Annals of the Institute of Statistical Mathematics (2024) 76:209-234
https://doi.org/10.1007/s10463-023-00881-7

™

Check for
updates

On a projection least squares estimator for jump diffusion
processes

Héléne Halconruy' - Nicolas Marie?

Received: 31 October 2022 / Revised: 17 April 2023 / Accepted: 20 July 2023 /
Published online: 11 September 2023
© The Institute of Statistical Mathematics, Tokyo 2023

Abstract

This paper deals with a projection least squares estimator of the drift function of a
jump diffusion process X computed from multiple independent copies of X observed
on [0, T]. Risk bounds are established on this estimator and on an associated adap-
tive estimator. Finally, some numerical experiments are provided.
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1 Introduction

Let Z = (Z,),¢j0.r) be the compound Poisson process defined by

Vi t o
Z, =3¢ = /0 / zu(ds, dz)
n=1 -

for every ¢ € [0,T], where v = (v,),cjor is @ (usual) Poisson process of intensity
A > 0, independent of the ¢,’s which are i.i.d. random variables of probability dis-
tribution 7, and p is the Poisson random measure of intensity m(ds, dz) := An(dz)ds
defined by

u(0,11 xdz) :=|{s €[0,1] : Z,— Z- € dz}|;¥t € [0, T].
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In the sequel, Z is replaced by the centered martingale 3 = (3,),(o.r defined by

t e
3, =Z - / / zm(ds,dz) = Z, — ¢, At
0 —c0

for every ¢ € [0, T], where ¢ is the (common) expectation of the ¢, ’s. Now, let us
consider the stochastic differential equation

X, =x+ / b(X,)ds +/ o(X,)dB, + / y(X)d3,;t€[0,T], 1)
0 0 0

where x; € R, B = (B,) (o771 @ Brownian motion independent of Z, b € C'(R) and
its derivative is bounded, and o,y : R — R are bounded Lipschitz continuous func-
tions such that inf,p 6(x)*> A y(x)> > 0. Under these conditions on b, ¢ and y, Equa-
tion (1) has a unique (strong) solution X = (X,),co.7)

As for continuous diffusion processes, the major part of the estimators of the drift
function in stochastic differential equations driven by jump processes is computed from
one path of the solution to Equation (1) and converges when 7 — oo (see Schmisser,
2014; Gloter, et al. 2018; Amorino et al. 2022, etc.). The existence and the unique-
ness of the ergodic stationary solution to Equation (1) is then required and obtained
thanks to a restrictive dissipativity condition on b. For stochastic differential equations
driven by a pure-jump Lévy process, some authors have also studied estimation meth-
ods based on high frequency observations, on a fixed time interval, of one path of the
solution (see Clément and Gloter, 2019, 2020).

Now, consider X' := Z(x,, B', 3') for every i € {1,...,N}, where Z(.) is the Itd
map associated with Equation (1) and (B', 3"), ..., (BY, 3") are N € N* independent
copies of (B, 3). The estimation of the drift function » from a continuous-time or a
discrete-time observation of (X', ..., XV) is a functional data analysis problem already
investigated in the parametric and in the nonparametric frameworks for continuous dif-
fusion processes (see Ditlevsen and De Gaetano, 2005; Picchini and Ditlevsen, 2011;
Delattre, Genon-Catalot and Samson, 2013; Comte and Genon-Catalot, 2020b; Denis,
et al. 2021; Marie and Rosier, 2023, etc.). Up to our knowledge, no such estimator of
the drift function has been already proposed for jump diffusion processes. So, our paper

deals with a projection least squares estimator 1;; of b computed from X', ..., X",
which means that b,, is minimizing the objective function

1 & ro ro..
T yy(7) 1= NT (/o T(X;)st - 2'/0 ‘L'(X;)dX;)
i=1

on a m-dimensional function space S,,. Precisely, risk bounds are established on /l;m
and on the adaptive estimator by, where

i = arg min {~|b,,[1% + pen(m)}
meMy

with My, c {1,...,N},
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On a projection least squares estimator for jump diffusion processes 211

pen(m) := ccaI%; Vm e N*

and c.,; > 0 is a constant to calibrate in practice.
In Sect. 2, a detailed definition of the projection least squares estimator of

b is provided. Section 3 deals with a risk bound on Em and Sect. 4 with a risk

bound on the adaptive estimator @,ﬁ Finally, some numerical experiments are pro-
vided in Sect. 5. The proofs (resp. tables and figures) are postponed to Appendix
A(resp. Appendix B).

Notations and basic definitions

cen 1= E(L]) for every n € N*,
Consider d € N*. The j-th component of any x € R is denoted by X; or [x];.
For every k € N*, ||.||; ; is the norm on R¢ defined by

J 1/k
IXlliq 1= (Z |xj|"> ; Vx € RY
=

The spectral norm on the space M ;(R) of the d X d real matrices is denoted by

-l
IAlly i=  sup  [|Ax]l,; VA € M (R).

xERA: [l =1

2 A projection least squares estimator of the drift function
2.1 The objective function
Assume that the probability distribution of X has a density p,(x,,.) with respect to

Lebesgue’s measure for every s € (0, T] that s — p(x,,x) belongs to L'([0, T], df)
for every x € R which legitimates to consider the density function f; defined by

T
frx) = %/ P(xg, x)ds; Vx € R,
0

and that

/ b(x)4fT(x)dx < 0.

