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Abstract
This work is concerned with testing the marginal linear effects of high-dimensional 
predictors in quantile regression. We introduce a novel test that is constructed using 
maxima of pairwise quantile correlations, which permit consistent assessment of 
the marginal linear effects. The proposed testing procedure is computationally effi-
cient with the aid of a simple multiplier bootstrap method and does not involve any 
need to select tuning parameters, apart from the number of bootstrap replications. 
Other distinguishing features of the new procedure are that it imposes no structural 
assumptions on the unknown dependence structures of the predictor vector and 
allows the dimension of the predictor vector to be exponentially larger than sam-
ple size. To broaden the applicability, we further extend the preceding analysis to 
the censored response case. The effectiveness of our proposed approach in the finite 
samples is illustrated through simulation studies.

Keywords  High dimension · Marginal quantile regression · Multiplier bootstrap · 
Quantile correlation · Quantile slope · Randomly censored data

1  Introduction

Inference for regression models is of central importance in statistics. As pioneered 
by Koenker and Bassett (1978), quantile regression models have drawn a great deal 
of attention in recent years, due to their flexibility for general error distributions 
and because they provide a more detailed description of the conditional distribu-
tion of the response, compared to classical mean regression. More references about 
quantile regression estimation and interpretation can be found in the seminal book 
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of Koenker (2005). For a scalar response variable Y ∈ ℝ and a set of predictors 
x = (X1,… ,Xp)

T ∈ ℝ
p , we are interested in exploring whether x is useful in mod-

eling a certain aspect of the quantiles of Y. This paper is especially concerned with 
the setting where p = p(n) grows as a function of the sample size n such that p also 
tends to infinity.

In the context of low and fixed-dimensional predictors, many model specification 
tests can be directly used to test for significant predictors at the � th conditional quan-
tile of Y. Examples include, but are not limited to, Zheng (1998), He and Zhu (2003), 
Conde-Amboage et  al. (2015) and Xu and Chen (2020). These three types of tests 
extend, respectively, the mean restriction tests of Zheng (1996), Stute (1997), Escan-
ciano (2006) and Su and Zheng (2017) to the quantile restriction case. However, these 
omnibus-type tests do not target the case of high-dimensional predictors and are based 
on fitting a model with all predictors. Therefore, they suffer from the curse of dimen-
sionality and quickly become prohibitive when the predictor dimension p diverges.

How to test the presence of significant predictors that affect the conditional 
quantile of Y in high dimensions is an urgent challenge. To the best of our knowl-
edge, the recent work by Wang et al. (2018) is perhaps the first to serve the interest-
ing and challenging topic. Their approach is in the spirit of McKeague and Qian 
(2015), who proposed an adaptive resampling test for detecting significant predic-
tors based on marginal linear mean regression. In other words, Wang et al. (2018) 
suggested a marginal testing procedure based on fitting the working marginal quan-
tile regression models by regressing Y on Xk , k = 1,… , p , for each k separately. Let 
I(⋅) denote the indicator function. Here for each k and the quantile loss function 
��(u) = {� − I(u ≤ 0)}u , the working marginal quantile regression solves the popu-
lation minimization problem to obtain

for 0 < 𝜏 < 1. For 1 ≤ k ≤ p , the quantile slope ��,k is referred as the quantile mar-
ginal linear effect of Xk. Instead of assessing the existence of overall predictor 
effects in high dimensions, Wang et al. (2018) focused on a relatively weaker null 
hypothesis:

Let k�,0 = argmink∈{1,…,p} E{��(Y − ��,k − ��,kXk) − ��(Y)} denote the index of the 
most informative predictor at the � th quantile. If the values of ��,k and ��,k are unique 
for k = 1,… , p , testing H0 is equivalent to testing

A rejection of H′
0
 automatically rejects H0 and implies that at least one of the p pre-

dictors has an effect on the � th conditional quantile of Y. To test H0 in (2), Wang 
et al. (2018) used the marginal quantile regression estimator of ��,k�,0 as a test sta-
tistic. Despite the usefulness of the existing marginal testing approach, its practical 
performance depends on the selection of tuning parameters including bandwidth, 
kernel and an adaptive threshold, which affect the inference procedure. By assuming 

(1)(��,k, ��,k) = argmin
�,�

E{��(Y − � − �Xk) − ��(Y)},

(2)H0 ∶ ��,k = 0, for all 1 ≤ k ≤ p.

H�
0
∶ ��,k�,0 = 0.
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the dimension to be fixed, Wang et al. (2018) suggested a double-bootstrap method 
for choosing the adaptive threshold, which is too computationally burdensome.

To overcome aforementioned problems, we introduce a novel marginal testing 
procedure that is constructed using maxima of pairwise quantile correlations (Li 
et al. 2015) that permit consistent assessment of the marginal linear effects in (2). 
We summarize the contributions of our work as follows.

•	 The proposed testing procedure is computationally fast with the aid of a sim-
ple multiplier bootstrap method and does not involve any need to select tuning 
parameters, apart from the number of bootstrap replications.

•	 It imposes no structural assumptions on the unknown dependence structures of 
the predictor vector and allows the dimension of the parameter vector of interest 
to be exponentially larger than sample size.

•	 It achieves better finite-sample performance by avoiding the slow convergence 
of maximum-type statistic and are particularly effective when the predictors with 
nonzero effects are sparse.

•	 Our methodology is readily applicable to handling censored data, a common 
problem in survival analysis.

Recently, Zhang et al. (2018) is a closely related work that essentially uses the mar-
tingale difference divergence to assess the nonlinear conditional quantile depend-
ence of a response variable on a large number of predictors in a model-free setting. 
Our proposed test differs from that of Zhang et  al. (2018) in two major respects. 
First, we propose to use a supremum-based test statistic, whereas Zhang et al. (2018) 
considered a sum-of-squares-based test statistic. We choose the maximum-type test 
statistic as it has good power against sparse alternatives, and in high-dimensional 
quantile regression {��,k}1≤k≤p are more likely to be nonzero in a sparse way. Addi-
tionally, our proposed method does not require correlational assumptions, besides 
some weak conditions on the moments and tail properties of the elements in the pre-
dictor vector. In contrast, Zhang et al. (2018) imposed structural assumptions on the 
unknown dependence structures of the predictor vector.

