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Abstract

The purpose of this paper is to investigate the multivariate frequency polygon as a
density estimator for stationary random fields indexed by multidimensional lattice
points space. Optimal cell widths that asymptotically minimize integrated mean
square error (IMSE) are derived. Under weak conditions, the IMSE of frequency
polygons achieves the same rate of convergence to zero as that of kernel estimators.
The frequency polygon can also attain the optimal uniform rate of convergence
and the almost sure convergence under general conditions. Finally, a result of L!
convergence is given. Frequency polygons thus appear to be very good density
estimators with respect to the criteria of IMSE, of uniform convergence, of almost
sure convergence and of L' convergence. We apply our results to simulated data and
real data.

Keywords Bandwidth - Density estimation - Frequency polygons - Mixing field -
Random field

1 Introduction

Our goal in this paper is to study the multivariate frequency polygon as a density
estimator for multivariate random variables which show spatial interaction. We
sense a practical need for nonparametric spatial estimation for situations in which
parametric families cannot be adopted with confidence. There are several ways for
defining a linear interpolant of a multivariate histogram with hyper-rectangular cells,
where x € R¢. To define a frequency polygon in the multivariate case, we choose
the so-called linear blend frequency polygon (LBFP), initially introduced by Terell
(1983) and Hjort (1986). We’ll define precisely the LBFP in Section 2. In general
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dimension d, a single portion of a linear blend extends over a hyper-rectangle with
24 vertices, defined by the centers of the 2¢ adjacent histogram cells. Any cut of the
surface parallel to a coordinate axis gives a linear fit.

The LBFP is a good estimator of the density and its construction involves a
computational effort about equivalent to that of the multivariate histogram, it
is easier to explain to non-mathematician users than kernel estimators, and it
surprisingly has the same rates of convergence as the kernel estimator. This paper is
a generalization of results of Scott (1985) in the i.i.d. case, of Carbon et al. (1997a)
for random processes, and of Carbon (2006) for random fields. The proofs herewith
thus use techniques very specific to random fields. We also add a rate of almost sure
(a.s.) convergence and a result of L' convergence.

Compared to kernel estimation, we cannot benefit from assumptions about the
regularity of kernels, which are intensively used to obtain convergence results in
that context. For example, the LBFP has no derivative at some points, which makes
it more difficult to prove convergence. However, it will be shown that the LBFP still
achieves the same rates of convergence as the kernel estimator.

Denote the integer lattice points in the N-dimensional Euclidean space by
ZN_N > 1. Consider a strictly stationary random field {X,} indexed by n in ZV
and defined on some probability space (Q, F, P). A point n in ZV will be referred
to as a site. For a site i = (i}, ..., iy), we denote [[i|| = (i3 + - +i3)"/% We will
write n instead of n when N = 1. For two finite sets of sites S and §’, the Borel
fields B(S) = B(X,,n € S) and B(S") = B(X,,n € §') are the o-fields generated
by the random variables X,, with n ranging over S and S, respectively. Denote the
Euclidean distance between S and S’ by dist (S, S"). We will assume that X, satisfies
the following mixing condition: there exists a function ¢(#) | 0 as t — oo, such that
whenever S, S’ c ZV,

a{B(S), B(S")} = sup{|P(AB) — P(A)P(B)|,A € B(S),B € B(S")}

< h{Card(S), Card(S") }p{ dist (S,5")}, b

where Card(S) denotes the cardinality of S. Here % is a symmetric positive function
nondecreasing in each variable. Throughout the paper, assume that 4 satisfies either

h(n,m) < min{m,n} )
or
h(n,m) < Cn+m+ DF 3)

for some & > 1and some C > 0. If # = 1, then X,, is called strongly mixing. Conditions
(2) and (3) are the same as the mixing conditions used by, respectively, Neaderhouser
(1980) and Takahata (1983) and are weaker than the uniform mixing condition used
by Nahapetian (1980). Conditions (2) and (3) are satisfied by many spatial models.
Examples can be found in Neaderhouser (1980), Rosenblatt (1985) and Guyon (1987).
You can refer to the basing book on mixing properties of Doukhan (1994).

For relevant works on random fields, see e.g. (Neaderhouser 1980; Bolthausen
1982; Guyon and Richardson 1984; Guyon 1987; Nahapetian 1987; Tran 1990; Tran
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and Yakowitz 1993; Carbon et al. 1996; Carbon et al. 1997b; Biau 2003; Carbon
2006, 2014; Hallin et al. 2001, 2004a, b; Harel, Lenain and Ngatchou-Wandji 2016;
Robinson 1983, 2011).

Denote by Z,, a rectangular region defined by

I,={i:ieZ"  1<i <n.k=1,...,N}.

Assume that we observe {X,} on Z,. Suppose X, takes values in R? and has an
uniformly continuous density f. We write n — oo if

min{n,} - c0 and |n;/m| <C 4)

for some 0 < C < 00,1 <j,k < N. All limits are taken as n — oo unless indicated
otherwise. Define i = n; ... ny.

Under weak dependence conditions, the integrated mean squared error (IMSE) of
LBFP f, is shown to achieve the rate of convergence to zero of order A~/ 1n the
case N =d = 1, histograms can only achieve the slower rate of convergence of the
IMSE of order n~2/3. Tt is also established that frequency polygons attain a uniform
rate of convergence under appropriate smoothness conditions. It is the optimal rate
of convergence for nonparametric estimators of a density function in the i.i.d. case
for N =d = 1 (see Stone 1983). We herein obtain similar results for random fields.
The LBFP thus appears to be a very good density estimator with respect to both
criteria of IMSE and uniform convergence. We also establish an optimal rate of a.s.
convergence and finally a result of L' convergence.