[c)

Remark 1 Assume that b and 7 satisfy the following additional conditions:
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212 H. Halconruy, N. Marie

(1) The function b belongs to the Kato class

K, := {(p R->R: hmsup/ / loCx +y) + @ — Y|yl + /23 dyds = 0}
0 xeR

(2) The Lévy measure ,(.) := Ax(.) has a density € with respect to Lebesgue’s

measure. Moreover, there exists a € (0,2) such that z € R = 0(2)|z]'** is
bounded, and if « = 1, then

/ 70(2)dz = 0; VR > r > 0.
r<|z|]<R

By Chen et al. (2017), Theorem 1.1 and the remark p. 126, 1. 5-7, in Amorino and
Gloter (2021), for every s € (0,T], the probability distribution of X, has a den-
sity p,(x,,.) with respect to Lebesgue’s measure, and there exist two constants
¢, m, > 0, not depending on s, such that

(x — xp)? s

—-1/2 0 .

s exp| —m + ;VxeR. (2
P < P (5172 + |x — x|+ @

Ps(xp,X) < ¢,

So,

e fris well-defined and even bounded, which is crucial in Sect. 4. Indeed, since
-1/2<1-(+a)/2 < 1/2, forevery x € R,

¢ T T ¢ T2-(1+2)/2
0< < P 71/2d +/ 17(1+a)/2d — P 2T1/2 I
\fT(x)\T</O R A )T 2-(+a)/2

e If there exists a constant ¢, > 0 and € € (0, @) as close as possible to O such that
|b(x)| < ¢, (1 + |x])@=9/4 for every x € R, then

) 172
by p(xo.) =, O<W>’

which leads to

/ " b(x)*f(x)dx < oo.

Now, let us consider the objective function y,(.) defined by

N

1 ro. ro..
yn(z) 1= NT < /0 t(X')*ds -2 /0 T(X;)dxg>
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On a projection least squares estimator for jump diffusion processes 213

foreveryz € §,,, wherem € {1,... ,N;}, Ny :=[NT1+1,S,, :=span{g,,...,0,},
@1, ..., @y, are continuous functions from 7 into R such that (¢,,..., ¢y ) is an

orthonormal family in .2(, dx), and I C R is a non-empty interval. Forany 7 € S,,
e 2 e 2
E(rn(0) =7 E(l7(X,) — b(X,)|")ds — T E(b(X;)")ds
0 0

= / (T(x) = b)) fr(x)dx — / b(x)*fr(x)dx.

Then, the closer 7 is to b, the smaller E(y,(7)). For this reason, the estimator of b
minimizing yu(.) is studied in this paper.

2.2 The projection least squares estimator and some related matrices

Consider
J:=Y 00, with 0,,...0,€R.
J=1
Then,

N m T
VyN(J>=<lTZ< Zo,f / @,(X), (X!)ds 2 /0 (pj(xgi>dx;>)

i=1

JE(1,...,m}

=2(‘Pm(91, vy 0, — Xm)

N T
v - 1 i i
¥, = <N—T 2:, /0 (p,(Xé)rpf(Xg)ds)

where

jeell,.. m)

and

X, = <NTZ/ cp,(X')dX’)

N
The symmetric matrix ¥,, is positive semidefinite because

N T m 2
~ 1 .
Y, u=— / we(X!) | ds>0
NT ; 0 <]:ZI JTTN s

for every u € R™. If in addition ¥,, is invertible, it is positive definite, and then

jell,...m}
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214 H. Halconruy, N. Marie

m
~—1

b, = 2 0, with 8, :=@,...0,)" =¥ X, 3)

Jj=1

is the only minimizer of y,(.) on S,

.» called the projection least squares estimator of
b.

Remarks

(1) \i‘m = (((Dj, gof)/v)jf, Where
L T
{o.vy =7 Z‘ /0 P(XQy (X)ds

for every continuous functions g,y : R - R.
2 X, = b, 9)y); +E,, where

*

N T
5 _f 1 i iN i iN 1o
Em A (]W—v ; /(; (p](Xs)(o-(Xs)st + y(Xs)dS_y))

Jje{l,...,m}

Let us introduce the two following deterministic matrices related to the previous
random ones:

¥,, :=NTEE,E) and ¥, :=EW®,) = (05 0.) )0

where (., ), is the usual scalar product in L2(I, fr(x)dx). The following lemma will
be crucial in Sect. 3 to evaluate the order of the variance term in the risk bound on
our projection least squares estimator of b.

Lemma1 trace(¥;'/*¥,, , ¥, '"*) < (llo]l2, + AcpallyII2)m.

Let us conclude this section with few words about the extension of the projec-
tion least squares estimation for multidimensional diffusion processes, and on the
reason why the probability distribution of X, s € (0, T'], needs to have a density with
respect to Lebesgue’s measure with a sharp bound as (2).

