 1, we obtain

C
[z = arll < -==[le —axll. (92)

5 ; C
Bfa(e) = Eha(m)| < 5 D0 1F(En) — ) <n

J1,J2,51,04

For d > 2, we reason in the same manner. Products of the form (z; — a;)(x; — a;) then

appear, and we can use the same arguments as in the case with d = 2.

The blocking technique used in the paper is shown below. In the following figures, we
have omitted the n and the z. The first number in U is chosen between 1 and 2%, the couple

in brackets is the j of dimension two to be able to make a drawing.

4p

3p

U(1,(0,1)) }(L(Ll)) }(1-(2-1))

2p

/U(L(O,O)) /J(L(LO)) /U(L(E,O))
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