The rest of the paper is organized as follows. In Sect. 2, we introduce a new test-
ing procedure based on the quantile correlation (Li et al. 2015) and propose a data-
driven Gaussian approximation method to provide accurate critical values. Here, we 
should point out that this approximation relies on an impressive Gaussian approxi-
mation (GAR) theory recently developed in Chernozhukov et al. (2013). The appli-
cation of their GAR theory may be nontrivial in the present paper. This is because 
our suggested test statistics will be constructed based on the transformed observa-
tions {��[Yi − Q̂�(Y)], xi}

n
i=1

 , where ��(u) = � − I(u ≤ 0) is the derivative of ��(u) 
and Q̂�(Y) is the sample � th quantile of {Yi}ni=1 . Theoretical properties of our test 
are studied in Sect. 3. To broaden the applicability, Sect. 4 further extends our main 
result to the case where the response variable is subject to random censoring. Sec-
tion 5 conducts simulation studies to evaluate the empirical sizes and powers of our 
proposals. Section 6 concludes the paper. All the technical proofs are gathered in an 
online Supplementary Material.
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2 � Methodology

We begin with basic notation and definitions. For a matrix A = (akl) ∈ ℝ
p×p, 

define ‖A‖∞ = max1≤k,l≤p ∣ akl ∣ . Denote by �min(A) and �max(A) the smallest and 
the largest eigenvalues of A , respectively. For a vector a = (a1,… , ap)

T and q > 0, 
denote by ‖a‖q = (

∑p

j=1
∣ aj ∣

q)1∕q the �q norm. For simplicity, set ‖ ⋅ ‖ = ‖ ⋅ ‖2. 
Write a ∨ b = max(a, b) and a ∧ b = min(a, b). For two sequences {an} and {bn} , 
write an ≍ bn if there exist positive constants c and C such that 
c ≤ lim infn(an∕bn) ≤ lim supn(an∕bn) ≤ C . Write an ≲ bn if an ≤ C′bn for some 
constant C′ > 0 independent of n. Let #(D) denote the cardinality of the set D . 
The notation N(�,A) stands for the p-variate normal distribution with mean 
� ∈ ℝ

p and covariance matrix A ∈ ℝ
p×p.

2.1 � A quick review of quantile correlation

For random variables Y and Xk , let Q�(Y) be the � th unconditional quantile of Y 
and Q�(Y ∣ Xk) be the � th quantile of Y conditional on Xk . Note that Q�(Y ∣ Xk) is 
independent of Xk if and only if the random variables I{Y − Q𝜏(Y) > 0} and X 
are independent. Based on this fact, Li et al. (2015) advocated using the quantile 
correlation

for measuring dependence between Q�(Y ∣ Xk) and Xk, where qcov�(Y ,Xk
) =

E[��{Y − Q�(Y)}{Xk
− E(X

k
)}] is the quantile covariance of Y and Xk , and 

�2
k
= var(Xk) is the variance of Xk.
In the simple linear regression with the quadratic loss function, the slope of 

the regression line is directly related to the correlation coefficient. Unlike in mean 
regression, the quantile slope ��,k in (1) has no explicit form. Lemma 1 enables us 
to derive a nice relationship between the quantile slope and the quantile correlation.

Lemma 1  (Li et  al. 2015) Suppose that random variables Xk and ��,k = Y − ��,k
−��,kXk

 have a joint density and E(X2
k
) < ∞ . Then, the quantile correlation 

qcov�(Y ,Xk) increases with the quantile slope ��,k , and qcor�(Y ,Xk) = 0 if and only 
if ��,k = 0.

From the above lemma, the null hypothesis in (2) holds if and only if qcor�(Y ,X1) 
= … = qcor�(Y ,Xp) = 0. The quantile correlation qcor�(Y ,Xk) lies between − 1 and 
1, whereas the range of quantile slope can be not bounded. It is natural to employ 
the quantile correlation rather than the quantile slope to rank the significance of pre-
dictors on the quantile of Y.

(3)

qcor�(Y ,Xk) =
qcov�(Y ,Xk)

{var[��{Y − Q� (Y)}]var(Xk)}
1∕2

=
E[��{Y − Q�(Y)}{Xk − E(Xk)}]

{�(1 − �)�2
k
}1∕2

,
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2.2 � The qcor‑based test statistic in high dimension

Suppose that {(Yi, xTi ) ∶ i = 1,… , n} is a random sample of (Y , x) , where 
xi = (Xi1,… ,Xip)

T . Let Q̂�(Y) = inf{y ∶ F̂Y (y) ≥ �} be the sample � th quantile of 
{Yi ∶ i = 1,… , n} , where F̂Y (y) = n−1

∑n

i=1
I(Yi ≤ y) is the empirical distribution 

function. Based on Eq. (3), for each k,  a natural estimator of the quantile correlation 
qcor�(Y ,Xk) can be defined as

where Xk = n−1
∑n

i=1
Xik and �̂2

k
= n−1

∑n

i=1

�
Xik − Xk

�2

.

By Lemma 1, the null hypothesis in (2) is equivalent to 
max1≤k≤p ∣ qcor�(Y ,Xk) ∣= 0. Moreover, max1≤k≤p ∣ qcor�(Y ,Xk) ∣ is nonnegative. It 
is appropriate to consider a one-sided test in which we aggregate all marginal sam-
ple quantile correlations {q̂cor�(Y ,Xk) ∶ k = 1,… , p} into the test statistic

2.3 � A new testing procedure

For the nominal significance level � , we propose a new test that rejects (2) when 
n1∕2�S𝜏 > c𝜏,𝛼 , where c�,� is obtained using a simple multiplier bootstrap method. In 
the following, we describe the bootstrap scheme. 

	(S1).	 Independent of {(Yi, xTi ) ∶ i = 1,… , n}, we generate a sequence of independent 
N(0, 1) random variables e1,… , en.

	(S2).	 Using the ei ’s as multipliers, we calculate the perturbed version of the test 
statistic 

where q̂cor
∗

� (Y ,Xk
) = q̂cov

∗

� (Y ,Xk
)∕{�(1 − �)�̂2

k
}1∕2 and q̂cov

∗

�
(Y ,Xk) = n−1

∑n

i=1
 

��{Yi − Q̂�(Y)}(Xik − Xk)ei, for 1 ≤ k ≤ p.

