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Proof of Theorem 1

By the scale and translation invariance properties of qcor (Y, X3), k = 1,...,p, we
assume without loss of generality that E(X;) = ... = E(X,) = 0 and var(X;) =

... =var(X,) = 1. Define the infeasible maximum-type statistic by St = maxi<i<p |

qeort (Y, Xy) |, where qeor’ (Y, Xy) = {r(1 — 7)} 7207 37 ¢ {V; — Q(Y)} Xy, for
i=1

k=1,...,p. By the definitions of qcor, (Y, X}) and q/cﬁrhT(Y, X%), we can decompose

7
qeor.(Y, X;,) — geor™ (Y, X) as qeor.(Y, X;,) — geor™ (Y, Xz) = 3 Iy, where
=1

Ln = —{r(1—7)}?Xm™ Z[wT{m —Q-(V)} — ¢-{Yi — Q-(V)}),
Lo = {r(L=n)}27t Y (Y = Qe ()} = e = Qe (V)} X,
iy = —{r(1=7)}E" = )X Y e {Yi - Q)

Iy = {7(1-7)} %@, = n! Z%{Yz‘ — Q-(Y)} Xi,

B = —{r(1=n)}7 2@ = DX [0V = Q) - (¥ - Q-(V))],

Iy = {r(1=7)}7G" = Dn ' Y [0 dYs = Q:(Y)} = oo {Yi — Q-(YV)} X,

=1

Ly = —{7(1=7)} "X Y — Q- (Y)}.

=1
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By the triangle inequality, | S, — 5% |< imaxlgkgp | Is | - In what follows, we
=1

provide non-asymptotic bounds on maxj<x<, | Itz |,{ = 1,...,7, under two scenarios

of X: (i) X is strongly bounded; (ii) X has i.i.d. sub-Gaussian rows. Throughout the

proof, the notations C' and ¢ are generic constants, which may take different values

at each appearance.

We first deal with max;<y<, | I51 | . Recalling the definition of Ij;, we have

i | = (1= ) b 3ol = Q) = el = Qe s | ¥ |
< {7—(1 - 7—)}_1/2”_1 Z @Z)T{Y; - @\T(Y)} - wr{yz - Q’T(Y)} lrgl?g{p | 7k | :

=1

For any given €, € > 0, it can be easily shown that

P(max | [y [>e€) < P [”_1 DoAY = Q- ()} — e fY; — Q- (V)Y = {7 (1 - 7')}1/2(5]

1<k<p -
i=1

+P(max | X}, |> ).

1<k<p

(0.1)

When ¢ is sufficiently small and by Lemma 3, the first term on the right-hand
side of (0.1)) is bounded by 3exp{—2c7(1 — 7)ne?}. By Lemma 8 of |Chernozhukov,
et al| (2015), it is routine to verify that F(maxj<p<, | Xi |) < {log(p)/n}/? +

{E (max <j<, max)<x<p XZ?/,C)}I/2 {log(p)/n}. Applying Lemma 5, we have for every



t>0andr> 2,

P{max | X, |> 2E(maX | X% |) + ¢}

1<k<p

< exp{—(nt)?/(3n max max E|X;|*)} + (nt)” E(max |X;|"). (0.2)

1<i<n 1<k<p 1<k<p

In the strongly bounded case, it is straightforward to see that E(maxj<p<, | Xi |) <
{log(p)/n}'/? v K, {log(p)/n} and P{maxi<r<, | Xi [ 2E(maxi<re, | Xy [) +1} <
exp(—nt?/3) + n'~"t" K. By taking t < K,{log(p)/n}'/?, it follows from that
Pmaxi<psy | Xi |< CKof{log(p)/n} Vv CKaf{log(p)/n}'/?] = 1 — O(p~¢ +n'~"72), for

some positive constants C', ¢ > 0. Let

¢ = K, {log(p)/n} V K, {log(p)/n}'/2,

and

e < {log(p) /n}'"*.

