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Abstract
In this paper, we compare two regression curves by measuring their difference 
by the area between the two curves, represented by their L1-distance. We develop 
asymptotic confidence intervals for this measure and statistical tests to investigate 
the similarity/equivalence of the two curves. Bootstrap methodology specifically 
designed for equivalence testing is developed to obtain procedures with good finite 
sample properties and its consistency is rigorously proved. The finite sample proper-
ties are investigated by means of a small simulation study.

Keywords  Equivalence testing · Comparison of curves · Bootstrap · Directional 
Hadamard differentiability

1  Introduction

The comparison of regression curves is a common problem in applied regression 
analysis. Usually these curves correspond to the means of a control and a treatment 
outcome where the predictor variable is an adjustable parameter, such as the time or 
a dose level, and an important question is whether the difference between the two 
curves is practically irrelevant. Borrowing ideas from testing for bioequivalence in 
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population pharmacokinetics (see, for example, Chow and Liu 1992; Hauschke et al. 
2007) numerous authors have addressed the problem of establishing the similarity 
between two regression functions by testing hypotheses of the form

where d is a distance between the curves (which vanishes, if they are identical) and � 
is a threshold, which defines when the difference between the two curves is consid-
ered as practically irrelevant.

Hypotheses of this type have found considerable interest in the literature. In many 
applications, the sample sizes are small such that nonparametric approaches are pro-
hibitive and the relations between predictor and response for the two groups are mod-
elled by nonlinear regression models with low-dimensional parameters. Liu et  al. 
(2009) proposed tests for comparing linear models, while Gsteiger et al. (2011) sug-
gested a bootstrap test for nonlinear models. The tests in these papers are based on the 
intersection–union principle (see, for example, Berger 1982) and a confidence band 
for the difference of the two regression models (see also Liu et al. 2007). Dette et al. 
(2018) pointed out that, by construction, these tests are very conservative and pro-
posed an alternative approach, which has been successfully applied by Möllenhoff 
et al. (2022), among others. A common feature of the literature in this field consists 
in the fact that all methods use the maximal deviation d∞ ∶= supx |m1(x) − m2(x)| for 
the comparison of the curves, say m1 and m2 (here x denotes the predictor). While this 
metric has some attractive features such as good interpretability and a simple view of 
large distances, it is often too restrictive as one is interested in a “worst-case” scenario 
on a local scale. More precisely, if one uses the metric of maximum deviation between 
the two curves one is not able to decide for similarity if the curves are very similar for 
most points x ∈ X  , except for a “small” region. In such cases, an “average”

measuring the area between the curves might have advantages, and in this paper, we 
develop statistical inference tools if two regression curves are compared on the basis 
of this L1-distance.

Our interest for this distance stems from the fact that the area under the curve (AUC) 
is a quite popular measure in biostatistics. For example, according to current guidelines 
by regulation authorities in both the US and the EU bioequivalence between a reference 
and a test product is to be assessed based on the comparison of their respective area 
under the time–concentration curves and their maximal concentrations (see US Food 
and Drug Administration 2003; EMA 2014 for details). For analyses of clinical trials 
with a time-to-event outcome, Royston and Parmar (2013) and McCaw et al. (2019) 
proposed the restricted mean survival time (RMST) as a possible alternative tool to the 
commonly used hazard ratio to estimate the treatment effect. By introducing this meas-
ure, Royston and Parmar (2013) and McCaw et al. (2019) addressed the well-known 
issue of assuming proportional hazards between different arms of the trial—an assump-
tion, which is often unrealistic or obviously violated, but, however, only rarely assessed 
in practice (see Jachno et al. 2019 for a recent overview). The RMST, which is the area 

(1)H0 ∶ d ≥ 𝜖 versus H1 ∶ d < 𝜖,

d1 ∶= ∫ |m1(x) − m2(x)|dx
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under the survival curve up to a specific time point, comes along without any assump-
tion on the shape of the hazard ratio by calculating a treatment effect as the difference 
in RMST. We also refer to Cox and Czanner (2016) who investigated the L1-distance 
for comparing survival distributions. Moreover, an important performance metric for 
assessing how well clinical risk prediction models distinguish between patients with 
and without a health outcome of interest is the area under receiver operating char-
acteristic (ROC) curves (short AUROC), a tool of huge practical interest (see Pepe 
et al. 2013; Heller et al. 2016, among others). Also apart from medical questions, the 
AUROC is a common used tool in machine learning, arising whenever classifiers are 
evaluated or compared to each other regarding their power, see, for example, Bradley 
(1997).

As pointed out by Cox and Czanner (2016), the choice of L1-distance for the com-
parison of curves poses several mathematical challenges, which are caused by the fact 
that the mapping f → ∫

X
|f (x)|dx is in general not (Hadamard-)differentiable. Cox and 

Czanner (2016) considered the distance ∫ |S1f2(x) − S2f1(x)|dx and restricted them-
selves to the situation where S1f2 ≥ S2f1 to solve the differentiability problem. (In this 
case, the absolute value in the integral can be omitted.) In the context of testing for the 
equivalence of multinomial distributions, Ostrovski (2017) proposed to use a smooth 
approximation of the L1-norm to avoid the differentiability problem.

Our approach for investigating the similarity between the regression functions m1 
and m2 avoids such approximations and does not require that one regression function 
is larger than the other one. It is based on a direct estimate of the distance d1 whose 
asymptotic properties are investigated in Sect. 2. The results are used for the construc-
tion of asymptotic confidence intervals for d1 and a corresponding test for the hypothe-
ses (1) by duality principles. In order to obtain less conservative tests with good proper-
ties for small sample sizes, we propose a constrained bootstrap test in Sect. 3. Section 4 
is devoted to a small simulation study illustrating good finite sample properties of the 
bootstrap confidence intervals and tests. Finally, all proofs and technical details are 
given in appendix.

2 � Comparing the area between the curves

We consider two independent samples of n1 and n2 observations. In each group 
( � = 1, 2 ), there exist k

�
 different covariates, say x

�,1,… , x
�,k

�
 , such that at each covari-

ate x
�,i n�,i independent identically distributed (iid) observations {Y

�,i,j ∶ j = 1,… , n
�,i} 

are available such that n
�
=
∑k

�

i=1
n
�,i ( � = 1, 2 ). The total sample size is denoted by 

n = n1 + n2 . We assume that the covariates vary in a set X ⊂ ℝ
d (for some d ∈ ℕ ) and 

that the relation between the covariates and responses can be represented by a nonlinear 
regression model of the form

where m
𝓁
(⋅, �

𝓁
) ∈ 𝓁

∞(X) is the regression function with parameters �
�
∈ ℝ

p
� , 

p
�
∈ ℕ and �∞(X) denotes the space of bounded real-valued functions f ∶ X → ℝ . 

(2)Y
�,i,j = m

�
(x

�,i, ��) + �
�,i,j, j = 1,… , n

�,i, i = 1,… , k
�
,
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In model (2), the errors {�
�,i,j ∶ j = 1,… , n

�,i, i = 1,… , k
�
} denote iid random vari-

ables with mean 0 and variance 𝜎2
�
> 0 , � = 1, 2.