Our paper is organized as follows. Section 2 provides assumptions and main
results. The optimal choice of the cell width which asymptotically minimizes the
IMSE is given in Theorem 1, which generalizes results of Scott (1985), Carbon
et al. (1997a, b) and Carbon (2006). Weak conditions for the uniform convergence
of f‘n on R are also provided. Sharp rates of uniform convergence and a rate of a.s.
convergence of fn are established. A result of L' convergence is finally obtained.
In Section 3, we provide numerical applications of the method; we first illustrate
the convergence of the estimator through simulations then show an application of
the LBFP to hydrological data. Section 4 is devoted to some preliminary lemmas.
The proofs of the main theorems are postponed to Section 5. Online supplementary
materials include a web appendix with additional technical details and R code to
compute the LBFP in dimension d = 2.

We use x to denote a fixed point of R?. The integer part of a number a is denoted
by [a]. The letter C will be used to denote constants whose values are unimportant.
The letter D denotes an arbitrary compact set in R,

2 Assumptions and main results
We define a grid of separate cells 7, in R? with centres x, and volume b, X -+ X b,.

Then, for any x € R4, there exists a unique k such that x € [,. A standard
multivariate histogram estimate can be defined for x € I,;(k) by
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1
Jo) = Y Vi 5)

1 "'bd

d
where I,(6) = [ | [xk’s - %bs X, + %
1

falling in tﬁis cell. For f, to be consistent, it is necessary that
by=b;y,—0,....,b;=b;, >0 and that fb,...b; »> oo as the number of
observations tends to infinity; these requirements are standard and we will assume
them to be true in the following.

To generalize the standard notion of an univariate frequency polygon, we want
to linearly combine nearby the 24 values of Jo- defined in (5). Here, we first fix a
particular £ and consider the new cell

bs> and v, is the number of observations X;

d

I(k) = H [xk,s’ xk,s + bs) = H [as - %bsv a; + %b_y)’

s=1 s=1

where a = x;, + %b is the middle of the 2¢ histogram cells. The generalized fre-

quency polygon cell I(k) lies within 2¢ histogram cells Iy(kijj,-...j,) with
Jis--enda € 10,134,

Following (Scott 2015), the linear blend frequency polygon (LBFP) is defined
by

2 1
Ja¥) = m ' Z Cj]»~--Jd(x) Vi by kgt X € Ik, 6)

Jis---dg€10,1}4

where v, ;  .; 1s the number of observations falling in the cell

d
. | o1
](kv.]) = H [xk,s + (Js - E)bﬁ Xk, + <]s + E)b_v)

s=1

d
= H [as + Os - l)bsa as +jsbs)’
s=1

and ¢ @)= H Wil = uy)' with

(xx - xk,s)
b

s

We can remark that u, goes linearly from 0 to 1 as x, moves from the left to
the right side of the s-th side of the cell I(k). We also notice that all the Gy (x)
are non negative and that their sum is equal to 1. Furthermore, we can see
that f, = f, at each of the 2¢ corners of I(k), that is to say G5, =1 when

Wy oo stty) = (s eeesfg)s f‘n is the plain average of the 24 nearby corner values at

u, = u(x) = , X, € [xk’s, Xt bx) = [aAr - %bs, a; + %bx>,s =1,...,d.
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the centre point a. So, in some sense, the coefficient¢; ; (x) measures the close-

ness of x to corner ji,...,j,;. In general, approximating a function in a rectangle

by linear interpolation, with weights ¢; . is known in numerical analyst cir-

cles as linear blend interpolation. So the proposed LBFP is accordingly the linear

blend of the histogram. For background material on LBFP, see Scott (2015).
Noting j = (j;, ... ,Jj,), we define

1if X; € Ik, ))

Yiej = and  p(D= [ [fdr 7
0 otherwise I(ky)

Then Vi ey = Z Yi,kJ and

i€z,

E(Vi i ksi) = Z P(X; €Ik, )) =h f(x) dx = fip,(j).
= 1k

We suppose that (X;, X;) admits a joint density. Denote the conditional density of X;
given X; by f;; for simplicity.

Assumption 1 For all i, j and some constant M,

sup  fi(ylx) < M.

(x,y)ERIXRY

Assumption 2 f is three times differentiable, f”’ is absolutely continuous with
respect to Lebesgue measure on R, f has continuous and square integrable partial
derivatives f;, f, . f,,.n With s,t,m € {1, ...,d}and f1/2 € L.

tLm
Assumption 3 There exists a constant C > 0 such that
[f@) —f()] < Cllx = ¥| forany xx' €R%

Even though the proof uses techniques specific to random fields, the following
theorem is a generalization of results found in Scott (1985) and Carbon et al.
(1997a), and it hopefully simplifies to the same results when N =d = 1.

Remember that the definition of the IMSE is

IMSE = / E[f,(x) — ()] dx.
Rd

Theorem 1 [f Assumptions 1 and 2 hold and (k) = O(k™?) for some p > 2N + (3/2),
the value of the cell width that asymptotically minimizes the IMSE of the LBFP is
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b= by, = 0(ﬁ‘1/<4+">) i=1,...d

1
with corresponding
IMSE = O/,

It follows from Theorem 1 that the integrated mean square of fn —f can
achieve the rate of convergence to 0 of order A~/ This is the same optimal
rate of convergence to zero of the IMSE as that of non-negative kernel estimators
in the i.i.d. case for N =d = 1.

To study the uniform convergence of the LBFP estimator, we let

_p+3N p+4N 0 2N —p

"Tp=3NT P pooNG+ DT T p=2NG+ 1)

We also let b, = max by, ¥, = {logA(hb, ... b,)"'}1/2 and ¥, = max (b,;'P,).
i=

.....

Theorem 2 Suppose that p(k) = O(k™?) for some p > 0 and that Assumption 3 holds.