Using ((0.1]), we can easily prove that

]P[max | Iy |< CK,{log(p)/n}*? v CK,{log(p)/n} =1 —O(p~—¢+n'""%), (0.3)

1<k<

for some positive constants C, ¢ > 0. For the sub-Gaussian case, we define the function
g 1 [0,00) — [0,00) by ¥s(z) = exp(2”®) — 1 for 8 > 0, and for a real-valued random

variable &, we define

I€lly, = mf{x > 0: Blus(] €| /A)] < 1}



By Problem 2.2.5 and Lemma 2.2.2 in van der Vaart and Wellner| (1996), it is not
difficult to verify that

E(max [Xy|") < (I=y)"|| max Xilly, < (I, )" log™2(2) || max Xaly,.

1<k<p 1<k<p
< log”?(p),
2 < 12 < 2
(g ) < Xl < 41060l o Xl

< 212 <
log(pn) max max || X[y, < log(pn),

when X has i.i.d. sub-Gaussian rows. This, together with , entails immediately
that E(maxi<p<p | X |) S {log(p)/n}? v log'*(pn){log(p)/n} and P{maxi<x<, |
Xy |> 2B(maxicpey | Xi |) +t} < exp(—nt?/3) + n'~"t " log"/?(p). This implies
by taking ¢ =< {log(p)/n}"/? that Plmaxi<<, | Xz |< C{log(p)/n} Vv Clog"/*(pn)

{log(p)/n}'/? =1 — O(p=¢ + n'~"/2), for some positive constants C,c > 0. Let

&= {log(p)/n} V log"*(pn){log(p) /n}"/?,

and

e < {log(p) /n}'"*.

In the sub-Gaussian case, apply (0.1]) to obtain that
Plmax | Iy |< C{log(p)/n}*? v Clog!*(pn){log(p)/n}] =1 = O(p~" +n'~"/?)(0.4)
SRSP

for some positive constants C, ¢ > 0.



Next we establish the bound for max;<g<, | Ix2 | . Note that

| Z[wT{Yi —Q,(Y)} — 0. {Yi — Q. (V)N X |

i=1 1=1
for 1 < k < p. Then, for any given € > 0,

>
Pz, | e |2 )

< P[max | n~ ZI{@T(Y) <Y < Q (Y )} X |= {7(1 = 7)}%€/2]

1<k<p T
i=

[max |- ZI{QT <Y < Q- (V)M |2 {r (1 = 7)}%¢/2]

1<k<p

=B swp | ! Zr{@(xf) <Y < QY )Ty > {r(1 — 7))} 2/2)

uk,kfl ..... =
+P[ sup [0 HQAY) <Y < Q(Y) x> {r(1— 1)} /2],
uk,kzl ..... D i=1

where uy is the kth column of the p x p identity matrix. Let the function class F
be {I{Q,(Y) <Y < Q;(Y)}Xy,k = 1,...,p}. Clearly, F has envelope Max<x<p |
X | . Moreover, the function class is VC type in view of Lemma 2.6.18 in van der
Vaart and Wellner| (1996). Due to Assumption (C4) and Serfling (1980, Theo-
..... p | P EQAY) < Y € Q) <
en” 2 Sup,cio, (v)—60.0. (v)+50] X E(fyx, (¥)|Xk]). Then, by applying Lemma 4, it

1<k<p

is not difficult to obtain that with probability 1 — o(1),

rem 2.3.2), we have sup,, ;_

max | Iy |< CK,{log(p)/n}** v CK,{log(p)/n}, (0.5)

1<k<



in the strongly bounded case, and

max | Iy [< C{log(p)/n}** v Clog!?(pn){log(p) /n}, (0.6)

1<k<p

in the sub-Gaussian case.

