Supplementary Material to “Model Averaging for
Estimating Treatment Effects”

Zhihao Zhao - Xinyu Zhang - Guohua
Zou - Alan T.K. Wan - Geoffrey K.F.
Tso

Appendix
A.1 Proof of Theorem [i]
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Let us first consider the second term on the right-hand-side of (A.1]
2
B(w —HA+b Aw H = [I]? +2(A — A(w) HA A( )H .

From and Condition , we have
E (||b]1?10)
E (A - Aww)? |U)

E (|lblP [U) /¢,

- (( k’g") ) )/fn
_0 <10§n> 0 <p2 (loi”)z/p) /n
0 <p2 <1Ogn>1—(2/1>) §n1>

=o0(1), a.s. (A.2)

By and the Cauchy-Schwarz inequality, we obtain
E((A-Aw),b)|U)
R 5 1/2
<E <HAA w H ||b|2) |U]
£[(4 - A 1er) 1]
1/2
{E ( ‘A ~ Aw H yU) (|\b||2 yU)}

_p <HA - Aw) |U) { (HA (HbAHQ U) \U> }

= R,(w) o(1), a.s. (A.3)

IN

E(B(w)|U) = MA Aw)| +2(4 - Aw) )+||b||2|U]

o R
< Rn(w)+E("A—A(w)" U>{E (’A<AA(w))2 U)}l/z
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o (HA - AA(W)HQ }U) (‘ E (|lb)* [U)

A~ Aw H \U)

By (w) + Rn(w) o(1) + Rn(w) o(1)
Ry (w) (1+0(1)), a.s. (A4)

Let Cta = na - ftay Vea = 1fca - fcaa /;(k) = Pt(k)ysfa and }‘\C(k) = Pa(k)ifca-
From , we obtain the model average estimator

(k) _ 2(k)
kzlwk(f - 79

Wi [P (Fia+ Ca) = PP (Fea 4 vea) |
k=

1
= ( ).fta+R§(w)Cta_PE(w)fca_PE(w)vcaa

~

which yields

A+b—A(w) = fi—f.—A(w)
:(.ft_-F)t(w)fta) ( c ( )fca) ( )Cta+P( )Uca
= Ay(w) — Ag(w) — Po(w)Cyy + Pa(w)vea. (A.5)
Let ¢, = (¢f,---,¢h,) and ve = (vf,...,v},)". From (3) and , we have
E((m)*|U) =0} +02 and E({v.|U) =0. (A.6)

Then from (A.5]) and .7 we obtain
E(A(w)|U) =2 [{{Ay(w) — Az(w) — ( )Cia + Pe(w)vea, €4 —ve)
+ o?tr (Pyo(w)) + oztr (Pao(w))} |U]
=2E {{A(w) — Az(w >yU}+2E{< W), ¢ U}
+202tr (Py(w)) + 2F (<P~( VVcas vc>’U) + 202tr (Ps(w))
+2E(< - Pt(w)Ctaa _’Uc>‘U) + 2E(<P6( )Ucaa Ct>|U)
=0 (A7)
and

E(|[nlP*|U) = na(of + 02). (A.8)

Now, from , , and , we have
E(Co(w)|U) = E(A(w)|U) + E(B(w)|U) + E(|n|*|U)
= R,(w )( + (1))+n2(0t+ac), a.s. (A.9)

This completes the proof of Theorem [} O
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A.2 Proof of Theorem [2

The proof of Theorem [2] is an application of Whittle| (1960) and Chebyshev’s
inequality. Following |Zhang et al. (2013]) proof of their Theorem 2.1, we as-
sume, for purposes of convenience, that U is non-stochastic. The proof that
follows also applies to the case of stochastic U because all of the technical con-
ditions imposed on U hold almost surely. In the following proof, we assume
that C1,...,C15,C%, ..., and C}4 are distinct constants.

