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A. Proofs of Propositions 1-3

Proposition 1 Suppose Conditions (C1) - (C4) hold. There exists some constants §; and
02, such that for all ||B = B,]| < 61, (¢7,0") — (., 0,)]| < b2,

(i) 1G] < ne, 1G(E) — ¢.(B)OT (B)R, — G| < rino, [C(€)] < n + Co(A + 61), and
1G(&) — Ge(&,)| < Cs6amy + CaC302(61 + A) + Cady,

(ii) |De(€)]lo < wi, Du(€,) — Qu =0, and ||(D5(E,), DE(E,)) — (Qh, QR < rimo+
Ch\,

(ZZZ) ||Ht(€>||max S Wt, Ht711(€*) - Vt,ll - 07 and ”Ht(é*) - Vt” S 7“t770 + C2A7

max

where n; = C1 Y222 017 |erj, wp = max {Co,r=0F D, 4+ Co (A +61)}, and Cs is defined in
Lemma 7.

Proof of Proposition 1: By Condition (C2), the roots of 6,(z) lie in the region |z| > ¢
for some |c¢| > 1. The same will be true for the roots of #(z) for all (¢*,8")T which are
sufficiently close to (¢, 07)7.

(i) By definition, 8(B)(:(§) = ¢(B)e(B). Following Section 3.1 in [2] and Proposition
A.1. of [3], there exists some J, > 0 such that the coefficients 7;(¢, @) in the power
series expansion

> == — 2P
. 0) —
;wz R T

are bounded by Oyl if [|(",0%) — (o1, 07)|| < 6y Thus, |¢] = |
Cy 22077 [€—j| = m. Moreover,

¢.(B)
0.(B)

= Zm ..0.)(er—;(B.) — Rej) ij b..0.)er;

Zﬂ—] ¢*a Et -7

(B)0.(B)e| <

Ct(ﬁ*) - Rt - Ct

IN

<ClZT|6t J|<T770

j=t




(i)

In addition,

(B)
(@)1= 5z Z%‘Ibeﬁw
t—1 i—1
< > mi(@.0) (Yes — (X)) |+ D il 0) R
j=0 g=0
(@, 0W (8. - ﬁ)'
t—1 t—1 t—1
<y er ‘€t7j| + Ch Z?‘jA + erdl /e CZ(A + 51)?
=0 =0 =0

where the second to the last inequality follows from Theorem 5.4.2 in [5] with I
norm and |8 — B,[le < (|8 — 8. < 1.

By Lemma 7,

@ - atedl < |(55) - 2 ) ep| +

< (520~ 0B (e (e = aB) ~ (a(B) — )| +

< C309m; + CoC362(01 + A) + Cady

(e(8) — et(ﬁ*))‘

For1 <[<J,
B t—1 00 '
[D(8)],| = ‘3(—B)> (W4, Zﬂ-] ?,0) [W,_j],| < 0127”] Wil < Oy,
Jj=0 7=0

where the last inequality also follows from Theorem 5.4.2 in [5] with [, norm.

For J+1<I<J+p,letli=1—J. Wehavel <Il; <p. Then,

D(&)]) = \@%(ﬁ)\

t—Il1—1

<Gy Tj<|€Hm.| + e, -5(By) — €1,

7=0
le-n-5(8) = 5B )
t—Il1—1 .
S Cl Z ’f‘] |€t—ll—j| + CQ(A + 51) S T‘_p’)’]t —I— CQ(A + 52)
7=0

For J+p+1 <1 < J+p+q, by the same arguments, |[D;(§)],| < r 9 +Csy (A +61) .

2



Thus, ||D¢(&)

||oo S Wi

Qi For J41<I<J+p letly=1—J.

For 1 <1< J, [Dy(§,)], = [qg:((g))wt]

l

! 1 eB),
0.0 T G B 6.m)

|[Dt<€*)]z - [th =

<O Y e —i(BL) —en—i| +C1 > 1 e | < i + CoA,

j=0 j=t—l

For J+1 <1 < J+p, the argument is similar. Therefore, we have ||D;(£,) — Q|| <
r'no + C2A.

