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A. Proofs of Propositions 1–3

Proposition 1 Suppose Conditions (C1) - (C4) hold. There exists some constants δ1 and
δ2, such that for all ‖β − β∗‖ ≤ δ1, ‖(φT,θT)− (φT

∗ ,θ
T
∗ )‖ ≤ δ2,

(i) |ζt| ≤ ηt, |ζt(ξ∗) − φ∗(B)θ−1
∗ (B)Rt − ζt| ≤ rtη0, |ζ(ξ)| ≤ ηt + C2(∆ + δ1), and

|ζt(ξ)− ζt(ξ∗)| ≤ C3δ2ηt + C2C3δ2(δ1 + ∆) + C2δ1,

(ii) ‖Dt(ξ)‖∞ ≤ ωt, Dt1(ξ∗)−Qt1 = 0, and
∥∥(DT

t2(ξ∗),D
T
t3(ξ∗)

)
− (QT

t2,Q
T
t3)
∥∥
∞ ≤ rtη0 +

C2∆,

(iii) ‖Ht(ξ)‖max ≤ ωt, Ht,11(ξ∗)−Vt,11 = 0, and ‖Ht(ξ∗)−Vt‖max ≤ rtη0 + C2∆,

where ηt = C1

∑∞
j=0 r

j |εt−j|, ωt = max
{
C2, r

−(p+q)ηt + C2 (∆ + δ1)
}

, and C3 is defined in
Lemma 7.

Proof of Proposition 1: By Condition (C2), the roots of θ∗(z) lie in the region |z| > c
for some |c| > 1. The same will be true for the roots of θ(z) for all (φT,θT)T which are
sufficiently close to (φT

∗ ,θ
T
∗ )T.

(i) By definition, θ(B)ζt(ξ) = φ(B)εt(β). Following Section 3.1 in [2] and Proposition
A.1. of [3], there exists some δ2 > 0 such that the coefficients πj(φ,θ) in the power
series expansion

∞∑
j=0

πj(φ,θ)zj =
1− φ1z − · · · − φpzp

1 + θ1z + · · ·+ θqzq

are bounded by C1r
j, if ‖(φT,θT)− (φT

∗ ,θ
T
∗ )‖ ≤ δ2. Thus, |ζt| =

∣∣φ∗(B)θ−1
∗ (B)εt

∣∣ ≤
C1

∑∞
j=0 r

j |εt−j| = ηt. Moreover,∣∣∣∣ζt(ξ∗)− φ∗(B)

θ∗(B)
Rt − ζt

∣∣∣∣
=

∣∣∣∣∣
t−1∑
j=0

πj(φ∗,θ∗)(εt−j(β∗)−Rt−j)−
∞∑
j=0

πj(φ∗,θ∗)εt−j

∣∣∣∣∣
≤

∣∣∣∣∣
∞∑
j=t

πj(φ∗,θ∗)εt−j

∣∣∣∣∣ ≤ C1

∞∑
j=t

rj|εt−j| ≤ rtη0.
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In addition,

|ζt(ξ)| =
∣∣∣∣φ(B)

θ(B)
εt(β)

∣∣∣∣ =

∣∣∣∣∣
t−1∑
j=0

πj(φ,θ)εt−j(β)

∣∣∣∣∣
≤

∣∣∣∣∣
t−1∑
j=0

πj(φ,θ)
(
Yt−j − g0(Xt−j)

)∣∣∣∣∣+

∣∣∣∣∣
t−1∑
j=0

πj(φ,θ)Rt−j

∣∣∣∣∣
+

∣∣∣∣∣
t−1∑
j=0

πj(φ,θ)WT
t−j

(
β∗ − β

)∣∣∣∣∣
≤ C1

t−1∑
j=0

rj |εt−j|+ C1

t−1∑
j=0

rj∆ + C1

t−1∑
j=0

rjδ1 ≤ ηt + C2(∆ + δ1),

where the second to the last inequality follows from Theorem 5.4.2 in [5] with l∞
norm and ‖β − β∗‖∞ ≤ ‖β − β∗‖ ≤ δ1.

By Lemma 7,

|ζt(ξ)− ζt(ξ∗)| ≤
∣∣∣∣(φ(B)

θ(B)
− φ∗(B)

θ∗(B)

)
εt(β)

∣∣∣∣+

∣∣∣∣φ∗(B)

θ∗(B)
(εt(β)− εt(β∗))

∣∣∣∣
≤
∣∣∣∣(φ(B)

θ(B)
− φ∗(B)

θ∗(B)

)(
εt −

(
εt − εt(β∗)

)
−
(
εt(β∗)− εt(β)

))∣∣∣∣+ C2δ1

≤ C3δ2ηt + C2C3δ2(δ1 + ∆) + C2δ1

(ii) For 1 ≤ l ≤ J ,

|[Dt(ξ)]l| =
∣∣∣∣φ(B)

θ(B)
[Wt]l

∣∣∣∣ =

∣∣∣∣∣
t−1∑
j=0

πj(φ,θ) [Wt−j]l

∣∣∣∣∣ ≤ C1

∞∑
j=0

rj ‖Wt−j‖∞ ≤ C2,

where the last inequality also follows from Theorem 5.4.2 in [5] with l∞ norm.

For J + 1 ≤ l ≤ J + p, let l1 = l − J . We have 1 ≤ l1 ≤ p. Then,

|[Dt(ξ)]l| =
∣∣∣∣ 1

θ(B)
εt−l1(β)

∣∣∣∣
≤ C1

t−l1−1∑
j=0

rj
(
|εt−l1−j|+ |εt−l1−j(β∗)− εt−l1−j|

+ |εt−l1−j(β)− εt−l1−j(β∗)|
)

≤ C1

t−l1−1∑
j=0

rj |εt−l1−j|+ C2(∆ + δ1) ≤ r−pηt + C2(∆ + δ2).

For J+p+1 ≤ l ≤ J+p+q, by the same arguments, |[Dt(ξ)]l| ≤ r−qηt+C2 (∆ + δ1) .
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Thus, ‖Dt(ξ)‖∞ ≤ ωt.