Now, from , it follows that

Cu(w) = Ly(w) + A(w) + (Bw) — Ly(w)) + ]}
—: Ly (w) + A(w) + B(w) + |n]]>. (A.10)

Theorem [2] is valid if the following hold

sup |A(w)|/Ry(w) = 0, (A.11)
weH n
sup |B(w)/Ry(w)| —, 0 (A.12)
weH,
and
sup |Ly(w)/Ry(w) — 1| =, 0. (A.13)
weH,

From (|A.5)), we have

A(w)=2 <A +b— AA( ), > + 2a?tr(Pt(w)) + QU?tT(Pg(’UJ))
=2(fi — fe — Pi(w) fia + Po(w) feo — Po(w)Cyq + Pa(w)vea, m)
+207tr (Pyo(w)) + 202tr (P (w))
=2(fi—Pi(w) fra, 1) = 2(fe—Pe(w) fea,n) =2 {{ Pi(w){,q,m) (A.14)
—o; tr(Pto )} + 2 {{Pso( )’Uca, n) + O'Qt’l“(Pg()(’w))}
=2(Ay(w),n)—2(Az(w),n) =2 {{Py(w)C4q,m) — oitr(Pro(w)) }
+2 {(P:(w)vea,n) + ootr (Pro(w)) } .

Hence ((A.3) is valid if the following conditions hold

sup [(A(w),n)| /Rn(w) — 0, (A.15)

weH,

sup [(As(w),m)|/Ra(w) = 0, (A.16)
sup [(Pi(w)yem) — ortr (Pro(w )| /Rn(w) =, 0 (A.17)

weH,
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and

wsglg) [(P:(w)vea,m) + 0 2tr (P w))| /Ry (w) = 0. (A.18)

Note that Condition implies that
E ((¢, )4G|U)<li<ooandE(( )4G\U)<n<oo m=1,...,n. (A.19)

To prove (A.15)), using , (A.19), Chebyshev’s inequality and Theorem
2 of Whittle| (1960), and following steps similar to the proof of Equation (A.1)

in \Wan et al.| (2010), we have, for any ¢ > 0,

P{sup [ Au(w), )|/ B (w0 >5}

<P { sup Zwk

weH " =1

. agn}
> 6@}

=P {{|(n, Ac(w?))| > 66, } U {|(n, As(w)))| > 6¢,}
U U{[(m, Ag(w]))| > 360} }

(£~ PO )

< P{ max |1’ (£ — P fia)

1<k<K

IN

P {|(n, Au(w}p))| > 06}

. { <n7At(w2)>ZG}

1= T

IN

62G£’r2LG

E
I

1

K
57296293 | Ag(w)||*C — 0.
k=1

Similarly, for (A.16]), we obtain

IN

p{ sup |(Ac(w),m)|/Ro(w >5}<05 26— QGZHA W)’ 0,

weH, k=1
Now, let us prove (A.17)). As

P{ sup |<Pt('w)Cma7l>*Ut2t7"(Pt0 )|/R 5}
weH,

—P{ sup |<Pt(w)Cm,Ct > O’ttT(Pto )|/R w) 6}

weH,

IA

P{ sup |<Pt(w)CmaCt> Jttr(PtO )|/R 5}

weH,

+P{ sup ()G, /Bl 5}, (A.20)

weH.
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it suffices to show that the two terms on the right hand side of (A.20)) approach
zero. Note that the first term is bounded by

sup |(Pu(w)CansCy) — o2t (Pro(w)) |/ B (w0 >5}
weH,

<

= %

PP )G 00} — oftr (Ptard)| > 5,

>
Il
—

IN

P{|<Pto<w2><m, Cra) = oitr(Pro(w})| > 5@1}

IN

> 11>

E

52G€72LG

{(Pro(w))Cras Cta) — Utng(PtO(wg))fG]

B
Il

1
K

57256,29 N [tr(Poo(wl) Py(w))]©
k=1

<

&

K
= 0307929 Y [tr(Py(wf) P (w)]©

k=1
— 0,

while the second term is given by

sup ‘<Pt Cm,vc>|/R ) > (5}
weH,

<

P{¢<Pt w)Cpnrve) — E(Py(w cm,vc>y>asn}

P{KPt(w%)Cm,vcaﬂ > 564

{<Pt<w2>cm,vc>}21
522

IN
=

E

IA

Il
M= I T T

5265

{<Cta (w})vevy, Pt(wg)ctﬁ}]

b
Il
—

Cao 26,2 ) [tr (Pr(w) P/ (w}))]
k=1
— 0. (A.21)