@) If 2) is satisfied, p > 3N and
(b, ...b)" (logh)™! = co, (8)
(i) or if (3) is satisfied, p > 2N(k + 1) and
(b, ... b)"(logn)? — oo, )
then

sup |f,(¥) — f(x)| = O(¥,)) in probability. (10)
xX€D

Remark 1 Under the assumptions of Theorem 2, (i) implies that ; > 1 and (8)
implies that
(b, ...b,) — oo, (11)

which is a condition for f,,(x) to converge to f(x) in the case N = d = 1. Similarly, it
can be shown that (ii) implies (11).

Remark 2 Such strongly mixing stationary random fields do exist. For instance con-
sider the two-dimensional autoregressive model

th,tz = ¢1Xt]—l,t2 + ¢, (th,tz—l - ¢1Xt]—l,t2—l) +é&,,

where (t;,t,) € 7%, |¢,| <1, |¢,] <1 and where €1, is a white noise with
Var(&ZI »lz) = o2 Then Kulkarni (1992) proves that
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Multivariate frequency polygon for random fields 269

[ty =]

=1
COVI"(XIIJZ, Xt;,t;) = ¢1 ¢2tZ 2} .
. Al A\ 1/3
Example 1 (i)  Take b, = (A" logh)
v, = (ﬁ_1 log ﬁ)(s_d)/6
when N =d = 1.
(ii) Take the optimal cell width b,,, = d~"/**® fori = 1, ..., d. Then (8) is satis-
fied if p > (3/2)Nd + 3N and (9) is satisfied if p > (N/2){3d + k(d + 4) + 4}.

for i=1,...,d. Then

, which is the optimal rate (n~! log n)1/3 for the i.i.d. case

In the following theorem, we give a rate of the a.s. convergence of the LBFP esti-
mator. Let & be an arbitrary small positive number and denote

N
1 .
g(m) = | | (ogn;)(loglo nl-)”g. Clearly, — < 00, where the summation is
g gn;)(loglog ) )
over all nin ZV. Define
0 = p+3N 0= 3N —p
p—5N p—5N
p+3N N-p

*

*_

p—QEk+3N" T p—(Qk+3)N

Theorem 3 Suppose (k) = O(k™?) for some p > 0 and Assumption 3 hold.

(@) If 2) is satisfied, p > 5N and
(b, ... b))% (log 1)’ (g(m) 2N/ *=N) oo, (12)

(ii) or if (3) is satisfied, p > (2k + 3)N and

A(b, ... b))% (log A’ (g(m)) 2N/ 1= @HIN) _, o (13)
then
sup [/, () — (0] = O(¥,)  as. (14)
xeD

The following result states that the L' convergence is a consequence of the
previous theorem.

Theorem 4 Under the assumptions of Theorem 3 we have

a@) —f0)]dx —» 0 as.

xeR4

Remark 3 The hypothesis on the mixing condition and the condition on the increas-
ing size of the sample could be relaxed if, for example, it were replaced by a condi-
tion on the form of the underlying generating process. As it is done in the article of
Carbon (2014) with a linear stationary field, by adding conditions on the coefficients
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LBFP

b1=0.075, b2=0.15 True density

d4a1

(2x' VX

Fig. 1 LBFP estimation (left) and true density (right) of an autocorrelated mixture of bivariate normals
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Fig.2 Descriptive graphs for the level and flow variables. Top left: histogram of log(flow). Top right:
histogram of level. Bottom left: scatter plot of level vs log(flow). Bottom right: histogram of flow
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of this linear field. We could also draw inspiration from the article by Robinson
(2011) for other general conditions.

3 Applications

In order to illustrate the previous results, two examples are presented here, one
with a simulation and another with real data. We chose d = 2 to be able to make
graphs. The first example with simulations makes it possible to compare a known
true density with its LBFP estimate. The second example is an application of the
LBFP to real hydrological data. General R code to implement the LBFP with d = 2
is provided in the online supplement.

3.1 Simulations from an autocorrelated mixture of bivariate normal laws

Let {Y,;t=0,1,2,...} be an irreducible aperiodic Markov chain on the
state space {1,...,4} with stationary distribution # = (x,,...,7,). Suppose
X, =X, X)) | Y, =y~ Nz(;ty, Vy). When drawing Y, from 7, the (stationary)
distribution of X, is easily shown to be a mixture of the four two-dimensional normal
distributions with weights given by the elements of 7. The Markov chain then
dictates which normal law one should draw the next pair X, from.

We first draw Y, from 7, then we draw 100 000 realizations of Y, and X, from
the model above. The parameters are chosen so that there is strong autocorrelation
between consecutive pairs. The transition matrix of the chain is

0.7 0.2 0.05 0.05
0.15 0.7 0.1 0.05
0 0.15 0.8 005
0.15 0.05 0.2 0.6

P=

leading to 7 =(2/9,1/3,1/3,1/9). The means of the normals are

= (:iz), py = (‘1155), Hy = (_1155) and p, = (iz) The variance matrices are

Vi=V,= (8:(1)2150'(?;) andV; =V, = ((1'(1)241_50'?;2). Once the 109 000 pairs (X,;, X,5)
are generated, we compute the sample lag 1 serial autocorrelations of 0.66 for X,,
and 0.45 for X,,. The sample correlation between the simulated X,; and X,, is —0.31.
The LBFP estimator was then calculated for these simulated data on a 50 X 50
grid on the (=3, 3)? square with the bin widths 5, = 0.075 and b, = 0.15. These val-
ues of b, and b, minimize the ISE, which is estimated at 3.73 X 10> when taking the
mean of the squared errors over the grid. The size of the grid was chosen to have a
good graphical view of the true density and the LBFP. Examination of the graphs
depicted in Fig. 1 clearly shows that the LBFP estimator approximates the true sim-

ulated density very well when the sample size is large.