(iii) The proof (iii) follow from the same arguments as used for (i), We thus omit the
details here.

We thus complete the proof of Proposition 1. O
Proposition 2 Suppose Conditions (C1)-(C4) hold. If J = n"/?o*V | for any C > 0,

sup |Ti(h) — T'(h)] —, 0.
heQ(C)

Proof of Proposition 2: If J = n!/*1 then J%logn = n?(**Y]ogn = o(n'/?), and

J20H1/2 = p(=2041/2)/(2041) — (p=1/2) as a > 2. Thus, the conditions in Lemmas 4-6 are
satisfied. The proof directly follows from Lemmas 4-6. U

Proposition 3 Under the same conditions as in Proposition 2, given any 0 < e < 1, there
exists some C. > 0, such that

P( ~inf Tl(h)>1)>1—s.
het(Co) U (C:)
Proof of Proposition 3: If J = O(n'/?otD) then J3logn = o(n) and J~(+1/2) =
O(n~'/2) under Condition (C1).

Simple algebra shows that

n

Tih) = 23 hTQ¢ — 23 hTQ, (‘g((g Rt) £ (6Q) (GQ)"h

= I+I11+1II.

We first consider I.

n

—2 ZhTQtQ = -2 ZthQﬂCt -2 Z (hzTQtz + hgTQts) G =: 11+ L.
t=1 t=1 t=1



We have

n 2-
E | sup h1TQt1Ct
Ih1I<1 <;

<E | sup |’ > Q{Qu
[Ihy]I<1 t=1

= no? x trace(E [QtlQﬂ]) < nJC Apaxd 0% = nC2 A nax0?,

2

= o’F = no’E [QtTlQﬂ}

where the first equality follows from Cauchy-Schwartz inequality, the third equality follows
from the fact that E [Q}iQﬂ} is the trace of F [QHQE], and the last inequality follows
from Proposition 4. Therefore, by Markov inequality,

Z C3Amaxo® 1
P < sup h Quél| > aC’Q\/nAmaxo'> < o Amax0 =
[hi]I<1

a*nC2A\pax0?  a?
Thus, SUPyy, j<cmz0(nd 1) 72|y || [I1] = CO,(1). Similar arguments can be applied to
show that supy 1 h1)<c, (I hI)£0 n= 2| (g, hy) |71 L] = CO,(1).
Next, we evaluate 1.

. ¢.(B) . ¢.(B)
I=-2 § ‘hiQ, ( Rt) -2 § (h; Q2 + h3 Q3) ( Rt>
t=1 ECAE) t=1 P 6.(B)
=: I, + I,

We can show that supp, <10 ‘(E thTQﬂH)_lEn thTQﬂH — 1‘ —, 0, by the same

arguments used in the proof of Lemma 2. This and the facts that |R;| < A < CyJ~* and
|9, (B)0.(B)R,| < CyCyJ~* together yield that

- B
a7 mi=2 s (S wiqu (S00R)

[y [|<C,hy 70 By [|<1,hy 20 [“= 0.(B)
<2C,CoJ *n  sup E, [|h1TQt1H
Ihy[|<1,h1 70
<2C,CyJ n  sup  E[|hiQul] (14 0,(1))
lh1[|<1,h; 70
<2C,Codn  sup /B MIQuQAh(1+0,(1)
[lh1]|<1,h1#£0

< 20002\ Amaxd V(1 + 0,(1)).

Likewise, Supjur nr|<c,(n? nl)-£0 (b, h)|| 7' L] < 2C5J°n(1 + 0,(1)), for some con-
stant C5 that only depends on ¥ and o.



Now we assess [11. Let S\min denote the smallest eigenvalue of 3.

nﬁTE [(CtQt) (CtQt)T} '3
— no®hTE [QuQh] hy + no? (b, hI) X (b hl)"
> 002 (7 Ain B2+ A (03, B)[2)

By Lemmas 2 and 3, uniformly over ||h;|| < C and || (hg,hgT) | <C,

111 2n0% (T Nuial ][ + M| (0], BT )
— 2l || (63, 1) )0, (2 log ).