In this paper, we are interested in the similarity between the regression functions 
m1 and m2 , where the distance between the two functions is measured by the L1-dis-
tance. More precisely, we consider the L1-distance

and develop confidence intervals for d1 and statistical tests for the hypotheses

where 𝜖 > 0 is a pre-specified constant. Note that the rejection of H0 in (4) allows 
to decide at a controlled type I error that the area between the two curves is smaller 
than a given threshold.

As pointed out in Introduction, the choice of L1-distance for the comparison of 
curves poses several mathematical challenges, which are caused by the fact that 
in contrast to the L2-norm, the mapping f → ∫

X
|f (x)|dx from l∞(X) onto ℝ is in 

general not (Hadamard-)differentiable. Our approach for investigating the simi-
larity between the regression functions m1 and m2 is based on a direct estimate of 
the distance d1(�1, �2) . To be precise, let 𝛽1 and 𝛽2 denote appropriate estimates 
of the parameters in model m1(⋅, �1) and m2(⋅, �2) obtained from the samples 
{Y1,i,j|j = 1,… , n1,i, i = 1,… , k1, } and {Y2,i,j|j = 1,… , n2,i, i = 1,… , k2, } , respec-
tively. (Precise assumptions on the properties of these estimates are given in appen-
dix.) The estimate of the area between the curves d1 in (3) is then defined by

and we will show that the normalized statistic 
√
n(d̂1 − d1) converges weakly to a 

random variable T with non-degenerate distribution. For this purpose, we introduce 
the set

as the set of points, where the two regression functions coincide. Throughout this 
paper, the symbol d

�����→
 means weak convergence in distribution.

Theorem 1  Suppose that Assumptions 1–7 in appendix are satisfied, in particular 
n1, n2 → ∞ such that n∕n1 → � ∈ (1,∞) and n

�,i∕n� → �
�,i ∈ (0, 1) for i = 1,… , k

�
 , 

� = 1, 2 . The statistic d̂1 defined in (5) satisfies

(3)d1 = d1(�1, �2) ∶= ∫X

|m1(x, �1) − m2(x, �2)|dx,

(4)H0 ∶ d1(𝛽1, 𝛽2) ≥ 𝜖 vs. H1 ∶ d1(𝛽1, 𝛽2) < 𝜖,

(5)d̂1 = d1(𝛽1, 𝛽2) = ∫X

|m1(x, 𝛽1) − m2(x, 𝛽2)|dx,

(6)N ∶= {x ∈ X| m1(x, �1) − m2(x, �2) = 0}

(7)

√
n(d̂1 − d1)

d
�����→ T ∶= ∫Nc

sgn(m1(x, 𝛽1)

− m2(x, 𝛽2)) G(x) dx + ∫N

�G(x)� dx
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where {G(x)}x∈X is a centred Gaussian process in �∞(X) defined by

Z1 and Z2 are p1 and p2-dimensional standard normal distributed random variables, 
respectively, and the matrices Σ1 and Σ2 are defined by

If the distribution of T in (7) would be known and q� denotes the corresponding �
-quantile, it follows from Theorem 1 that the coverage probability of the “oracle” confi-
dence interval [0, d̂1 −

q𝛼√
n
) for the L1-distance d1 converges with increasing sample size 

to 1 − � . Similarly, a simple calculation shows that the test, which rejects the null 
hypothesis, whenever d̂1 < 𝜖 +

q𝛼√
n
, is a consistent asymptotic level � test for the 

hypotheses (4).
However, the distribution of the limiting random variable T in (7) is not easily acces-

sible, because it depends on certain unknown nuisance parameters, in particular on the 
set N  of points, where the two functions m1 and m2 coincide. The unknown covariance 
matrices Σ1 and Σ2 , which essentially define the Gaussian process {G(x)}x∈X , can be 
estimated in a rather straightforward manner by

where 𝜎̂2
1
 and 𝜎̂2

2
 are consistent estimators of the variances �2

1
 and �2

2
 , respectively. 

On the other hand, the estimation of the set N  is more difficult. For a constant c > 0 , 
we define an estimate by

Consequently, let Ĝ denote the process G introduced in Theorem  1, where the 
parameter �

�
 and the matrix Σ

�
 have been replaced by their estimates 𝛽l and Σ̂

�
 , 

respectively, and � by n∕n1 . Then we define the random variable

and denote by q̂0,𝛼 the �-quantile of the corresponding distribution conditional on 
𝛽1, 𝛽2 , which can easily be simulated. We now define a confidence interval

G(x) =
�

𝜕

𝜕b1
m1(x, b1)

���b1=𝛽1

�⊤√
𝜅Σ

−1∕2

1
Z1

−
�

𝜕

𝜕b2
m2(x, b2)

���b2=𝛽2

�⊤
�

𝜅

𝜅 − 1
Σ
−1∕2

2
Z2,

Σ
�
=

1

𝜎2
�

k
�∑

i=1

𝜁
�,i

(
𝜕

𝜕b
�

m
�
(x

�,i, b�)
|||b

�
=𝛽

�

)(
𝜕

𝜕b
�

m
�
(x

�,i, b�)
|||b

�
=𝛽

�

)⊤

(l = 1, 2).

(8)Σ̂
�
=

1

𝜎̂2
�

k
�∑

i=1

n
�,i

n
�

(
𝜕

𝜕b
�

m
�
(x

�,i, b�)
|||b

�
=𝛽

�

)(
𝜕

𝜕b
�

m
�
(x

�,i, b�)
|||b

�
=𝛽

�

)⊤

,

(9)N̂ =
{
x ∈ X

|||
||m1(x, 𝛽1) − m2(x, 𝛽2)

|| < c

√
log n

n

}
.

(10)T̂ ∶= ∫N̂
c
sgn(m1(x, 𝛽1) − m2(x, 𝛽2)) Ĝ(x) dx + ∫N̂

|Ĝ(x)| dx
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for the L1-distance d1 , and using the duality between confidence intervals and statis-
tical tests (see, for example, Aitchison 1964), we propose to reject the null hypoth-
esis in (4), whenever În ⊂ [0, 𝜖) , which is equivalent to

We then obtain the following theorem on the significance level and the power of the 
above procedure.

Theorem  2  If the assumptions of Theorem  1 are satisfied, then (11) defines an 
asymptotic confidence interval for the quantity d1 , i.e.

Moreover, the test defined in (12) is a consistent and asymptotic level �-test, i.e. 

	 (i)	 If d1 ≥ � ,   then   lim supn→∞ ℙ
�
d̂1 < 𝜖 +

q̂0,𝛼√
n

� ≤ 𝛼

	 (ii)	 If d1 < 𝜖 ,   then   lim infn→∞ ℙ
�
d̂1 < 𝜖 +

q̂0,𝛼√
n

�
= 1.

Remark 1  A two-sided (asymptotic) confidence interval for d1 is given by 
[d̂1 −

q̂0,1−𝛼∕2√
n

, d̂1 −
q̂0,𝛼∕2√

n
].