@ Springer



272 M. Carbon, T. Duchesne

3.2 Real data

We have 4389 daily readings of river Ashuapmushuan’s flow (in m?3/s) and level
(in m), between 22 March 1992 and 30 September 2007 (with a few missing days),
a dataset extracted from the Environment and Climate Change Canada Historical
Hydrometric Data web site (https://wateroffice.ec.gc.ca/mainmenu/historical_data_
index_e.html) on 26 July 2023.

For the flow rate variable, we have a quasi-exponential marginal law, but if we
take its logarithm, it seems to be bimodal, see panels 1 and 4 in Fig. 2.

As for the level variable, it is unimodal but left asymmetrical, see panel 2 in
Fig. 2.

The correlation between the two variables flow and level is 0.69, as seen on panel
3 of Fig. 2.

We chose b; = 0.19 and b, = 0.15 as bandwidths; as in the previous example, we
took b; = 5; x n~/% where s, is the estimated standard deviation in the direction i.

Finally, we plotted the LBFP estimator on a 50 X 50 grid on the rectangle
(3.7,6.5) x (29.4, 32.25) for readability (see Fig. 3), which gives an idea of the shape
of the underlying density of the log flow and the level.

4 Preliminary lemmas

Lemma 1 Suppose 1 holds. Let L,(F) denote the class of F-measurable r.v.’s U sat-
isfying ||U||, = (E|U|")"/" < co. Let U € L,(B(S)) and V € E,(B(S’)). If r, s and t
are positive numbers and rlas a7l =1, then

LBFP
b1=0.30, b2=0.25

LBFP.
b1=0.30, b2=0.25

level

log flow

Fig.3 Perspective (left) and contour plot (right) of the LBFP estimator of the joint density of log(flow)
and level on a 50 x 50 grid

@ Springer
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|EUV — EUEV| < C|UI|,|IVIl, [#{Card(S), Card(S") }oo{ dist (5,5")}]'"". (15)

One or both of r and s can be taken to be oo for bounded random variables, and then
the right-hand side of (15) can be replaced by Ch{Card(S), Card(S") }p{ dist (S, S5")}.
For the proof of different versions of the Davydov inequality in Lemma 1, see
Davydov (1970), Deo (1973), Hall and Heyde (1980) or Tran (1990).

Using (7), denote n; ; = Y ; — EYy
Corollary 1 For each k={ky....k;}, J=G1---sjg) € {0,1}4 and
7 =0,....0,) €0, 1}9, there exists some &, € 1(k,j) such that

) [eov(tiajo )| < CUGE by - ba) " ([ =),

(16)
(@) Joov (s )| < C(mindf (G f Gy ba) P (@ ([li=T])) "2 forj#7.

Proof (i) Taking r =2, s = oo and 7 = 2, Lemma 1 leads to the following result: if
E|U|* < +o0and P|V| > 1) = 0, then

IEUV - EUEV| < CllUIL (o ([i-1]]))"*.

Taking U =Y;;; and V =Yy
have

xj» and using the generalized mean-value theorem we

V2 {pE by - b} where & € Ik, j).

1/2
Ul = (EYZ;) " = [P € 1k )]
The proof of (i) thus follows.

(i1) The proof can be handled in the same way.
Note that & ; and &, ; are independent of i and i'. O

Lemma 2 If Assumption 1 is satisfied, then there exists & ; € 1(k, j) such that
2
/ / L) = fOO)| dxdy < MFG)(by - b0) (17
1(kj)x1(k.j)

Proof Since fis uniformly continuous and integrable,

sup f(x) = ||f]l < o0.

xeR4

By Assumption 1,
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274 M. Carbon, T. Duchesne

/ / Jije.3) = )| drdy
I(kj)xI(k.j)

= / / FO 010 =) dxdy
I(k j)xI(k.j)

<Mb,...b, e .)f(x)dx,
J

where M can be taken to be max{M,, ||f||}. The lemma follows by the generalized
mean-value theorem. a

Now, we study the integrated mean squared error and the optimal cell width. As
usual, the IMSE is defined as the sum of two terms: the integrated pointwise squared
bias, and the integrated pointwise variance.

For convenience, define

in = — ZZCOV e Yiag):
(nb]... (1 l#l
and, for j # f,

T'op = ZCOV iky° 1 )

(nbl .. d l#l

Lemma 3 The variance of the LBFP estimator fn(x) defined in (6) is given by
~ 1 ) . 1 2
vaf,() = ———— Y E@p() - b—)z( Y @no)

n(bl ~~~bd je(0,1}4 l‘l( | ee- bd je(0,1}4

+ Z c]?(x) T'ip + Z cj(x)cj,(x) Ton-

Jje{o.1} 7

Proof Clearly,

Varfn(_x) = ﬁ Z {Cj(x)}2 V&I‘<Z Yi,kJ)

no; ... d) Jjelo.1) i€z,
(18)
+ — " 2 ZC(x)c,(x)cov(Z ik Z Yi',k,/")'
(n IR d J# iz, IGIn

First of all, we have

var( Z lk,,> Z Var(Yi,k,j) + Z COV(Yi,kJ’ Yi’,kJ)’

i€z, i€z, i’
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Multivariate frequency polygon for random fields 275

with

> var(Yy;) = dpe(){1 - pli)}-

i€z,

Therefore the first term of the right member of (18) is

Z {¢@} Pk(]){l—pk(])}+ Z {c(x)} -

(b1 bg)’ jelonye jeloy

Now, for j # j/', we have

COV( Y Yir Z ) = D cov(Yigge i) + D cov(Yigs Yoy )-

lEI i EI iEIn i#i/
For j # j', we have
Y.