	(S3).	 The critical value c�,� is defined as the upper �-quantile of Ŝ∗
�
 conditional 

on {(Yi, xTi ) ∶ i = 1,… , n}. That is, c�,� = inf{t:ℙ∗(n1∕2Ŝ∗� > t) ≤ �}, where ℙ∗ 
denotes the probability measure induced by the Gaussian random variables 
with {(Yi, xTi ) ∶ i = 1,… , n} being fixed.

This algorithm is in the spirit of Liu and Shao (2013) and Chernozhukov et  al. 
(2017) and combines the ideas of multiplier bootstrap and parametric bootstrap. 
Unlike the adaptive resampling procedure in Wang et al. (2018), this particular resa-
mpling scheme has the practical advantage of not requiring the subjective choice of 

q̂cor�(Y ,Xk) =
{
�(1 − �)�̂2

k

}−1∕2
n−1

n∑

i=1

��

{
Yi − Q̂�(Y)

}(
Xik − Xk

)
,

Ŝ� = max
1≤k≤p

∣ q̂cor�(Y ,Xk) ∣ .

(4)Ŝ∗
�
= max

1≤k≤p
∣ q̂cor

∗

�
(Y ,Xk) ∣,
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tuning parameters at each bootstrap replication and is a fast-computing data pertur-
bation procedure. We will prove that our bootstrap-assisted test also resolves three 
issues at once. First, it achieves better finite-sample performance by avoiding the 
slow convergence of maximum-type statistic; see Liu et al. (2008) for detailed illus-
trations in the context of dependence testing. Second, due to the principle of par-
ametric bootstrap in step (S2), the new procedure we present above automatically 
takes into account correlations among the q̂cor∗

�
(Y ,Xk) ’s and imposes no structural 

assumptions on the unknown dependence structures of the predictor vector. In addi-
tion, our procedure allows the dimension of the predictor vector of interest to be 
much larger than the sample size.

3 � Theoretical properties

We study the asymptotic properties of the proposed test Ψ�S𝜏 ,𝛼
= I

(
n1∕2�S𝜏 > c𝜏,𝛼

)
 

under both null hypothesis (2) and a sequence of local alternatives. Denote 
� = (�kl)1≤k,l≤p ∈ ℝ

p×p for the covariance matrix of the predictor vector x . For the 
asymptotic properties, we only require the following relaxed regularity conditions. 

	(C1).	 The design matrix X = (x1,… , xn)
T has either i.i.d. sub-Gaussian rows (i.e., 

sup‖a‖≤1 E{exp(�
∑p

k=1
akXik�2∕C)} = O(1) for some fixed positive constant C) 

or i.i.d. rows satisfying for some Kn ≥ 1 , ‖X‖∞ = O(Kn) , where Kn is allowed 
to grow with n. The latter we call the strongly bounded case.

	(C2).	�11,… , �pp are uniformly bounded away from zero and infinity.
	(C3).	 The cumulative distribution function of the continuous response variable 

Y, FY is continuously differentiable in a small neighborhood of Q�(Y) , say 
[Q�(Y) − �0,Q�(Y) + �0] with 𝛿0 > 0 . Let G1(�0) = infy∈[Q� (Y)−�0,Q� (Y)+�0]fY (y)

 
and G2(�0) = supy∈[Q� (Y)−�0,Q� (Y)+�0]fY (y)

 , where fY is the density function of Y. 
Assume that 0 < G1(𝛿0) ≤ G2(𝛿0) < ∞.

	(C4).	 For 1 ≤ k ≤ p , the conditional density fY∣Xk
(⋅) is uniformly integrable on 

[Q�(Y) − �0,Q�(Y) + �0].

Assumption (C1) is standard for the predictors in high-dimensional regression and 
has been used in van de Geer et al. (2014), Javanmard and Montanari (2014) and 
Belloni et  al. (2015). Assumption (C2) is much weaker than those such as 
C−1 ≤ �min(�) ≤ �max(�) ≤ C for some constant C > 0. No structural assumptions 
on the unknown covariance matrix � are imposed in Assumption (C2). Assumption 
(C3) was first introduced in Shao and Zhang (2014) and is quite mild. Assumption 
(C4) is a standard condition in the literature on quantile regression and ensures that 
the null hypothesis in (2) is equivalent to qcor�(Y ,Xk) = 0 for 1 ≤ k ≤ p. It is worth 
noting that the above assumptions do not impose the existence of any moments of 
the errors ��,k, k = 1,… , p . Theorem 1 below shows that, under these mild moment 
and regularity conditions, the proposed test Ψ

Ŝ� ,�
 with c�,� defined in Section 2.3 has 

asymptotical size �.
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Theorem 1  Under H0 in (2), suppose that Assumptions (C1), (C2), (C3) and (C4) 
hold. Then, as n, p → ∞, ℙ

(
Ψ

Ŝ� ,�
= 1

)
→ � holds if

where v ≍ n−1K2
n
log(p) ∨ n−1∕2K2

n
log1∕2(p) , � ≍ n−1∕4K3

n
log3∕4(p) and K0 = Kn 

in the strongly bounded case, and v ≍ n−1∕2 log(p) ∨ n−1 log(p) log(pn) , 
� ≍ n−3∕2 log2(p) log3∕2(pn) and K0 = 1 in the sub-Gaussian case.

Theorem  1 guarantees our testing procedure to maintain significance level 
asymptotically even when p is much larger than n. The asymptotic validity of the 
proposed test is also obtained without imposing structural assumptions on x, such 
as conditions (8), (10) and (11) in Zhang et al. (2018).

Let T = {�1,… , �L} be a set of quantile levels of interest. To pool information 
across quantiles, one may consider the maximum-type test statistic 
Ŝ = max�∈T Ŝ� = max1≤l≤L max1≤k≤p ∣ q̂cor�l(Y ,Xk) ∣ . Accordingly, define the 
bootstrap statistic Ŝ∗ = max�∈T Ŝ

∗
�
= max1≤l≤L max1≤k≤p ∣ q̂cor

∗

�l
(Y ,Xk) ∣, the criti-

cal value c𝛼 = inf{t ∶ ℙ
∗
(
n1∕2�S∗ > t

)
≤ 𝛼}, and the multiple-quantile test 

Ψ�S,𝛼 = I(n1∕2�S > c𝛼) . Suppose that Assumptions (C1) and (C2) are satisfied. Fur-
thermore, (2) and Assumptions (C3)–(C4) hold over � ∈ T  . By replacing the 
dimension p in condition (5) with pL, apply the convergence result in Theorem 1 
to establish the consistency of the multiple-quantile test.