For bounding max;<<, | Ix7 |, we apply Bernstein’s inequality (van der Vaart and
Wellner, 1996, Lemma 2.2.11) and the fact | ¢, {Y; — Q- (Y)} |[<2fori=1,...,n, to

yield

n_l Z 1/}7'{}/1 - QT(Y)}

+P(max | X} |>©)

1<k<p

< 2exp{—7(1 — 1)ne*/8} + IP’(II?&X | X1 [>9).
<k<p

1<k<p

P(max | Iy |[> €€) < IP’[

> {r(1 - T>}1/2e]

By using similar arguments to those in the derivation of maxj<x<, | 51 |, there exist

some constants r > 2 and C, ¢ > 0 such that
P[max | Iz |< CK,{log(p) /n}/2 v CK{log(p) /n}] = 1= O(p~ +n'~"72), (0.7)
SRSP
in the strongly bounded case, and

Plmax | Iy [< C{log(p)/n}*? v Clog"?(pn){log(p) /n}] = 1 — O(p~ + n'~"%)(0.8)

1<k<p

in the sub-Gaussian case.

It remains to bound the probabilities P(maxi<g<p | I |> €),] = 3,4,5,6. To that

end, we need to describe the nonasymptotic bound on ax | 52 —1 | . By the triangle
<k<p
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inequality, for any > 0, we can obtain that

—1>
P(lrgggplak L[> 2%)

< P( maX|Zka/n 1|+maX|X,€|>2A}

1<k<p
- -
< lglgglsz/n L[> &) +P(max | X > ©). (0.9)

Invoking Lemma 5, we have for every t > 0 and r > 2,

2 _ 2
P{ max |Zsz/n L[> 2E(max IZsz/n ) +1t}
< exp{—(nt)? /(Bn nax E\Xlk] )+ (nt)” E( 1121]?? X2, (0.10)

- 4y < 2 72y -1 < foor
Obviously, llggSXpE(Xlk) S glgng(Xle”) K? and n Z E(lrgaic X2 < K?
in the strongly bounded case. When X has i.i.d. sub—Gaussaan rows, it is routine to
verify that max E|Xy[* $ 1, E(max [Xu[*") < log"(p) and E (max) <<, max;<p<p Xjz,)

1<k<p 1<k<p - -
< log®(pn). Therefore, the right-hand side of (0.10]) has the upper bound C' exp{—(nt)?/
(3nK?)} + Cn'~"t7"K?" in the strongly bounded case, and Cexp{—(nt)?/(3n)} +

Cn'="t™"log"(p) in the sub-Gaussian case. Moreover, it follows from Lemma 1 in

Chernozhukov et al.| (2015) that

(max | ZXk/n

1<k<p

< nV2 log(p)l/Q{lrgggpE(Xi‘k)}”z + 0 log(p){ E(max max X4)}"%(0.11)

1<i<n 1<k<p

By arguments similar to those for dealing with (0.10)), the right-hand side of (0.11)



has the upper bound Cn~"/2K,, log"?(p) + Cn~'K2log(p) in the strongly bounded
case, and Cn~2log"?(p) + Cn~"log(p)log(pn) in the sub-Gaussian case. Let t =
n=12K21og"?(p) and € < n"'K2log(p) V n"2K2log"?(p) in the strongly bounded
case, and t < n~1/2log(p) and € < n~/2log(p)Vn~'log(p) log(pn) in the sub-Gaussian

. ~2 < —1 2
case. Together, (0.9), (0.10) and (0.11]) yield that P{&lkagxp | o, —1|< Cn 'K;log(p)V

Cn~2K210g"?(p)} = 1—O(p~“+n'~"/?), in the strongly bounded case, and ]P’{lrgkaf \
SRSp
o2 — 1 |< Cn~Y2log(p) V Cn~tlog(p)log(pn)} = 1 — O(p~¢ + n'~"/2), in the sub-

Gaussian case.