Hence (A.17) is valid.
Similarly, for (A.18]), it is observed that

IN

P{ sup [(Pa(w)veq,n) + o2tr (Ps(w)) |/ Ry (w >5}
weH,
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= P{ sup [(Pa(w)veq, §; — ve) + oitr (Pa(w))|/Rn(w) > 5}

weH,

< p{ sup |(P2(t0)vea, v.) — 2t (Po(w)) |/ B (w0 >5}

weH,

+P{ sup |<P5 Uca,Ct>|/R >§}

weH,
K K
< C56729¢.%¢ Z [tr (PL(w)) Px(w))) ] +Ce0 2,7 Z [tr (P (w) P:(w}))]
k=1 k=1
— 0. (A.22)
Given - -j 1t is straightforward to see that (A.3)) is valid.
Now, to pr , let usgﬁrst consider -
B(w) = HA+b A(w )H2
= [[Auw) — Ac(w)|[* + || P(w)¢r0 — Polw)vea |
—2(Ay(w) — Ag(w), Py(w)¢,, — Pe(w)vea)- (A.23)
Define
By () 1= E(B0)[0) = E [ 00— Acla) |+ | PG — Pewy |
—2(As(w) — Az(w), Pi(w)¢y, — Pe(w)vea)|U
= || Ai(w w)||* + o2tr (PL(w) Ps(w))
+O’tt7"(P( )Pt( ))- (A.24)

Then from (A.2)) and (A.3 .7 we obtain

sup | Ry (w) — Rn(w)( /Ron(w)

weH,

— sup E[(HAH) Aw H —HA Aw H>|U}/R()

weH,

= sup E [2 (<A — A(w),b> + ||| ) ’U} /R (w)

weH,
= o(1). (A.25)

By (A.23] M—m, we have

sup |B(w)/Rn(w) —1|

weH,

= sup | {B(w) - Ru(w) | + { Ru(w) = Ru(w)}] /Ru(w)

weH,

- s {HH W)C g Po(w)ven |* — o2tr (PL(w) Po(w)) — o2t (P () P, (w))
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“9(A(w) — As(w), Py(w)Cy — Prlw )vm>}/Rn<w>+o<1>
= sup [{IPi(w)¢,u* = o tr (P (w) Po(w)) | = 2(Pu(w)Cy, Pe(w)vea)

weH,
+{1Px(w)vea* ﬁtr(Pf(w)Pe(w))} — 2(Ay(w), P(w)Cy,)
+2(A¢(w), Ps(w)vea)) + 2(Ac(w), Pr(w)Cyq)
2 As(w), Pa(w)vea)] /o) + ol1), (A.26)
Next, we will show that the terms on the right hand side of converge to

zero in probability. Denote the maximum singular value by A. Following [Wan
et al.| (2010]), we have

)\(Pt(k)) (U(k (U k) U(k )~ 1Ut(f)’)
=\ (UW(U(’” v U Ul W Ul o)
—AUPOP uPu®
AP wPUuP + F)y Uy @EF >0)
1.

IN

Recognising that A (P,(w*)) < 1I<I}€a<XK/\ (P(k)) <1 for any w,w* € H,, we

have
tr{P}(w)P,(w") P/ (w*) Py(w)} < X (Py(w"))tr{P,(w)P; (w)}
< tr{P,(w)P;(w)}.
Furthermore, note that
A(P=(w*)) < A(
<1+ max /2 [
1<k<K

"U

(w) + A(Pe(w") — Po(w"))
WP~ U@ wE ) Ul

W - v W U)oy |

=14+ max 2\/2
k=1,...,K

— s

O - U)Wl v - vy

1<k<K

X max Al/2 {ncl (U - U§’f>)/ (U - U§’€>)}

<1+ max A2 { (nglUgfyUg’;)) _1}

1<k<K

c

— /
< 1+ OO 1g}§a<XK )\1/2 {ncl (Ut(k) _ U(gk)) (Ut(k)) _ U(k))}

!
<140y max tr'/? {nc_1 <Ut(k) B Uc(k)) (Ut(k) B Uc(m)}
1<k<K
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logn 2/p\1"/*
=1+ Cy max n;lnglkO < >
1<k<K | © n
a/p\ 11/2
=1+ Cy max [ P O((logn) )]
1<k<k |logn n