For 1 ≤ l ≤ J , [Dt(ξ∗)]l =
[
φ∗(B)
θ∗(B)

Wt

]
l
= [Qt]l. For J + 1 ≤ l ≤ J + p, let l1 = l − J .

|[Dt(ξ∗)]l − [Qt]l| =
∣∣∣∣ 1

θ∗(B)
εt−l1(β∗)−

1

φ∗(B)

φ∗(B)

θ∗(B)
εt−l1

∣∣∣∣
≤ C1

t−l1−1∑
j=0

rj
∣∣∣εt−l1−j(β∗)− εt−l1−j∣∣∣+ C1

∞∑
j=t−l1

rj |εt−l1−j| ≤ rtη0 + C2∆,

For J+1 ≤ l ≤ J+p, the argument is similar. Therefore, we have ‖Dt(ξ∗)−Qt‖∞ ≤
rtη0 + C2∆.

(iii) The proof (iii) follow from the same arguments as used for (ii), We thus omit the
details here.

We thus complete the proof of Proposition 1. �

Proposition 2 Suppose Conditions (C1)–(C4) hold. If J = n1/(2α+1), for any C > 0,

sup
h∈Ω(C)

|T1(h)− T (h)| →p 0.

Proof of Proposition 2: If J = n1/(2α+1), then J2 log n = n2/(2α+1) log n = o(n1/2), and
J−2α+1/2 = n(−2α+1/2)/(2α+1) = o(n−1/2), as α ≥ 2. Thus, the conditions in Lemmas 4–6 are
satisfied. The proof directly follows from Lemmas 4–6. �

Proposition 3 Under the same conditions as in Proposition 2, given any 0 < ε < 1, there
exists some Cε > 0, such that

P

(
inf

h∈Ω̄(Cε)
⋃

Ωc(Cε)
T1(h) > 1

)
> 1− ε.

Proof of Proposition 3: If J = O(n1/(2α+1)), then J3 log n = o(n) and J−(α+1/2) =
O(n−1/2) under Condition (C1).

Simple algebra shows that

T1(h) = −2
n∑
t=1

hTQtζt − 2
n∑
t=1

hTQt

(
φ∗(B)

θ∗(B)
Rt

)
+ hT

n∑
t=1

(ζtQt) (ζtQt)
T h

=: I + II + III.

We first consider I.

−2
n∑
t=1

hTQtζt = −2
n∑
t=1

hT
1 Qt1ζt − 2

n∑
t=1

(
hT

2 Qt2 + hT
3 Qt3

)
ζt =: I1 + I2.
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We have

E

 sup
‖h1‖≤1

(
n∑
t=1

hT
1 Qt1ζt

)2


≤ E

 sup
‖h1‖≤1

‖h1‖2

∥∥∥∥∥
n∑
t=1

Qt1ζt

∥∥∥∥∥
2
 = σ2E

[
n∑
t=1

QT
t1Qt1

]
= nσ2E

[
QT
t1Qt1

]
= nσ2 × trace(E

[
Qt1Q

T
t1

]
) ≤ nJC2

2λmaxJ
−1σ2 = nC2

2λmaxσ
2,

where the first equality follows from Cauchy-Schwartz inequality, the third equality follows
from the fact that E

[
QT
t1Qt1

]
is the trace of E

[
Qt1Q

T
t1

]
, and the last inequality follows

from Proposition 4. Therefore, by Markov inequality,

P

(
sup
‖h1‖≤1

∣∣∣∣∣
n∑
t=1

hT
1 Qt1ζt

∣∣∣∣∣ > aC2

√
nλmaxσ

)
≤ nC2

2λmaxσ
2

a2nC2
2λmaxσ2

=
1

a2
.

Thus, sup‖h1‖≤C,h1 6=0(nJ−1)−1/2‖h1‖−1 |I1| = COp(1). Similar arguments can be applied to

show that sup‖(hT
2 ,h

T
3 )‖≤C,(hT

2 ,h
T
3 )6=0 n

−1/2‖(hT
2 ,h

T
3 )‖−1 |I2| = COp(1).

Next, we evaluate II.

II = −2
n∑
t=1

hT
1 Qt1

(
φ∗(B)

θ∗(B)
Rt

)
− 2

n∑
t=1

(hT
2 Qt2 + hT

3 Qt3)

(
φ∗(B)

θ∗(B)
Rt

)
=: II1 + II2.

We can show that sup‖h1‖≤1,h1 6=0

∣∣∣(E [∣∣hT
1 Qt1

∣∣])−1 En
[∣∣hT

1 Qt1

∣∣]− 1
∣∣∣ →p 0, by the same

arguments used in the proof of Lemma 2. This and the facts that |Rt| ≤ ∆ ≤ C0J
−α and

|φ∗(B)θ−1
∗ (B)Rt| ≤ C0C2J

−α together yield that

sup
‖h1‖≤C,h1 6=0

‖h1‖−1 |II1| = 2 sup
‖h1‖≤1,h1 6=0

∣∣∣∣∣
n∑
t=1

hT
1 Qt1

(
φ∗(B)

θ∗(B)
Rt

)∣∣∣∣∣
≤ 2C0C2J

−αn sup
‖h1‖≤1,h1 6=0

En
[
|hT

1 Qt1|
]

≤ 2C0C2J
−αn sup

‖h1‖≤1,h1 6=0

E
[∣∣hT

1 Qt1

∣∣] (1 + op(1))

≤ 2C0C2J
−αn sup

‖h1‖≤1,h1 6=0

√
E [hT

1 Qt1QT
t1h1](1 + op(1))

≤ 2C0C
2
2

√
λmaxJ

−α−1/2n(1 + op(1)).

Likewise, sup‖(hT
2 ,h

T
3 )‖≤C,(hT

2 ,h
T
3 )6=0 ‖(hT

2 ,h
T
3 )‖−1 |II2| ≤ 2C5J

−αn(1 + op(1)), for some con-
stant C5 that only depends on Σ and σ.
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Now we assess III. Let λ̃min denote the smallest eigenvalue of Σ.

nξTE
[
(ζtQt) (ζtQt)

T
]
ξ

= nσ2hT
1E
[
Qt1Q

T
t1

]
h1 + nσ2

(
hT

2 ,h
T
3

)
Σ
(
hT

2 ,h
T
3

)T

≥ nσ2
(
J−1λmin‖h1‖2 + λ̃min‖(hT

2 ,h
T
3 )‖2

)
.