For any given €, € > 0, it is immediate to see that

> < > ol—11>
Pl | a2 @ < F (s i 12 ) + P 57112,

1<k<p 1<k<p 1<k<p

P(max | Iys |[> €€) < P(max | Iy |> e) +P(max |7, —1[>7¢),

> < > g t—11>79.
Pl |2 @) < F (oo | |2 ) + Pluux 167 1129

Under Assumption (C2) and combining the nonasymptotic bounds for max;<i<,

I1 |, maxy<p<p | Iro | and maxy<x<, | Ig7 |, we have

P{max | Iys |< Cn~*2K ] log™*(p) v Cn 2K og” (p)

vCen 32 K3 10g 2 (p)} =1 — O(p~° +n'™"/?),  (0.12)
P{max | Iys |< Cn~*/ 2K} log™(p) v Cn K og” (p)

VO3 K310g 2 (p)y =1 — O(p~c +n"/%),  (0.13)

P{max | I |< Cn ' K3 log"(p)} = 1= O(p* +n'™72), (0.14)
SRSP



in the strongly bounded case, and

P{max | I |< Cn~*log™?(p) v Cn~*/log™*(p) log(pn) V Cn ™" log? (p) log'/*(pn)
vCen~2log?(p)log®2(pn)} =1 — O(p~¢ + n'~"/?), (0.15)
P{max | Iis |< Cn~"log™?(p) v Cn™*/log™*(p) log(pn) V Cn™*log’ (p) log!/*(pn)
vOn~2log?(p)log®?(pn)} = 1 — O(p~¢ + n'™"/?), (0.16)
P{max | Iy |< Cn~'log™?(p) log*(n) log'"* (pn)

VCn~*?1og*?(p) log'/*(n) log*?(pn)} = 1 = O(p~* +n'~"/?),(0.17)

in the sub-Gaussian case. Under Assumption (C4) and by Lemma 1, we have that
forall 1 <k <p,

E|n™') o {Y — Q(Y)} X | =0,
=1

under the null hypothesis in (1.2). Using the fact | ¥.{Y; — Q- (Y)} |< 2 for
i =1,...,n, it is routine to show that Plmaxj<y<, | n~! Zn: v AY: — Q- (V)X |<
CK,{log(p)/n} V CK,{log(p)/n}/}] =1 —-0O(p~— + nl_r;g_)1 in the strongly bound-
ed case, and Plmax; cpep | 77! in{Yi —0,(Y)} X |< Cllog(p)/n} V Clog"2(pn)
{log(p)/n}'/?] = 1 — O(p~ —I—Z;LI’TQ) in the sub-Gaussian case. Consequently, it

follows from the argument similar to that used to bound max;<<, | Ixs | that

P{max | Iy |[< Cn~? K} log?(p) v Cn™ 2K log™?(p)
SRSP

VOn K2 log(p)y =1 — O(p~¢ +n'"/?), (0.18)



in the strongly bounded case, and

P{max | L |< Cn=3/?log?(p) V Cn~?log?(p) log(pn) V Cn " log®?(p) log'/* (pn)

vOn~10g*2(p) log**(pn)} = 1 = O(p~ +n'"%),  (0.19)

in the sub-Gaussian case. Combining (0.3, (0.5, (0.7), (0.12), (0.13)), (0.14) and
(0.18)), we obtain that with probability 1 — o(1), | 5, — 5% |< n=3/4K31og®*(p) in

the strongly bounded case. Combining (0.4), (0.6)), (0.8), (0-15)), (0.16), (0.17) and
(0.19)), we obtain that with probability 1 —o(1), | S, — S |< n=2log?(p) log®?(pn) in

the sub-Gaussian case. As a result, there exist (1, (s > 0 such that

/29 _ _ -1/2,,—1/2 - ,
P ( n!?5, — max | {r(1-7)} "0 Z,wf{m Q-(Y)} X || = <1> <G

(0.20)
where ¢; =< n~/4K3log**(p) in the strongly bounded case, and ¢; =< n=3/2log?(p) log®?(pn)

in the sub-Gaussian case and (» = o(1).