Combining the results for I, I1, and I11 yields that

Ty (h)
> n0? (7 A2 + A | (03, 1))
= 2y | (b, B) [0, (/20 0gn) — 0¥/ (]| + || (b3, b [}) O,(1)
= 20003 N d 20t (1 + 0,(1)) — 2G5 (b, 1),

uniformly over ||hy|| < C and || (h],h]) || < C. Then,

inf Tl(h)
[y |=CIn=1/2,||(h] h])||<CJ/2n-1/2

>no?C* A minIn (14 0,(1)) — C21*n "2 1ogn0,(1) — 2CJO,(1)
e, (coch/xmax + 05) J=o2p102(1 4 0,(1)), and

inf Tl(h)
[he[|<CIn=1/2,||(hF bT ) [|=CJV/2n-1/2

>no2C? Amin Jn (1 + 0,(1)) — 2C%T*n 12 log nO, (1) — 2CJO,(1)
pYe (ooch/xmax + 05) T 2p102(1 4 (1)).

Since J~(@1/2) = O(n~1/2), then given any 0 < ¢ < 1, there exists some sufficiently large
C., such that P (infycqc.) Ti(h) > 1) > 1 — ¢, This, coupled with the convexity of 77 (h),
completes the proof of Proposition 3. U

B. Preliminary proposition and lemmas

Proposition 4 If Condition (C}) is satisfied,

B B
sup hiFE [<—¢( )Wt) (—d’( )Wfﬂ h; < A/ C3,
Iy | =1,[[(67,67)— (6T ,67) | <65 6(B) 6(B)



where 05 is chosen as in Proposition 1.

Proof of Proposition 4: Given any h;, such that ||h;| =1,

WTE K@Wt> (@WE)] h, = E (i m(gz),e)h?wt_i) (i (@, e)thWt_j>]

6(B) 6(B)

=33 (¢, 0)m,(¢,0)E [(h W) (] W,_)]

i=0 7=0

S iiﬂ-z((ﬁ’ O)Wj((ﬁ? O)Amaxt]il S )\max (Cl ZT ) - max 10227

where the last inequality follows from the argument for part (i) in Proposition 1. This
completes the proof of Proposition 4. O

Lemma 1 Suppose Condition (C3) holds. Then (i) P (|| > v) < 2exp (W%) and
(ii) for any a sequence {a;,t > 0} and k> 1, E[|>°°, aiCi|"] < (O |a;|)* KICE /2.

Proof of Lemma 1: By Bernstein’s condition, for any 0 < u < C3',

Elexp(u|G|)] = 1+ uE |G +

u202 202
<2(1+—E ) <2 — B
( *2—203|ur) : eXp(2—2cBru\)

where the last inequality follows from 1 + u < exp(u). By Markov’s inequality,

B E [exp(u¢:])] —v’
P (|G| > v) = P (exp(ul]) > exp(uv)) < Teplur) 2exp (m) ’

where the equality follows by choosing u = v/(Cgv + C%).
We prove (ii) by induction. Since {¢;} is a i.i.d. sequence,

k
FE Uaog + CL1Q71|k] S Z (j)E UaoljlgtV] E [|CL1|k7J’<t71|k7J]
=0
k . k—j
Cj kE—DICy™ k\C*%
<3 (4 laoblanp 2B EZIICET < (g 4 ju 255

7=0



Suppose (ii) holds for [ — 1. Then,

-1

k -1 k—

k Y k cy’
E ZaiCt—i +aiG—| | < Z (j> ( |az|> J 23‘ & i (k= j)Cp
i=0 7=0 =0
’ e
i=0
Thus, (ii) holds for [.
This completes the proof of Lemma 1. O

Lemma 2 Suppose Conditions (C1) — (C4) hold. There exists some constant Cy > 0 that
does not depend on n, such that if J = O(n!/Ze+1)),

(1)

P( sup ‘Gn [(thQﬂ)ch}

[l <1

> 702\/C4J10gn) < 2exp(—6Jlogn).

