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Appendix

A.1 Proof of Theorem 1

Let b = (b1, . . . , bn2
)′ and η = (η1, . . . , ηn2

)′. Then

Cn(w) =
∥∥∥Ỹ − ∆̂(w)

∥∥∥2 + 2σ2
t tr
(
Pt0(w)

)
+ 2σ2

c tr
(
Pc̃0(w)

)
=
∥∥∥∆+ b+ η − ∆̂(w)

∥∥∥2 + 2σ2
t tr
(
Pt0(w)

)
+ 2σ2

c tr
(
Pc̃0(w)

)
= 2

[〈
∆+ b− ∆̂(w),η

〉
+ σ2

t tr
(
Pt0(w)

)
+ σ2

c tr
(
Pc̃0(w)

)]
+
∥∥∥∆+ b− ∆̂(w)

∥∥∥2 + ∥η∥2

:=A(w) +B(w) + ∥η∥2. (A.1)
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Let us first consider the second term on the right-hand-side of (A.1)

B(w) =
∥∥∥∆+ b− ∆̂(w)

∥∥∥2 = ∥b∥2 + 2
〈
∆− ∆̂(w), b

〉
+
∥∥∥∆− ∆̂(w)

∥∥∥2 .
From (11) and Condition (14), we have

E
(
∥b∥2|U

)
E
(
∥∆− ∆̂(w)∥2|U

) ≤ E
(
∥b∥2 |U

)
/ξn

= n2 O

(p( log n

n

)1/p
)2
 /ξn

= O

(
n

log n

)
O

(
p2
(
log n

n

)2/p
)
/ξn

= O

(
p2
(

n

log n

)1−(2/p)

ξ−1
n

)
= o(1), a.s. (A.2)

By (A.2) and the Cauchy-Schwarz inequality, we obtain

E
(〈

∆− ∆̂(w), b
〉∣∣U)

≤ E

[(∥∥∥∆− ∆̂(w)
∥∥∥2 ∥b∥2

)1/2 ∣∣U]
= E

[(∥∥∥∆− ∆̂(w)
∥∥∥ ∥b∥) ∣∣U]

≤
{
E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U)E

(
∥b∥2

∣∣U)}1/2

= E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U)


E
(
∥b∥2 |U

)
E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U)


1/2

= Rn(w) o(1), a.s. (A.3)

Then

E(B(w)|U) = E

[∥∥∥∆− ∆̂(w)
∥∥∥2 + 2⟨∆− ∆̂(w), b⟩+ ∥b∥2

∣∣U]

≤ Rn(w)+E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U)


E
(
∥b∥2 |U

)
E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U)

1/2
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+E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U) E

(
∥b∥2 |U

)
E

(∥∥∥∆− ∆̂(w)
∥∥∥2 ∣∣U)

= Rn(w) +Rn(w) o(1) +Rn(w) o(1)

= Rn(w) (1 + o(1)) , a.s. (A.4)

Let ζta = Yta − fta, vca = Yca − fca, f̂
(k)
t = P

(k)
t Yta and f̂

(k)
c = P

(k)
c̃ Yca.

From (12), we obtain the model average estimator

∆̂(w) =

K∑
k=1

wk

(
f̂
(k)
t − f̂ (k)

c

)
=

K∑
k=1

wk

[
P

(k)
t

(
fta + ζta

)
− P

(k)
c̃

(
fca + vca

)]
= Pt(w)fta + Pt(w)ζta − Pc̃(w)fca − Pc̃(w)vca,

which yields

∆+ b− ∆̂(w) = ft−fc−∆̂(w)

=
(
ft−Pt(w)fta

)
−
(
fc − Pc̃(w)fca

)
−Pt(w)ζta+Pc̃(w)vca

:=At(w)−Ac̃(w)− Pt(w)ζta + Pc̃(w)vca. (A.5)

Let ζt = (ζt1, . . . , ζ
t
n2
)′ and vc = (vt1, . . . , v

t
n2
)′. From (3) and (4), we have

E((ηm)2|U) = σ2
t + σ2

c and E(ζ′
tvc|U) = 0. (A.6)

Then from (A.5) and (A.6), we obtain

E (A(w)|U) = 2E
[{〈

At(w)−Ac̃(w)− Pt(w)ζta + Pc̃(w)vca, ζt − vc

〉
+ σ2

t tr (Pt0(w)) + σ2
c tr (Pc̃0(w))