3 � Bootstrap methodology

The confidence interval and test proposed in Sect.  2 require the precise esti-
mation of the set N  in (6), which might be difficult for small sample sizes. In 
order to address this problem and to obtain also a better approximation of the 
nominal level, we propose a parametric bootstrap approach. While this is quite 
standard for the construction of confidence intervals we will develop and inves-
tigate a novel constrained bootstrap approach for testing the hypotheses (4). This 
approach will result in more powerful tests compared to the confidence interval 
approach (see Sect. 4). We describe the construction of a bootstrap confidence 
interval in Algorithm 1.

(11)În ∶=
�
0, d̂1 −

q̂0,𝛼
√
n

�
,

(12)d̂1 < 𝜖 +
q̂0,𝛼
√
n
.

lim
n→∞

ℙ
�
d1 ∈ În

�
= lim

n→∞
ℙ

�
d1 ∈

�
0, d̂1 −

q̂0,𝛼
√
n

��
= 1 − 𝛼.
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As in Sect.  2, the duality between confidence intervals and statistical tests 
(see Aitchison 1964) yields a test for the hypotheses (4), which rejects the null 
hypothesis, whenever Î∗

n
⊂ [0, 𝜖) , that is,

The following result shows that this ad hoc approach yields a consistent asymptotic 
level � test.

Theorem 3  In addition to the assumptions of Theorem 1, assume that �(N) = 0 . The 
interval Î∗

n
 in (14) defines an asymptotic confidence interval for the quantity d1 , i.e.

Moreover, the test defined in (15) is a consistent and asymptotic level �-test, i.e. 

	 (i)	 If d1 ≥ � then   lim supn→∞ ℙ
(
q̂∗
1−𝛼,0

< 𝜖
) ≤ 𝛼

	 (ii)	 If d1 < 𝜖 then   lim infn→∞ ℙ
(
q̂∗
1−𝛼,0

< 𝜖
)
= 1.

The finite sample properties of the confidence interval (14) and the test (15) 
will be investigated in Sect. 4. In particular, it will be demonstrated that, by its 
construction, the test (15) is rather conservative and not very powerful. There-
fore, we propose as an alternative a constrained bootstrap test for the hypotheses 
(4), which addresses the specific structure of the composite hypotheses (4). The 
pseudocode for this test is summarized in Algorithm 2.

(15)q̂∗
1−𝛼,0

< 𝜖

lim
n→∞

ℙ
(
d1 ∈ Î∗

n

)
= 1 − 𝛼.
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Remark 2  (i) Note that, by definition (16), ̂̂d1 ∶= d1(
̂̂
𝛽1

̂̂
𝛽2) ≥ 𝜖 . Therefore, Algo-

rithm 2 generates in step (3) bootstrap data under the null hypothesis.
(ii) In practice, the quantile can be estimated with arbitrary precision generating 

bootstrap replicates d̂∗(1)
1

,… , d̂
∗(B)

1
 as described in steps (3) and (4) in Algorithm 2 

and calculating the empirical �-quantile, say q̂(B)
𝛼,1

 , from this sample.
(iii) The following result shows that this parametric bootstrap test has asymptotic 

level � and is consistent if the set N  defined in (6) has Lebesgue measure 0.

Theorem  4  In addition to Assumption 1–7 in appendix, assume that the set N  
defined in (6) has Lebesgue measure zero. Further assume that the �-quantile q� of 
the random variable T in (7) is negative. The constrained bootstrap test defined by 
(17) in Algorithm 2 has asymptotic level � and is consistent. More precisely, 

	 (i)	 If the null hypothesis H0 ∶ d1 ≥ � holds, then limn1,n2→∞ ℙ(d̂1 < q̂∗
𝛼,1
) = 0 if 

d1 > 𝜖 and limn1,n2→∞ ℙ(d̂1 < q̂∗
𝛼,1
) = 𝛼, if d1 = �.

	 (ii)	 I f  t h e  a l t e r n a t i ve  h y p o t h e s i s  H1 ∶ d1 < 𝜖  h o l d s ,  t h e n    
limn1,n2→∞ ℙ(d̂1 < q̂∗

𝛼,1
) = 1.
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Remark 3  (i) The assumption that q� be negative is needed to show that 
ℙ( ̂̂d < q̂∗

𝛼,1
) → 0 in the interior of H0 , that is, d1 > 𝜖 . If N  has Lebesgue measure 0 

the distribution of T is Gaussian and it reduces to 𝛼 < 0.5.
(ii) Algorithms 1 and 2 have been formulated under the assumption of homosce-

dastic errors. However, these algorithms can easily be modified to address hetero-
scedasticity, for example, by using a different estimate of the asymptotic variance.

Remark 4  (i) Let � = {m1(x, �1) − m2(x, �2)}x∈X ,  𝜃̂ = {m1(x,
̂̂
𝛽1) − m2(x,

̂̂
𝛽2)}x∈X 

and 𝜃̂∗ = {m1(x, 𝛽
∗
1
) − m2(x, 𝛽

∗
2
)}x∈X denote processes on �∞(X) and define the map-

ping Φ(f ) = ∫
X
|f (x)|dx from �∞(X) onto ℝ . By the proof of Theorem 1, we have

where BL denotes the space of bounded Lipschitz functions (see Van der Vaart 
2000), � = {G(x)}x∈X is the Gaussian process defined in Theorem 1 and Φ�

�
 denotes 

the directional Hadamard derivative at the process � ∈ �
∞(X) . Now, according to 

Theorem 3.1 in Fang and Santos (2019), the corresponding statement for the boot-
strap process

(here �∗ denote the expectation conditional on the sample) holds if and only if the 
directional derivative of the mapping Φ at � is linear, that is, Φ is Hadamard dif-
ferentiable at � . However, by the proof of Theorem 1, this is the case if and only if 
�(N) = 0.

From a practical point of view, the condition �(N) = 0 will be fulfilled in most 
applications. For example, if the predictor is one-dimensional the curves corre-
sponding to typically used parametric regression models m1 and m2 either intersect in 
at most one point or they are completely identical (which is unlikely in most applica-
tions). Therefore, Theorem 4 is applicable in most applications and ensures that the 
parametric bootstrap defined by Algorithm 2 yields a statistically valid procedure.