By Lemmas 2 and 3, uniformly over ‖h1‖ ≤ C and ‖
(
hT

2 ,h
T
3

)
‖ ≤ C,

III ≥nσ2
(
J−1λmin‖h1‖2 + λ̃min‖(hT

2 ,h
T
3 )‖2

)
− 2‖h1‖‖(hT

2 ,h
T
3 )‖)Op(J

1/2n1/2 log n).

Combining the results for I, II, and III yields that

T1(h)

≥ nσ2
(
J−1λmin‖h1‖2 + λ̃min‖(hT

2 ,h
T
3 )‖2

)
− 2‖h1‖‖(hT

2 ,h
T
3 )‖Op

(
J1/2n1/2 log n

)
− n1/2

(
‖h1‖+ ‖

(
hT

2 ,h
T
3

)
‖
)
Op(1)

− 2C0C
2
2

√
λmaxJ

−α−1/2n‖h1‖(1 + op(1))− 2C5J
−αn‖(hT

2 ,h
T
3 )‖,

uniformly over ‖h1‖ ≤ C and ‖
(
hT

2 ,h
T
3

)
‖ ≤ C. Then,

inf
‖h1‖=CJn−1/2,‖(hT

2 ,h
T
3 )‖≤CJ1/2n−1/2

T1(h)

≥nσ2C2λminJn
−1(1 + op(1))− C2J2n−1/2 log nOp(1)− 2CJOp(1)

− 2C
(
C0C

2
2

√
λmax + C5

)
J−α+1/2n1/2(1 + op(1)), and

inf
‖h1‖≤CJn−1/2,‖(hT

2 ,h
T
3 )‖=CJ1/2n−1/2

T1(h)

≥nσ2C2λ̃minJn
−1(1 + op(1))− 2C2J2n−1/2 log nOp(1)− 2CJOp(1)

− 2C
(
C0C

2
2

√
λmax + C5

)
J−α+1/2n1/2(1 + op(1)).

Since J−(α+1/2) = O(n−1/2), then given any 0 < ε < 1, there exists some sufficiently large
Cε, such that P

(
infh∈Ω̄(Cε) T1(h) ≥ 1

)
> 1− ε, This, coupled with the convexity of T1(h),

completes the proof of Proposition 3. �

B. Preliminary proposition and lemmas

Proposition 4 If Condition (C4) is satisfied,

sup
‖h1‖=1,‖(φT,θT)−(φT

∗ ,θ
T
∗ )‖≤δ2

hT
1E

[(
φ(B)

θ(B)
Wt

)(
φ(B)

θ(B)
WT

t

)]
h1 ≤ λmaxJ

−1C2
2 ,
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where δ2 is chosen as in Proposition 1.

Proof of Proposition 4: Given any h1, such that ‖h1‖ = 1,

hT
1E

[(
φ(B)

θ(B)
Wt

)(
φ(B)

θ(B)
WT

t

)]
h1 = E

[(
∞∑
i=0

πi(φ,θ)hT
1 Wt−i

)(
∞∑
j=0

πj(φ,θ)hT
1 Wt−j

)]

=
∞∑
i=0

∞∑
j=0

πi(φ,θ)πj(φ,θ)E
[(

hT
1 Wt−i

) (
hT

1 Wt−j
)]

≤
∞∑
i=0

∞∑
j=0

πi(φ,θ)πj(φ,θ)
1

2

(
hT

1E
[
Wt−iW

T
t−i
]
h1 + hT

1E
[
Wt−jW

T
t−j
]
h1

)
≤

∞∑
i=0

∞∑
j=0

πi(φ,θ)πj(φ,θ)λmaxJ
−1 ≤ λmaxJ

−1

(
C1

∞∑
i=0

ri

)2

= λmaxJ
−1C2

2 ,

where the last inequality follows from the argument for part (i) in Proposition 1. This
completes the proof of Proposition 4. �

Lemma 1 Suppose Condition (C3) holds. Then (i) P (|ζt| > v) ≤ 2 exp
(

−v2
2(C2

B+CBv)

)
and

(ii) for any a sequence {at, t ≥ 0} and k ≥ 1, E[|
∑∞

i=0 aiζt−i|
k
] ≤ (

∑∞
i=0 |ai|)

k
k!Ck

B/2.

Proof of Lemma 1: By Bernstein’s condition, for any 0 < u < C−1
B ,

E [exp(u |ζt|)] = 1 + uE [|ζt|] +
u2σ2

2
+
∞∑
k=3

uk
E
[
|ζt|k

]
k!

≤ 1 +
1

2
+
u2C2

B

2
+

1

2

∞∑
k=3

(|u|CB)k

< 2

(
1 +

u2C2
B

2− 2CB|u|

)
≤ 2 exp

(
u2C2

B

2− 2CB|u|

)
,

where the last inequality follows from 1 + u ≤ exp(u). By Markov’s inequality,

P (|ζt| > v) = P (exp(u|ζt|) > exp(uv)) ≤ E [exp(u|ζt|)]
exp(uv)

< 2 exp

(
−v2

2(C2
B + CBv)

)
,

where the equality follows by choosing u = v/(CBv + C2
B).

We prove (ii) by induction. Since {ζt} is a i.i.d. sequence,

E
[
|a0ζt + a1ζt−1|k

]
≤

k∑
j=0

(
k

j

)
E
[
|a0|j|ζt|j

]
E
[
|a1|k−j|ζt−1|k−j

]
≤

k∑
j=0

(
k

j

)
|a0|j|a1|k−j

j!Cj
B

2

(k − j)!Ck−j
B

2
≤ (|a0|+ |a1|)k

k!Ck
B

2
.
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Suppose (ii) holds for l − 1. Then,

E

∣∣∣∣∣
l−1∑
i=0

aiζt−i + alζt−l

∣∣∣∣∣
k
 ≤ k∑

j=0

(
k

j

)( l−1∑
i=0

|ai|

)j

j!Cj
B

2
|al|k−j

(k − j)!Ck−j
B

2

≤

(
l∑

i=0

|ai|

)k

k!Ck
B

2
.