} ∣∣U]
= 2E

{〈
At(w)−Ac̃(w),η

〉∣∣U}+ 2E
{〈

− Pt(w)ζta, ζt

〉∣∣U}
+2σ2

t tr (Pt0(w)) + 2E
(〈
Pc̃(w)vca,−vc

〉∣∣U)+ 2σ2
t tr (Pc̃(w))

+2E
(〈

− Pt(w)ζta,−vc

〉∣∣U)+ 2E
(〈
Pc̃(w)vca, ζt

〉∣∣U)
= 0 (A.7)

and

E(∥η∥2|U) = n2(σ
2
t + σ2

c ). (A.8)

Now, from (A.1), (A.4), (A.7) and (A.8), we have

E
(
Cn(w)|U

)
= E

(
A(w)|U

)
+ E

(
B(w)|U

)
+ E

(
∥η∥2|U

)
= Rn(w)

(
1 + o(1)

)
+ n2(σ

2
t + σ2

c ), a.s. (A.9)

This completes the proof of Theorem 1. □
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A.2 Proof of Theorem 2

The proof of Theorem 2 is an application of Whittle (1960) and Chebyshev’s
inequality. Following Zhang et al. (2013) proof of their Theorem 2.1, we as-
sume, for purposes of convenience, that U is non-stochastic. The proof that
follows also applies to the case of stochastic U because all of the technical con-
ditions imposed on U hold almost surely. In the following proof, we assume
that C1, . . . , C15, C

′
8, . . . , and C ′

13 are distinct constants.
Now, from (A.1), it follows that

Cn(w) = Ln(w) +A(w) + (B(w)− Ln(w)) + ∥η∥2

=: Ln(w) +A(w) + B̃(w) + ∥η∥2. (A.10)

Theorem 2 is valid if the following hold

sup
w∈Hn

∣∣A(w)
∣∣/Rn(w) →p 0, (A.11)

sup
w∈Hn

∣∣B̃(w)/Rn(w)
∣∣→p 0 (A.12)

and

sup
w∈Hn

∣∣Ln(w)/Rn(w)− 1
∣∣→p 0. (A.13)

From (A.5), we have

A(w)=2
〈
∆+ b− ∆̂(w),η

〉
+ 2σ2

t tr
(
Pt(w)

)
+ 2σ2

c tr
(
Pc̃(w)

)
=2
〈
ft − fc − Pt(w)fta + Pc̃(w)fca − Pt(w)ζta + Pc̃(w)vca,η

〉
+2σ2

t tr
(
Pt0(w)

)
+ 2σ2

c tr
(
Pc̃0(w)

)
=2
〈
ft−Pt(w)fta,η

〉
−2
〈
fc−Pc̃(w)fca,η

〉
−2
{〈

Pt(w)ζta,η
〉
(A.14)

−σ2
t tr
(
Pt0(w)

)}
+ 2

{〈
Pc̃0(w)vca,η

〉
+ σ2

c tr
(
Pc̃0(w)

)}
=2
〈
At(w),η

〉
−2
〈
Ac̃(w),η

〉
−2
{〈

Pt(w)ζta,η
〉
− σ2

t tr
(
Pt0(w)

)}
+2
{〈

Pc̃(w)vca,η
〉
+ σ2

c tr
(
Pc̃0(w)

)}
.

Hence (A.3) is valid if the following conditions hold

sup
w∈Hn

∣∣〈At(w),η
〉∣∣ /Rn(w) →p 0, (A.15)

sup
w∈Hn

∣∣〈Ac̃(w),η
〉∣∣ /Rn(w) →p 0, (A.16)

sup
w∈Hn

∣∣〈Pt(w)ζta,η
〉
− σ2

t tr
(
Pt0(w)

)∣∣ /Rn(w) →p 0 (A.17)
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and

sup
w∈Hn

∣∣〈Pc̃(w)vca,η
〉
+ σ2

c tr
(
Pc̃0(w)

)∣∣ /Rn(w) →p 0. (A.18)

Note that Condition (17) implies that

E
(
(ζtm)4G|U

)
≤κ<∞ andE

(
(vcm)4G|U

)
≤κ<∞,m = 1, . . . , n2. (A.19)

To prove (A.15), using (18), (A.19), Chebyshev’s inequality and Theorem
2 of Whittle (1960), and following steps similar to the proof of Equation (A.1)
in Wan et al. (2010), we have, for any δ > 0,