(i
(B [(fQu)]) " &, [0TQu)* ¢

sup
[Ih1]|<1,h;1#0

=14 0,(1).

(iii)

P ( sup n~1/? |Gn [h;FQﬂQ;l;hg] ‘ > p'/2\/CyJn-1log n> < 2pexp(—6Jlogn).

Ih1[<1,||h2||<1

P ( sup n~1/? |Gn [h,}‘Qtth’ghg] ’ > 7¢"?\/CyJn"11log n) < 2qexp(—6Jlogn).

[Ih1[I<1,[Ihs|<1

Proof of Lemma 2: By Theorem 5.4.2 in [5] again, we have

Zﬂ-*zh Wt 7 < Z|7T*Z| < CQ

1=0
Part (i): Let C := {C(h;;)} be a collection of cubes that cover the ball ||h;|| < 1,
where C(hy;) is a cube containing h;; with sides of length n=2. Then |C| < (2n?)’. For
any hy € C(hy;), ||h; — hyjllc <n7% and we have

2
1 00
= ZCgEn 2—612 (; W*ihl(Xti)) s

sup |h t1|— sup
[hy][<1 [ha]]<1

K, [hrlr,ththTlhl,l} =E,

where y(-) = hi ;B(-).



By Condition (C4) and the fact that h(-) is a smooth function, {h;(X;)} is also (-
mixing with coefficients S(k; hi(X;)) < 2exp(—dik™) (see, e.g., page 443 in [6]). Define
Y(z) = 2?/(2C5) and let {Z(hy) :== ¢ (32, mahui(Xi—;))}. According to Page 446 in
6], the following bound holds for the 7-mixing coefficients associated to the sequence

{D oo meihu( X))

00 k—1
T (/{Z, Zﬂ-*ihl(Xt—i)> S 202 Z ‘W*j| -+ 402 Z |7T*J|B11{(2X)(k — j)
=0 =0

>k j
B
< 205 ) Ol +8Cy Y Cord exp(—di(k — )" /2) < ey exp(—dak?), (1)
= i=0

for some constants cy,ds, 72 > 0 that do not depend on h;; and any £ > 1. Here, we
refer the definition of 7-mixing coefficients to Equation (2.3) in [6]. It is easy to check that
Y(z) is 1-Lipschitz function. According to Page 446 in [6] again, the same bound hold
for the 7-mixing coefficients associated to the sequence {Z;(h;)}, that is, 7(k; Zi(h)) <
ey exp(—dyk™?), for any k > 1.

Since {X;} and {¢;} are independent, {Z;(h;)(?} is also a 7T-mixing sequence with
7(k; Zs(h)(?) < exp(—dqok??) for any k > 1. By the fact that ) (X;) is bounded and
Lemma 1, P (|Z:(h)¢? > v) < exp(l — (v/d3)'/?) for some constant ds > 0. Applying
Theorem 1 in [6] yields

P (|n'*Gy, [Zo(h)GF]| > x) < nexp (—%) +exp (‘cx— )

4 an
+ x2 x(1_73)73
P\ P\ llogayr ) )

for 1/v3 = 24 1/, and some constant Cy that does not depend on h;;. We choose = =
3y/CyJnlogn and obtain that P (|n'/?G,, [Z,(h)¢?]| > 3v/CaJnlogn) < 3exp(—9.J logn),

when n is sufficiently large. Therefore,
P (maxn ™2 |G, [ (0f,Qu)* ¢

(54

> 6Cyy/ CyJn1log n)
> 6Cyy/ CyJn1log n>

=P (202 max ‘nl/z(Gn [Z:(W)¢]| > 6C2/CyJnlog n) < 3(2n?)” exp(—9.J logn)
< exp(—6Jlogn). (2)