Thus, (ii) holds for l.
This completes the proof of Lemma 1. �

Lemma 2 Suppose Conditions (C1) – (C4) hold. There exists some constant C4 > 0 that
does not depend on n, such that if J = O(n1/(2α+1)),
(i)

P

(
sup
‖h1‖≤1

∣∣∣Gn

[(
hT

1 Qt1

)2
ζ2
t

]∣∣∣ > 7C2

√
C4J log n

)
≤ 2 exp(−6J log n).

(ii)

sup
‖h1‖≤1,h1 6=0

∣∣∣∣(σ2E
[(

hT
1 Qt1

)2
])−1

En
[(

hT
1 Qt1

)2
ζ2
t

]∣∣∣∣ = 1 + op(1).

(iii)

P

(
sup

‖h1‖≤1,‖h2‖≤1

n−1/2
∣∣Gn

[
hT

1 Qt1Q
T
t2h2

]∣∣ > 7p1/2
√
C4Jn−1 log n

)
≤ 2p exp(−6J log n).

P

(
sup

‖h1‖≤1,‖h3‖≤1

n−1/2
∣∣Gn

[
hT

1 Qt1Q
T
t3h3

]∣∣ > 7q1/2
√
C4Jn−1 log n

)
≤ 2q exp(−6J log n).

Proof of Lemma 2: By Theorem 5.4.2 in [5] again, we have

sup
‖h1‖≤1

∣∣hT
1 Qt1

∣∣ = sup
‖h1‖≤1

∣∣∣∣∣
∞∑
i=0

π∗ih
T
1 Wt−i

∣∣∣∣∣ ≤
∞∑
i=0

|π∗i| ≤ C2.

Part (i): Let C := {C(h1,l)} be a collection of cubes that cover the ball ‖h1‖ ≤ 1,
where C(h1,l) is a cube containing h1,l with sides of length n−2. Then |C| ≤ (2n2)J . For
any h1 ∈ C(h1,l), ‖h1 − h1,l‖∞ ≤ n−2, and we have

En
[
hT

1,lQt1Q
T
t1h1,l

]
= En

[(
hT

1,l

φ∗(B)

θ∗(B)
Wt

)2
]

= 2C2En

 1

2C2

(
∞∑
i=0

π∗ihl(Xt−i)

)2
 ,

where hl(·) = hT
1,lB(·).
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By Condition (C4) and the fact that hl(·) is a smooth function, {hl(Xt)} is also β-
mixing with coefficients β(k;hl(Xt)) ≤ 2 exp(−d1k

γ1) (see, e.g., page 443 in [6]). Define
ψ(x) := x2/(2C2) and let {Zt(hl) := ψ (

∑∞
i=0 π∗ihl(Xt−i))}. According to Page 446 in

[6], the following bound holds for the τ -mixing coefficients associated to the sequence
{
∑∞

i=0 π∗ihl(Xt−i)} :

τ

(
k;
∞∑
i=0

π∗ihl(Xt−i)

)
≤ 2C2

∑
j≥k

|π∗j|+ 4C2

k−1∑
j=0

|π∗j|β1/2
hl(X)(k − j)

≤ 2C2

∑
j≥k

C1r
j + 8C2

k−1∑
j=0

C1r
j exp(−d1(k − j)γ1/2) ≤ c2 exp(−d2k

γ2), (1)

for some constants c2, d2, γ2 > 0 that do not depend on h1,l and any k ≥ 1. Here, we
refer the definition of τ -mixing coefficients to Equation (2.3) in [6]. It is easy to check that
ψ(x) is 1-Lipschitz function. According to Page 446 in [6] again, the same bound hold
for the τ -mixing coefficients associated to the sequence {Zt(hl)}, that is, τ(k;Zt(hl)) ≤
c2 exp(−d2k

γ2), for any k ≥ 1.
Since {Xt} and {ζt} are independent, {Zt(hl)ζ2

t } is also a τ -mixing sequence with
τ(k;Zt(hl)ζ

2
t ) ≤ exp(−d2k

γ2) for any k ≥ 1. By the fact that hl(Xt) is bounded and
Lemma 1, P (|Zt(hl)ζ2

t | > v) ≤ exp(1 − (v/d3)1/2) for some constant d3 > 0. Applying
Theorem 1 in [6] yields

P
(∣∣n1/2Gn

[
Zt(hl)ζ

2
t

]∣∣ > x
)
≤ n exp

(
−x

γ3

C4

)
+ exp

(
− x2

C4n

)
+ exp

(
− x2

C4n
exp

(
x(1−γ3)γ3

C4(log x)γ3

))
,

for 1/γ3 = 2 + 1/γ2 and some constant C4 that does not depend on h1,l. We choose x =
3
√
C4Jn log n and obtain that P

(∣∣n1/2Gn [Zt(hl)ζ
2
t ]
∣∣ > 3

√
C4Jn log n

)
≤ 3 exp(−9J log n),

when n is sufficiently large. Therefore,

P
(

max
l
n−1/2

∣∣∣Gn

[(
hT

1,lQt1

)2
ζ2
t

]∣∣∣ > 6C2

√
C4Jn−1 log n

)
= P

(
max
l
n−1/2

∣∣∣∣∣Gn

[(
φ∗(B)

θ∗(B)
hT

1,lWt

)2

ζ2
t

]∣∣∣∣∣ > 6C2

√
C4Jn−1 log n

)
= P

(
2C2 max

l

∣∣n1/2Gn

[
Zt(hl)ζ

2
t

]∣∣ > 6C2

√
C4Jn log n

)
≤ 3(2n2)J exp(−9J log n)

≤ exp(−6J log n). (2)