In the next, we investigate the asymptotic power of Ψ
Ŝ� ,�

. It is known that sta-
tistics of the maximum-type are preferable for detecting relatively sparse signals 
(Hall and Jin 2010; Arias-Castro et al. 2011). The scenario in which the existence 
of marginal effects occurs only at a small number of locations is of great interest 
in high-dimensional quantile regression. From Lemma 1, qcov�(Y ,Xk) is a 
rescaled version of the quantile slope ��,k via a nondecreasing function. Note that 
the test statistic Ŝ� is defined to be the maximum of marginal sample quantile cor-
relations. The power of the proposed test is in spirit controlled by the maximum 
of marginal population quantile correlations, i.e., 
max1≤k≤p ∣ qcov�(Y ,Xk)∕{�(1 − �)�kk}

1∕2 ∣ , which can be viewed as a signal-to-
noise ratio. Therefore, we focus on the local sparse alternatives characterized by 
the following class of vector

To evaluate powers, we assume the following condition. 

	(C5).	 Assume that max
1≤l≤p

p∑
k=1

�2
kl
≤ c for some constant c > 0.

Assumption (C5) is slightly weaker than that of �max(�) ≤ C for some constant 
C > 0 and is similar to that of Cai, Liu and Xia (Cai et al. (2014), Lemma 6).

(5)v1∕3{1 ∨ log(p∕v)}2∕3
⋁

�{1 ∨ log(p∕� )}1∕2
⋁

{n−1K2
0
log7(pn)}1∕6 → 0,

V�(�) = {�� = (��,1,… , ��,p)
T ∶ max

1≤k≤p
∣ qcov�(Y ,Xk)∕�

1∕2

kk
∣≥ �{�(1 − �) log(p)∕n}1∕2}.
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Theorem  2  Under the assumptions in Theorem  1 and Assumption (C5), then as 
n, p → ∞, we have inf��∈V� (�0+2

1∕2) ℙ

(
Ψ

Ŝ� ,�
= 1

)
→ 1 for any 𝜖0 > 0.

Theorem  2, together with Lemma 1, says that the correct rejection of our 
bootstrap-assisted test can still be triggered even when there exists only one 
entry of �� with a magnitude being larger than (�0 + 21∕2){�(1 − �) log(p)∕n}1∕2. 
An important by-product of the proof of Theorem  2 is that under additional 
Assumption (C5), the distribution of n1∕2Ŝ� can be well approximated by 
max1≤k≤p ∣ Gk ∣ with (G1,… ,Gp)

T ∼ (�,D−1∕2
� D−1∕2), where � = {qcor�(Y ,X1

),

… , qcor�(Y ,Xp
)}T ∈ ℝ

p , D = diag(�11,… , �pp) ∈ ℝ
p×p and � = E[�2

�
{Y − Q�(Y)}

{x − E(x)}{x − E(x)}T] ∈ ℝ
p×p

.
 Therefore, when D−1∕2

�D
−1∕2 is an identity matrix, 

the constant 21∕2 turns out to be asymptotically optimal in the minimax sense (see 
Arias-Castro et al. 2011; Ingster et al. 2010). Under Assumption (C5) and using the 
boundedness of the function ��(⋅) , we further have for any x ∈ ℝ and as p → ∞, 
ℙ[nŜ2

�
− 2 log(p) + log{log(p)} ≤ x] → exp{−�−1∕2 exp(−x∕2)} under the null 

hypothesis. In contrast with our bootstrap-assisted method, the above alternative 
testing procedure heavily relies on the structural condition on the unknown covari-
ance matrix D−1∕2

�D
−1∕2 . In addition, the critical value obtained from the above 

type I extreme value distribution may not work well in practice since this weak con-
vergence is typically slow.

4 � Extension to the censored response case

Our main result can be extended beyond complete responses to a general framework 
with the response variable being subject to random censoring. Assume that Yi is 
subject to random right censoring. Instead of {(Yi, xTi ) ∶ i = 1,… , n} , we observe 
the data {(�i, Y∗

i
, xT

i
) ∶ i = 1,… , n} , consisting of independent copies of (�, Y∗, xT) , 

where

with Ci representing the censoring variable. For ease of exposition, we assume that 
the censoring distribution is independent of predictors.

To accommodate censoring, we extend (Li et al. 2015, Lemma 1) from the case 
of complete data to the random censoring case. Let G(t) = ℙ(C > t) be the survival 
function of C. The working marginal quantile regression for the censored response 
case solves the population minimization problem to obtain

for 1 ≤ k ≤ p. Let F(y) = ℙ(Y ≤ y) and the weight function

�i = I(Yi ≤ Ci), Y∗
i
= Yi ∧ Ci,

(��,k, ��,k) = argmin
�,�

E{��(Y − � − �Xk) − ��(Y)}

= argmin
�,�

E[{�∕G(Y∗)}{�� (Y
∗ − � − �Xk) − ��(Y

∗)}],
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redistributes the masses of censored observations to the right (Portnoy, 2003; Wang 
and Wang, 2009). Following Portnoy (2003) and Li et  al. (2015), it is natural to 
define the censored quantile correlation

We then obtain the relationship between ��,k and cqcor�(Y ,Xk) given below.

Lemma 2  Suppose that random variables Xk and ��,k = Y − ��,k − ��,kXk have a 
joint density and E(X2

k
) < ∞ . Then, the censored quantile correlation cqcor�(Y ,Xk) 

increases with the quantile slope ��,k , and cqcor�(Y ,Xk) = 0 if and only if ��,k = 0.