Gy,

2
=P <mlaxn1/2 thJWt) ¢}

Since, for any hy € C(hyy), |(h{Qu)? — (hf,Qu)?| < 2C2 Y77 |mul [(hy — hyy) "W, ;| <
20537 Il |lhy — hyyl| . < 205072, we immediately have

op B (|81 Qu)? — (b],Qu)?]| < 202" ®)
h1€C(h1,l)



By Lemma 1 and the boundedness of h;Q;;, when n is sufficiently large

P ( sup > C’Q\/C’4Jnlogn/2>
h1€C(hlyl)

<P (max ¢ > 02_1\/04Jn10gnn2/4) < exp(—6.Jlogn). (4)

1<t<n

E. [(h7Qu)* ¢ - (b1,Qu)* ¢

Noting that

sup 02 |G, [(h{Qu)’¢F]| < sup  [E, [(h{Qu)’¢ — (h],Qu)*¢]|
hleC(hlyl) hlec(hl,l)

G [, Qu G+ s B []051 Q) — (], Qu ]

combining (2)—(4) yields

P ( sup n~l/? |G, [(h] Qn)?¢]| > 7Ca/Cydn"log n) < 2exp(—6Jlogn). (5)
[haf<1

Part (ii): We use the following simple fact
sup |A,| = sup |4, B,B;!| <sup |A,B,|sup|B, | = sup |A,B,|inf |B,|™*
= sup |A,B,| > sup |A,|inf | B,|
By Part (i) and Condition (C4), it is easily seen that

2 exp(—6.Jlogn)

Pl sup
[[h]]=1

A%

E. [0 Qu)*¢?] = £ | (1Qu)" ]

> 702 \/ C4J’fl_1 IOg n)

zp( sup|E, {(UQE (nFQu)’]) (hifQﬂ)ch} —1'
I 1
X nf (o*E [(0TQu)?]) > 7Coy/CrdnTlog n>
27\ 1 2
2P< sup |E, [(0215 [(0fQu)’])  (fQu) gﬂ — 1] (6®Ain )
I 1
> 702\/ C’4Jn—1 logn>
27\ ! 2 7Cy+/CyJn=1logn
> P<||Eﬁlil E, [(aQE [(h1TQt1) ]) (b7 Qu) CE} - 1‘ > Py — )




Since J3n~tlogn — 0, we have

w08 [fQu) B, [(FQu)" )

| [| <1y £0
N Ih ||S<IF;l ;AO‘(UQE [((hl/thH)TQtl)QDil E, [<(h1/||h1||)TQt1)2CE}
= Hlflhlil (02E [(h?Qtl)Q])*l E, [(hrlthl)zcﬂ 1 toy(1)

Part (iii): Noting that (;’s are independent, according to page 446 in [6], we obtain
the bound of the 7-mixing coefficient associated to the sequence {qb*_lg} for any k > 1:

k
7(k; ¢, '¢) < 20p Z lpu| <2CECH A 2050, (1 — 1) ' exp(klogr).

1—r
1>k

Since {X;} and {¢;} are independent, then th,thl and ¢, '(;_; are also independent for
any j = 1,--- ,p. By the definition of 7-mixing coefficients, the the 7-mixing coefficient
associated to the sequence {hElQﬂqﬁ*_lQ_j} is

7 (k0 Quey G j) < 2CC1(1— 1) exp(klogr) + exp(—dah™) < cqexp(—dsh™),

for some constants ¢4, dy,y4 > 0. Following from the same arguments used for Part (i), we
can show that for any 1 < j < p,

P ( sup n Y2 ’Gn [thQﬂ(;b;lQ,j” > 7+/CyJn=1log n) < 2exp(—6Jlogn).
[hy]|<1
Therefore,

P ( sup n~1/? |Gn [thQtthTQhQH > 7pt/%\/CyJn1log n)
|

|h1|<1,|[hg||<1

<P ( sup ||hs||; max { sup n~ Y2 ‘Gn [thQﬂqb:lQ_j”} > Tpt/2\/CyIn1 logn)
| \

lho||<1 1S7<p | Inyf<1

[hal<1

P
< ZP ( sup n /2 ‘Gn [thQﬂqb:lQ_j” > T4/ CyJn=1 logn> < 2pexp(—6Jlogn).
j=1

Similarly, we can establish the probability bound for n~='/2 ‘Gn [h?Qtnghg} ‘ This com-
pletes the proof of Lemma 2. O