Since, for any h1 ∈ C(h1,l),
∣∣(hT

1 Qt1)2 − (hT
1,lQt1)2

∣∣ ≤ 2C2

∑∞
i=0 |π∗i|

∣∣(h1 − h1,l)
TWt−i

∣∣ ≤
2C2

∑∞
i=1 |π∗i| ‖h1 − h1,l‖∞ ≤ 2C2

2n
−2, we immediately have

sup
h1∈C(h1,l)

E
[∣∣(hT

1 Qt1)2 − (hT
1,`Qt1)2

]∣∣ ≤ 2C2
2n
−2. (3)

8



By Lemma 1 and the boundedness of h1Qt1, when n is sufficiently large

P

(
sup

h1∈C(h1,l)

∣∣∣En [(hT
1 Qt1

)2
ζ2
t −

(
hT

1,lQt1

)2
ζ2
t

]∣∣∣ > C2

√
C4Jn log n/2

)

≤ P

(
max
1≤t≤n

ζ2
t ≥ C−1

2

√
C4Jn log nn2/4

)
≤ exp(−6J log n). (4)

Noting that

sup
h1∈C(h1,l)

n−1/2
∣∣Gn

[
(hT

1 Qt1)2ζ2
t

]∣∣ ≤ sup
h1∈C(h1,l)

∣∣En [(hT
1 Qt1)2ζ2

t − (hT
1,lQt1)2ζ2

t

]∣∣
+ n−1/2

∣∣Gn

[
(hT

1,lQt1)2ζ2
t

]∣∣+ sup
h1∈C(h1,l)

E
[∣∣(hT

1 Qt1)2ζ2
t − (hT

1,lQt1)2ζ2
t

∣∣] ,
combining (2)–(4) yields

P

(
sup
‖h1‖≤1

n−1/2
∣∣Gn

[
(hT

1 Qt1)2ζ2
t

]∣∣ > 7C2

√
C4Jn−1 log n

)
≤ 2 exp(−6J log n). (5)

Part (ii): We use the following simple fact

sup
n
|An| = sup

n
|AnBnB

−1
n | ≤ sup

n
|AnBn| sup

n
|B−1

n | = sup
n
|AnBn| inf

n
|Bn|−1

⇒ sup
n
|AnBn| ≥ sup

n
|An| inf

n
|Bn|

By Part (i) and Condition (C4), it is easily seen that

2 exp(−6J log n)

≥ P

(
sup
‖h1‖=1

∣∣∣En [(hT
1 Qt1)2ζ2

t

]
− E

[(
hT

1 Qt1

)2
ζ2
t

]∣∣∣ > 7C2

√
C4Jn−1 log n

)

≥ P

(
sup
‖h1‖=1

∣∣∣∣En [(σ2E
[(

hT
1 Qt1

)2
])−1 (

hT
1 Qt1

)2
ζ2
t

]
− 1

∣∣∣∣
× inf
‖h1‖=1

(
σ2E

[(
hT

1 Qt1

)2
])

> 7C2

√
C4Jn−1 log n

)

≥ P

(
sup
‖h1‖=1

∣∣∣∣En [(σ2E
[(

hT
1 Qt1

)2
])−1 (

hT
1 Qt1

)2
ζ2
t

]
− 1

∣∣∣∣ (σ2λminJ
−1)

> 7C2

√
C4Jn−1 log n

)

≥ P

(
sup
‖h1‖=1

∣∣∣∣En [(σ2E
[(

hT
1 Qt1

)2
])−1 (

hT
1 Qt1

)2
ζ2
t

]
− 1

∣∣∣∣ > 7C2

√
C4Jn−1 log n

σ2λminJ−1

)
.
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Since J3n−1 log n→ 0, we have

sup
‖h1‖≤1,h1 6=0

∣∣∣(σ2E
[
(hT

1 Qt1)2
])−1 En

[(
hT

1 Qt1

)2
ζ2
t

]∣∣∣
= sup
‖h1‖≤1,h1 6=0

∣∣∣(σ2E
[
((h1/‖h1‖)TQt1)2

])−1 En
[(

(h1/‖h1‖)TQt1

)2
ζ2
t

]∣∣∣
= sup
‖h1‖=1

∣∣∣(σ2E
[
(hT

1 Qt1)2
])−1 En

[(
hT

1 Qt1

)2
ζ2
t

]∣∣∣ = 1 + op(1)

Part (iii): Noting that ζt’s are independent, according to page 446 in [6], we obtain
the bound of the τ -mixing coefficient associated to the sequence

{
φ−1
∗ ζt

}
for any k ≥ 1:

τ(k;φ−1
∗ ζt) ≤ 2CB

∑
l≥k

|ρ∗l| ≤ 2CBC1
rk

1− r
= 2CBC1(1− r)−1 exp(k log r).

Since {Xt} and {ζt} are independent, then hT
1,lQt1 and φ−1

∗ ζt−j are also independent for
any j = 1, · · · , p. By the definition of τ -mixing coefficients, the the τ -mixing coefficient
associated to the sequence

{
hT

1,lQt1φ
−1
∗ ζt−j

}
is

τ
(
k; hT

1,lQt1φ
−1
∗ ζt−j

)
≤ 2CBC1(1− r)−1 exp(k log r) + exp(−d2k

γ2) ≤ c4 exp(−d4k
γ4),

for some constants c4, d4, γ4 > 0. Following from the same arguments used for Part (i), we
can show that for any 1 ≤ j ≤ p,

P

(
sup
‖h1‖≤1

n−1/2
∣∣Gn

[
hT

1 Qt1φ
−1
∗ ζt−j

]∣∣ > 7
√
C4Jn−1 log n

)
≤ 2 exp(−6J log n).

Therefore,

P

(
sup

‖h1‖≤1,‖h2‖≤1

n−1/2
∣∣Gn

[
hT

1 Qt1Q
T
t2h2

]∣∣ > 7p1/2
√
C4Jn−1 log n

)

≤ P

(
sup
‖h2‖≤1

‖h2‖1 max
1≤j≤p

{
sup
‖h1‖≤1

n−1/2
∣∣Gn

[
hT

1 Qt1φ
−1
∗ ζt−j

]∣∣} > 7p1/2
√
C4Jn−1 log n

)

≤
p∑
j=1

P

(
sup
‖h1‖≤1

n−1/2
∣∣Gn

[
hT

1 Qt1φ
−1
∗ ζt−j

]∣∣ > 7
√
C4Jn−1 log n

)
≤ 2p exp(−6J log n).