Remarks

(1) Assume that X is a d-dimensional diffusion process with d € N*. A natural exten-
sion of the objective function y, would be defined by

N

1 ! i ! i i
Yan(®) 1= 5= 3, < /0 e XDI3 s =2 /0 <T<XY>,dxg>2,d> 17 € Sy

i=1
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On a projection least squares estimator for jump diffusion processes 215

where S, 1= span({g; ® - ® @, ijj»---»jg € {1,...,m}})". This is out of
the scope of our paper, but note that one could get an expression of the solution
of the minimization problem ming, 7,y similar to (3) but involving hyperma-
trices in the spirit of Dussap (2021) So, except in the very special case where
the components of X are independent, to extend our estimation method to the
multidimensional framework is not straightforward.

(2) By the Fubini—Tonelli theorem, for every continuous functions g,y : R - R,

(&)

T
Ep, why) = / PLOVWPE) with Py = / P, (dx)ds,
—00 0

and then, one could think that there is no need to assume that
Py (dx) = p,(xq,x)dx for any s € (0, T]. However, since the drift function b may
be unbounded a sharp bound on IP’X (dx) as (2) is required to show that

/ b(x)*P,(dx) < oo

as assumed in the beginning of Sect. 2.1. Note also that if the Malliavin covari-
ance (matrix) of X,, s € (0,77 is almost surely invertible (Bouleau—Hirsch’s
condition), then, the probability distribution of X has a density with respect
to Lebesgue’s measure, but not necessarily with a sharp bound as (2). For
instance, X satisfies the Bouleau—Hirsch condition under Assumption 2.4 on b,
o and y in Bichteler and Jacod (1983).

3 Risk bound on the projection least squares estimator

This section deals with a risk bound on the truncated estimator
Zm 1= Eml As

where

B - _NT
A, = {L(m)(ll‘l’m lop VD S €rico vt }

with

2 _ 3log(3/2) -1
Lim)=1v <ig) Z ®;(x) > and ¢ = — a5

On the event A,,, ¥,, is invertible because

L(m) log(NT)
or NT ~°

inf{sp(P,)} >
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216 H. Halconruy, N. Marie

and then, Zm is well-defined. In the sequel, m fulfills the following assumption.

. _ c NT
Assumption 1 L Pl v = .
p (m)(” m ||0p ) X 2 IOg(NT)

The above condition is a generalization of the so-called stability condition
introduced in the nonparametric regression framework in Cohen et al. (2013), and
already extended to the independent copies of continuous diffusion processes frame-
work in Comte and Genon-Catalot (2020b).

Theorem 1 Under Assumption 1, there exists a constant ¢, > 0, not depending on m
and N, such that

~ . m 1
BB, — b13) < min e = byl + (377 + 77 )- @

Remarks

e Note that Theorem 1 says first that the bound on the variance of Zm is of order
m/N as in the nonparametric regression framework, in which it is optimal (see
Comte and Genon-Catalot, 2020a, Theorem 1). For this reason, (4) should be
near to optimality, but it’s a difficult challenge, out of the scope of this paper, to
establish a lower bound on Z)\m Note that even for continuous diffusion processes,
no lower bound has been established (see Comte and Genon-Catalot, 2020b).

e The order of the bias term

: 2
n’elgi “T bI“fT’

as well as L(m) and II‘I’;l1 llop> depend on the ¢;’s. Let us evaluate them for the
trigonometric basis, which is compactly supported, and for the Hermite basis,
which is R-supported:

(1) Assume that I = [£,r]with Z,r € R satisfying £ < r and that

. 1
@ (%) 1= ﬁl[f,r](x)a

x=7

2 . X —
r_fsm <27r]r_f>1mr](x) and

L] 2 xX=7
@yi(x) 1= — cos <2ﬂ]m> 1,4

for every xe€[f,r] and jeN* On the one hand, since
cos(.)? + sin(.)?> = 1, there exists a constant ¢, > 0, not depending on m,
N and T, such that

P2j+1 (x) =
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On a projection least squares estimator for jump diffusion processes 217

2

xel

Lom)=1v lsup > (pj(x)zl .

Moreover, since under the same conditions than in Remark 1, there exists
m > 0 such that f;-(.) > m on / by Chen et al. (2017), Theorem 1.3,

m -1
1 .
”\P ||op ), ] \I‘m) _<9:”;{|1£”=1jfz=1 ejef [\I‘m]jf>

mm(

2

-1
. "< 1

Then,

C
mg—1 o N

v 2 logNT)

satisfies Assumption 1. On the other hand, consider the Fourier-Sobolev
space

W/([Z,x]) = {(p e C*([¢,rIiR) : / PP (x)y*dx < oo}
4

with f € N*, and assume that b, € Wﬂ ([Z,r]). By DeVore and Lorentz
(1993), Corollary 2.4 p. 205, there ex1sts a constant ¢, , . > 0, not depend-
ing on m and N, such that

1L, (b)) b1|| S Cppc m,

where IT,, is the orthogonal projection from [.>(/, dx) onto S,,. Since under
appropriate conditions on » and z, as explained in Remark 1, f; is upper
bounded on I by a constant m > 0,

: 2 T 2
min 17 = b, <, b)) = by
<Eﬂf’rm_2ﬂ with Eﬁ,f,r = Cﬁf’ra

In conclusion, by Theorem 1, there exists a constant ¢, ; > 0, not depend-
ing m and N, such that

m
BB, — by < (m + ).