Let
Zip = {r(1 = 1)} V2. {Y; — Q. (Y)} X,

fori = 1,....n and £ = 1,...,p. When X is strongly bounded, we take B, =

2{7(1—7)}"2K,,. It is trivial that n=' >_ E(| Zy. [**) <n~! ; E(]| X |*)B. = B!,

i=1
forall k =1,...,pand [ = 1,2, and F{(maxi<x<p | Zix | /Bn)?} < E{(maxj<g< |
Xk | /Kn)?} < 2foralli=1,...,nand ¢ > 3. An application of Chernozhukov et al.
(2017, Proposition 2.1) under these conditions leads to sup,cg | P(max n'/? Z, <

1<k<p

10



t) — P(1r£ka<x n'/2 Gy < t) |< {n ' K?log" (pn)}/6, where Z, = n~' S Zy, and Gy, =
<k<p =1
n~ '3 Gy with {g; = (Gi1,...,Gip)}, being a sequence of independent centred
i=1

Gaussian random vectors such that each g; has the same covariance matrix as z; =

(Zia, ..., Zip)". Consequently,

sup | P(max | v/n Z; |<t) —P(max | vn Gy |[< 1) |

ert | 1<k<p 1<k<p
< 1277 <4y _ 12 @ <
< tselﬁRE | ]P(llgl?%(pn Z, < t) P(lrélgg)n Gr <t)|
+sup | P(max n'/? Z;, < —t) — P(max n'/? Gy < —t) |
teR+ 1<k<p 1<k<p
<2sup | P V27 <t)—-P V2 G <) |S {n" K2 log (pn) }°.
< 2sup [ P(max n'= Z) < ) — P(max n'/= Gy < #) S {n” K, log (pn)}

(0.21)

Let ¢, , = inf{t € R" : IP’(lrgagc In'/2G;| < t) > 1 —a} and note ¢, = inf{t € R :
<j<p

P(nl/ng <t|Y,x;,i=1,...,n) > 1—a}. Using the similar arguments in the proof
of Lemma 3.2 in (Chernozhukov et al.| (2013)) we have that for every v > 0,
]P(A > U) > P{CT7Q > ET,a—Hr(v)} vV P{gT,(X > CT7OL+7T(’U)}7 (022)

where 7(v) =< v'/3{1V log(p/v)}?/* and

A = max
1<k, I<p

n {ZuZy - E(Zikzm}‘ :
i=1
By the triangle inequality,

‘]P’ <\I/§T’a = 1) — oz‘ < ’[P’ <n1/2§T > ch) - P (| Vn Zy |> cﬂa)

+|IP’(\ Vn Zy |> CT,Q) —oz‘.
11




Apply the inequality | I[(a < c¢) —I(b<c)|<I(]b—c|<|a—0b]) to show that

)IP’ (nl/ng > cﬂa> —P (] Vn Z, |> CT,OC)
<P(|n'28, = n Zi |>| Vi Zi — i |)
= P(| 028, — /0 Zi |>| V0 Zi — cra |, | 028, — v Zi |> &)

+P(| n'2S, — /i Zy |>| Vi Zi — Cra |, | 028, — /0 Zy |< &)

S ]P)(’ n1/2§‘r - \/ﬁzk ‘Z 51)"_ ‘ ]P)(gl >‘ \/ﬁik _CT,a ’) _P(€1 >’ \/ﬁak _CT,Oz ’) |
+P(& > Vi Gr = cra )
S G+ {n T K log  (pn)}0 + P(& > Vi G — 0 )

S G+ {n 'K log (pn) 0 + ({1 v log(p/¢)} Y,

where the third inequality follows from ({0.20]) and ((0.21) and the last inequality holds

due to the anti-concentration inequality in|Chernozhukov et al.|(2015). Further, apply

(0.21)), (0.22)) and the triangle inequality to obtain

P (| Vn Z |> cra) —
SIP (| Vi Gy |> ¢ra) —{a+7(v)} +7(v) + {n 'K} log” (pn)} 1/

SP(A > 0) +7(v) + {n K} log" (pn) }'/°.

By the maximal inequality in Lemma E.1 of (Chernozhukov et al. (2017) and the
boundness of the function 1. (-), it is routine to verify that P{A < Cn~'K?log(p) V
Cn~2K21og"?(p)} = 1 — O(p~¢ + n'~"/2), for some positive constants ¢ > 0,7 > 2.