Similarly, we can establish the probability bound for n−1/2
∣∣Gn

[
hT

1 Qt1Q
T
t3h3

]∣∣. This com-
pletes the proof of Lemma 2. �

Lemma 3 Suppose Conditions (C1) – (C4) hold. Then,

(i) sup‖(hT
2 ,h

T
3 )‖≤1

∣∣∣En [(hT
2 Qt2 + hT

3 Qt3)2ζ2
t

]
− σ2

(
hT

2 ,h
T
3

)
Σ
(
hT

2 ,h
T
3

)T
∣∣∣→a.s. 0,

(ii) Gn

[
(hT

2 Qt2 + hT
3 Qt3)ζt

]
→d

(
hT

2 ,h
T
3

)
N(0, σ2Σ), given any (hT

2 ,h
T
3 ) such that ‖(hT

2 ,h
T
3 )‖ ≤

10



C, for any C > 0.
(iii) Gn

[
(hT

2 Qt2 + hT
3 Qt3)ζt

]
→d

(
hT

2 ,h
T
3

)
N(0, σ2Σ) on ‖(hT

2 ,h
T
3 )‖ ≤ C, for any C > 0.

Proof of Lemma 3: Since {ζt} is an i.i.d. sequence, then hT
2 Qt2 and ζt are independent.

Thus,

sup
‖h2‖≤1

E
[
(hT

2 Qt2ζt)
2
]
≤ E

[
‖h2‖2‖Qt2‖2

]
σ2 ≤ pE

[(
1

φ∗(B)
ζt

)2
]
σ2 ≤ pC2

2C
2
Bσ

2.

where the first inequality follows from Cauchy-Schwarz inequality and the third inequality
follows from Lemma 1. Similarly, sup‖h3‖≤1E

[
(hT

3 Qt3ζt)
2
]
≤ qC2

2C
2
Bσ

2. By Condition (3)
and uniform ergodic theorem (e.g., Theorem 2.7 in [8]), we have

sup
‖(hT

2 ,h
T
3 )‖≤1

∣∣∣En [(hT
2 Qt2 + hT

3 Qt3)2ζ2
t

]
− σ2

(
hT

2 ,h
T
3

)
Σ
(
hT

2 ,h
T
3

)T
∣∣∣→a.s. 0.

Since (Qt2,Qt3) belongs to F t−1
−∞, the σ-field generated by {ζk, k ≤ t−1},

{
ζt(h

T
2 Qt2 + hT

3 Qt3)
}

is a martingale difference sequence that adapts to the filtration F t−∞. By the martingale
central limit theorem,

Gn

[
(hT

2 Qt2 + hT
3 Qt3)ζt

]
→d N

(
0, σ2

(
hT

2 ,h
T
3

)
Σ
(
hT

2 ,h
T
3

)T
)
.

According to the fact that the pointwise convergence of convex functions implies uni-
form convergence on compact sets (e.g. Theorem 10.8 in [7]) and Theorem 7.1 in [1], we
immediately obtain (iii). This completes the proof of Lemma 3. �

Lemmas 4– 6 follow from the steps in [4] and [2].
According to Proposition 1, |ζt| ≤ ηt, ‖Qt‖∞ ≤ ‖Qt −Dt(ξ∗)‖∞ + ‖Dt(ξ∗)‖∞ ≤ rtη0 +

C2∆ + ωt =: χt, and similarly ‖Vt‖max ≤ χt. Thus,∣∣hTQt

∣∣≤ ‖h1Qt1‖+ ‖hT
2 Qt2 + hT

3 Qt3‖ ≤ C2‖h1‖+ χt(
√
p‖h2‖+

√
q‖h3‖),∣∣hTVth

∣∣=
∣∣2hT

2 Vt,21h1 + 2hT
3 Vt,31h1 + 2hT

3 Vt,32h2 + hT
3 Vt,33h3

∣∣
≤ 2C2(

√
p‖h2‖+

√
q‖h3‖)‖h1‖+ 2

√
pqχt‖h2‖‖h3‖+ qχt‖h3‖2.

Lemma 4 Suppose Conditions (C1) – (C4) hold. If J2 log n = o(n1/2), then for any C > 0,
suph∈Ω(C) |T1(h)− T2(h)| →p 0.

Proof of Lemma 4:: Simple algebra yields that

T1(h)− T2(h)

= 2
n∑
t=1

ζth
T
2 Vt,21h1 + 2

n∑
t=1

ζth
T
3 Vt,31h1 + 2

n∑
t=1

ζth
T
3 Vt,32h2 +

n∑
t=1

ζth
T
3 Vt,33h3

+
n∑
t=1

(
φ∗(B)

θ∗(B)
Rt

)
hTVth−

n∑
t=1

hTQth
TVth−

1

4

n∑
t=1

(
hTVth

)2

=: I1 + I2 + I3 + I4 + I5 + I6 + I7.
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We first consider the item I1. By the same arguments used to prove (2), we show that

sup
h∈Ω(C),h6=0

n1/2
∣∣Gn

[
ζt(‖h1‖‖h2‖)−1hT

2 Vt,21h1

]∣∣ = Op(
√
Jn log n).

Since {ζt} and {Xt} are independent, E
[
ζt(‖h1‖‖h2‖)−1hT

2 Vt,21h1

]
= 0. Thus,

sup
h∈Ω(C)

|I1| = Op(
√
Jn log n)C2J3/2n−1 = op(1),

as J2 log n = o(n1/2). Likewise, we can prove suph∈Ω(C) |I2| = op(1).