(ii) A bootstrap procedure for which consistency can be proved even in the case 
𝜆(N⇒ > 0 can be obtained using the results of Fang and Santos (2019); in particu-
lar, we will construct an estimator of the directional derivative of the L1-norm map-
ping that fulfils the assumptions of Theorem 3.2 in their paper. To be precise, we 
define

for some sequence sn satisfying sn∕
√
n → 0 . We then proceed as in Algorithm 2, 

where the steps (4) and (5) are replaced by
(4’) Calculate the bootstrap test statistic Φ̂�

(𝜃̂∗ − 𝜃̂) and the �-quantile q̂∗
𝛼,1

 of its 
distribution.

sup
h∈BL

���
�
h
�√

n(Φ(𝜃̂) − Φ(𝜃))
��

− �
�
h
�
Φ

�

𝜃
(�)

�
]�� = o(1) ,

sup
h∈BL

��𝔼
∗
�
h
�√

n(Φ(𝜃̂∗) − Φ(𝜃̂))
�
] − 𝔼

�
h
�
Φ

�

𝜃
(𝔾)

�
]�� = o

ℙ
(1)

Φ̂
�

(f ) ∶= �|𝜃̂|≥1∕sn
sgn(𝜃̂(x))f (x) dx + �|𝜃̂|<1∕sn

|f (x)| dx
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(5’) The null hypothesis in (4) is rejected, whenever d̂1 < q̂∗
𝛼,1

+ 𝜖. It can then be 
shown (see Appendix) that the statements of Theorem 4 hold for this test, even in 
the case 𝜆(N) > 0.

4 � Finite sample properties

We investigate the finite sample properties of the confidence intervals and the 
tests for the hypotheses (4) by means of a small simulation study. For this pur-
pose, we consider two E-max models

where x ∈ X = [0, 4] . We consider two scenarios for the parameters:

Some typical curves are displayed in Fig. 1.
An equal number of observations is allocated to five equidistant dose levels 

x1,1 = x2,1 = 0, x1,2 = x2,2 = 1,… , x1,5 = x2,5 = 4 , and the sample sizes for both 
groups are given by n1 = n2 = 20, 50, 100 and 200. The errors in the regres-
sion models (2) are centred normal distributions with variances chosen as 
(�2

1
, �2

2
) = (0.25, 0.25) and (0.25,  0.5). All bootstrap results are obtained by 

B = 300 replications.
As estimators for the parameters in the regression models (2), we use least 

squares estimators, that is,

(19)m
�
(x, �

�
) = �

�1 +
�
�2x

�
�3 + x

(� = 1, 2),

(20)Intersecting curves ∶ 𝛽1 = (5, 3, 1)⊤ , 𝛽2 = (5, 3 + 𝛾 , 1 + 𝛾)⊤, 𝛾 ≥ 0

(21)Parallel curves ∶ 𝛽1 = (𝛿, 5, 1)⊤ , 𝛽2 = (0, 5, 1)⊤, 𝛿 ≥ 0.

Fig. 1   Typical E-max curves considered in the simulation study. Left panel: intersecting curves defined 
by (20) with � = 0 (solid), � = 2.7 (dashed) and � = 30 (dotted). Right panel: parallel curves defined by 
(21) with � = 0 (solid), � = 1∕4 (dashed) and � = 1∕2 (dotted)
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(� = 1, 2) . We start investigating the coverage probabilities of the asymptotic and 
bootstrap confidence intervals for the distance d1 defined in (11) and (14), respec-
tively. For the asymptotic confidence interval, we estimate the set N  by (9) with 
c = 1 . The parameters in the two E-max models (19) are defined by (20) and (21) 
such that d1 = 1 . The corresponding results are given in Table 1, where the upper 
part corresponds to the intersecting and the lower part to the parallel scenario. We 
observe that the coverage probabilities of the asymptotic confidence interval are too 
small, but they improve with increasing sample size. The results for the bootstrap 
confidence intervals are more satisfactory. For small sample sizes, the bootstrap 
yields intervals with a too large coverage probability, but in general it provides an 
improvement.

Next, we consider the problem of testing the hypotheses (4) with � = 1 . We 
begin with the two tests (12) and (15), which have been derived from the asymp-
totic and bootstrap confidence interval, respectively. The corresponding rejection 
probabilities are displayed in Fig. 2 for the E-max models (19) with parameters 
(21) (parallel curves). Note that in this case d1 = 4� and �(N) = 0 , whenever 
� ≠ 0 . Therefore, the cases � ≥ 0.25 and 𝛿 < 0.25 correspond to the null hypoth-
esis and alternative in (4), respectively. The horizontal solid line marks the sig-
nificance level � = 0.05 ,  and the vertical solid line corresponds to the boundary 
of the null hypothesis, that is, d1 = 1 . The curves reflect the qualitative behaviour 
predicted by Theorems 2 and 3. Note that the power curves are decreasing in d1 as 
the null hypothesis is given by H0 ∶ d1 ≥ 1 . We observe that the asymptotic test 
(12) does not keep its nominal level. In particular, for small sample sizes the level 

𝛽
�
=arg min

𝛽
�
∈ℝp�

k
�∑

i=1

n
�,i∑

j=1

(Y
�,i,j − m

�
(x

�,i, 𝛽�))
2 ,

𝜎̂2
�
=

1

n
�

k�∑

i=1

n
�,i∑

j=1

(Y
�,i,j − m

�
(x

�,i, 𝛽�))
2

Table 1   Coverage probabilities 
of the asymptotic (left) and 
bootstrap 95%-confidence 
interval (right)

The regression functions are given by (19) such that d
1
= 1 . Upper 

part: intersecting curves defined by (20). Lower part: parallel curves 
defined by (21)

(n
1
, n

2
) (�2

1
, �2

2
)

(0.25, 0.25) (0.25, 0.5) (0.25, 0.25) (0.25, 0.5)

(20,20) 0.640 0.680 1.000 1.000
(50,50) 0.690 0.695 0.990 1.000
(100,100) 0.830 0.810 0.965 0.990
(200,200) 0.845 0.845 0.955 0.960
(20,20) 0.620 0.645 1.000 1.000
(50,50) 0.695 0.760 0.994 1.000
(100,100) 0.775 0.755 0.972 0.984
(200,200) 0.855 0.840 0.938 0.960
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is substantially exceeded. On the other hand, the bootstrap test (15) keeps the 
nominal level in all situations under consideration. The asymptotic test has more 
power, but this advantage comes at the cost of an unreliable approximation of the 
nominal level. Therefore, if one would have to choose from these tests, we would 
recommend to use the test based on the bootstrap confidence interval. Note that 
this test has not much power for the sample sizes n1 = n2 = 20 and 50, but the 
constrained bootstrap test developed in Sect. 3 will yield a further improvement.

In Fig. 3, we illustrate the performance of the test (18) (constrained bootstrap 
- see Algorithm 2) for testing the hypotheses (4) with � = 1 . The rejection prob-
abilities for the situation investigated in Fig. 2 (parallel E-Max models defined by 
(21)) are shown in the right part of the figure. These results are directly compara-
ble with the right panels in Fig. 2. We observe that the constrained bootstrap test 
(18) yields a substantial improvement in power compared to the test (15), which is 
based on the bootstrap confidence interval. For example, if d1 = 0 , n1 = n2 = 50 , 
�2
1
= �2

2
= (0.25, 0.25) , the test (15) has approximately power 0.115, while the 

power of the constrained bootstrap test is 0.455. The left part of the Fig. 3 shows 
the results for intersecting E-Max models (defined by (20)). A comparison with 

Fig. 2   Rejection probabilities of the tests (12) (left) and (15) (right) for the hypotheses (4). First row: 
�2

1
= �2

2
= 0.25 ; Second row: �2

1
= 0.25, �2

2
= 0.5 . The nominal level is � = 0.05 , and parallel E-Max 

models defined by (21) are considered
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the right part shows that the differences in power between the two cases (inter-
secting E-Max and shifted E-Max curves) are rather small.
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Appendix

In this appendix, we give proofs to all theoretical results in this paper. For this pur-
pose, we require the following assumptions: 

Assumption 1	� The errors �
�,i,j have finite variance �2

�
 and mean 0.

