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Abstract
The estimation of treatment effects on the response variable is often a primary goal 
in empirical investigations in disciplines such as medicine, economics and market-
ing. Typically, the investigator would select one model from a multitude of models 
and estimate the treatment effects based on this single winning model. In this paper, 
we consider an alternative model averaging approach, where estimates of treatment 
effects are obtained from not one single model but a weighted ensemble of models. 
We develop a weight choice method based on a minimisation of the approximate 
risk under squared error loss of the model average estimator of the conditional treat-
ment effects. We prove that the model average estimator resulting from this crite-
rion has an optimal asymptotic property. The results of a simulation study show that 
the proposed approach is superior to various existing model selection and averaging 
methods in a large region of the parameter space in finite samples. The proposed 
method is applied to a data set on HIV treatment.
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1  Introduction

Inferring the causal effects of a treatment on a response is often a primary goal 
of a statistical analysis. The term ‘treatment effect’ refers to the causal effect of 
a binary (0,  1) variable on an outcome variable of interest. Treatment effects 
abound in economics, marketing, medicine and many other fields. Examples 
include the effects of training programmes, college degrees, drug use, etc. One 
major problem associated with treatment effect estimation is the selection bias 
that results from the differences between treated and non-treated observations 
due to reasons other than the treatment status per se. There is now a consider-
able body of literature on treatment effect estimation. Some well-known examples 
include (Ashenfelter 1978, Ashenfelter and Card 1984, LaLonde 1986, Abadie 
and Imbens 2011), among others.

One common method of estimating treatment effects is by regressing the 
response against a treatment indicator variable and some baseline covariates. An 
important problem is how to deal with the uncertainty of which covariates should 
be used. Belloni and Hansen (2014) proposed robust methods for inference about 
the effect of a treatment variable on a scalar outcome in the presence of many 
covariates in a model with possibly non-Gaussian and heteroscedastic distur-
bances. Rolling and Yang (2014) proposed a treatment effect cross-validation 
(TECV) criterion that selects the model with the smallest treatment effect esti-
mation errors. This is different from traditional cross-validation criteria, which 
typically emphasise the model’s prediction errors of the response variable. Not 
surprisingly, as the objective has changed, a model that performs well for predic-
tion is not necessarily good for estimating treatment effect. Lee et al. (2017) and 
Belloni et al. (2017) also provided some methods for handling model uncertainty 
when estimating treatment effects.

In addition to the above methods, another approach to dealing with model 
uncertainty that is enjoying rising popularity is model averaging, where esti-
mates are obtained based on not one single model but a weighted ensemble of 
models. A large part of the model averaging literature is about finding optimal 
weights for computing the model average oriented towards some form of opti-
mality. The weight choice methods that have been developed include weighting 
based on information scores (Buckland 1997), adaptive regression by mixing 
(ARM) (Yang 2001; Yuan and Yang 2005), the Mallows criterion (e.g. (Hansen 
2007; Zhu et  al. 2019)), minimisation of estimator’s MSE (Liang et  al. 2011), 
cross-validation (CV) (Hansen and Racine 2012), Kullback–Leibler-type meas-
ures (Zhang et al. 2015) and parsimonious model averaging (PMA) (Zhang et al. 
2020). Some studies have also examined inference after model averaging (e.g. 
Hjort and Claeskens (2003); Liu (2015); Zhang and Liu (2019)). For the alterna-
tive Bayesian approach, readers may consult Hoeting et al. (1999).