and then, the bias-variance tradeoff is reached by (the risk bound on) Zm
for m of order N'/(1+2),

Assume that ; = h;_, for any j € {1, ..., m}, where (h,),cy is the Hermite
basis: for every x € Randn € N,

@ Springer



218

H. Halconruy, N. Marie

h,(x) := 2"'n!\7)PH (e with H,(x) = (=1)"¢" j
x}'l

e,

On the one hand, by Abramowitz and Stegun (1964), ||¢;ll, < a1/
and then L(m) < m. Moreover, assume that the conditions (1) and (2)
in Remark 1 are satisfied by b and z= with « € [1,2). By Chen et al.
(2017), Theorem 1.3, for every s € (0,T], there exist two constants
Ep, ﬁp > 0, not depending on s, such that for any x € R,

2
_ (x—x
s~12 exp <—mp( o) > + 5
s (s1/2+|x—x0|)1+"
S €S S €S . 1
T QT+ 42 + 440/ T[4y QT +4x)[1+0/2 (14 x2)140/2]

ps(x()’ x) >Ely

So,
[ ¢ T
fr . _ 14
1 2\(1+a)/2 with & = 2y1(0+a) /2
(1+x?) 2[4 v 2T + 4x0)]

Jr) =

Since a € [1,2), by Comte and Genon-Catalot (2020a), Proposition 9,
there exists a constant ¢y > 0, not depending on m, such that

—1 1 2
], < cpm9/2,

Then,

cg V1 2 log(NT)

2/(3+a)
<[ 1 ¢ NT ]

satisfies Assumption 1. On the other hand, assume that b € Wg (D), where
Wg (D) is the Hermite-Sobolev ball defined by

W/ (D) := {(p eL’®) : ) (. h,) < D}

n=0

with f> @B +a)/2—1 and D > 0. Then, ||I1,,(b) — b||> < Dm™* (see
Belomestny et al. (2019), Section 4.2), and since f; is upper bounded on R
by a constant m > 0 (see Remark 1),

. 2 —_ 2
— - < —
min Iz = bl <mlITL,®) - b
<eym™ with ¢y = Dm.

In conclusion, by Theorem 1, there exists a constant EI,Z > 0, not depend-
ing m and N, such that

7 - - m
BB, — bIR) < Eya(m ™ + 2 ),
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On a projection least squares estimator for jump diffusion processes 219

and then the bias-variance tradeoff is reached by (the risk bound on) Zm
for m of order N1/0+5),

4 Model selection

First of all, let us state some additional assumptions on the ¢;’s, on the Lévy
measure 7, and on the density function f.

Assumption 2 The spaces S,,, m € {1, ..., N}, satisfy the following conditions:

(1) There exists a constant C, = 1, not depending on N, such that for every
m € {1,...,Nz}, the basis (¢, ..., ,,) of S,, satisfies

x€l 5

Lim)=1v lsup Z (pj(X)Z] < cim.
j=1

(2) (Nested spaces) For every m,m’ € {1,...,N;},ifm > m', then S,, C S,

The proof of the oracle inequality satisfied by the adaptive estimator relies on
a Bernstein type inequality (see Lemma 5). In order to control the big jumps of
X in the proof of Lemma 5, the Lévy measure x, needs to fulfill the following
assumption.

Assumption 3 The Lévy measure z, is sub-exponential: there exist positive con-

stants a, b > 0 such that, for every x > 1,
7,((=x, x)°) < ae” M,

Assumption 4 The density function f; is bounded.

Note that Remark 1 provides a sufficient condition for Assumption 4 to be satis-
fied by fr. Now, let us introduce the set

o - c2 @2 NT
MN .= {me {1,...,NT} . C(pm(”lllm ||0PV 1) < le()g(—NT)}

with

bT = min { C—T, ! }’
2 642 T(Ifrllo + Ver/2/(3e,)

as well as its theoretical counterpart

@ Springer



220 H. Halconruy, N. Marie

b NT
. .2 —12 o1
My = {me {1 N} s om(I 2 v D < 1 log(NT)}’

Let us also consider

i i=arg min {=[|b, |}, + pen(m)},
meMy

where
en(m) 1= o we; Ym € {1,..., Ny}
p = Ceal e s e N
and c.,; > 0 is a deterministic constant to calibrate.

Theorem 2 Under Assumptions 1, 2, 3 and 4, there exists a constant ¢, > 0, not
depending on N, such that

E(llb; = bil2) < ¢

min <{ min ||z — b,||? + 2 +l
meMy | 7€S, 1% NT N|
Note that Theorem 2 provides a risk bound on the adaptive estimator /Bﬁl of same
order than the minimal risk bound on Zm (see Theorem 1) for m taken in M.

5 Numerical experiments

First of all, let us recall that all figures and tables related to this section are post-
poned to Appendix B.