Assumption 2	� The covariate region X ⊂ ℝ
d is compact and the number and loca-

tion levels of k
�
 does not depend on n

�
 for � = 1, 2.

Fig. 3   Rejection probabilities of the constrained bootstrap test (18) (Algorithm  2) for the hypotheses 
(4). Left panels: intersecting E-max models with parameters (20) Right panels: parallel E-max models 
with parameters (21). First row: �2

1
= �2

2
= 0.25 ; Second row: �2

1
= 0.25, �2

2
= 0.5 . The nominal level is 

� = 0.05
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Assumption 3	� All estimators of the parameters �1 , �2 are computed over compact 
sets B1 ⊂ ℝ

p1 and B2 ⊂ ℝ
p2.

Assumption 4	� The regression functions m1 and m2 are twice continuously dif-
ferentiable with respect to the parameters for all b1, b2 in the 
neighbourhoods of the true parameters �1, �2 and all x ∈ X  . The 
functions (x, b

�
) ↣ m

�
(x, b

�
) and their first two derivatives are 

continuous on X × B
�
 for � = 1, 2.

Assumption 5	� Defining 

 we assume that for any u > 0 there exists a constant vu,� > 0 such that 

Assumption 6	� The matrices Σ
�
 are non-singular and the sample sizes n1, n2 con-

verge to infinity such that 

 and 

Assumption 7	� We denote by 𝛽1, 𝛽2 estimators of the parameters �1, �2 and assume 
that they can be linearized, meaning the estimators fulfil the fol-
lowing condition: 

 with square integrable influence functions �1,i,j and �2,i,j satisfying 

 This implies that the asymptotic distribution of 𝛽1 and 𝛽2 is given by 

 where the asymptotic covariance matrix is given by 

�
(n)

a,�
(b) ∶=

k
�∑

i=1

n
�,i

n
�

(m
�
(x

�,i, a) − m
�
(x

�,i, b))
2,

lim inf
n→∞

inf
a∈B

�

inf
|b−a|≥u�

(n)

a,�
(b) ≥ vu,� , � = 1, 2.

lim
n
�
→∞

n
�,i

n
�

= 𝜉
�,i > 0, i = 1,… , k

�
, � = 1, 2,

lim
n1,n2→∞

n

n1
= � ∈ (1,∞).

√
n
�
(𝛽

�
− 𝛽

�
) =

1
√
n
�

k
��

i=1

n
�,i�

j=1

𝜙
�,i,j + o

ℙ
(1) as n

�
→ ∞, � = 1, 2

�[�
�,i,j] = 0, j = 1,… , n

�,i, i = 1,… , k
�
, � = 1, 2.

√
n
�
(𝛽

�
− 𝛽

�
)

d
�����→ N(0,Σ−1

�
), � = 1, 2,
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 Moreover, the variance estimators 𝜎̂2
1
 and 𝜎̂2

2
 used in (8) are consistent.

A.1 Proof of Theorem 1

We will prove this result by an application of the (functional) delta method for direc-
tionally differentiable functionals as stated in Theorem 2.1 in Shapiro (1991). We 
introduce the notations �(x) = m1(x, �1) − m2(x, �2) , 𝜃̂(x) = m1(x, 𝛽1) − m2(x, 𝛽2), 
� = {�(x)}x∈X and 𝜃̂ = {𝜃̂(x)}x∈X , and will show below that the mapping

is directionally  Hadamard differentiable with respect to ( �∞(X) , ‖ ⋅ ‖1 ) and the 
absolute value norm on ℝ , where the derivative is given by

at h ∈ �
∞(X) . Note that 

�
𝓁
∞(X), ‖ ⋅ ‖1

�
 is still separable and that its norm is weaker 

than the sup-norm.
Hence, the convergence in distribution

in 
�
𝓁
∞(X), ‖ ⋅ ‖∞

�
 established in Dette et al. (2018) is also valid in this setting. In 

particular, applying the (directional) delta method (Theorem 2.1 in Shapiro 1991) 
gives

where N  is defined in (6). Therefore, we are left with showing the differentiability 
of the functional Φ . For this purpose, we write Φ = Φ1◦Φ2, where

Σ−1
�

=

k
�∑

i=1

𝜉
�,i�[𝜙�,i,j𝜙

⊤

�,i,j
], � = 1, 2.

Φ ∶

{
�
∞(X) → ℝ

f → Φ(f ) = ∫
X
|f (x)|dx

Φ
�

h
∶

{
�
∞(X) → ℝ

f → Φ
�

h
(f ) = ∫

{h≠0} sgn(h(x))f (x)dx + ∫
{h=0}

|f (x)|dx

√
n
�
𝜃̂(x) − 𝜃(x)

�
x∈X

d
�����→ {G(x)}x∈X

√
n(d̂1 − d1) =

√
n∫X

�𝜃̂(x)� − �𝜃(x)� dx

=
√
n
�
Φ({𝜃̂(x)}x∈X) − Φ({𝜃(x)}x∈X))

�

d
�����→ Φ

�

𝜃
({G(x)}x∈X)

= ∫Nc

sgn(𝜃(x)) G(x) dx + ∫N

�G(x)� dx,

Φ1 ∶

{
�
∞(X) → ℝ

f → Φ1(f ) = ∫
X
f (x)dx

, Φ2 ∶

{
�
∞(X) → �

∞(X)

Φ2(f ) = |f |.
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As a linear mapping Φ1 is obviously Hadamard differentiable with derivative 
(Φ1)

�

h
= Φ1 at h ∈ �

∞(X) , with respect to (𝓁∞(X), ‖ ⋅ ‖1) . We prove below that Φ2 is 
directionally Hadamard differentiable with respect to (𝓁∞(X), ‖ ⋅ ‖1) and derivative

at h ∈ �
∞(X) . The assertion then follows by the chain rule given in Proposition 3.6 

in Shapiro (1990).
For a proof of (22), let (xn) be a sequence in �∞(X) converging to x and (tn) be a 

sequence of positive real numbers converging to zero. We show that

where

This proves the claim.
For a proof of (23), note that this statement is equivalent to

where �

�����→
 denotes �-stochastic convergence (see Theorem  21.4 and the preceding 

definitions in Bauer, 2011).