) =E(YigYiny) —E(Y

cov(Y; i ik ik

ikyj°

VE(Yir) = =peipe()

Then the second term of the right member of (18) is

- 2, W () —P D) + ), ¢i(0cy (X) 1.
(ﬁbl...bdz,;, a(b, b)) ;" e

Finally, we obtain

) = ——— 3 om0~ ——( 3 qem)

ﬁ(b1 ...bd)zje{o,l}" 11( 1 '--bd)2 Jjefo,1}d

+ Z ¢ (x) T'ip + 2 C; (x)c i (X) Ty

jelo,1}4 '

Let
Wy ; = max {(f(fk’j))l/{Mf(CkJ)}

where &, ; and §, ; are defined in Corollary 1 and Lemma 2.

Lemma 4 Assume that @(k)=O0k™") for some p>2N+(3/2). Let
0<e<(2N-1)8N = 1)". Then

il < CAT'(By ... b)) F oW
Proof By Corollary 1 and Lemma 2

oVt 1y 1 )| < min{ C(FE N2 By ... b)) (@i = V)2, MF (G )b}
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Let K, = (b, ... b)) V/N. Define

S, ={i,iez, | o<i-ill<K,}
S, ={i.ier, | li-il>K,},

split Z ‘ Cov (W x> Ny J)’ into two separate summations A, and A, over sites S; and
il
S,. Then

Z |COV(’7i,k,;”71’,k,j)’ =A| +A4,.
i#i
Now, we have the following upper bounds.

Av= Y eVl )| SMF&G) Y, By by < CAENWB, .. by "RKY.

ii'es, ii'es,
Thus
A S Cf(G )R (by ... by
Letnow v = N1+ 26. Clearly
2 1-¢
A, = Z ‘cov(ni’k‘]., Vlir’kj)|
ii'es,
< CUENN2 By b)Y Y {elli— '
ii'es,
< CUENN By b)Y R Y LoD}/
[Ii]I>K,
< CUE2 By b PRk Y il el /.

llill> K,

Since 0 <& < (2N — 1)(8N — 1)~!, we have v < N — }1. Thus

. N
Z il {e(llil} /> < <Z i‘@”“‘N*”“) < +o0
iI>K, i=1
since p > 2N + 3 /2. Finally

Ay SCEN by ... b)) PRKY < CHFENY 2RO, ... b))

and
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Z ’COV(ﬂ.kd»ﬂ, )| S Cwy by . b,)'*e.
i

Thus ry,, is bounded by C w, ; A~ b=!+¢ Using Corollary 1 (i) and a slight variation
of Lemma 2 it can be shown that r,,, is also bounded by the same quantity. O

We’ll need the following lemma which is a multidimensional generalization of
results reached by Friedman and Diaconis (1981).

Lemma 5 Suppose that ¢ : R? — R is continuous and its first order partial deriva-
tives (,b’l, e qb’d are continuous and integrable. Then

d
Zd)(gk)bl...bd:/ ¢(x)dx+0<2bs/ |¢;(x)|dx>
k R? s=1 R?

where the sum is of over all cells, the union of which is RY, each cell has volume
b, ...b,and &, is an arbitrary point in cell number k.

After some algebraic efforts and using Lemma 5, we obtain the following lemma.

Lemma 6 Suppose Assumptions 1 and 2 are satisfied, and suppose that
@(k) = O(k™) for some p > 2N + (3/2). Let € be defined as in Lemma 4. Then

/IR varf, (x) dx — (—bd) ‘_ 1 / 200 dx

d d
+ 0<fr1(b1 b)Y B dx) + 0<ﬁ‘1(b1 NS bf)
s=1 s=1

+0<ﬁ‘1(b1 by zd:bx >y l>+0(ﬁ'l(1’1 -~~bd)_l+éwl/2“1])
s=1

+0{fr‘(b1 by [Lf'ﬂ” +0< w2y, >+ o +0<Zb A )] }

Let bias(x) = E (fn(x)) — f(x). In the following lemma we obtain a result for the
integrated squared bias that is similar to the result in Hjort (1986).

Lemma 7 If Assumptions 1 and 2 hold, then

d
s dx = S 2y "
/Rd{blas(x)} dx = 2880 / {f”(x)}
d
+ Z —bzbz/ﬂ’s(x)f”(x)dx+0<zb)-

1<s<t<d s=1
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To obtain the uniform convergence of the LBFP estimator, we need to define
some random variables linked to the LBFP estimator defined in (6). Let D be an
arbitrary compact set in R?. For x € D, let

Sa() = fol¥) = Efy(x) = D) A ),

i€z,

with A;(x) = (8, ...b)™" D ¢;(@)myy. Also define

Jjefo,1)4

1,(x) = Z E(A(x)? and R,(x) = Z Z |Cov{A;(x), A;(0)}-

ieZ, Jj€1, i€z,

i,#j, for some

Lemma 8 If p(k) = O(k™?) for some p > 2N + (3/2), then

lim #b; ...b,{I,() +R,(0)} <C,

n—+oo

where C is a constant independent of x.
Proof Lemma 8 follows by a careful analysis of the proof of Lemmas 3-4. O

The following lemma of Rio will be needed in the sequel. Its proof is found in
Rio (1995) (see Theorem 4).

Lemma 9 Suppose A is a o-field of (Q,F, P) and X is a real-valued random vari-
able taking almost surely its values in [a, b]. Suppose furthermore that there exists a
random variable U with uniform distribution over [0, 1], independent of AV ¢(X).
Then there exists some random variable X* independent of A and with the same dis-
tribution as X such that

E|IX -X*| <2(b—a)a{A,c(X)}.
Moreover, X*is a AV o(X) V o(U)-measurable random variable.