Let 1 − F̂(y) be the Kaplan–Meier estimator of Y based on 
{(�i, Y

∗
i
) ∶ i = 1,… , n} . The � th sample quantile Q̂�(Y) is an estimator of Q�(Y) 

when Y is subject to right censoring. From Lemma 2, a maximal statistic for test-
ing H0 in the presence of random censoring can be defined as

where the sample censored quantile correlation is defined as

for 1 ≤ k ≤ p, Here

To conduct the testing procedure, we employ the multiplier bootstrap in the fol-
lowing way. Generate a sequence of i.i.d standard normal random variables 
{ei ∶ i = 1,… , n} and define the bootstrap statistic,

The bootstrap critical value is given by c�
𝜏,𝛼

= inf{t ∶ ℙ
∗(n1∕2�T∗

𝜏
> t) ≤ 𝛼}.

For the random censoring case, in addition to Assumptions (C1)–(C4), we 
make the following assumption to facilitate the technical proofs. 

w𝜏(F) =

{
1 if Δ = 1 or F(C) > 𝜏,
𝜏−F(C)

1−F(C)
if Δ = 0 and F(C) ≤ 𝜏,

cqcor�(Y ,Xk) =
E([� − w�(F)I{Y

∗ ≤ Q�(Y)}]{Xk − E(Xk)})

{�(1 − �)�2
k
}1∕2

.

T̂� = max
1≤k≤p

∣ ĉqcor�(Y ,Xk) ∣,

ĉqcor�(Y ,Xk) = {�(1 − �)�̂2
k
}−1∕2n−1

n∑

i=1

[
� − wi�(F̂)I{Y

∗
i
≤ Q̂� (Y)}

](
Xik − Xk

)
,

wi𝜏(
�F) =

{
1 if Δi = 1 or �F(Ci) > 𝜏,
𝜏−�F(Ci)

1−�F(Ci)
if Δi = 0 and �F(Ci) ≤ 𝜏.

T̂∗
�
= max

1≤k≤p
{�(1 − �)�̂2

k
}−1∕2

|||||
n−1

n∑

i=1

[
� − wi�(F̂)I{Y

∗
i
≤ Q̂�(Y)}

]
(Xik − Xk)ei

|||||
.
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	(C6).	ℙ(t ≤ Yi ≤ Ci) ≥ 𝜏0 > 0 for  some posi t ive constant  �0  and any 
t ∈ [0, T], where T denotes the maximum follow-up time. Furthermore, 
sup{t ∶ ℙ(Y > t) > 0} ≥ sup{t ∶ ℙ(C > t) > 0}. The survival function of the 
censoring variable G(t) has uniformly bounded first derivative.

Assumption (C6) is routinely used in the survival analysis literature (He, et al. 2013) to 
ensure that the Kaplan–Meier estimator and its inverse function are well behaved. We 
are now in position to justify the use of the test Ψ�T𝜏 ,𝛼

= I(n1∕2�T𝜏 > c�
𝜏,𝛼
).

Theorem 3  Under H0 in (2), suppose that Assumptions (C1)–(C4) and (C6) hold. 
Then, as n, p → ∞, ℙ

(
Ψ

T̂� ,�
= 1

)
→ � holds under Condition (5).

5 � Finite‑sample performance

We conduct simulations to evaluate the finite-sample performance of the proposed test-
ing procedure and compare it with the two existing methods: the adaptive resampling 
test (Wang, et al. 2018, WMQ for short) and the martingale-difference-divergence-based 
test (Zhang et al. 2018, ZYS for short). The WMQ test is applied by calling the func-
tion QMET.1tau available at http://​www.​colum​bia.​edu/​~im2131/​ps/​QMET.R. We use the 
EDMeasure library of R to compute the ZYS test statistic by the mdd function in that 
package. The calculation of the WMQ test statistic involves a kernel function and a band-
width parameter. Upon the suggestion of Wang et al. (2018), we use the normal density 
kernel and choose the bandwidth parameter by following the rule from Hall and Sheather 
(1988). For the WMQ method and following Wang et al. (2018), we use 200 bootstrap 
samples, let the threshold �n(�) = c{�(1 − �) log(n)}1∕2 , and choose c ∈ (0, 6) by a dou-
ble bootstrap with 100 double-bootstrap samples. The critical value of the ZYS test is 
calculated based on its asymptotic null distribution. For the proposed testing procedure, 
500 independent realizations of in (4) by repeating steps (S1) and (S2) are used. The sig-
nificance level � is fixed at 0.05, and for each test, the rejection probabilities reported in 
the simulation are computed based on 1,000 Monte Carlo replications.

5.1 � Simulation results for the complete response cases

We consider three data-generating models. They are adapted from Wang et al. (2018) 
and can be expressed as

(6)Y =�,

(7)Y =X1∕3 + �,

(8)Y =

5∑

k=1

Xk∕4 −

10∑

k=6

3Xk∕20 + �,

http://www.columbia.edu/%7eim2131/ps/QMET.R
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where the predictor vector x = (X1,… ,X10,… ,Xp)
T follows the multivariate normal 

distribution with mean zero and covariance matrix � =
(
�∣k−l∣

)
1≤k,l≤p

, truncated at 
−  2 and 2. We take � = 0.1 and 0.5 for weak and moderately high correlations, 
respectively. The error term � independent of x is generated from the 2−1∕2N(0, 1) or 
2−1t(2) distribution for models (6)–(8) and from the 2−1N(0, 1) distribution for non-
linear models (9, 10). The error adjustment factors 2−1∕2 and 2−1 give less relevant 
noises, and the powers of tests will have less difficulty distinguishing between devia-
tions. The data contain outliers in the response when � ∼ 2−1t(2) . We consider three 
quantile levels � = 0.25, 0.5, 0.75 , choose five dimensions p =10, 100, 200, 300, 
400, 1000, and set the sample size to 200. Model (6) corresponds to the null hypoth-
esis of no active predictors. Model (7) contains a unique active predictor and is the 
sparse case. In model (8), there are ten active predictors such that the predictors with 
nonzero effects are dense when p is moderately large and sparse under the setting 
where the number of predictors greatly exceeds the sample size. Nonlinear models 
(9) and (10) are used to assess the performance of the proposed test under the mis-
specification of linear models.