Proof of (A2.1)  To prove this statement, it suffices to show every subsequence (Znk ) 
of (Zn) has a further subsequence (Znkj ) , which converges to zero almost everywhere. 
So, let (Znk ) be a subsequence of (Zn) . Since xn

‖⋅‖1
���������������→ x by assumption, we know 

xnk

‖⋅‖1
���������������→ x . Theorem  15.7 in Bauer (2011) then implies that there exists a subse-

quence (xnkj ) such that xnkj
a.e
����������→ x . We conclude that Znkj

a.e
����������→ 0 by the following: 

1)	 On the set {t ∈ ℝ ∣ xnkj
(t) → x(t), h(t) = 0} , we have 

2)	 On the set {t ∈ ℝ ∣ xnkj
(t) → x(t), h(t) > 0} , we have for sufficiently large j

3)	 On the set {t ∈ ℝ ∣ xnkj
(t) → x(t), h(t) < 0} , we have for sufficiently large j

(22)(Φ2)
�

h
∶

{
�
∞(X) → �

∞(X)

f → (Φ2)
�

h
(f ) = 1{h≠0}sgn(h)f + 1{h=0}|f |

(23)
‖‖‖‖
Φ2(h + tnxn) − Φ2(h)

tn
− (Φ2)

�

h
(x)

‖‖‖‖1

n→∞
�������������������→ 0,

Zn =
Φ2(h + tnxn) − Φ2(h)

tn
− (Φ2)

�

h
(x) .

(A2.1) Zn
�

�����→ 0 ,

(A2.2) (Zn) is uniformly integrable ,

Znkj
(t) = ||xnkj (t)

|| − |x(t)|
j→∞
�����������������→ 0.

Znkj
(t) = xnkj

(t) − x(t)
j→∞
�����������������→ 0.
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	�  ◻

Proof of (A2.2)  We have that

where we have used the definition of (Φ2)
�

h
 for the second inequality. Now |xn| is uni-

formly integrable, since xn
‖⋅‖1
���������������→ x and |x| is uniformly integrable, since x is bounded. 

Therefore, |xn| + |x| is uniformly integrable. Since |Zn| is dominated by |xn| + |x| , the 
result follows. 	�  ◻

A.2 Proof of Theorem 2

We first show that, unconditionally,

For this purpose, we note that from Assumption 1-7

Next, we define

and let � denote the Lebesgue measure on X  . By the triangle inequality, we have

Note that {Ĝ(x) − G(x)}x∈X tends to 0 ∈ (𝓁∞(X), ‖ ⋅ ‖∞) in probability, which fol-
lows from the consistency of the estimators involved in the definition of Ĝ and the 
fact that ml are twice continuously differentiable functions defined on a compact set. 
As a consequence of

Znkj
(t) = −xnkj

(t) + x(t)
j→∞
�����������������→ 0.

|Zn| =
|||
|h + tnxn| − |h|

tn
− (Φ2)

�

h
(x)

||| ≤ |||
|h + tnxn| − |h|

tn

||| +
|||(Φ2)

�

h
(x)

|||

≤ |h + tnxn − h|
tn

+ |x| = |xn| + |x|

(24)T̂
ℙ

������→ T .

(25)‖𝜃 − 𝜃̂‖∞ = O
P
(n−1∕2).

S ∶= ∫Nc

sgn(𝜃(x)) Ĝ(x) dx + ∫N

|Ĝ(x)| dx

|T − T̂| ≤ |T − S| + |S − T̂|.
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we obtain |T − S| → 0 in probability. We are hence left with showing that 
|S − T̂| → 0 in probability. To this end, we observe

where

We will only show that A → 0 in probability; the corresponding result for B follows 
by similar arguments. Note that

where the last inequality is true because with high probability the signs in the third 
integral cancel each other out on N̂

c
∩Nc . This can be seen by recalling the defini-

tion of the set Nc and (25). The other two terms vanish due to Ĝ(x) being bounded in 
probability by virtue of its tightness and because

due to (25). As a similar inequality holds true for the set Nc ∩ N̂  , this concludes the 
proof of (24).

Define Y ∶= {Y
�,i,j ∶ � = 1, 2, i = 1,… , k

�
, j = 1,… , n

�,i} . Consider the con-
ditional distribution ℙT̂|Y and note that by the previous argument we have

which implies that T̂ − T|Y → 0 in probability by a suitable choice of a countable 
family of A and a repeated subsequence argument. We see that q̂0,𝛼 converges to q� 
in probability. As all quantities of which we take limits in the following are real-val-
ued, we may assume, without loss of generality, that it does so even almost surely.

Observe that

�S − T� ≤ ‖Ĝ − G‖1 ≤ 𝜆(X)‖Ĝ − G‖∞ ,

|S − T̂| ≤ A + B,

A =
|||∫N̂

c
sgn(𝜃̂(x))Ĝ(x) dx − ∫Nc

sgn(𝜃(x))Ĝ(x) dx
|||,

B =
|||∫N̂

|Ĝ(x)| dx − ∫N

|Ĝ(x)| dx|||.

A ≤ ����N̂
c
∩N

sgn(𝜃̂(x))Ĝ(x) dx − �Nc∩N̂

sgn(𝜃(x))Ĝ(x) dx
���

+
����Nc∩N̂

c

�
sgn(𝜃̂(x)) − sgn(𝜃(x))

�
Ĝ(x)dx

���

≤ 𝜆(N̂
c
∩N)‖Ĝ‖∞ + 𝜆(Nc ∩ N̂)‖Ĝ‖∞ + o

P
(1) ,

𝜆(N̂
c
∩N) = 𝜆

�
{x � 𝜃̂(x) ≥ c

√
log(n)∕n, 𝜃(x) = 0}

�

≤ 𝜆
�
{x �

√
n(𝜃̂(x) − 𝜃(x)) ≥ c log(n)}

�
= o

P
(1)

ℙ(T̂ − T ∈ A) = ∫ ℙ
T̂−T|Y(A)dℙ → 0,
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By Egorov’s theorem, we may assume that the o(1) term vanishes uniformly on a set 
of measure � for any 𝛿 > 0 . To be precise, for n(m) large enough we have o(1) ≤ 1∕m 
on a set Am that has measure at least 1 − 1∕m . Hence, for n ≥ n(m) we obtain

A similar lower bound can be obtained by the same arguments. Letting n go to infin-
ity then establishes

because the convergence of the distribution functions of 
√
n(d̂1 − d1) is uniform for 

all continuity points of FT.
This proves the first part of Theorem 2.
For the test in (12), under the null hypothesis H0 ∶ d1 ≥ � , we have � − d1 ≤ 0 , 

which implies for the probability of rejection

where the convergence follows from similar arguments as for the first part of the theo-
rem and Theorem 1. Consequently, the decision rule (12) defines an asymptotic level �
-test. Similarly, under the alternative, we have 𝜖 − d1 > 0 , which yields consistency, i.e.

since q̂0,𝛼
ℙ

������→ q𝛼 and 
√
n(� − d1)

n→∞
�������������������→ ∞ imply 

√
n(𝜖 − d1) + q̂0,𝛼

n→∞
�������������������→ ∞ and we 

know that 
√
n(d̂1 − d1) converges in distribution by Theorem 1. 	�  ◻

A.3 Proof of Theorem 3

We start with proving the properties of the test. We have

ℙ

�
d1 ∈ [0, d̂1 −

q̂0,𝛼
√
n
]
�
= 1 − ℙ

�√
n(d̂1 − d1) ≤ q̂0,𝛼

�

= 1 − ℙ

�√
n(d̂1 − d1) ≤ q𝛼 + o(1)

�
.