Some numerical experiments on our estimation method of » in Equation (1) are
presented in this subsection when the common distribution z of the ¢,’s is standard
normal, which implies that 3 = Z, and the intensity of the (usual) Poisson process v
is A = 0.5. The estimation method investigated on the theoretical side in Sects. 3 and
4 is implemented here for the three following models:

t
(1) X,=05- / X,ds + 0.5B, + Z, (linear/additive noise).
0
t
2) X,=05+4+05 / /1 +X2ds + 0.5B, + Z, (nonlinear/additive noise).
0

1 t
3) X,=05+05 / 7/1+ des +0.5 / 1+ cos(Xs)z)dBS + Z, (nonlinear/mul-
0 0

tiplicative noise).

For each of the three previous models, our adaptive estimator of b is computed
on [ =[-3,3] from N =400 paths of the process X observed along the dissec-
tion {IT/ml=1,...,n} of [0, T] with n =200 and T =5, when (¢, ..., @,,) is
the m-dimensional trigonometric basis for every m € {1, ...,6}. This experiment
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On a projection least squares estimator for jump diffusion processes 221

iAs repeated 100 times, and the means and the standard deviations of the MISE of
b, are stored in Table 1. Moreover, for each model, 10 estimations (dashed black
curves) of b (red curve) are plotted on Figs. 1, 2 and 3.

On the one hand, on average, the MISE of our adaptive estimator is slightly increas-
ing with the complexity of the model: 0.1251 (Model 1) < 0.1469 (Model 2)< 0.1825
(Model 3). The same remark holds for its standard deviation: 0.0950 (Model 1) <
0.1688 (Model 2) < 0.1928 (Model 3). This means that the more the model is complex,
the more the quality of the estimation degrades, and it is visible on Figs. 1, 2 and 3.
However, for all the three previous models, the MISE of @,ﬁ remains good and of same
order than for models without jump component (see Comte and Genon-Catalot, 2020b,
Sect. 4). On the other hand, the model selection procedure works well bec_ause it does
not systematically select the lowest or the highest possible value of m (see 7 on Figs. 1,
2 and 3). For Model 1, the procedure is stable because 7 has a low estimated stand-
ard deviation (0.4830). The procedure remains satisfactory for Models 2 and 3, with
StD(m) = 1.1353 and StD(71) = 1.2867, respectively, but not as much as for Model 1.

Appendix A. Proofs
A.1 Proof of Lemma 1

First, let us show that the symmetric matrix ‘I‘m,l7 is positive semidefinite. Indeed, for
any y € R™,

N

* _ 1 S ’ i i i i i
hU S _N_T,-,Z‘l ViYe Z fE(( /0 QX ) (o(X)dB, + y(Xs)dSS))

ik=1

T
X ( / @, (X5)(o(X4)dB + y(Xf)d3’§)> >
0

N T 2 m
1 i i i i i . .
=N—T[E[<; /0 7,(X)(c(X))dB! +y(XS)d3S)> ]; 0 with 7,():= Z ¥,9,0)-

j=1
Moreover, by the isometry property of Itd’s integral (with respect to B), by the isom-

etry type property of the stochastic integral with respect to 3, and since ¢ and y are
bounded, for every j € {1,...,m},

T 2 T 2
y*\I'm,,y%fE[( [ o, ] +%E[< / n(Xv)y(xs)dss)]

=1 /T[E(r X)o(X )z)ds+ﬁ/T[E(T X )y (X))ds
=7 /. V(X s T/, V(X)X )

m 2
<ol + AcallyI12) / (2 y,»(p,»(x)> Fr@dx = I, + Aea iy IZ)IYIE, -
W\ &
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222 H. Halconruy, N. Marie

Therefore, since ¥, _ is positive semidefinite, and by Inequality (),

m,o

trace(¥;,'/ 2, 17 <m|| W PW, WL

=m - sup{y"¥,, ,y:y € R™ and |[¥}/2y]|,,, = 1}
<loll, + Acg lly II%,))m.

A.2 Proof of Theorem 1
The proof of Theorem 1 relies on the two following lemmas.
Lemma 2 There exists a constant ¢, > 0, not depending on m and N, such that

mL(m)?

N2
Lemma 3 Consider the event

(k2[5
Q, =4 sup 2/ -1 < 1 .
es, |71l 2
T

Under Assumptions 1, there exists a constant ¢; > 0, not depending on m and N,
such that

E(EE,I) <¢,

Q) < G A°) < &
P( m)\m and P( ’")\]W

The proof of Lemma 2 is postponed to Subsubsection a.2.2, and the proof of Lemma
3 remains the same as the proof of Comte and Genon-Catalot (2020b), Lemma 6.1,
because (B, Z"), ..., (BY, ZV) are independent.
A.2.1 Steps of the proof
First of all,

5, — b1||]2V =||b,||,2\,1/\7»” + 15, — bl”i,l/\m

=131 sc + 1B, = bylli s g, + 1By = byl 1, no =2 Uy + Uy + Us.
Let us find suitable bounds on E(U,), E(U,) and E(U;).

¢ Bound on E(U,). By Cauchy-Schwarz’s inequality,
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On a projection least squares estimator for jump diffusion processes 223

1/2
) 1" )
[E(Uo<[E(||b,||“N)‘/2P(Am)1/2<[E(; / b,(X»“dt) P(AS)!/2
0

o 1/2
<GP(AS)? <00 with ¢ = < / b,(x)4fT(x)dx> < 00.