Lemma 3 Suppose Conditions (C1) - (C4) hold. Then,

: T

(1) supymg ng))<1 ‘En (b5 Qi + hjQu)°¢?] — 0® (b3, hy) 2 (3, hy) ‘ a0,

(il) G, [(thtz + thtg)Q} —4 (hg, hST) N(0,0°%), given any (hl hi) such that ||(hl, hl)|| <
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C, for any C > 0.
() G, [(B Qe + hIQu)G] 4 (3. 1T) N(0,05) on (I BD)]| < C. for any € > 0.

Proof of Lemma 3: Since {(;} is an i.i.d. sequence, then h] Q;, and ¢; are independent.
Thus,

sup B [(th&Q)ﬂ <E [||h2||2||Qt2H2] o? < pE

o<1

2
()]

where the first inequality follows from Cauchy-Schwarz inequality and the third inequality
follows from Lemma 1. Similarly, supyy, <, £ [(h3 Qs¢:)?] < ¢C3C%0?. By Condition (3)
and uniform ergodic theorem (e.g., Theorem 2.7 in [§8]), we have

sup
[(h,h])|<1

E, [(b§Quz + b Q)] — 02 (b, h]) = (] b)) | 0. 0,

Since (Qq2, Qu3) belongs to F'.!, the o-field generated by {(x, k < t—1}, {Ct(hgTQtz + thtg)}
is a martingale difference sequence that adapts to the filtration F*__. By the martingale
central limit theorem,

Gn [(h3Quz + 0 Q)] —a N (0,0% (0], 0Y) = (0], 1) 7).

According to the fact that the pointwise convergence of convex functions implies uni-
form convergence on compact sets (e.g. Theorem 10.8 in [7]) and Theorem 7.1 in [1], we
immediately obtain (iii). This completes the proof of Lemma 3. O

Lemmas 4— 6 follow from the steps in [4] and [2].

According to Proposition 1, |G| < 1, | Qilloe < Q: = Dyl + IDH(E.) 0 < 0 +
CoA + wy =: xt, and similarly ||[V¢|lmax < x¢. Thus,

[h"Q| < 1M Qul| + [[hy Q2 + hy Qus|| < Coflhull + xa(v/PlIha|| + v/alhs]),
Ih"V;h| = |2h Vis1hy + 2h] Vi 51hy + 2hg V) 550y + hi V) 330
< 2G5 (vl ha|l + v/alhs|) ]| + 2v/paxelbe s ] + gx.lhs|*.
Lemma 4 Suppose Conditions (C1) — (C4) hold. If J*logn = o(n'/?), then for any C > 0,
SUPheq(oy |11 (h) — Ta(h)| —, 0.

Proof of Lemma 4:: Simple algebra yields that
Ti(h) — Tr(h)

=2 Z Cthgvt,21h1 +2 Z CthgTVt,31h1 +2 Z <th3TVt,32h2 + Z CthgTVt,33h3
t=1 t=1 t=1 t=1

+y <¢*( )> Rt) h"Vih =Y h'Q"Vih - £ Y7 (h"Vih)®

=1 t=1

0.(B
t=1
=L+t I3+ 1y+ 15+ I+ Ir.
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We first consider the item [;. By the same arguments used to prove (2), we show that

p " n (Gel[[a || nz]])” Ty Vo [| = O nlogn).
Y216 [l [hel)) "B Viaihi ]| = O,(+/Tnlogn)

heQ(C),h#0

Since {¢;} and {X;} are independent, E [¢;(|/h:[/[|hs|])'h]V,21hi] = 0. Thus,

sup || = O,(v/Jnlogn)C2J**n~t = 0,(1),

heQ(C)

as J*logn = o(n'/?). Likewise, we can prove suppeqc |2| = 0p(1).