Tables  1, 2, 3 and 4 present the empirical sizes and powers of the proposed 
test, the WMQ test and the ZYS test under models (6)–(8) with two different error 
distributions and several combinations of (�, �, p) at the 5% significance level. 
Overall, all tests perform reasonably well under the null, though the WMQ test 
tends to have unstable size performance. This is probably due to the fact WMQ’s 
size performance is sensitive to the threshold value used. A more time-consuming 
double-bootstrap procedure will hopefully provide more stable size at the expense 
of heavy computation. In terms of comparison of power, the overall powers of all 
tests increase as the correlation � increases, and the dependence within the predic-
tors seems to enhance the powers under both dense and sparse alternatives. Since 
there is less relevant data information available for larger p, the overall powers 
of all tests decrease under both dense and sparse alternatives as the dimension p 
increases. Under sparse alternative (7), the proposed test and the WMQ test have 
quite good power and consistently outperform the ZYS test when the dimension 
is much larger than 10. As both NEW and WMQ are supremum-based tests, they 
target for sparse alternatives. Although our suggested test and the WMQ test have 
satisfactory power performance against the sparse alternative, our proposal gets 
more power. This is probably due to the fact WMQ’s power performance depends 
on the subjective choice of tuning parameters such as bandwidth, kernel and an 
adaptive threshold, which are needed to be optimally chosen. Note that in model 
(8), signals are sparse when p = 10, 100, 200, whereas they become dense in situ-
ations of p = 400, 100. It is not surprised to see that for model (8) with p ≤ 200 , 
the ZYS test is more powerful than the other tests, while our test has very much 
comparable powers. This is because the ZYS method is quite useful for detect-
ing dense alternatives. Further, we also have reason to observe that the power 

(9)Y= X2
1
∕3 + �,

(10)Y= X2
1
∕3 + X1∕3 + �,
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Table 1   Empirical sizes and powers for models (6)–(8) with � = 0.1 and � ∼ 2

−1∕2
N(0, 1) at significance 

level 5 %

Throughout our numerical studies we refer to our proposed test, and the tests proposed by Wang et al. 
(2018) and Zhang et al. (2018) as NEW, WMQ and ZYS, respectively

 Model p Results for � = 0.25 Results for � = 0.5 Results for � = 0.75

NEW WMQ ZYS NEW WMQ ZYS NEW WMQ ZYS

(6) 10 0.047 0.034 0.060 0.057 0.041 0.062 0.060 0.062 0.066
100 0.046 0.056 0.061 0.054 0.038 0.059 0.043 0.034 0.067
200 0.042 0.035 0.056 0.049 0.033 0.054 0.048 0.055 0.049
400 0.053 0.045 0.058 0.046 0.059 0.048 0.052 0.046 0.054
1000 0.049 0.037 0.054 0.047 0.040 0.052 0.048 0.032 0.051

(7) 10 0.945 0.846 0.870 0.989 0.940 0.939 0.956 0.863 0.874
100 0.840 0.704 0.353 0.911 0.795 0.401 0.846 0.766 0.285
200 0.748 0.683 0.182 0.871 0.714 0.275 0.760 0.691 0.236
400 0.750 0.676 0.144 0.889 0.728 0.216 0.736 0.632 0.134
1000 0.562 0.556 0.075 0.741 0.577 0.124 0.628 0.609 0.120

(8) 10 0.988 0.811 1.000 0.998 0.906 1.000 0.993 0.791 1.000
100 0.892 0.599 0.957 0.954 0.677 0.975 0.901 0.644 0.956
200 0.749 0.501 0.810 0.889 0.537 0.905 0.768 0.614 0.812
400 0.681 0.550 0.604 0.845 0.499 0.742 0.682 0.586 0.650
1000 0.524 0.473 0.292 0.697 0.388 0.354 0.537 0.496 0.322

Table 2   Empirical sizes and powers for models (6)–(8) with � = 0.5 and � ∼ 2

−1∕2
N(0, 1) at significance 

level 5 %

Refer to the captions in Table 1 for abbreviations

 Model p Results for � = 0.25 Results for � = 0.5 Results for � = 0.75

NEW WMQ ZYS NEW WMQ ZYS NEW WMQ ZYS

(6) 10 0.055 0.027 0.065 0.043 0.034 0.064 0.051 0.055 0.067
100 0.043 0.032 0.052 0.046 0.036 0.059 0.051 0.046 0.065
200 0.045 0.026 0.063 0.042 0.040 0.058 0.044 0.063 0.055
400 0.055 0.048 0.054 0.053 0.029 0.047 0.045 0.037 0.046
1000 0.046 0.042 0.056 0.049 0.056 0.044 0.052 0.043 0.054

(7) 10 0.960 0.861 0.865 0.982 0.928 0.946 0.957 0.866 0.876
100 0.850 0.747 0.389 0.896 0.764 0.435 0.837 0.721 0.339
200 0.715 0.697 0.218 0.854 0.715 0.286 0.724 0.672 0.260
400 0.704 0.690 0.168 0.831 0.665 0.189 0.735 0.670 0.189
1000 0.633 0.631 0.094 0.842 0.607 0.156 0.654 0.635 0.138

(8) 10 1.000 0.980 1.000 1.000 1.000 1.000 1.000 0.990 1.000
100 1.000 0.974 1.000 1.000 0.996 1.000 1.000 0.981 1.000
200 1.000 0.970 0.992 1.000 0.984 1.000 1.000 0.980 1.000
400 1.000 0.927 0.944 1.000 0.975 0.990 1.000 0.974 0.937
1000 0.993 0.912 0.687 1.000 0.966 0.753 1.000 0.925 0.694
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Table 3   Empirical sizes and powers for models (6)–(8) with � = 0.1 and � ∼ 2

−1
t(2) at significance level 

5 %

Refer to the captions in Table 1 for abbreviations

 Model p Results for � = 0.25 Results for � = 0.5 Results for � = 0.75

NEW WMQ ZYS NEW WMQ ZYS NEW WMQ ZYS

(6) 10 0.048 0.029 0.069 0.045 0.041 0.057 0.049 0.057 0.065
100 0.040 0.030 0.067 0.057 0.062 0.059 0.052 0.042 0.057
200 0.049 0.057 0.051 0.041 0.036 0.045 0.048 0.026 0.064
400 0.042 0.033 0.055 0.045 0.044 0.059 0.047 0.037 0.054
1000 0.048 0.046 0.051 0.050 0.039 0.049 0.054 0.045 0.048