(o9

e Bound on E(U,). Let Iy ,(.) be the orthogonal projection from L2, Jr(0)dx)
onto S,, with respect to the empirical scalar product ., .)y. Then,

I 2 _ 1 2 : 2
1B = Brl = 1B, = Ty, B, + min 16 = . ©)

As in the proof of Comte and Genon-Catalot (2020b), Proposition 2.1, on Q,,,

ES

N ~% A —]
15, — Ty, (b)Y = E, ¥

m m

E, <28 ¥ 'E,.
So,

E1B,, = Ty BDIZ 15 no) <2[E<2 [ﬁm]j[ﬁm]f[\v;l]jf>
i£=1

_2 N -1 _ 2 —1/2 —1/2
=NT Z [¥,.)i ¥, = Wtraoe(‘l‘m ¥, ¥ ).

mo —m
=1

Then, by Equality (6) and Lemma 1,
. 2 _ -
2 172 172
E(U,) <E <£161}Sn 16, — T||N> + ﬁtrace(‘l‘m ¥, ¥, )
. 2m
2 2 2
< min 16 = zlly, + 7 dlelle + AcellYIIC)-

Bound on E(U;). Since

~

Ax A=A
16, = Ty, (DI =E, ¥, E,,

by the definition of the event A,,, and by Lemma 2,

~ ~—1 AR A
E(B, ~ Ty (I Ly ) SEAE, [l B7 B, 1,
Cr NT

<— .
L(m) log(NT)
1/2

ner,)

E(E E,[)'?P@c)"/?

<
log(NT)

1/2
P©;)"2,
where the constant ¢, > 0 doesn’t depend on m and N. Moreover,

. 2 2
?enn Iz = b;lly < by, because 0€ S,

and then,
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”bm - bllljzv =||bm - HN,m(bI)HZZV + ?é}s‘n ”T - b1”12\]
<||bm - HN,m(b[)lljz\/ + ”b[”12\/'
Therefore,

E(U3) <E(l1b,, — Ty, (bl 15 q: ) + ECIB 131,
1/2

w2, )

<
log(NT)

P@)"? + ¢, P@;)' 2.

m
So,

~ . 2m
2 2 2 2
ElD,, — bylly) < min by ==l + W(IIGIIoo + Aepall7 )

VP

+
© log(NT)

+ ¢, (P(AS) + P(Q)/2).

Therefore, by Lemma 3, there exists a constant ¢; > 0, not depending on m and N,
such that

7 2 . 2 m 1
E(lB, — br1R) < min 16, = 7l + 5 (3 + 3 ). 0
A.2.2 Proof of Lemma 2
In the sequel, the quadratic variation of any piecewise continuous stochastic pro-

cess (I'}),po.7y 18 denoted by ([I'll,),go.7)- First of all, note that since B and Z are
independent, for every j € {1,...,m},

. T T
H / goj(XS)(o(XS)dBS+7(Xs)d85)” = / @, (X, o(X,)ds + / 0,(X,Py(X,)?dZ?
0 T 0 0

T T
= / 0,(X ) (0(X,) + ¢2 Ay(X,)*)ds + / @, (X))’ 7 (X,)*d3?
0 0

where, for every ¢ € [0, T'],
72 :=131,= )¢ and 3P =27 —coir
n=1

By Jensen’s inequality and Burkholder-Davis-Gundy’s inequality (see Dellacherie
and Meyer, 1980, p. 303), there exists a constant ¢; > 0, not depending on m and N,
such that
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m m

2
E(EE,?) < mZ[E([E 1< N;;Z Z[E[ HZ/ @;(X)(c(X)dB! + y(X})d3! )” ]

Jj=1 Jj=1 T

i 2
2e,m «
<o N F / @,(X,)(c(X,)dB, + y(X,)d3,)

T

deym T , , . 2
< N2T4 Z E <-/O (Pj(xs) (o(X)) +C§2/1}/(XS) )ds>

T 2
+E [(/ ¢j(XY)27(XY)2d3§2)> ]
0

By Jensen’s inequality,

2 2

T T
( / (pj<xs>2<a(xs)2+cg21y(xs>2>ds) =T2< / O X)X + ey (X, )2)—>
0 0

T
<T / O,(X ) (0(X,) + e Ay (XD ds.
0

Moreover, since ||x]|4,, < [IX[l,,, for every x € R,

supr,(xf—supn((pj(x» 13,0 < sup 1@, (O 13, < L,

x€l 574
So, by applying twice the Fubini—Tonelli theorem,
m T 2
2 IE l(/ (pj(Xv)z(g(Xv)z + ngﬂ}/()(s)z)ds) ]
=l 0
mo T
<Y [ B ) + ) s
=170

= 27" / ) <Z (pj<x>4><a<x>4 + ¢ Ay 0N ()dx,
o\ &

(&)
—— —
<L(m)?

and by the isometry type property of the stochastic integral with respect to 3@,

m T 2 m T
ZE[( / w,-(Xs>2y<Xs>2d3§2>> ] =dess ) / E(o;(X)* 'y (X,)h)ds
j=1 0 i=1J0

<AcsTL(m)? / " Y ) (x)dx.

—0o0
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Therefore,

"B 1) < —2= mL(m)?