P

{
sup

w∈Hn

∣∣〈At(w),η
〉∣∣/Rn(w) > δ

}

≤ P

{
sup

w∈Hn

K∑
k=1

wk

∣∣∣η′
(
ft − P

(k)
t fta

)∣∣∣ > δξn

}

≤ P

{
max

1≤k≤K

∣∣∣η′
(
ft − P

(k)
t fta

)∣∣∣ > δξn

}
= P

{{∣∣〈η,At(w
0
1)
〉∣∣ > δξn

}
∪
{∣∣〈η,At(w

0
2)
〉∣∣ > δξn

}
∪ · · · ∪

{∣∣〈η,At(w
0
k)
〉∣∣ > δξn

}}
≤

K∑
k=1

P
{∣∣〈η,At(w

0
k)
〉∣∣ > δξn

}
≤

K∑
k=1

E

{〈
η,At(w

0
k)
〉2G

δ2Gξ2Gn

}

≤ C1δ
−2Gξ−2G

n

K∑
k=1

∥∥At(w
0
k)
∥∥2G → 0.

Similarly, for (A.16), we obtain

P

{
sup

w∈Hn

∣∣〈Ac̃(w),η
〉∣∣/Rn(w) > δ

}
≤ C2δ

−2Gξ−2G
n

K∑
k=1

∥∥Ac̃(w
0
k)
∥∥2G → 0.

Now, let us prove (A.17). As

P

{
sup

w∈Hn

∣∣〈Pt(w)ζta,η
〉
− σ2

t tr
(
Pt0(w)

)∣∣/Rn(w) > δ

}
= P

{
sup

w∈Hn

∣∣〈Pt(w)ζta, ζt − vc

〉
− σ2

t tr
(
Pt0(w)

)∣∣/Rn(w) > δ

}
≤ P

{
sup

w∈Hn

∣∣〈Pt(w)ζta, ζt

〉
− σ2

t tr
(
Pt0(w)

)∣∣/Rn(w) > δ

}
+P

{
sup

w∈Hn

∣∣〈Pt(w)ζta,vc

〉∣∣/Rn(w) > δ

}
, (A.20)
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it suffices to show that the two terms on the right hand side of (A.20) approach
zero. Note that the first term is bounded by

P

{
sup

w∈Hn

∣∣〈Pt(w)ζta, ζt

〉
− σ2

t tr
(
Pt0(w)

)∣∣/Rn(w) > δ

}

≤
K∑

k=1

P

{∣∣⟨Pt(w
0
k)ζta, ζt

〉
− σ2

t tr
(
Pt0(w

0
k)
)∣∣ > δξn

}

≤
K∑

k=1

P

{∣∣〈Pt0(w
0
k)ζta, ζta

〉
− σ2

t tr
(
Pt0(w

0
k)
)∣∣ > δξn

}

≤
K∑

k=1

E

[{〈
Pt0(w

0
k)ζta, ζta

〉
− σ2

t tr
(
Pt0(w

0
k)
)}2G

δ2Gξ2Gn

]

≤ C3δ
−2Gξ−2G

n

K∑
k=1

[
tr
(
Pt0(w

0
k)P

′
t0(w

0
k)
)]G

= C3δ
−2Gξ−2G

n

K∑
k=1

[
tr
(
Pt(w

0
k)P

′
t (w

0
k)
)]G

→ 0,

while the second term is given by

P

{
sup

w∈Hn

∣∣〈Pt(w)ζta,vc

〉∣∣/Rn(w) > δ

}

≤
K∑

k=1

P

{∣∣〈Pt(w
0
k)ζta,vc

〉
− E

〈
Pt(w

0
k)ζta,vc

〉∣∣ > δξn

}

=

K∑
k=1

P

[∣∣〈Pt(w
0
k)ζta,vca

〉∣∣ > δξn

]

≤
K∑

k=1

E

[{〈
Pt(w

0
k)ζta,vc

〉}2
δ2ξ2n

]

≤
K∑

k=1

E

[{〈
ζ′
taP

′
t (w

0
k)vcv

′
cPt(w

0
k)ζta

〉}
δ2ξ2n

]

≤ C4δ
−2ξ−2

n

K∑
k=1

[
tr
(
Pt(w

0
k)P

′
t (w

0
k)
)]

→ 0. (A.21)