We then deal with the item I3. Since (Vt,32, Vt,33) belongs to F t−1
−∞, the σ-field generated

by {ζk, k ≤ t − 1},
{
ζt (‖h2‖‖h3‖)−1 hT

3 Vt,32h2

}
is a martingale difference sequence that

adapts to the filtration F t−∞. Following the proof used for the item I in Proposition
3 and the fact that p and q are finite, we can show that sup‖(hT

2 ,h
T
3 )‖≤CJ1/2n−1/2 |I3| =

Op(1)n1/2C2Jn−1 = op(1). Similarly, sup‖(hT
2 ,h

T
3 )‖≤CJn−1/2 |I4| = op(1).

For the item I5,

sup
h∈Ω(C)

|I5| ≤ max
1≤t≤n

∣∣∣∣φ∗(B)

θ∗(B)
Rt

∣∣∣∣ sup
h∈Ω(C)

n∑
t=1

∣∣hTVth
∣∣

≤ C0C2J
−α

n∑
t=1

(
2C2(
√
p+
√
q)C2J3/2n−1 + C2Jn−1(2

√
pq + q)χt

)
= 2C0C

2
2C

2(
√
p+
√
q)J3/2−α + C0C2C

2(2
√
pq + q)En [χt] J

1−α = op(1),

where the second inequality follows from (8) and the last equality follows from the ergodic
theorem.

Similarly. for the item I7,

sup
h∈Ω(C)

|I7| ≤
1

4

n∑
t=1

(
2C2(
√
p+
√
q)C2J3/2n−1 + C2Jn−1(2

√
pq + q)χt

)2

≤
n∑
t=1

(
4C2

2C
4(
√
p+
√
q)2J3n−2 + C4J2n−2(2

√
pq + q)2χ2

t

)
= J−1op(1), (6)

where the first inequality follows from (8) and the equality follows from the ergodic theorem
and the condition J2 log n = o(n1/2).
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For the item I6,

sup
h∈Ω(C)

|I6| ≤ sup
h∈Ω(C)

∣∣∣∣∣
n∑
t=1

(hT
1 Qt1)hTVth

∣∣∣∣∣+ sup
h∈Ω(C)

∣∣∣∣∣
n∑
t=1

(hT
2 Qt2 + hT

3 Qt3)hTVth

∣∣∣∣∣
≤ sup

h∈Ω(C)

(
n∑
t=1

(hT
1 Qt1)2

)1/2

sup
h∈Ω(C)

(
n∑
t=1

(
hTVth

)2

)1/2

+
n∑
t=1

(
χt(
√
p+
√
q)CJ1/2n−1/2

) (
2C2(
√
p+
√
q)C2J3/2n−1 + C2Jn−1(2

√
pq + q)χt

)
≤
(
nC2J2n−1(C2

2λmaxJ
−1)(1 + op(1))

)1/2

J−1/2op(1) + 2C3C2(
√
p+
√
q)2J2n−1/2En[χt]

+ C3(
√
p+
√
q)(2
√
pq + q)J3/2n−1/2En[χ2

t ] = op(1),

where the second inequality follows from the Cauchy-Schwartz inequality, the third inequal-
ity follows from the arguments used for the item II in Proposition 3 and (6), and the last
equality follows from the ergodic theorem and the condition J2 log n = o(n1/2).

Combining the results above completes the proof of Lemma 4. �

Lemma 5 Suppose Conditions (C1) – (C4) hold. If J−2α+1/2 = o(n−1/2), then for any
C > 0, suph∈Ω(C) |T2(h)− T3(h)| →p 0.

Proof of Lemma 5: Simple algebra yields that

T2(h)− T3(h)

= −2
n∑
t=1

ζt

(
hTQt − hTDt(ξ∗)

)
−

n∑
t=1

ζt

(
hTVth− hTHt(ξ∗)h

)
− 2

n∑
t=1

(
φ∗(B)

θ∗(B)
Rt

)((
hTQt +

1

2
hTVth

)
−
(
hTDt(ξ∗) +

1

2
hTHt(ξ∗)h

))
− 2

n∑
t=1

(
ζt +

φ∗(B)

θ∗(B)
Rt − ζt(ξ∗)

)(
hTDt(ξ∗) +

1

2
hTHt(ξ∗)h

)
+

(
n∑
t=1

(
hTQt

)2 −
n∑
t=1

(
hTDt(ξ∗)

)2

)
+

1

4

(
n∑
t=1

(hTVth)2 −
n∑
t=1

(hTHt(ξ∗)h)2

)

−
n∑
t=1

hT(Dt(ξ∗)−Qt)h
TVth−

n∑
t=1

hTQth
T(Ht(ξ∗)−Vt)h

−
n∑
t=1

hT(Dt(ξ∗)−Qt)h
T(Ht(ξ∗)−Vt)h

=: II1 + II2 + II3 + II4 + II5 + II6 + II7 + II8 + II9.

We first consider II1. By Condition (C3) and the definitions of Qt and Dt(ξ∗), ζt is
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independent of (Qt,Dt(ξ∗)). By Proposition 1,

E

( sup
‖h1‖≤1,‖(hT

2 ,h
T
3 )‖≤1

n∑
t=1

ζt

(
hTQt − hTDt(ξ∗)

))2


≤ E

 sup
‖(hT

2 ,h
T
3 )‖≤1

‖(hT
2 ,h

T
3 )‖2

∥∥∥∥∥
n∑
t=1

ζt

((
Qt2 −Dt2(ξ∗)

)T

,
(
Qt3 −Dt3(ξ∗)

)T
)T
∥∥∥∥∥

2


≤ σ2E

[
n∑
t=1

((
Qt2 −Dt2(ξ∗)

)T(
Qt2 −Dt2(ξ∗)

)
+
(
Qt3 −Dt3(ξ∗)

)T(
Qt3 −Dt3(ξ∗)

))]

≤ σ2E

[
n∑
t=1

(p+ q)(rtη0 + C2∆)2

]
≤ 2(p+ q)σ2C2

(
E
[
η2

0

]
+ nC2C

2
0J
−2α
)
.