ℙ

�√
n(d̂1 − d1) ≤ q𝛼 + o(1)

� ≤ ℙ

�√
n(d̂1 − d1) ≤ q𝛼 + 1∕m,Am

�
+ ℙ(Ac

m
)

≤ ℙ

�√
n(d̂1 − d1) ≤ q𝛼 + 1∕m

�
+ 1∕m.

ℙ

�
d1 ∈ [0, d̂1 −

q̂0,𝛼
√
n
]
�
= 1 − ℙ

�√
n(d̂1 − d1) ≤ q̂0,𝛼

�
→ 1 − 𝛼,

ℙ

�
d̂1 < 𝜖 +

q̂0,𝛼
√
n

�
= ℙ(

√
n(d̂1 − d1) <

√
n(𝜖 − d1) + q̂0,𝛼)

≤ ℙ(
√
n(d̂1 − d1) < q̂0,𝛼)

= ℙ(
√
n(d̂1 − d1) < q𝛼 − (q𝛼 − q̂0,𝛼))

n→∞
�������������������→ 𝛼,

ℙ

�
d̂1 < 𝜖 +

q̂0,𝛼
√
n

�
= ℙ(

√
n(d̂1 − d1) <

√
n(𝜖 − d1) + q̂0,𝛼)

n→∞
�������������������→ 1,
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Following the arguments in the proof of Theorem 2 of Dette et al. (2018) (where we 
use Theorem 23.9 from Van der Vaart (2000) instead of an explicit first-order expan-
sion and the continuous mapping theorem), we obtain

where q1−� is the 1 − � quantile of the random variable T defined in (7). Since 
√
n(d1 − d̂1) converges in distribution to T by Theorem  1, T is symmetric when 

�(N) = 0 , 
√
n(� − d1) converges to zero if d1 = � and to ±∞ in the alternative/

remainder of the null hypothesis, we obtain the desired statement on the significance 
level and the consistency of the test.

For the confidence interval, we observe that

which yields the desired statement by (26). 	�  ◻

A.4 Proof of Theorem 4

Proof of (i)  First, we determine the asymptotic distribution of the bootstrap test sta-
tistic d̂∗

1
 . Define 𝜃̂∗(x) = m1(x, 𝛽

∗
1
) − m2(x, 𝛽

∗
2
) and ̂̂𝜃(x) = m1(x,

̂̂
𝛽1) − m2(x,

̂̂
𝛽2) . Fol-

lowing the proof of Theorem 1 in Dette et al. (2018) shows that conditionally on Y 
in probability

By assumption, the directional Hadamard derivative Φ�
�
 is linear and thus a proper 

Hadamard derivative which allows us to apply the delta method for the bootstrap as 
stated in Theorem 23.9 in Van der Vaart (2000). Consequently we obtain

conditionally on Y in probability.
Case 1 ∶ d1 > 𝜖. We observe that

We now show that the first sequence in the upper bound (27) converges to zero. To 
prove this, first note that for all � ∈ (0, 1)

ℙ
�
q̂∗
1−𝛼,0

< 𝜖
�
= ℙ

�√
n(q̂∗

1−𝛼,0
− d̂1) <

√
n(𝜖 − d1) +

√
n(d1 − d̂1)

�
.

(26)
√
n(q̂∗

1−𝛼,0
− d̂1)

ℙ

������→ q1−𝛼 ,

ℙ
�
d1 ∈ Î∗

n

�
= ℙ

�
d1 < q̂∗

1−𝛼,0

�
= ℙ

�√
n(d1 − d̂1) <

√
n(q̂∗

1−𝛼,0
− d̂1)

�
,

�√
n
�
𝜃̂∗(x) − ̂̂

𝜃(x)
��

x∈X

d
�����→ {G(x)}x∈X.

√
n
�
d̂∗
1
− ̂̂
d1
�
=
√
n
�
Φ({𝜃̂∗(x)}x∈X) − Φ({ ̂̂𝜃(x)}x∈X)

� d
�����→ Φ

�

𝜃
({G(x)}x∈X)

(27)

ℙ(d̂1 < q̂∗
𝛼,1
) =ℙ(d̂1 < q̂∗

𝛼,1
, d̂1 ≥ 𝜖) + ℙ(d̂1 < q̂∗

𝛼,1
, d̂1 < 𝜖)

≤ℙ(d̂1 < q̂∗
𝛼,1
,
̂̂
d1 = d̂1) + ℙ(d̂1 < 𝜖)

≤ℙ( ̂̂d1 < q̂∗
𝛼,1
) + ℙ(

√
n(d̂1 − d1) <

√
n(𝜖 − d1)).
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where q� denotes the �-quantile of the random variable T defined in (7). To see this, 
observe that

Since 
√
n(d̂∗

1
− ̂̂
d1) converges in distribution to T conditionally on Y in probability, 

Lemma 21.2 in Van der Vaart (2000) yields (28). Using (28) and choosing 𝛼 > 0 
small enough such that q𝛼 < 0 , we obtain

Finally, we show that the second sequence in the upper bound (27) converges to 
zero. Since d1 > 𝜖 by assumption, we have that 

√
n(� − d1) → −∞ , and from Theo-

rem 1, we know that 
√
n(d̂1 − d1) converges in distribution. Therefore, the result fol-

lows. This concludes the proof of (i) in the case d1 > 𝜖.
Case 2 ∶ d1 = � . We observe that

Because of (28) and Theorem 1, we have that

Since ̂̂d1 > 𝜖 implies d̂1 − d1 > 0 and (28) holds, we obtain

(28)
√
n (q̂∗

𝛼,1
− ̂̂
d1)

ℙ

������→ q𝛼 ,

𝛼 =ℙ(d̂∗
1
< q̂∗

𝛼,1
∣ Y) = ℙ(

√
n(d̂∗

1
− ̂̂
d1) <

√
n(q̂∗

𝛼,1
− ̂̂
d1) ∣ Y) a.s .

ℙ( ̂̂d1 < q̂∗
𝛼,1
) =ℙ(

√
n(q̂∗

𝛼,1
− ̂̂
d1) > 0)

≤ℙ���
√
n(q̂∗

𝛼,1
− ̂̂
d1) − q𝛼

�� > −q𝛼
� n→∞
�������������������→ 0.