Hence (A.17) is valid.
Similarly, for (A.18), it is observed that

P

{
sup

w∈Hn

∣∣〈Pc̃(w)vca,η
〉
+ σ2

c tr
(
Pc̃(w)

)∣∣/Rn(w) > δ

}
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= P

{
sup

w∈Hn

∣∣〈Pc̃(w)vca, ζt − vc

〉
+ σ2

c tr
(
Pc̃(w)

)∣∣/Rn(w) > δ

}
≤ P

{
sup

w∈Hn

∣∣〈Pc̃(w)vca,vc

〉
− σ2

c tr
(
Pc̃(w)

)∣∣/Rn(w) > δ

}
+P

{
sup

w∈Hn

∣∣〈Pc̃(w)vca, ζt

〉∣∣/Rn(w) > δ

}

≤ C5δ
−2Gξ−2Gn

K∑
k=1

[
tr
(
P ′

c̃(w
0
k)Pc̃(w

0
k)
)]

G+C6δ
−2ξ−2n

K∑
k=1

[
tr
(
P ′

c̃(w
0
k)Pc̃(w

0
k)
)]

→ 0. (A.22)

Given (A.15)-(A.18), it is straightforward to see that (A.3) is valid.
Now, to prove (A.12), let us first consider

B(w) =
∥∥∥∆+ b− ∆̂(w)

∥∥∥2
=
∥∥At(w)−Ac̃(w)

∥∥2 + ∥∥Pt(w)ζta − Pc̃(w)vca

∥∥2
−2
〈
At(w)−Ac̃(w),Pt(w)ζta − Pc̃(w)vca

〉
. (A.23)

Define

R̃n(w) := E
(
B(w)

∣∣U) = E

[∥∥At(w)−Ac̃(w)
∥∥2 + ∥∥Pt(w)ζta − Pc̃(w)vca

∥∥2
−2
〈
At(w)−Ac̃(w),Pt(w)ζta − Pc̃(w)vca

〉∣∣U]
=
∥∥At(w)−Ac̃(w)

∥∥2 + σ2
t tr
(
P ′

c̃(w)Pc̃(w)
)

+σ2
t tr
(
P ′

t (w)Pt(w)
)
. (A.24)

Then from (A.2) and (A.3), we obtain

sup
w∈Hn

∣∣∣R̃n(w)−Rn(w)
∣∣∣ /Rn(w)

= sup
w∈Hn

E

[(∥∥∥∆+ b− ∆̂(w)
∥∥∥2 − ∥∥∥∆− ∆̂(w)

∥∥∥2) ∣∣U]/Rn(w)

= sup
w∈Hn

E
[
2
(〈

∆− ∆̂(w), b
〉
+ ∥b∥2

) ∣∣U] /Rn(w)

= o(1). (A.25)

By (A.23)-(A.25), we have

sup
w∈Hn

|B(w)/Rn(w)− 1|

= sup
w∈Hn

[{
B(w)− R̃n(w)

}
+
{
R̃n(w)−Rn(w)

}]
/Rn(w)

= sup
w∈Hn

{∥∥Pt(w)ζta−Pc̃(w)vca

∥∥2−σ2
c tr
(
P ′

c̃(w)Pc̃(w)
)
−σ2

t tr
(
P ′

t (w)Pt(w)
)



8 Zhihao Zhao et al.

−2
〈
At(w)−Ac̃(w),Pt(w)ζta − Pc̃(w)vca

〉}
/Rn(w) + o(1)

= sup
w∈Hn

[{
∥Pt(w)ζta∥

2 − σ2
t tr
(
P ′

t (w)Pt(w)
)}

− 2
〈
Pt(w)ζta,Pc̃(w)vca

〉
+
{
∥Pc̃(w)vca∥2 − σ2

c tr
(
P ′

c̃(w)Pc̃(w)
)}

− 2
〈
At(w),Pt(w)ζta

〉
+2
〈
At(w),Pc̃(w)vca)

〉
+ 2
〈
Ac̃(w),Pt(w)ζta

〉
−2
〈
Ac̃(w),Pc̃(w)vca

〉]
/Rn(w) + o(1). (A.26)

Next, we will show that the terms on the right hand side of (A.26) converge to
zero in probability. Denote the maximum singular value by λ̄. Following Wan
et al. (2010), we have

λ̄
(
P

(k)
t

)
= λ̄

(
U

(k)
t (U

(k)′

ta U
(k)
ta )−1U

(k)′

ta

)
= λ̄1/2

(
U

(k)
t (U

(k)′

ta U
(k)
ta )−1U

(k)′

ta U
(k)
ta (U

(k)′

ta U
(k)
ta )−1U

(k)′

t

)
= λ̄

(
U

(k)
t (U

(k)′

ta U
(k)
ta )−1U

(k)′

t

)
= λ̄

(
U

(k)
t (U

(k)′

t U
(k)
t + F )−1U

(k)′

t

)
(∃F ≥ 0)

≤ 1.