Therefore, in the strongly bounded case and choosing v =< n~' K2 log(p)Vn~/2 K2 log'/?(p),

12



we obtain

B(5,=1)~a| S o{1VIog(/o)}** + G+ {n K2 log (pn)}V°

+G {1V log(p/C) Y +p ', (0.23)

for some constants ¢ > 0,r > 2. Under the assumption K2{log(pn)}"/n < n™ with

some constant ¢; > 0, we deduce the desired conclusion in the strongly bounded case.

On the other hand, when X has i.i.d. sub-Gaussian rows and by Lemma 2.2.2 in
van der Vaart and Wellner| (1996)), we have || Xix|ly, < log"?(2) max<;<, maxi<p<p || Xik |l
< oo and E(X;) < (I22,m)*" maxi<ic, maxi<p<p | Xin|5F < oo for all i =
1,....,n, k=1,...,pand [ = 1,2. Thus, there exists a large enough constant C' > 0
such that n~? i E(] Zy ) < {7(1 — 7)/2} " 171/2p 1 i E(] Xi [T < C! for all
k=1,....p ar:ill = 1,2, and E{exp(| Zu | /C)} < 2{771 —7)/2} V2| Xig |l /C <
2{7(1 — 7)/2} "2 max; <;<, maxi<p<, | Xi|ly, /O < 2 for alli =1,...,n and ¢ > 3.
Together with (Chernozhukov et al. (2017, Proposition 2.1), this implies that sup,p |
P(g&xp n'/? 7, <t)— P(l%?ﬁ, n'? G <t)|< {ntlog’ (pn)}/% in the sub-Caussian

case. Taking v < n™"2log(p) V n~'log(p) log(pn) and employing arguments similar

to those for dealing with (0.23)), we have

(05 =1)—a| S o{1VIoglp/o)} + G+ {n log (pn)}°

+G {1V log(p/C)Y P +pc + 0T,

for some constants ¢ > 0,7 > 2. Under the assumption {log(pn)}"/n < n™° with

some constant ¢; > 0, it is immediate to deduce the desired conclusion in the sub-

13



Gaussian case.

Proof of Theorem 2

Without loss of generality, we set 011 = ... = 0,, = 1. Define §T = maXj<p<p |
qeor, (Y, X) — qeor. (Y, X) | . Under the assumptions in Theorem 1, it is routine to

> Cl) < G for ({1 Vlog(p/¢i)}? =
o(1) and ¢z = o(1), where Zy = {r(1 = 7)}" V2 {Yi = Q-(Y)} Xy for i = 1,....m

show that P <

~ n
1/2 —1/2 )
n'/=S; 121?%{;; | n izgl Zir |

and k = 1,...,p. In another word, the distribution of n'/ 25 can be approximated by
maxi<i<p | Gi |, where (Gy,...,G,)" is the centered Gaussian random vector with
mean zero and covariance matrix @ = E[Y2{Y — Q. (Y)Hx — E(x)}{x — E(x)}"] €
RPXP. Since Auax(©) = sup gy, 808/ B = supg_y, EWAY — Q:(V)}187{x -
E}HPI/IBIP < {7V (1 = 1)} supgey, E(IB™{x — E&)}HP)/IBI* = {7 Vv (1 -
7)}* Amax (%), we conclude that under Assumption (C5), by Lemma 6 of [Cai et al.
(2014)), we have for any € R and as p — oo, ]P’[lrgkagp | G | —21og(p)+log{log(p)} <

r] = F(z) = exp{—n""2exp(—2/2)}. It implies that

P [nS? < 2log(p) — log{log(p)}/2| — 1. (0.24)
The bootstrap consistency result implies that

C7.0 — 2log(p) +log{log(p)} — ga = 0p(1),
where ¢, is the 100(1-a)th quantile of F'(z). Consider any k € {1,...,p} such that

| qeov (Y, X3) /ol |> (eo+2Y2){7(1 — 7) log(p)/n}*/2. Using the inequality 2a1a, <
14



6 'a? + a3 for any & > 0, we have

qeor?(Y, X,) < (1467 | q@or, (Y, Xy) — qeor, (Y, Xi)

where n | qcor (Y, X}) — qeor (Y, Xi) [ /{r(1 — 7)0m} = op{log(p)} as k is
fixed and p grows. From the proof of Theorem 1, we know the difference between
n qeor(Y, Xi)/{r(1 — 7)o} and n qcor?(Y, X;)/{r(1 — 7)o} is asymptotically
negligible. Thus by and the fact that 8, € V, (e + 2'/2), we have,

— 2 . ~
max n | qeor, (Y, Xi) [7 /{r(1 = 7)%m:}

> (14 6) (€0 + 2%)* log(p) — op{log(p)}]- (0.26)

The conclusion thus follows from ((0.24)), (0.25) and (0.26|) provided that ¢ is small

enough.