(7) 10 0.955 0.822 0.878 1.000 0.986 0.985 0.946 0.838 0.872
100 0.787 0.658 0.290 0.982 0.943 0.539 0.802 0.647 0.346
200 0.764 0.645 0.211 0.963 0.902 0.406 0.734 0.603 0.218
400 0.693 0.620 0.141 0.950 0.872 0.264 0.706 0.599 0.177
1000 0.644 0.609 0.137 0.940 0.847 0.173 0.612 0.581 0.105

(8) 10 0.985 0.749 1.000 0.999 0.909 1.000 0.986 0.782 1.000
100 0.791 0.536 0.905 0.961 0.685 0.987 0.824 0.542 0.918
200 0.682 0.497 0.741 0.902 0.603 0.902 0.715 0.500 0.741
400 0.640 0.481 0.554 0.881 0.535 0.750 0.566 0.473 0.518
1000 0.472 0.424 0.287 0.734 0.353 0.410 0.486 0.431 0.242

Table 4   Empirical sizes and powers for models (6)–(8) with � = 0.5 and � ∼ 2

−1
t(2) at significance level 

5 %

Refer to the captions in Table 1 for abbreviations

 Model p Results for � = 0.25 Results for � = 0.5 Results for � = 0.75

NEW WMQ ZYS NEW WMQ ZYS NEW WMQ ZYS

(6) 10 0.052 0.035 0.071 0.056 0.028 0.070 0.047 0.044 0.066
100 0.045 0.058 0.058 0.052 0.034 0.053 0.053 0.063 0.049
200 0.048 0.030 0.060 0.048 0.059 0.045 0.043 0.037 0.058
400 0.045 0.026 0.054 0.057 0.040 0.056 0.046 0.041 0.049
1000 0.053 0.056 0.055 0.049 0.045 0.047 0.052 0.057 0.056

(7) 10 0.946 0.838 0.868 0.999 0.989 0.989 0.944 0.835 0.860
100 0.817 0.672 0.348 0.981 0.932 0.573 0.819 0.660 0.358
200 0.772 0.651 0.250 0.974 0.925 0.392 0.756 0.613 0.238
400 0.650 0.554 0.163 0.953 0.884 0.242 0.749 0.601 0.157
1000 0.571 0.549 0.077 0.924 0.835 0.138 0.553 0.464 0.087

(8) 10 1.000 0.982 1.000 1.000 0.995 1.000 1.000 0.988 1.000
100 1.000 0.951 1.000 1.000 0.995 1.000 0.999 0.958 0.998
200 1.000 0.946 0.984 1.000 0.982 0.996 0.990 0.954 0.955
400 0.997 0.913 0.906 1.000 0.975 0.970 0.996 0.933 0.914
1000 0.963 0.902 0.587 1.000 0.960 0.733 0.979 0.914 0.536
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performance of the proposed test is better than that of the ZYS test for model (8) 
with p ≥ 400. Table 5 summarizes the rejection rates of the proposed test across 
three quantiles 0.25, 0.5 and 0.75. As suggested by the results in Table  5, the 
new test across multiple quantiles tends to provide relatively stable size and high 
power.

In Table  6, we report the rejection rates of the NEW, WMQ and ZYS tests 
for nonlinear models (9, 10). Note that the NEW and WMQ tests are designed 
to detect linear covariate effects. As there is no linear relationship between x 
and Y at any quantiles in misspecified model (9), the NEW and WMQ tests have 

Table 5   Empirical sizes and powers of the proposed test across three quantiles 0.25, 0.5 and 0.75 for 
models (6)–(8) with � ∈ {0.1, 0.5} and � ∈ {2−1∕2N(0, 1), 2−1t(2)} at significance level 5 %

� Model Results for � = 0.1 Results for � = 0.5

p p

10 100 200 400 1000 10 100 200 400 1000

2

−1∕2
N(0, 1) (6) 0.043 0.058 0.053 0.045 0.047 0.041 0.046 0.054 0.056 0.051

(7) 0.964 0.875 0.797 0.786 0.644 0.989 0.866 0.785 0.750 0.704
(8) 0.995 0.920 0.811 0.738 0.603 1.000 1.000 1.000 1.000 0.997

2

−1
t(2) (6) 0.057 0.044 0.052 0.048 0.055 0.049 0.056 0.047 0.054 0.058

(7) 0.973 0.925 0.882 0.814 0.776 0.972 0.901 0.813 0.774 0.695
(8) 0.967 0.904 0.851 0.782 0.670 1.000 1.000 1.000 0.998 0.983

Table 6   Empirical powers for nonlinear models (9)–(10) with (�, �) ∈ {(0.1, 0.5), (0.1, 0.75), (0.5, 0.5), (0.5, 0.75)} and 
� ∼ 2

−1
N(0, 1) at significance level 5 %

Refer to the captions in Table 1 for abbreviations

(�, �) Method Results for Model (9) Results for Model (10)

p p

10 100 200 400 1000 10 100 200 400 1000

(0.1, 0.5) NEW 0.085 0.054 0.071 0.065 0.053 0.916 0.807 0.753 0.694 0.535
WMQ 0.079 0.048 0.045 0.064 0.055 0.887 0.755 0.702 0.661 0.484
ZYS 0.716 0.326 0.127 0.083 0.062 0.990 0.496 0.359 0.248 0.120

(0.1, 0.75) NEW 0.052 0.047 0.074 0.070 0.050 0.978 0.966 0.960 0.935 0.893
WMQ 0.043 0.041 0.048 0.055 0.026 0.952 0.930 0.911 0.890 0.822
ZYS 0.832 0.449 0.178 0.116 0.086 0.995 0.783 0.537 0.414 0.217

(0.5, 0.5) NEW 0.045 0.036 0.043 0.039 0.031 0.915 0.808 0.747 0.715 0.589
WMQ 0.040 0.024 0.032 0.025 0.022 0.871 0.763 0.694 0.680 0.536
ZYS 0.588 0.322 0.136 0.105 0.064 0.992 0.518 0.376 0.274 0.105

(0.5, 0.75) NEW 0.091 0.042 0.060 0.044 0.045 0.989 0.971 0.955 0.949 0.914
WMQ 0.065 0.030 0.046 0.031 0.052 0.972 0.934 0.909 0.901 0.872
ZYS 0.703 0.329 0.145 0.138 0.073 1.000 0.795 0.603 0.458 0.209
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difficulty identifying the nonlinear relationship. However, if there is some linear 
trend in a misspecified model such as in model (10), they have an excellent capa-
bility of identifying the covariate effects. By contrast, the ZYS test achieves satis-
factory power performance in the two nonlinear situations with p ≤ 200 , though 
it tends to exhibit low power when the dimension is much larger than 200. This is 
anticipated because the ZYS procedure is built on a sum-of-squares-based statis-
tic and is quite useful for identifying the nonlinear covariate effects under dense 
alternatives.