Recognising that λ̄ (Pt(w
∗)) ≤ max

1≤k≤K
λ̄
(
P

(k)
t

)
≤ 1 for any w,w∗ ∈ Hn, we

have

tr{P ′
t (w)Pt(w

∗)P ′
t (w

∗)Pt(w)} ≤ λ̄2
(
Pt(w

∗)
)
tr{Pt(w)P ′

t (w)}
≤ tr{Pt(w)P ′

t (w)}.

Furthermore, note that

λ̄
(
Pc̃(w

∗)
)
≤ λ̄

(
Pc(w

∗)) + λ̄(Pc̃(w
∗)− Pc(w

∗)
)

≤ 1 + max
1≤k≤K

λ̄1/2
[{

(U
(k)
t −U (k)

c )(U (k)′

ca U (k)
ca )−1U (k)′

ca

}
{
(U

(k)
t −U (k)

c )(U (k)′

ca U (k)
ca )−1U (k)′

ca

}′
]

= 1 + max
k=1,...,K

λ̄1/2

{
(U

(k)
t −U (k)

c )(U (k)′

ca U (k)
ca )−1(U

(k)
t −U (k)

c )′
}

≤ 1 + max
1≤k≤K

λ̄1/2

{(
n−1
c U (k)′

ca U (k)
ca

)−1
}

× max
1≤k≤K

λ̄1/2

{
n−1
c

(
U

(k)
t −U (k)

c

)′ (
U

(k)
t −U (k)

c

)}
≤ 1 + C0 max

1≤k≤K
λ̄1/2

{
n−1
c

(
U

(k)
t −U (k)

c

)′ (
U

(k)
t −U (k)

c

)}
≤ 1 + C0 max

1≤k≤K
tr1/2

{
n−1
c

(
U

(k)
t −U (k)

c

)′ (
U

(k)
t −U (k)

c

)}
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= 1 + C0 max
1≤k≤K

[
n−1
c n2 lk O

((
log n

n

)2/p
)]1/2

= 1 + C0 max
1≤k≤K

[
p

log n
O

((
log n

n

)2/p
)]1/2

= 1 + o(1).

Then

P

{
sup

w∈Hn

∣∣∣∥∥Pt(w)ζta

∥∥2 − σ2
t tr
(
P ′

t (w)Pt(w)
)∣∣∣ /Rn(w) > δ

}

≤ P

 sup
w∈Hn

K∑
j=1

K∑
k=1

wjwk

∣∣∣ζ′
taP

(j)
t

′
P

(k)
t ζta − σ2

t tr
(
P

(j)
t

′
P

(k)
t

)∣∣∣ > δξn


≤ P

{
max

1≤j≤K
max

1≤k≤K

∣∣∣ζ′
taP

(j)
t

′
P

(k)
t ζta − σ2

t tr
(
P

(j)
t

′
P

(k)
t

)∣∣∣ > δξn

}
≤

K∑
j=1

K∑
k=1

P
{∣∣〈ζta,P

′
t (w

0
j )Pt(w

0
k)ζta

〉
− σ2

t tr
(
Pt(w

0
j )

′Pt(w
0
k)
)∣∣ > δξn

}
≤

K∑
j=1

K∑
k=1

E

[{〈
ζta,P

′
t (w

0
j )Pt(w

0
k)ζta

〉
− σ2

t tr
(
P ′

t (w
0
j )Pt(w

0
k)
)}2G

δ2Gξ2Gn

]