We then deal with the item I3. Since (V; 32, V;33) belongs to f:é, the o-field generated
by {G k <t —1}, {¢G (|[ha]|]|hs]) " h]V,3h,} is a martingale difference sequence that
adapts to the filtration F*__. Following the proof used for the item I in Proposition
3 and the fact that p and ¢ are finite, we can show that supjmr nryj<csvzn-172 [I3] =
0,(1)n*2C?Jn~t = 0,(1). Similarly, SUP||(hT nT)j|<cun-1/2 | La] = 0p(1).

For the item I,

n

hTV,h
Jup > [ Vih|

< GG Y (20(VB + VAICR I 4+ C2 I (20 + )

t=1

= 20002202(\/]_? + \/6)J3/2_a —f‘ 000202(2\/]7_(] + q)En [Xt] Jl_a = 0p(1),

(B)
6.(B) Fy

sup |[5] < max
heQ(C) Istsn

where the second inequality follows from (8) and the last equality follows from the ergodic
theorem.
Similarly. for the item I,

n 2

1
sup |12 < 337 (202(vp+ VCHI i + Cn 7 2y/pg + 4)xe)
heQ(C) —
<3 (ACCH B+ VI T+ CUP 2B+ 0)E) = T o), (6)
t=1

where the first inequality follows from (8) and the equality follows from the ergodic theorem
and the condition J2logn = o(n'/?).
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For the item Ig,

n

> (h{Qu)h"Vih

t=1

" 1/2 n 1/2
< Sup)<2(h1TQt1)2) sup <Z (hTVth)2>

he(C) \ 1=

n

> (h]Q2 + hiQu)h"Vih

t=1

sup |[g| < sup
heQ(C) heQ(C)

+ sup
heQ(C)

37 (alVB+ VAT 072) (20a(yp + VDC2 I~ + C2n 2y + i)

< (1O ()14 0,(1))) T V20,(1) + 2CCo B+ VPP B ]
OB+ DRV 0) 7, 3] = op(1),

where the second inequality follows from the Cauchy-Schwartz inequality, the third inequal-

ity follows from the arguments used for the item 77 in Proposition 3 and (6), and the last

equality follows from the ergodic theorem and the condition J2logn = o(n'/?).
Combining the results above completes the proof of Lemma 4. U

Lemma 5 Suppose Conditions (C1) — (C4) hold. If J=22F12 = o(n=Y2), then for any

Proof of Lemma 5: Simple algebra yields that

T3(h) — T3(h)

2% (h"Q - n™Dy(€,)) - S (Vb — hTH,(€.)h)
t=1 t=1

_9 zn: (‘g((g; Rt) ((hTQt + %hTVth) — (hTDt(é*) + %hTHt(g*)hD

-2 Z <Ct + %Rt — Ct(&)) <hTDt(€*) + %hTHt(ﬁ*)h)
S T E

- ZhT(Dt(€*> - Qt)hT<Ht(£*) - Vt)h
t=1
— IIy 4 IIy+ Iy 4TIy + [Ts + IIs + I 1o + I Tg + I Ty

We first consider I/;. By Condition (C3) and the definitions of Q; and Dy(&,), ¢ is
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independent of (Q;, D;(€,)). By Proposition 1,

E ( sup i G (hTQt - hTDt(&)))

[h1]]<1,[[(hg h3)lI<1 4

T2

<E| sup (b, h3)|
l[(h3 h3)lI<1

; ¢ (- Date)) " (Qu - Dute) )

< |3 (@2~ Pa(e) (@ - Da(e)) + (Qu - Date) (Qu - DM@)))]

L t=1

n

<o’E | _(p+ @) (r'n + C2A)

| t=1

< 2p+ q)0°Cy (E [1] + nCuC2I ).