The approximation of strongly mixing r.v.’s by independent ones used later is
presented below.

Lemma 10 Let S,.....S, be sets containing m sites each with dist(S;, Sj) > 6 for all
i#jwherel <i<randl <j<r. Suppose thatY,,...,Y, is a sequence of real-val-
ued r.v.'s measurable with respect to B(S)),....3(S,), respectively, and that Y; takes
values in [a, b]. Then there exists a sequence of independent r.v.’s Y7,....Y " independ-
ent of Y\,....Y, such that Y has the same distribution as Y; and satisfies
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Y ENY, - Y| <2(b — @)h{(r = Dm,m}@(5). (19)
i=1

For a proof, see Carbon et al. (1997b).
Recall that

n

S0 =Y A@= D AX.

i€z, i=1

k=1,...N

Without loss of generality assume that n; =2pg; for 1 <i < N. The random
variables A;(x) can be grouped into 2¥g, X «+- X g, cubic blocks of side p.
Denote

@j+p
Ulnjn= Y A,

i, =2jp+1

k=1,....N

Qi+ p 2jy+Dp
venjx= ) > AW,

j=2jprl V=@t

k=1,....N—1

@ji+Dp 2(jy-1+Dp Qjy+hp
UGmjn= ) D > AW,
i, =2j,p+1 ino1 =iy +Dp+1 iy=2jyp+1

k=1,....N=-2

@itbp 2P 20y+Dp
Udnjx= Y > > AW,
i =2jp+1 iy-1=Qfy- 1 +Dp+1 iy=(2jy+1p+1
k=1,...N-2

and so on. Note that

Wptp  Qiy+bp

v ngn= Y > AW

i =Qj+Dp+1 NHPH]
k=1....N-1
Finally

23 +Dp
u@¥mjxn= Y AW®.
i, =2 +1p+1
k=1,....N

For each integer1 <i < 2N define
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91
T(n,i,x)= ) UG jx).

Jk=0
k=1,....N

Clearly

N

Sa) = ) T(n,i,x). (20)
i=1

The blocking idea here is reminiscent of the blocking scheme in Tran (1990) and
Politis and Romano (1993).

Without loss of generality let us focus on the terms with i = 1. Now, T(n, 1, x)
is the sum of

r=4q; X Xqy

of the U(1,n, j, x)’s. Note that U(1,n, j, x) is measurable with respect to the o-field
generated by X;, with i belonging to the set of sites

(i:2p+1<i<@j+p, k=1,.,N}.

For each j, these sets of sites are separated by a distance of at least p. Enumerate
the r.v.’s U(1,n, j,x) and the corresponding o-fields with respect to which they are
measurable in an arbitrary manner and refer to them respectively as Y, ..., Y, and
Si,...,S,. Approximate Y, ..., Y, by the r.v.’s Y*,...,Y;‘ as was done in Lemma 10.
Clearly,

|Y,| < CpN(hb, ...b,)7". (21)
Denote
¥, = {log(b, ... by }'2, e, =¥
where 7 is a positive constant to be chosen later. Define

ay = (by ... by) ™" h(i, pM) ()P (22)

Lemma 11 Given x € D and an arbitrarily large positive constant M, there exist
positive constants C and n such that

P[IT(m, 1,x)| > n¥,] < C(A™ +ay).

Proof Since T(n, 1, x) is equal to Z Y;, we have
i=1
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r

S

i=1

r

> en/zl +P[Z Y, = Y| > £n/2]. (23)

P[IT(m, 1,x)| > g,] < Pl
i=1

We now obtain bounds for the two terms on the right hand side of (23). By Markov’s
inequality and using (19-21) and recalling that the sets of sites with respect to which
the Y;’s are measurable are separated by a distance of at least p,

P lZ Y, — Y| > sn] < CrpN(ab, ... b)) h(B, pMeP)e ~ . (24)
i=1

Setting
A, = (b, ... b,logh)!/2,
and
= |5 () @
we have
An€q = nlogh,
and by Lemma 8

ALY E(Y)? < Chby .. by{I,(0) + R,(x)} logh < Clog .
i=0

Using (21), we have |4,Y| < 1/2 for large fi. Applying the standard Bernstein’s
inequality,
P l

for sufficiently large f.
The conclusion then follows from (23), (24) and (26). O

r

2%

i=0

> en] <2exp ( — ApEn + ﬂfl Z E(Y[.*)2> (26)
i=0

<2exp{(-n+C)logh} <A™,

Lemma 12 Suppose Assumption 3 holds. Let D be a compact set of R? and let
(b1, .5 by) = by -+ - byy) be a sequence of cell widths such that

¥, := {logh(b, ...b)"}* 50 a5 n— . @27)

If there exists a constant M such that
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o ... bd)_2‘i‘;l (ﬁ_M + (xn) =o(l) (respectively
D by .. b)) (Y + ) < )

nezN

then we have

sup |f,(x) — Ef,(x)| = O(¥,) in probability (respectively a.s.).
xeD

Proof The compact set D can be covered with n, cubic cells {, of volume v, = W‘L’)
and center x,. Choose the cells such that v;, < b, ... b, and n;, < C/v;,. We have

sup [f”n(x) - Ef”n(x)l <ci+co+cs
xeb

where

¢y = max Su X) — X
1 1<k<n, XEII: lfn( ) fn( k)l’

Cy = lg]lci)yiD lfn(-xk) - Efn('xk)l’

¢; = max sup |EF, (x;) — Ef,(x)|.
€l

<k<np y

By (6), after some calculations, we have, for x, x; € I,

[Fo () = Fa (x|

C
S ( Vi s kgtia — Vi, k+j”)”x_xk”’
n(bl bd)2 110 Ra % 1o Ra Ty

Juoeedandy oy €10, 11
(28)
and

|EfA‘n(X) - Efn(xk)l
C . . o N
< Z |Pk(/l’""Jd)_pk(ll""’Jd)|>“x_xk”' 29)