=1+ o0(1).
Then
P{ sup ‘HPt CmH — otr (P} (w) ‘/R >§}
{ sup ZZw wi | &) P(] (k)C —agtr(P(j)/P(k))’ > 0¢&
i Wk |Sta ta t t t n
weHn 775
(k) 2 ) p(k) ‘
<
P{lgixmg%( ¢ PO PYC,, - otr (PO P )>5sn}

Mx

z P{|(Cous PLWOP(w)Cr0) — o2t (Pr(w?) Py(wf)| > 06, }
k=

<.
I

—

—_

Sk

Mx

52020

{{Crar PLw) P(w)Cyo) — ot (Pl (w?) Py(w))) }QG]

j=1k=1
K K
< Cr6729620 3TN [t (Pl (wl) Pu(w?) P (w) Py(w))) |
=1 k=1
’ K K
< Ch6- 2G€ 2G)\2 ZZ tr P’ P,(w ()))]G

j=1k=1

< C0~ ¢ QGKZ e (w))) €
k=1
— 0

and

P {u?ug ’HPé(w)vaQ _ aftr(Pé,(w)Pg(w))‘ /R (w) > 5}

: P{s:}; 33w

j=1k=1

C

v, P~(3) ) gy — Jztr(PE(j),Pa(k))’ > an}

< P<J max max
1<j<K 1<k<K

v;a E(j)/ E(k)vca - ggtr<PE(‘j)/PE(k))‘ > 6§n}

K K
< Cs67296,29 3N [t { Pl (w}) Pr(w?) Pl(w?) Ps(w) }
j=1k=1
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K K
< Os6726¢, 2N (PL(w NSNS [t { Plwd) Pa(w) 1]

j=1k=1
< C429, 2GKZ e (W)€
k=1

— 0.

Additionally, we can show that

P{ sup |(A¢(w), Pr(w)ve,))| /Rn(w) > 5}

weH,

K
o, S w; PO wn(fi - PO fia)

> 5§n}
v P~(]) (f P(k),fta)

K K
N/
< P{ S v [otu P (5~ PO 1) > 6 |
j=1k=1

< P{ max max véapa(j)/<ft —Pt(k).fta) > 5571}

P{ [(As(w)), Pe(wi)vea))| > 6&}

o [ (Aw)). Peturyvea))™
52G¢2G
j=1k=1 n
K K . °G
< (626 gzczz ‘ Pé(]) = Pt( Fia)
j=1k=1
K K
< 095—205—%:225\(13(]) P(J)) HA ( k)HQG
j=1k=1

Similarly, we have

p{ sup |(As(w), Pr(w)¢ra)| /Ru(w >a}

weH,

K K
< 0106—2G§;2G Z Z P(J P(J) ‘At tHQG

j=1k=1

K
< Clo6 2962 K Y (R, (w)) € — 0,
k=1
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and

P{ sup [(Az(w), Py(w){y,)| /Ru(w >5}

weH,

K K
< 0115_2G§;2GZZ P(J P(J) HA HQG

j=1k=1
K
<LKy (R -0,

k=1

P{ sup |(Actw), Pw)oun)| Ra(w) >

K K
S 012672G£;2GZZ;\(PE(J)/PE(])) ||A6(’U)2)H2G
K

< Cpp6 29629 K S (R (w)) € — 0
k=1

Pq sup [(Py(w)S,q, Po(w)vea)| /R (w) > 0
{ |

K K
< P{ sup Zijwk C;aPt(J)/Pé(k)vca > 5§n}
J=1 k=1

> 5&}
Céapt(j), ”(k)vca

> 6571}
2

k
' PO iy,

< Cha07 2%, 2KZ e (W) — 0.
k=1
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By the above results, it is readily seen that the right hand side of (A.26))
converges to zero in probability. From (A.26) and noting that

s |Bw)| /Raw)

= sup |B(w) - Ln(w)| /Rn(w)
weH,

- g [la+o- Ao - la- Bl e

< Sup [2(B(w)Hb||2)1/2]/Rn(w)+jélg IBI|* / R (w) =, 0, (A.27)

we can see that

sup |Ln(w)/Rn(w) —1]|

weH,
sup [{B(w) = Ln(w)} — {B(w) — Rn(w)}]| /Rn(w)
sup |B(w)—Ln(w)| /Rn(w)+ sup |B(w)—Ry(w)|/Rn(w) =, 0,
weH, weH,
which is (A.13)). Thus, (A.3)), (A.12)) and (A.13)) are proved, and this completes
the proof of Theorem [2] O