≤ C7δ
−2Gξ−2G

n

K∑
j=1

K∑
k=1

[
tr
(
P ′

t (w
0
k)Pt(w

0
j )P

′
t (w

0
j )Pt(w

0
k)
)]G

≤ C7δ
−2Gξ−2G

n λ̄2
(
Pt(w

0
j )
) K∑
j=1

K∑
k=1

[
tr
(
P ′

t (w
0
k)Pt(w

0
k)
)]G

≤ C7δ
−2Gξ−2G

n K

K∑
k=1

(
Rnt

(w0
k)
)G

→ 0

and

P

{
sup

w∈Hn

∣∣∣∥∥Pc̃(w)vca

∥∥2 − σ2
c tr
(
P ′

c̃(w)Pc̃(w)
)∣∣∣ /Rn(w) > δ

}

≤ P

 sup
w∈Hn

K∑
j=1

K∑
k=1

wjwk

∣∣∣v′
caP

(j)
c̃

′
P

(k)
c̃ vca − σ2

c tr
(
P

(j)
c̃

′
P

(k)
c̃

)∣∣∣ > δξn


≤ P

{
max

1≤j≤K
max

1≤k≤K

∣∣∣v′
caP

(j)
c̃

′
P

(k)
c̃ vca − σ2

c tr
(
P

(j)
c̃

′
P

(k)
c̃

)∣∣∣ > δξn

}
≤ C8δ

−2Gξ−2G
n

K∑
j=1

K∑
k=1

[
tr
{
P ′

c̃(w
0
k)Pc̃(w

0
j )P

′
c̃(w

0
j )Pc̃(w

0
k)
}]G
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≤ C8δ
−2Gξ−2G

n λ̄
(
P ′

c̃(w
∗)Pc̃(w

∗)
) K∑
j=1

K∑
k=1

[
tr
{
P ′

c̃(w
0
k)Pc̃(w

0
k)
}]G

≤ C ′
8δ

−2Gξ−2G
n K

K∑
k=1

(
Rnc̃

(w0
k)
)G

→ 0.

Additionally, we can show that

P

{
sup

w∈Hn

|⟨At(w),Pc̃(w)vca)⟩| /Rn(w) > δ

}

≤ P

{
sup

w∈Hn

∣∣∣∣∣∣v′
ca

K∑
j=1

wjP
(j)
c̃

′ K∑
k=1

wk

(
ft − P

(k)
t fta

)∣∣∣∣∣∣ > δξn

}

≤ P

{ K∑
j=1

K∑
k=1

wjwk

∣∣∣v′
caP

(j)
c̃

′(
ft − P

(k)
t fta

)∣∣∣ > δξn

}

≤ P

{
max

1≤j≤K
max

1≤k≤K

∣∣∣v′
caP

(j)
c̃

′(
ft − P

(k)
t fta

)∣∣∣ > δξn

}
≤

K∑
j=1

K∑
k=1

P

{ ∣∣〈At(w
0
j ),Pc̃(w

0
k)vca)

〉∣∣ > δξn

}

≤
K∑
j=1

K∑
k=1

E

[〈
At(w

0
j ),Pc̃(w

0
k)vca)

〉2G
δ2Gξ2Gn

]

≤ C9δ
−2Gξ−2G

n

K∑
j=1

K∑
k=1

∥∥∥P (j)
c̃

′(
ft − P

(k)
t fta

)∥∥∥2G
≤ C9δ

−2Gξ−2G
n

K∑
j=1

K∑
k=1

λ̄
(
P

(j)
c̃

′
P

(j)
c̃

) ∥∥At(w
0
k)
∥∥2G

≤ C ′
9δ

−2Gξ−2G
n K

K∑
k=1

(
Rnc̃

(w0
k)
)G → 0.