< _
T (by... b))\ e
( 1 d) Jiseedady oy €00,1}24

The generalized mean-value theorem shows that there exist {; . and ¢ koo, such
that pi(y, - .Jja)/(by ... by) = f(&, ... ;) and Pi(ys 0/ By ... by) =f(Ck;j’],..,,,‘;1)-

It follows that, under Assumption 2%,

\ , c
B0 =Bl < (% )~ F )]l
Jiseedadyo -y €10,1}

-
b, ...b, k

<
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In view of (28)
[£,0) = F,(c)l <2y ... b)) ||xe — x| as.,

and ¢, = O{(b, ... b))b>wp} a.s. Choosing wy, = (b, ... b,)* P, < b, ... b, implies
vy < by ... by and we then obtain ¢; = O(¥,) as. and ¢; = O(¥,).
In view of (20),
¢, = max |f,(x) — Ef,(x)| = max |S,(x,)| = O(®,) in probability (or a.s.)
<k<np 1<k<np

1<k
if

lr<r]1(a<1x |T(n,i,x;,)| = O(q‘n) in probability (or a.s.)
foreachl <i < 2". Lemma 11 entails

: i M
P{lg}é’é[, |T(n,i,x)| > n‘Pn} < Cnp(h™ + ay)

for i =1, and it is easy to obtain the same result for all i =2, ... 2N, Using the
Borel-Cantelli lemma, the conclusion follows. O

Lemma 13 Assume that Assumption 3 holds. Then
|Eu) — (0| = OC¥,).

Proof For x € I(k), as 2 ¢,....j,0) =1, we have
Jiseda€L0 1}
- ()
B, -fe= Y 91,...@()6)(1,"—1, —f(x)>.
Jiseeda€10.1) 1o d

Under Assumption 3, we have

’ ()

b,...b,

1
by ...by Jiwj

—f(x)‘ < ) — )l dy

C / -
ly = x|l dy < Cb,.
bl"'bd 1(k,j) n

Then recalling the definition of ¥,, concludes the proof. O

IA

5 Proofs

Proof of Theorem 1 The IMSE is found by combining the results of Lemmas 6 and 7.
The leading terms of the IMSE are found to be
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d

d
m<§> * 2220 /(f(@( )>

d
+ ) —b2b2 / S@f! ) dx.

st
1<s<t<d 32

It is thus sufficient to minimize this function with respect to (b, ..., b,). O

Proof of Theorem 2 In view of Lemma 12, it suffices to show that (b, ... b,) 2%~ 'A~"
and (b, ... bd)‘z‘i‘glan converge to zero. First note that (8) implies (27). Now (27)
implies fi > C(b, ... b,)~". Therefore

by ... b)) P A = a2 by P logh T2 < C(by ... b logi ™2 - 0
when M > 2. From (22) we have
(by ... b)) ¥y < (by ... b)) h(A, PV )PP,

(i) By (25), p ~ 22"V Thus, if (2) is satisfied
y p~Y,

3N—p

3 _a 2N =

by oo b 20 0y < (b, .y (2Dl A, b)) T T
1---0Og n an S 1---byg logﬁ = logﬁ .
(30)

When p > 3N the right-hand side of (30) converges to zero if and only if (8) holds.
When p < 3N, the term between round brackets at the center of (30) always tends to
infinity and the right-hand side of (30) never converges to zero.

(1) If (3) is satisfied

b, ...b,\ "™
log fi
kr1-£ 3D

(by ... b)) ¥ ey ~ C(by ... b))~ ﬁ"(

b b p+aN

n . p—2N—-2Nk

= Mo b d)
log ﬁ p—-2N-2Nk

When p > 2N(k + 1) and (9) holds, the right-hand side of (31) converges to zero.
O

Proof of Theorem 3 (i) Condition (12) implies
(by ... b)) P a,fig(n) - 0,
which entails

D by b)),y < co.

nezN
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The theorem follows easily by Lemmas 12 and 13.
(i1) The proof of (ii) is similar to that of (i) and is omitted. O

Proof of Theorem 4 We use the arguments of Lemma 5.6 in Francq and Tran (2002).

More precisely, for any € > O there exists a compact set D (which depends on ¢€)

such that / f(x)dx > 1—¢€. Such a compact exists because, by the Lebesgue
D

theorem,

lim / fx)dx = 0.
koo J (ke

Denote by A(D) the Lebesgue measure of D. Theorem 3 entails that almost surely

MD)sup [f,(x) — f(x)| < €

x€D

for sufficiently large n. Thus

/ Ja@)dx > / J@dx = AD) sup |f,,(x) = ()| > 1 -2
D D xeD

and
e = el = [ 10 =slas+ [ Gy - rlas
xeRd D De
< AD) sup [fo(0) = f@| + [ Julr)dx + / f@)dx < de.
xeD Dec c
Since ¢ is arbitrarily small, the conclusion follows. O

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s10463-023-00883-5.

Acknowledgements The authors wish to thank the Editor and two anonymous reviewers whose
comments have lead to an improved version of this manuscript.

Data availability statement The dataset analyzed in Section 3.2 is publicly available. It was extracted on

26 July 2023 from the Environment and Climate Change Canada Historical Hydrometric Data web site,
https://wateroffice.ec.gc.ca/mainmenu/historical_data_index_e.html.

Declarations

Conflict of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

@ Springer


https://doi.org/10.1007/s10463-023-00883-5
https://doi.org/10.1007/s10463-023-00883-5
https://wateroffice.ec.gc.ca/mainmenu/historical_data_index_e.html

286 M. Carbon, T. Duchesne

References

Biau, G. (2003). Spatial kernel density estimation. Mathematical Methods of Statistics, 12, 371-390.