A.3 Proof of Theorem [3]
Let
Crn(w) = HY - AA(w)H2 + 2tr (Pyo(w))3%- + 2tr(Pao(w)) 5%
=Ch(w)+2tr (Pto(w))(ﬁf(; —o2)4-2tr (Pgo(w))(c??(Z —0?). (A.28)
By and Theorem |2| Theorem [3|is valid if the following conditions hold

sup tr(Pyo(w)) ‘3?{: - a?‘ /Rp(w) —, 0 (A.29)
weH,

and

sup tr(Pso(w)) ’8%2 — o2
weH,

We need only to verify (A.30]), (A.29) can be proved in the same way.
It should be mentioned that our assumption of U being non-stochastic

instead of allowing it to be stochastic has no impact on our proof, because all of
our technical conditions related to U hold almost surely. Let rz = tr (Pgo(w)).
Then we have

JRo(w) =, 0. (A.30)

re < ;\(Pgo(’lU)) lK* = (1 + Op(l))lK* (A31)
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and
sup tr(Pao(w)) ‘E%* — 02| /R, (w)
weH, c
(K™)
<E’(’7‘2*_02:E 1fcla<1—_-pca )cha_a-2
- gn Ke ¢ fn Ne — lK* ¢
. K
T 1 (I = PSS fea N 2re | £1o (I = PS ) )vea
T ng — ZK* gn gn(nc — lK*)
re|vl, (I — Péf*))vca — (ne — lg-)o?
N A.32

It suffices to show that the three terms on the right hand of (A.32) tend to
zero in probability. Using Condition , we obtain

éa(I - Pc(j(*)).fca
_>
&
Then from , , and , it is seen that
Te c/a(I_Pc(tf{*)).fca

0. (A.33)

Ne — lK* gn
. 1/2
7"2 ! (I_Pc(aK ))fca /f
< < ca i 0 A.34
o lnc_lK* 672; nc_lK* - ( )
and
2z | £1.(I = P v,
P >0
. 2 472
<E|f (I-PXE) ol =—5——
< |:fca( ca )V } 0282 (ne — lg+)?
Crar2 £l (T = P fua
wefeall = Pox )fea (A.35)

N 62&2 (ne — L+ )?
By (A.35)), it can be seen the second term on the right hand side of (A.32)
tends to zero in probability. From
re|vl, (I — Pc((f(*))vca — (ne — lg+)o?|
P >4
En(ne — lk~)
re

. 2
< B[ (1= PU s — (e —110)02] g

2

Ci572(ne — LK)
T 026 (ne — lk+)?
we see the third term on the right hand side of (A.32)) tends to zero in proba-

bility. Combining (A.32)—(A.36]), it is straightforward to see that (A.30] holds.
This completes the proof of Theorem [3 O

-0, (A.36)
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A .4 An example in which Condition is satisfied
Consider the data-generating process
Yi=[fi(z:) + GII(Ti =) + [fe(zi) + o] I(T; = ¢), 1<i<n,

where fi(z;) = —fo(zi) = Do Oscos((s — 1)z;)/s,2; = 2m(i — 1)/n, and ¢
and v; are i.i.d. N(0,02). Suppose that 6, = s~7/12, and we smooth across
estimators from models that comprise subsets of the first p (p < S) regressors,
where S is the largest integer that is no greater than n/2. Altogether there are
K = 2P~ 1 approximating models if we assume all models contain the intercept.

From the proof of Example 1 in |Wan et al. (2010)), it can be seen that

—13/6

= o(1). Hence Condition holds if p = O ((log n)1/5).

np

A.5 Results of Design 2

Design2,n=100, p=0

Design2,n=100, p=08

Fig. 6: Results of simulations under Design 2 with n = 100.
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Design2,n=400, p=0

Fig. 7: Results of simulations under Design 2 with n = 400.

Design2,n=800, p=0

Rk

o 105

s

10 105 10

0% 102 106 110

Fig. 8: Results of simulations under Design 2 with n = 800.
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