5.2 � Simulation results for the censored response cases

We consider cases in which the latent response variable Y is generated using the 
same setup as in models (6)–(8). We take the censoring time C to be C̃ ∧ L , where 
C̃ is generated from Un(0,L) with L being the study duration time, which is chosen 
to yield a censoring rate of 40%. Due to the high censoring rate, the performance 
of the proposed test procedure is investigated at the median and the 0.25 quantile. 
Tables 7 and 8 summarize the simulation results of the proposed test for models 
(6)–(8) with censored responses when � ∈ {2−1∕2N(0, 1), 2−1t(2)} , � ∈ {0.1, 0.5} 
and the significance level is 5 % . As presented, the sizes are generally precise at 5% 
level and the powers are comparable to the complete response cases.

6 � Discussion

We have proposed a new procedure for detecting marginal effects in quantile 
regression. The validity of the test is established under a framework where the 
dimension of the variables can grow nonlinearly with the sample size. This new 

Table 7   Empirical sizes and powers of the proposed test for models (6)–(8) with censored responses 
when � ∼ 2

−1∕2
N(0, 1) , � = 0.1, 0.5 and the significance level is 5 %

p Model (6) Model (7) Model (8)

� = 0.25 � = 0.5 � = 0.25 � = 0.5 � = 0.25 � = 0.5

� = 0.1 10 0.046 0.047 0.946 0.977 0.993 1.000
100 0.041 0.044 0.816 0.948 0.874 0.956
200 0.043 0.052 0.759 0.881 0.782 0.902
400 0.037 0.046 0.692 0.846 0.667 0.832
1000 0.045 0.053 0.610 0.745 0.584 0.752

� = 0.5 10 0.047 0.048 0.957 0.986 1.000 1.000
100 0.043 0.054 0.831 0.916 1.000 1.000
200 0.038 0.051 0.779 0.894 1.000 1.000
400 0.039 0.045 0.674 0.843 0.999 1.000
1000 0.042 0.048 0.551 0.697 0.985 0.998
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framework can naturally handle censored data arising in survival analysis. The 
proposed test successfully avoids having to make subjective choices of parame-
ters, such as bandwidths and kernels, and can be computed much faster. Our sim-
ulation results demonstrate the good behavior of our test in high dimensions. It is 
also worth noting that there is no power analysis provided for censored response 
case. The challenge lies in deriving the limiting distribution of our test statistic 
from the case of complete data to the random censoring case, which deserves 
further research.

Appendix: Necessary Lemmas

We start with providing technical lemmas used repeatedly in the online Supplemen-
tary Material.

Lemma 3  (Shao and Zhang 2014, Proposition 2) Suppose the distribution function 
of Y satisfies Assumption (C3), then there exist 𝜖0 > 0 and c > 0 such that for any 
� ∈ (0, �0),

Lemma 4  (Chernozhukov et al. 2015, Corollary 5.1) Let Z, Z1,… , Zn be i.i.d. ran-
dom variables taking values in a measurable space (S,S), Q denote a probability 
measure on the measurable space, F ⊂ L2(Q) be a pointwise measurable class 
of real-valued functions on S with measurable envelope F, and N(F, ‖ ⋅ ‖Q,2, �) 
denote the �-covering number for F  with respect to the L2(Q)-seminorm ‖ ⋅ ‖Q,2. 

ℙ

[
n−1

n∑

i=1

|||𝜓𝜏{Yi −
�Q𝜏(Y)} − 𝜓𝜏{Yi − Q𝜏(Y)}

||| > 𝜖

]
≤ 3 exp

(
−2cn𝜖2

)
.

Table 8   Empirical sizes and powers of the proposed test for models (6)–(8) with censored responses 
when � ∼ 2

−1
t(2) , � = 0.1, 0.5 and the significance level is 5 %

p Model (6) Model (7) Model (8)

� = 0.25 � = 0.5 � = 0.25 � = 0.5 � = 0.25 � = 0.5

� = 0.1 10 0.044 0.042 0.934 0.996 0.972 1.000
100 0.046 0.056 0.882 0.984 0.790 0.953
200 0.049 0.057 0.753 0.963 0.702 0.908
400 0.049 0.054 0.707 0.955 0.581 0.860
1000 0.053 0.047 0.598 0.932 0.459 0.784

� = 0.5 10 0.042 0.050 0.930 0.998 1.000 1.000
100 0.057 0.062 0.808 0.980 1.000 1.000
200 0.047 0.059 0.754 0.971 1.000 1.000
400 0.048 0.045 0.688 0.947 1.000 1.000
1000 0.046 0.055 0.609 0.925 0.966 1.000
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Suppose that F  is VC type, i.e., there exist constants A ≥ e and V ≥ 1 such that 
supQ N(F, ‖ ⋅ ‖Q,2, �‖F‖Q,2) ≤ (A∕�)V where supQ is taken over all finitely discrete 
distributions on S. Furthermore, suppose that 0 < E{F2(Z)} < ∞ , and let 𝜎2 > 0 
be any positive constant such that supf∈F E{f 2(Z)} ≤ �2 ≤ E{F2(Z)}. Define 
B = E1∕2{max1≤i≤n F

2(Zi)} . Then

up to a universal constant.

Lemma 5  (Einmahl and Li 2008, Theorem 3.1) Let z1,… , zn be independent cen-
tered random vectors in ℝp where p ≥ 2 . Write zi = (Zi1,… , Zip)

T for i = 1,… , n . If 
E(max1≤k≤p ∣ Zik ∣

r) < ∞ for i = 1,⋯ , n, and some r > 2 , then

Supplementary Information  The online version contains supplementary material available at https://​doi.​
org/​10.​1007/​s10463-​023-​00877-3.
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