E(E,E, 1) < <

m

with

¢, = 8¢, < / (@@)* + ¢, 22y O (0dx + Aezs / y(x)4fT(x)dx>. O

—00

A.3 Proof of Theorem 2

Let us consider the events

Q=[] @, and Ey:={MycMycM}

me/\/l;\',
where

+ . .2 -2 NT
MN = {me {1""’NT} . C(ﬂm(”‘l’m ||0pV1)<4bT10g(—NT)},

and let us recall that

9, = min {C—T L }
2 642 TNl + Ver/2/Ge,)

As a reminder, the sets //\>l n and M, introduced in Sect. 4 are, respectively, defined
by

v C 2 2 NT
MN = {me {l,...,NT} . c(pm(||‘l’m ||0p\/ 1)< leog(—NT)}

and

b NT
_ .22 —12 T
My = {m € (L. .Ne} s om(I¥, 12, v D) < + ToatD) }

The proof of Theorem 2 relies on the three following lemmas.

Lemma 4 Under Assumptions 1, 2 and 3, there exists a constant ¢, > 0, not depend-
ing on N, such that

PES) < 2
Lemma 5 (Bernstein type inequality) Consider the empirical process
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N T
1 i iN i i i
vy(z) 1= NT E /0 r(Xx)(a(Xx)dBS + y(XS)d3s);1 eSS u--u SNT.
i=1

Under Assumption 3, for every €,v > 0,

NTE?
Ales(lallZ + 7 IIZ)v2 + &l il s 17 1]

P(vy(r) 2 & ll7ll}, V) <exp [

with
6 = %[1 V/ eblzl/zﬂl(dz)].

Lemma 6 Under Assumptions 1 and 3, there exists a constant ¢; > 0, not depending
on N, such that for every m € M,

2
A~ g
E — s 1- < =
Lsgpm V"(T)] pemm | s no, | < J7

+

where, for every m' € M,

Cal mV m'

B
8 NT

m

w i={T €8 1 Izl =1} and p(m,m') :=

The proof of Lemma 5 is postponed to Subsubsection A.3.2. Lemma 6 is a
consequence of Lemma 5 thanks to the I]_J%T-l]_"" chaining technique (see Comte,

2001, Proposition 4). Finally, the proof of Lemma 4 remains the same as the
proof of Comte and Genon-Catalot (2020b), Eq. (6.17), because
B',3Y,...,(B", 3") are independent.

A.3.1 Steps of the proof

First of all,

b5, = bylly, =Nba = biliy 1z, + 155 — byl 1z,
=. Ul + U2.

@)

Let us find suitable bounds on E(U,) and E(U,).
e Bound on E(U,). Since

PN

E-

m e

b7 = Ty 70N, = B, ¥

by the definition of .//\\/l ~-and by Lemma 2,
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~ A~ —1 PPN
Elbs — My 0Dl 1z) SEA¥5 llop By By 1= )

1/2

BB, By )1 P(E) < o pE)

S —_—
[DT log(NT)
where the constant ¢; > 0 does not depend on N. Then,

E(U)) <E(Ibs — Ty 55Dl 1s,) + Edllb 315,

PE

< 1/2+ [FD EC 1/2
log(NT) ) GPE)

with

© 1/2
0= < / b,(x)4fT(x)dx> .

So, by Lemma 4, there exists a constant ¢; > 0, not depending on N, such that

E(U)) < vt

e Bound on E(U,). Note that
Uy =libz = bylly 1z, na, + 1bg = bylI5 1
= U2,1 + Uz’z.

EynQy

On the one hand, by Lemma 3, there exists a constant ¢, > 0, not depending on
N, such that

PEyNQ) < D, PQ)
me./\/l+

Then, as for E(U, ), there exists a constant ¢5 > 0, not depending on N, such that
EWU,,) <

On the other hand,

(@) = ry(@) = 17 = blly, = Iz = bl = 2vy(z" = 7)

foreveryr,7/ € S, U --- U Sy, Moreover, since

i = arg min {~|b,, |13 + pen(m)} = arg min {yy(b,,) + pen(m)},

meM, meMy

for every m € M,
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}’N(/l;;;,) + pen(ﬁ’l) < YN(/l;m) + pen(m). )

On the event By = {My C M, C /\/l;\“,}, Inequality (8) remains true for every
m € M. Then, on By, for any m € M, since S,, + S C S, under Assump-

tion 2,
> 2 <13 2 > _D Zr?t _Em 7
165 — byl <l1by = bylly + 21bz = byl vw| —<———=—— ) + pen(m) — pen(in)
b5 = bully,
~ 1.~  ~
Sllby = byl + gl = bl
2
+ 8 [ sup |vN(‘r)|] —p(m,m)| + pen(m) + 8p(m, i) — pen(in).
€8y i
=S +
. 2 2 .
Since ”'”leQN < 2||.||N19N on S U-U Smax(M;), and  since

8p(m, i) < pen(m) + pen(i), on Ey N Qy,

2
I = bylI5, < 311b,, = bylly, + 4pen(m) + 16( [Sup € Bm,ﬁilvN(T)I] —p(m, ;%)) :

+

So, by Lemma 6,

i ~ 16¢,
E(U,,) < mréljl\fth{[E(?)llbm - byll31z,) + 4pen(m)} + ~7

<¢o min {4 inf lr—b )2 + L L le
meMy | €S, fr NT N

where ¢ > 015 a deterministic constant not depending on N.