Similarly, we have

P

{
sup

w∈Hn

∣∣〈At(w),Pt(w)ζta

〉∣∣ /Rn(w) > δ

}

≤ C10δ
−2Gξ−2G

n

K∑
j=1

K∑
k=1

λ̄
(
P

(j)
t

′
P

(j)
t

) ∥∥At(w
0
k)ft

∥∥2G
≤ C ′

10δ
−2Gξ−2G

n K

K∑
k=1

(
Rnt

(w0
k)
)G → 0,
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P

{
sup

w∈Hn

∣∣〈Ac̃(w),Pt(w)ζta

〉∣∣ /Rn(w) > δ

}

≤ C11δ
−2Gξ−2G

n

K∑
j=1

K∑
k=1

λ̄
(
P

(j)
t

′
P

(j)
t

) ∥∥Ac̃(w
0
k)
∥∥2G

≤ C ′
11δ

−2Gξ−2G
n K

K∑
k=1

(
Rc̃(w

0
k)
)G → 0,

P

{
sup

w∈Hn

∣∣〈Ac̃(w),Pc̃(w)vca

〉∣∣ /Rn(w) > δ

}

≤ C12δ
−2Gξ−2G

n

K∑
j=1

K∑
k=1

λ̄
(
P

(j)
c̃

′
P

(j)
c̃

) ∥∥Ac̃(w
0
k)
∥∥2G

≤ C ′
12δ

−2Gξ−2G
n K

K∑
k=1

(
Rnc̃

(w0
k)
)G → 0

and

P

{
sup

w∈Hn

∣∣〈Pt(w)ζta,Pc̃(w)vca

〉∣∣ /Rn(w) > δ

}

≤ P

{
sup

w∈Hn

K∑
j=1

K∑
k=1

wjwk

∣∣∣ζ′
taP

(j)
t

′
P

(k)
c̃ vca

∣∣∣ > δξn

}

≤ P

{
max

1≤j≤K
max

1≤k≤K

∣∣∣ζ′
taP

(j)
t

′
P

(k)
c̃ vca

∣∣∣ > δξn

}
≤

K∑
j=1

K∑
k=1

P

{ ∣∣∣ζ′
taP

(j)
t

′
P

(k)
c̃ vca

∣∣∣ > δξn

}

≤
K∑
j=1

K∑
k=1

E
∣∣∣ζ′

taP
(j)
t

′
P

(k)
c̃ vca

∣∣∣2
δ2ξ2n

≤
K∑
j=1

K∑
k=1

E
∥∥∥P (j)

t ζta

∥∥∥2 E ∥∥∥P (k)
c̃ vca

∥∥∥2
δ2ξ2n

≤ C13δ
−2ξ−2

n

K∑
j=1

K∑
k=1

tr
∣∣Pt(w

0
j )Pc̃(w

0
k)
∣∣2

≤ C13δ
−2ξ−2

n λ̄(P 2
t (w

∗))

K∑
j=1

K∑
k=1

[
tr
(
Pc̃

′(w0
j )Pc̃(w

0
j )
)]

≤ C ′
13δ

−2ξ−2
n K

K∑
k=1

(
Rnc̃

(w0
k)
)
→ 0.
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By the above results, it is readily seen that the right hand side of (A.26)
converges to zero in probability. From (A.26) and noting that

sup
w∈Hn

∣∣∣B̃(w)
∣∣∣ /Rn(w)

= sup
w∈Hn

|B(w)− Ln(w)| /Rn(w)

= sup
w∈Hn

∣∣∣∣∥∥∥∆+ b− ∆̂(w)
∥∥∥2 − ∥∥∥∆− ∆̂(w)

∥∥∥2∣∣∣∣ /Rn(w)

≤ sup
w∈Hn

[
2(B(w) ∥b∥2)1/2

]
/Rn(w)+ sup

w∈Hn

∥b∥2 /Rn(w) →p 0, (A.27)

we can see that

sup
w∈Hn

|Ln(w)/Rn(w)− 1|

= sup
w∈Hn

|[{B(w)− Ln(w)} − {B(w)−Rn(w)}]| /Rn(w)

= sup
w∈Hn

|B(w)−Ln(w)| /Rn(w)+ sup
w∈Hn

|B(w)−Rn(w)| /Rn(w) →p 0,

which is (A.13). Thus, (A.3), (A.12) and (A.13) are proved, and this completes
the proof of Theorem 2. □

A.3 Proof of Theorem 3

Let

Ĉn(w)=
∥∥∥Ỹ − ∆̂(w)

∥∥∥2 + 2tr
(
Pt0(w)

)
σ̂2
K∗

t
+ 2tr

(
Pc̃0(w)

)
σ̂2
K∗

c

=Cn(w)+2tr
(
Pt0(w)

)
(σ̂2

K∗
t
−σ2

t )+2tr
(
Pc̃0(w)

)
(σ̂2

K∗
c
−σ2

c ). (A.28)

By (A.28) and Theorem 2, Theorem 3 is valid if the following conditions hold

sup
w∈Hn

tr
(
Pt0(w)

) ∣∣∣σ̂2
K∗

t
− σ2

t

∣∣∣ /Rn(w) →p 0 (A.29)

and

sup
w∈Hn

tr
(
Pc̃0(w)

) ∣∣∣σ̂2
K∗

c
− σ2

c

∣∣∣ /Rn(w) →p 0. (A.30)

We need only to verify (A.30), (A.29) can be proved in the same way.
It should be mentioned that our assumption of U being non-stochastic

instead of allowing it to be stochastic has no impact on our proof, because all of
our technical conditions related to U hold almost surely. Let rc̃ = tr

(
Pc̃0(w)

)
.