ℙ(d̂1 < q̂∗
𝛼,1
) =ℙ(d̂1 < q̂∗

𝛼,1
, d̂1 ≥ 𝜖) + ℙ(d̂1 < q̂∗

𝛼,1
, d̂1 < 𝜖)

=ℙ(d̂1 < q̂∗
𝛼,1
,
̂̂
d1 = d̂1) + ℙ(d̂1 < q̂∗

𝛼,1
,
̂̂
d1 = 𝜖)

− ℙ(d̂1 < q̂∗
𝛼,1
, d̂1 = 𝜖)

=ℙ(d̂1 < q̂∗
𝛼,1
,
̂̂
d1 = d̂1) + ℙ(d̂1 < q̂∗

𝛼,1
,
̂̂
d1 = 𝜖 = d1) + o(1)

=ℙ(
√
n(d̂1 − d1) <

√
n(q̂∗

𝛼,1
− ̂̂
d1),

̂̂
d1 = 𝜖) + o(1)

=ℙ(
√
n(d̂1 − d1) <

√
n(q̂∗

𝛼,1
− ̂̂
d1))

− ℙ(d̂1 − d1 < q̂∗
𝛼,1

− ̂̂
d1,

̂̂
d1 > 𝜖) + o(1).

ℙ(
√
n(d̂1 − d1) <

√
n(q̂∗

𝛼,1
− ̂̂
d1))

n→∞
�������������������→ 𝛼.

ℙ(d̂1 − d1 < q̂∗
𝛼,1

− ̂̂
d1,

̂̂
d1 > 𝜖) ≤ ℙ(0 < q̂∗

𝛼,1
− ̂̂
d1)

n→∞
�������������������→ 0,
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which completes the proof of (i). 	�  ◻

Proof of (ii)  The result follows by the same arguments as given for the proof of 
the second statement of Theorem 2 in Dette et al. (2018). Only note that the map 
(b1, b2) ↦ d1(b1, b2) from B1 × B2 onto ℝ is uniformly continuous, since it is a con-
tinuous function on a compact set. 	�  ◻

A.5 Proof of the statement in Remark 4(ii)

Consider first the null hypothesis H0 ∶ d1 ≥ � . From Lemma 1 and Theorem 3.2 in 
Fang and Santos (2019), we know that conditionally in probability

Case 1 ∶ d1 > 𝜖. First note that for all � ∈ (0, 1) we have

where q� denotes the �-quantile of T and q̂∗
𝛼,1

 denotes the �-quantile of Φ̂�∗ . To see 
this, observe that by definition of q̂∗

𝛼,1
 we have

Since 
√
nΦ̂

�∗ converges in distribution to T conditionally on Y in prob-
ability, Lemma 21.2 in Van der Vaart (2000) yields (29). Using (29), we see that √
n(q̂∗

𝛼,1
+ 𝜖 − d1)

n→∞
�������������������→ −∞ , since d1 > 𝜖 . Combining this result with the fact that 

√
n(d̂1 − d1) converges in distribution by Theorem 1, we can conclude that

Case 2 ∶ d1 = � . Since 
√
n(d̂1 − d1) converges in distribution to T and (29) holds, 

we deduce that

Next we consider the alternative H1 ∶ d1 < 𝜖 . Using (29) and d1 < 𝜖 , we deduce 
that 

√
n(q̂∗

𝛼,1
+ 𝜖 − d1)

n→∞
�������������������→ ∞ . Since 

√
n(d̂1 − d1) converges in distribution, this 

implies that

	�  ◻

Lemma 1  The sequence of functions

√
nΦ̂

�∗ ∶= Φ̂
�

({
√
n(𝜃̂∗ − 𝜃̂)}x∈X)

d
�����→ Φ

�

𝜃
({G(x)}x∈X) = T .

(29)
√
n q̂∗

𝛼,1

ℙ

������→ q𝛼 ,

𝛼 =ℙ(Φ̂
�∗ < q̂∗

𝛼,1
∣ Y) = ℙ(

√
nΦ̂

�∗ <
√
nq̂∗

𝛼,1
∣ Y) a.s.

ℙ(d̂1 < q̂∗
𝛼,1

+ 𝜖) = ℙ(
√
n(d̂1 − d1) <

√
n(q̂∗

𝛼,1
+ 𝜖 − d1))

n→∞
�������������������→ 0.

ℙ(d̂1 < q̂∗
𝛼,1

+ 𝜖) =ℙ(
√
n(d̂1 − d1) <

√
n(q̂∗

𝛼,1
+ 𝜖 − d1))

=ℙ(
√
n(d̂1 − d1) <

√
nq̂∗

𝛼,1
)

n→∞
�������������������→ 𝛼.

ℙ(d̂1 < q̂∗
𝛼,1

+ 𝜖) = ℙ(
√
n(d̂1 − d1) <

√
n(q̂∗

𝛼,1
+ 𝜖 − d1))

n→∞
�������������������→ 1.
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with sn∕
√
n → 0 satisfies Assumption 4 in Fang and Santos (2019), i.e. for 

h ∈ �
∞(X) we have

[note that since Φ̂� is Lipschitz continuous with respect to ‖ ⋅ ‖1 it suffices to prove 
this simpler condition; see Fang and Santos (2019)].

Proof  Defining

we note that ||Φ̂
�

(h) − Φ
�

𝜃
(h)|| ≤ A + B , by the triangle inequality. Therefore, it suf-

fices to show that A
ℙ

������→ 0 and B
ℙ

������→ 0 . In order to show the former (the latter can be 
proven by similar arguments), we define the sets

and note that

due to 𝜃̂
ℙ

������→ 𝜃 and where � denotes the Lebesgue measure. Therefore, it suffices to 
show that the first two summands in (30) converge to zero in probability. Regarding 
the first term, we have

where the last term converges to zero, since sn∕
√
n → 0 by assumption and since the 

sequence 
√
n�𝜃̂ − 𝜃� is tight. The second summand can be handled similarly. 	�  ◻

Φ̂
�

(h) ∶= �|𝜃̂|≥1∕sn
sgn(𝜃̂(x))h(x) dx + �|𝜃̂|<1∕sn

|h(x)| dx

||Φ̂
�

(h) − Φ
�

𝜃
(h)||

ℙ

������→ 0

A ∶=
|||�|𝜃̂|≥1∕sn

sgn(𝜃̂(x))h(x) dx − �|𝜃|>0
sgn(𝜃(x))h(x) dx

|||,

B ∶=
|||�|𝜃̂|<1∕sn

|h(x)| dx − �|𝜃|=0
|h(x)| dx |||,

M1 ∶=
{
|𝜃̂| > 1

sn

}
, M2 ∶=

{
|𝜃| > 0

}

(30)

A ≤ ����M1∩M
c
2

sgn(𝜃̂(x))h(x) dx − �M2∩M
c
1

sgn(𝜃(x))h(x) dx
���

+
����M1∩M2

�
sgn(𝜃̂(x)) − sgn(𝜃(x))

�
h(x) dx

���

≤ 𝜆(M1 ∩Mc
2
)‖h‖∞ + 𝜆(M2 ∩Mc

1
)‖h‖∞ + o

ℙ
(1),

𝜆

�
M1 ∩Mc

2

�
= 𝜆

�
�𝜃̂� > 1

sn
, 𝜃 = 0

�
= 𝜆

�
sn�𝜃̂ − 𝜃� > 1, 𝜃 = 0

�

≤ 𝜆

�
sn�𝜃̂ − 𝜃� > 1

�
= 𝜆

� sn√
n

√
n�𝜃̂ − 𝜃� > 1

�
,
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