A.2.3.2 Proof of Lemma 5

Consider 7 € §; U -+ U Sy, and, for any i € {1,...,N}, let M'(z) = (M'(7),),¢(0.r be
the martingale defined by

t
M(z), = / t(X))(c(X))dB: + y(X)d3!); Vi € [0, T].
0
Moreover, for every € > 0, consider
Yi(r) 1= eM'(t) — Al(r) - Bi(),

where Al (1) = (AL(7),),cj0.r) and B.(z) = (B.(7),),ci0 1) are the stochastic processes
defined by
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) 2 [t ; .
Al(), =5 / (X)) o(X))ds
0

t (¢S] . ) )
and Bi(‘[)t :=/ [/ (eezr()(})}'(Xi) _ 5ZT(X2)}’(XIY) — D), (dz)|ds
0 —0
for every ¢ € [0, T]. The proof is dissected in three steps.
Step 1. Note that forany i € {1,...,N}andt € [0, T],

l2XDr XD < N7 llo 17 lloo

and then, by Assumption 3,

t . .
[E</ / IeszT(X;)J’(X;) _ 1|7Z'A(dZ)dS> < 00
0 Jz|>1

for any & € (0,%) with € = (6 A /@17l 17 ll)- So. Exp(Y (D))o is a
local martingale by Applebaum (2009), Corollary 5.2.2. In other words, there exists
an increasing sequence of stopping times (T,i)nGN such that lim T! = oo a.s. and

n—oo “p

(exp(Y!(2),p71)sero.r 18 @ martingale. Therefore, by Lebesgue’s theorem and Mark-
ov’s inequality, for every p > 0, the stochastic process Yy (7) := YE1 )+ -+ Yé" (1)
satisfies

N
PO > p) =nlg£10 [P><exp lz Yé(r)ur;}l > P>

i=1

1. 1
< Jim Eexp(r) () = ~E(exp(r! @) = -

Step 2. For any € € (0,e*) and ¢ € [0, T'], let us find suitable bounds on

N N
Ay (0), 1= D Al(z), and By, (1), := ) Bi(z),
i=1 i=1

On the one hand,

2II %, el IzIZNT

Z/ (X)) ds < ——F——. ©)

On the other hand, for every f € (=b/2,b/2), by Taylor’s formula and Assumption

3,
[+ S 1
/ (7 — Bz — D)my(dz) =ﬁ2/ (/ (1= 9)60ﬂ2d9>”a(d1)
— -0 0

c o0
gzl/ﬂ with c1=/ P27 (d7) < 0.

AN,g (T)[ X
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Since £ € (0,£*), one can take f = e7(X')y(X!) for any s € [0,7] and i € {1,...,N},

and then

a2y IIZIIzlI%NT
2

2 N t
C1€E . .
By (1), < 17 D / T(X)Py(X)?ds < (10)
i=1 70

Therefore, Inequalities (9) and (10) lead to
. 1
Aye(@) + By (0), S e’loll5, + I I)IFIRNT - with ¢ = Z(1 v ).

Step 3 (conclusion). Consider My(z) := M'(z) + --- + M"(z). For any € € (0,&*)
and &,v > 0, thanks to Step 2,
P(vy(z) 2&, lI7ll3, < %)
P Or 2 M Ay (T)r + By (0)r
<6ex(llollZ + 17 I12)NTV?) < P(elvr
> exp(NTeé — ¢, ([|o |12, + Iy |12))NTV)).

Moreover, taking

€= 2 : 2 V2 <€
2c (|l llZ, + NIy 12,)v* + &/

leads to

NTE [ (llollZ, + lly 12V + &/
2ey(llollZ, + iy I2)v2 + &/e*]?

S NT&?

“Ale,(loll2, + Iy 122 + E/e]

NTeé — ¢, (|lo |2, + llyI12)NTV* =

Therefore, by Step 1,

P(vy(7) 2 & |I7]l3, < v?) < exp <—

NTE> )
4ley(llellZ + 11711202 + Ellzll o llrll] )

Appendix B

See Table 1 and Figs. (1, 2 and 3)
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Table 1 1\//\Ieans and StD of the Model 1 Model 2 Model 3
MISE of b (100 repetitions)
Mean MISE 0.1251 0.1469 0.1825
StD MISE 0.0950 0.1688 0.1928

'
w
|
N
n
|
N
|
-
n
|
-
|
o
n
o
o
n
[
-
n
N
N
n
w

Fig. 1 Plots of b and of 10 adaptive estimations for Model 1 (% =5.3)

-3 -2.5 -2 -15 -1 -0.5 0 0.5 1 15 2 2.5 3

Fig.2 Plots of b and of 10 adaptive estimations for Model 2 (% =42)
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T T T T T T T T T
-3 -2.5 -2 -15 -1 -0.5 0 0.5 1 1.5 2 2.5 3

Fig.3 Plots of b and of 10 adaptive estimations for Model 3 (% =4.1)
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