Proof of Lemma 2

Recall that the random variable C'is independent of (Y, x). It then follows by the law
of iterated expectations that {7 (1 — 7)o}/ 2cqcor, (Y, X}) = E[t, {Y — Q- (Y)H Xy —
E(Xi)} and E[{0/G(Y*) Hp-(Y*—a—0Xi)—p.(Y*)}] = E{p; (Y —a—0Xy)—p-(Y)}.

Lemma 2 then follows immediately from Lemma 1. 0

Proof of Theorem 3

15



Write T = maxi<i<p | Cq/C\Ol”E_(Y, X4) |, where
cqeort (Y, Xy) = {r(1— )} /207! Z 7 — wir (F)I{Y;" < Q- (Y) (X — Xi),
for k=1,...,p, and

1 if Ay, =1or F(C;) > 7,

Trey fA=0and F(C) <.

Then we can decompose éqcor., (Y, X)) — @"i(Y, X}.) as gpeor, (Y, Xj) — WE(Y,

7
Xk) = > Jgi, where
=1

n

T = (=)} Y we (F) Y < Q. (Y))

=1

—w; (F)I{Y; < Q-(Y)}],
Jio = {t(1—-7)}" Vep Z wi (F)I{Y; < Q-(Y)}
—wir(A)I{Y-* < Q- (Y) X,

Jrs = —{7’(1—7’)} 1/2(/\_1 an 12 sz [{Y* <QT( )}]

Ju = {1 -1)}2E - ! Z[T — wir (F)I{Y; < Qr(Y)}] Xi,

Jis = —{r(1=m)}72E = )XY [wi (F) Y < Q-(Y)}

=1
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_wiT(ﬁ>I{}/;:* < @T(Y>}]7

Ji = {T(1=7)}"P@E =) Z[wir(F)[{Yi* <Q-(Y)}
—wif(ﬁ)l{y;* < @T(Y)}]Xikn

Jer = —{r(1 - T)}_l/kan_l Z[T —w (F)I{Y < Q- (Y)}].

i=1

Using (A.2) in Wang and Wang (2009)), we have

w(F)I{Y* <Q,(Y)} = HO>Q,(Y),Y <Q.(Y)}+I{C<Q.(Y),Y <C}
1—71

1_—F<C)[{F(C) <7} .

HIC < Q.Y > C} |1
Consequently,
wi7<ﬁ)[{Y;* < @T(Y)} —wi (F)I{Y; < Q(Y)}| < Kin + Kig + K,
where

Ko = |[I{Ci>Q.(Y),Y: <Q.(Y)} — I{Ci > Q.(Y),Y; < Q- ()},

Kip = |I{C; <Q.(Y),Y; < C;} — I{C; < Q.(Y),Y; < Ci}|,

Ka = [HC<QuY)¥i> G} |1- s H(R(C) < )]
—H@s@ﬁ%%>0ﬁ@—;¥%ﬂﬂﬂawwﬂ+

From He et al.| (2013, Lemma 8.4) and the Hoeffding’s inequality, there exist ¢y > 0

17



and ¢ > 0 such that for any € € (0, ¢),

=1

SP(NIXH:KM >€/3> +P<n12n:K12 > 6/3) +]P> (nliKzg > 6/3)

i=1 =1

P [n S (R < Qi) - wi ()Y < Q.(V)}| > ]

< exp(—cne?).

The rest of the proof is analogous to the last part of Theorem 1. We omit the details

for brevity.
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