Thus, by the Markov’s inequality, we can show∣∣∣∣∣ sup
‖h1‖≤1,‖(hT

2 ,h
T
3 )‖≤1

n∑
t=1

ζt

(
hTQt − hTDt(ξ∗)

)∣∣∣∣∣
= Op

(
σ
√

2(p+ q)σ2C2 (E [η2
0] + nC2C2

0J
−2α)

)
Consequently,

sup
h∈Ω(C)

|II1| = CJ1/2n−1/2Op

(
σ
√

2(p+ q)σ2C2 (E [η2
0] + nC2C2

0J
−2α)

)
= op(1).

By the arguments for the item I1 in Lemma 4, it is easy to show suph∈Ω(C) |II2| = op(1).
For the item II3, by Proposition 1,

sup
h∈Ω(C)

|II3|

≤ 2 max
1≤t≤n

∣∣∣∣φ∗(B)

θ∗(B)
Rt

∣∣∣∣ sup
h∈Ω(C)

n∑
t=1

(∣∣hTQt − hTDt(ξ∗)
∣∣+
∣∣hTVth− hTHt(ξ∗)h

∣∣)
≤ C0C2J

−α
n∑
t=1

(
CJ1/2n−1/2 + C2J3/2n−1(p+ q)

) (
rtη0 + C0C2J

−α
)

= op(1),

as J−2α+1/2 = o(n−1/2).
Likewise, we obtain suph∈Ω(C) (|II4|+ |II5|+ |II6|+ |II7|+ |II8|+ |II9|) = op(1). Com-

bining the results above completes the proof of Lemma 5. �

Lemma 6 Suppose Conditions (C1) – (C4) hold. If J2 log n = o(n1/2), then for any C > 0,
suph∈Ω(C) |T3(h)− T (h)| →p 0.
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Proof of Lemma 6: By the mean value theorem,

|T3(h)− T (h)| =

∣∣∣∣∣
n∑
t=1

(
ζt(ξ∗)− hTDt(ξ∗)−

1

2
hTHt(ξ∗)h

)2

−
n∑
t=1

ζ2
t (ξ∗ + h)

∣∣∣∣∣
≤ 1

2

n∑
t=1

∣∣∣hT
(
Ht(ξ∗)−Ht(ξ#,h)

)
h
∣∣∣ [ |ζt (ξ∗ + h)|+ |ζt (ξ∗)|

+
∣∣hTDt(ξ∗)

∣∣+
1

2

∣∣hTHt(ξ∗)h
∣∣ ]

where ξ#,h is a point between ξ∗ and ξ∗ + h and may depend on t. Let Ut = Ht(ξ∗) −
Ht(ξ#,h). By Proposition 1 and the arguments used in Lemma 7, we can show that

max
{
|Ut,12|max, |Ut,13|max

}
≤ C2C3CJn

−1/2, max
{
|Ut,23|max, |Ut,33|max

}
≤ C3Cn

−1/2ηt +

2C2CJn
−1/2. Thus

sup
h∈Ω(C)

∣∣∣hT
(
Ht(ξ∗)−Ht(ξ#,h)

)
h
∣∣∣

≤ sup
h∈Ω(C)

∣∣2hT
2 Ut,21h1 + 2hT

3 Ut,31h1 + 2hT
3 Ut,32h2 + hT

3 Ut,33h3

∣∣
≤ 2(
√
p+
√
q)C2C3CJ

1/2n−1/2
(
C2J3/2n−1

)
+ (2
√
pq + q)C2Jn−1

(
C3Cn

−1/2ηt + 2C2CJn
−1/2

)
≤ C7(J2n−3/2 + ηtJn

−3/2),

for some C7 > 0. By Proposition 1, the condition J2 log n = o(n1/2), and the ergodic
theorem,

sup
h∈Ω(C)

|T3(h)− T (h)| ≤
n∑
t=1

C7(J3/2n−3/2 + ηtn
−3/2)

× sup
h∈Ω(C)

(
|ζt (ξ∗ + h)|+ |ζt (ξ∗)|+

∣∣hTDt(ξ∗)
∣∣+
∣∣hTHt(ξ∗)h

∣∣ ) = op(1).

This completes the proof of Lemma 6. �

Lemma 7 Under the same conditions as in Proposition 1, for any sequence {at}, t ≥ 1,
there exists some constant C3 such that∣∣∣∣(φ(B)

θ(B)
− φ∗(B)

θ∗(B)

)
at

∣∣∣∣ ≤ C3δ2

∞∑
i=0

ri|at−i|,

where δ2 and r are defined in Proposition 1
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Proof of Lemma 7: Noting that

φ(z)

θ(z)
− φ∗(z)

θ∗(z)
=

φ(z) (θ∗(z)− θ(z))

θ(z)θ∗(z)
+

φ(z)− φ∗(z)

θ∗(z)

Let bt = θ−1
∗ (B)at. We have |bt| ≤ C1

∑t
i=0 r

i |at−i|. Then,∣∣∣∣φ(B)− φ∗(B)

θ∗(B)
at

∣∣∣∣ = |(φ(B)− φ∗(B)) bt| =

∣∣∣∣∣
p∑
j=1

(φ− φ∗)bt−j

∣∣∣∣∣ ≤ ‖φ− φ∗‖
p∑
j=1

|bt−j|

≤ δ2

p∑
j=1

|bt−j| ≤ C1δ2

p∑
j=1

∞∑
i=0

ri |at−j−i| ≤ C1δ2
1− rp

(1− r)rp
∞∑
i=1

ri|at−i|.

Similarly, there exists some constant C∗1 , such that∣∣∣∣φ(B) (θ∗(B)− θ(B))

θ(B)θ∗(B)
at

∣∣∣∣ ≤ C∗1δ2
1− rq

(1− r)rq
∞∑
i=1

ri|at−i|

Thus, ∣∣∣∣(φ(B)

θ(B)
− φ∗(B)

θ∗(B)

)
at

∣∣∣∣ ≤ δ2

(
C1

1− rp

(1− r)rp
+ C∗1

1− rq

(1− r)rq

) ∞∑
i=1

ri|at−i|

≤ C3δ2

∞∑
i=0

ri|at−i|,

where C3 > C1
1−rp

(1−r)rp + C∗1
1−rq

(1−r)rq . This completes the proof of Lemma 7. �
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