Thus, by the Markov’s inequality, we can show

[ [|<1, ]| (h3 h3)[I<1 3y

w36 (h"Q - n"Di(€.)) ‘

= 0, (o/200-+ 0102 (B )+ nCaC )

Consequently,

sup |I1;| = CJY*n~1/20, (0\/2(p +q)o2Cy (E 3] + anC’gJ—%‘)) = 0,(1).
heQ(C)

By the arguments for the item [; in Lemma 4, it is easy to show supycq(c) [ 12| = 0,(1).
For the item [13, by Proposition 1,

sup |113]
heQ(C)
¢*(B) . T T T T
<9 R h'Q, — h™D hTV,h — hTH,(£,)h
<2125 (5 | i, 2 (7 Q = BDAE )|+ [TV~ BT (€. )h])

n

< CoCyJ ™Y (CTVPn7 2+ C* P Pn 7 (p + q)) (rtno + C’OC’QJ*Q> = 0,(1),

t=1

as J2at1/2 — 0(n_1/2).
Likewise, we obtain supyeq(c (|1 14| + [I15| + [11s| + |1 17| + [ T3] + [ Iy]) = 0,(1). Com-
bining the results above completes the proof of Lemma 5. O

Lemma 6 Suppose Conditions (C1) — (C4) hold. If J>logn = o(n'/?), then for any C > 0,
SUPpea(o) | T3(h) — T'(h)| —, 0.

14



Proof of Lemma 6: By the mean value theorem,

n

}j@@g—ﬂm@>~mﬁh ) 2};5+h

t=1

T5(h) — T(h)| =

%Z ‘hT <Ht Ht(f#,h)>h‘ [Kt (& +h)[+ ¢ (&)

+ ‘hTDt(E )

+ % |hTHt(€*)h‘ ]

where &, is a point between £, and £, + h and may depend on t. Let U, = Hy(§,) —
H;(§4n). By Proposition 1 and the arguments used in Lemma 7, we can show that

max {|Ut,12|max7 ‘Ut,13‘max} < GoC3C T2, max {’Ut’%’max’ |Ut’33’max} < COn™c+
2026&]7171/2. Thus
sup |hT (Ht(€*> - Ht(f#m))h‘
heQ(C)

S sup ‘2hr2fUt,21h1 + th‘Ut’glhl + th‘Ut’thQ + h3TUt733h3‘
heQ(C)

< 2P+ VA)CaCsCT 22 (2 )
+ (2y/pq + q)C?In~" (C5Cn~ Py 4+ 2C5C In~'?)
< Co(J* =% 4 dn=3/%),

for some C; > 0. By Proposition 1, the condition J%logn = o(n'/?), and the ergodic
theorem,

sup |Ty(h) — T(h)| < Y Cr(J**n2 4 yn=>72)

heQ(C) P
< sup (1664 1]+ 16 (€)1 + 0D + [WTHL(E ] ) = o,(0)
heQ(C)
This completes the proof of Lemma 6. O

Lemma 7 Under the same conditions as in Proposition 1, for any sequence {a;},t > 1,
there exists some constant C3 such that

(42542 <005

where do and r are defined in Proposition 1
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Proof of Lemma 7: Noting that

¢(z)  ¢.(2) _ 9(2)(0.(2) —6(z))  9(2) — ¢.(2)
0(z) 0.(2) 0(2)0.(2) 0.(z)

Let b, = 0, '(B)a;. We have |b| < C;>>'_ " |a;_;|. Then,

B) — B P p
’¢( g (;5;( )at =(¢(B) — ¢.(B)) b| = Z(qﬁ — Qb*)bt—j < ||l — ol Z ’bt—j’
* = =
p p oo i L & i
< 52 ]z:; |bt_]| < C’152 ;;T’ |(lt_j_z‘| < Clégﬁ ;T |at—i|-

Similarly, there exists some constant C}, such that

¢(B) (0.(B) — 6(B)) 1—r &
< (Cfyyg——--— a_;
' 0B0. ) | = O 2o
Thus,
¢(B)_¢*(B) a <5 O L—rP +O>k L —rt iri|a |
0B) 6.B)) |~ 7\ "a=rrr " Tt —r)ra ) & T
< 03(52 Zri\at,zL
i=0
where C3 > (4 (11__[;,, +CY (11__:);. This completes the proof of Lemma 7. O
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