Bolthausen, E. (1982). On the central limit theorem for stationary random fields. Annals of Probability,
10, 1047-1050.

Carbon, M. (2006). Polygone des fréquences pour des champs aléatoires. Note aux Comptes Rendus de
I’Académie des Sciences de Paris, Série I, 342, 693-696.

Carbon, M. (2014). Histograms for stationary linear random files. Statistical Inference for Stochastic Pro-
cesses 17, 245-266.

Carbon, M., Hallin, M., Tran, L.T. (1996). Kernel density estimation for random fields: The L, theory.
Journal of Non Parametric Statistics, 6, 157-170.

Carbon, M., Garel, B., Tran, L.T. (1997a). Frequency polygons for weakly dependent processes. Statistics
and Probability Letters, 33, 1-13.

Carbon, M., Tran, L.T., Wu, B. (1997b). Kernel density estimation for random fields (Density estimation
for random fields). Statistics and Probability Letters, 36, 115-125.

Davydov, Y.A. (1970). The invariant principle for stationary processes. Theory of Probability and Its
Applications, 14, 487-498.

Deo, C.M. (1973). A note on empirical processes of strong mixing sequences. Annals of Probability, 1,
870-875.

Doukhan, P. (1994). Mixing: properties and examples. Springer.

Francq, C., Tran, L.T. (2002) Nonparametric estimation of density, regression and dependence coeffi-
cients. Nonparametric Statistics, 14, 729-747.

Friedman, D., Diaconis, P. (1981). On the histogram as a density estimator: L 2 theory. Zeitschrift fiir
Wahrschenlichtkeitstheory und Verwandte Gebiete, 67, 453—476.

Guyon, X. (1987). Estimation d’un champ par pseudo-vraisemblance conditionnelle: Etude asymptotique
et application au cas Markovien. Proceedings of the 6th Franco-Belgian Meeting of Statisticians.

Guyon, X., Richardson, S. (1984). Vitesse de convergence du théoréme de la limite centrale pour des
champs faiblement dépendants. Zeitschrift fiir Wahrschenlichtkeitstheory und Verwandte Gebiete,
66,297-314.

Hall, P., Heyde, C.C. (1980). Martingale limit theory and its application. Academic Press.

Hallin, M., Lu, Z., Tran, L.T. (2001). Density estimation for spatial processes. Bernouilli, 7, 657-688.

Hallin, M., Lu, Z., Tran, L.T. (2004a). Local linear spatial regression. Annals of Statistics, 32, 2469-2500.

Hallin, M., Lu, Z., Tran, L.T. (2004b). Kernel density estimation for spatail processes : The L, theory.
Journal of Multivariate Analysis, 88, 61-75.

Harel, M., Lenain, J.-F., Ngatchou-Wandji, J. (2016). Asymptotic behaviour of binned kernel density
estimators for locally non-stationary random fields. Journal of Nonparametric Statistics, 28(2),
296-321.

Hjort, N.L. (1986). On frequency polygons and averaged shifted histograms in higher dimensions. Tech-
nical Report, No. 22, Stanford University.

Nahapetian, B.S. (1980). The central limit theorem for random fields with mixing conditions. Advances
in Probability, 6, 531-548.

Nahapetian, B.S. (1987). An approach to proving limit theorems for dependent random variables. Theory
of Probability and Its Applications, 32, 535-539.

Neaderhouser, C.C. (1980) Convergence of block spins defined on random fields. Journal of Statistical
Physics, 22, 673-684.

Politis, D.N., Romano, J.P. (1993) Nonparametric resampling for homogeneous strong mixing random
fields. Journal of Multivariate Analysis, 47, 301-328.

Rio, E. (1995). The functional law of the iterated logarithm for stationary strongly mixing sequences.
Annals of Probability, 23, 1188-1203.

Robinson, PM. (1983). Nonparametric estimators for time series. Journal of Time Series Analysis, 4,
185-207.

Robinson, PM. (2011). Asymptotic theory for non parametric regression with spatial data. Journal of
Econometrics, 165, 5-19.

Rosenblatt, M. (1985). Stationary sequences and random fields. Birkhauser.

Scott, D.W. (1985) Frequency polygons, theory and applications. Journal of the American Statistical
Association, 80, 348-354.

Scott, D.W. (2015). Multivariate density estimation: Theory, practice and visualization. Wiley.

@ Springer



Multivariate frequency polygon for random fields 287

Stone, C.J. (1983). Optimal uniform rate of convergence for non parametric estimators of a density func-
tion and its derivative. In Revzi, M.H., Rustagi, J.S., Siegmund D. (Eds.) Recent advances in statis-
tics: Papers in Honor of H. Chernoff. (pp. 393-406). Academic Press.

Takahata, H. (1983). On the rates in the central limit theorem for weakly dependent random fields.
Zeitschrift fiir Wahrschenlichtkeitstheory und Verwandte Gebiete, 62, 477-480.

Terrell, G.R. (1983). The multilinear frequency spline. Technical Report, Department of Math Sciences,
Rice University, Houston.

Tran, L.T. (1990). Kernel density estimation on random fields. Journal of Multivariate Analysis, 34,
37-53.

Tran, L.T., Yakowitz, S. (1993). Nearest neighbor estimators for random fields. Journal of Multivariate
Analysis, 44, 23-46.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and
applicable law.

@ Springer



	Multivariate frequency polygon for stationary random fields
	Abstract
	1 Introduction
	2 Assumptions and main results
	3 Applications
	3.1 Simulations from an autocorrelated mixture of bivariate normal laws
	3.2 Real data

	4 Preliminary lemmas
	5 Proofs
	Acknowledgements 
	References