Then we have

rc̃ ≤ λ̄
(
Pc̃0(w)

)
lK∗ =

(
1 + op(1)

)
lK∗ (A.31)
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and

sup
w∈Hn

tr
(
Pc̃0(w)

) ∣∣∣σ̂2
K∗

c
− σ2

c

∣∣∣ /Rn(w)

≤ rc̃
ξn

∣∣∣σ̂2
K∗

c
− σ2

c

∣∣∣ = rc̃
ξn

∣∣∣∣∣Y ′
ca

(
I − P

(K∗)
ca

)
Yca

nc − lK∗
− σ2

c

∣∣∣∣∣
≤ rc̃

n2 − lK∗

f ′
ca

(
I − P

(K∗)
ca

)
fca

ξn
+

2rc̃

∣∣∣f ′
ca

(
I − P

(K∗)
ca

)
vca

∣∣∣
ξn(nc − lK∗)

+
rc̃

∣∣∣v′
ca

(
I − P

(K∗)
ca

)
vca − (nc − lK∗)σ2

c

∣∣∣
ξn(nc − lK∗)

. (A.32)

It suffices to show that the three terms on the right hand of (A.32) tend to
zero in probability. Using Condition (25), we obtain

f ′
ca

(
I − P

(K∗)
ca

)
fca

ξ2n
→ 0. (A.33)

Then from (24), (26), (A.31) and (A.33), it is seen that

rc̃
nc − lK∗

f ′
ca

(
I − P

(K∗)
ca

)
fca

ξn

≤

[
r2c̃

nc − lK∗

f ′
ca

(
I − P

(K∗)
ca

)
fca

ξ2n

f ′
cafca

nc − lK∗

]1/2
→ 0 (A.34)

and

P

{2rc̃

∣∣∣f ′
ca(I − P

(K∗)
ca )vca

∣∣∣
ξn(nc − lK∗)

> δ

}
≤ E

[
f ′
ca

(
I − P (K∗)

ca

)
vca

]2 4r2c̃
δ2ξ2n(nc − lK∗)2

≤
C14r

2
c̃f

′
ca

(
I − P

(K∗)
ca

)
fca

δ2ξ2n(nc − lK∗)2
→ 0. (A.35)

By (A.35), it can be seen the second term on the right hand side of (A.32)
tends to zero in probability. From

P

{
rc̃|v′

ca

(
I − P

(K∗)
ca

)
vca − (nc − lK∗)σ2

c |
ξn(nc − lK∗)

> δ

}
≤ E

[
v′
ca

(
I − P (K∗)

ca

)
vca − (nc − lK∗)σ2

c

]2 r2c̃
δ2ξ2n(nc − lK∗)2

≤ C15r
2
c̃ (nc − ltK

∗)

δ2ξ2n(nc − lK∗)2
→ 0, (A.36)

we see the third term on the right hand side of (A.32) tends to zero in proba-
bility. Combining (A.32)–(A.36), it is straightforward to see that (A.30) holds.
This completes the proof of Theorem 3. □
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A.4 An example in which Condition (14) is satisfied

Consider the data-generating process

Yi = [ft(zi) + ζi] I(Ti = t) + [fc(zi) + vi] I(Ti = c), 1 ≤ i ≤ n,

where ft(zi) = −fc(zi) =
∑∞

s=1 θs cos((s − 1)zi)/s, zi = 2π(i − 1)/n, and ζi
and vi are i.i.d. N(0, σ2). Suppose that θs = s−7/12, and we smooth across
estimators from models that comprise subsets of the first p (p < S) regressors,
where S is the largest integer that is no greater than n/2. Altogether there are
K = 2p−1 approximating models if we assume all models contain the intercept.

From the proof of Example 1 in Wan et al. (2010), it can be seen that
np−13/6

ξn
= o(1). Hence Condition (14) holds if p = O

(
(log n)1/5

)
.

A.5 Results of Design 2
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Fig. 6: Results of simulations under Design 2 with n = 100.
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Fig. 7: Results of simulations under Design 2 with n = 400.
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Fig. 8: Results of simulations under Design 2 with n = 800.
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