The literature on model averaging typically emphasises the models’ predictive 
accuracy; few studies have considered the estimation of treatment effects. Kue-
rsteiner and Okui (2010) and Lee and Shin (2021) applied the model averaging 
approach to the first stage of the two-stage least squares estimator. Seng and Li 
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(2022) investigated a model averaging approach to estimate the treatment effects 
in observational studies in order to incorporate the instruments into the two-stage 
least square estimation procedure. Kitagawa and Muris (2016) developed a model 
averaging method that minimises the approximated MSE of a semiparametric 
estimator related to treatment effects. They proved that this model averaging pro-
cedure is Bayes optimal with respect to a given prior. Rolling et al. (2019) pro-
posed a model averaging method known as treatment effect estimation by mix-
ing (TEEM) based on the idea of ARM but focused on the conditional average 
treatment effects. In this paper, we propose a model averaging method based on 
a minimisation of an unbiased estimator of the expected squared error loss of the 
model average estimator of the conditional average treatment effects. This is in 
the spirits of Liang et al. (2011), who focused on predictive accuracy. Although 
our approach bears some similarity to that of Kitagawa and Muris (2016), there 
are important differences. The objective function of our analysis is the sum of 
squared errors for conditional average treatment effects, which differs from the 
mean squared error criterion of the average treatment effect on which Kitagawa 
and Muris (2016) focused. In particular, the work of Kitagawa and Muris (2016) 
was developed under a local neighbourhood asymptotic framework (Hjort and 
Claeskens 2003). In this paper, we consider a fixed parameter asymptotic frame-
work. Our method is also entirely different from TEEM, which is an adaptive, 
but also a computationally intensive procedure that requires a large number of 
random permutations of the order of observations. We prove that our proposed 
weight choice criterion has an optimal asymptotic property.

The remainder of this paper is organised as follows. Section 2 describes the model 
framework. In Sect.  3, we develop our weight choice criterion, and demonstrate its 
asymptotic optimality. Section  4 is devoted to an investigation of the finite sample 
properties of the proposed approach. Section 5 applies the proposed method to a data 
set on HIV treatment. Technical proofs are given in supplementary material.

2 � Model framework

Our model framework follows closely that of Rolling and Yang (2014). Let Yi be the 
response variable, and Ti ∈ {t, c} be a binary variable such that the individual i is under 
either treatment ( Ti = t ) or control ( Ti = c ) (i.e. no treatment). We write

where ui represents a set of p pre-treatment covariates and �i and vi are the random 
errors under treatment and control, respectively. We assume that

where ‘ ⊥ ’ denotes independence, and

(1)Yi =
[
ft(ui) + �i

]
I(Ti = t) +

[
fc(ui) + vi

]
I(Ti = c), 1 ≤ i ≤ n,

(2)0 < P(Ti = t|ui = u) < 1,

(3)E(𝜁i|ui) = E(vi|ui) = 0, 𝜁i⊥vj for i ≠ j,
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Following Imbens and Wooldridge (2009) and Rolling and Yang (2014), we con-
ceptualise the treatment effect on Y in terms of ‘potential outcomes’ as in the Rubin 
causal model (RCM) (Holland 1986). Let Yit and Yic denote the potential outcomes 
when Ti = t and Ti = c , respectively. The effect of Ti on Yi is thus equal to Yit − Yic , 
which is unobserved because for any given i, only one of Yit and Yic can be observed. 
Holland (1986) suggested inferring on Yit − Yic based on the average of Yit − Yic over 
all i’s. Typically, treatment effects are heterogeneous with respect to the covariates. 
Allowing for this heterogeneity, we define the conditional average treatment effect 
(CATE) as

To connect (1) with (5), we need a condition that requires the covariates to contain 
all potential confounding information of the relationship between the treatment and 
potential outcomes, i.e. {Yit, Yic}⊥Ti|ui . We label this condition as Assumption  1 
here. It always holds in randomised experiments. Rolling and Yang (2014) also 
assumed the same condition and they referred to it as the condition of unconfounded 
assignment. As Rolling and Yang (2014) remarked, this assumption is always satis-
fied under randomised experiments but not necessarily under observational studies. 
For the latter, increasing the number of covariates can enhance the plausibility of the 
assumption. Under Assumption 1, we can write

Our objective here is to estimate Δ(u) , the difference between the regression func-
tions under treatment and control, which may be interpreted as the conditional aver-
age treatment effect. Hereafter, we will simply refer to Δ(u) as the treatment effect.

Clearly, different subsets of ui will give rise to different models of Yi and using all 
components of ui may lead to an inefficient estimator of treatment effect. Let there 
be K candidate (or approximating) models of Yi . Denote the ith vector of observa-
tions of covariates under the kth approximating model as u(k)

i
= (u

(k)

1i
,… , u

(k)

lki
)� , 

where lk is the number of covariates, i = 1,⋯ , n . The kth approximating model of Yi 
is thus given by

(4)E(�2
i
|ui) = �2

t
, E(v2

i
|ui) = �2

c
, 1 ≤ i, j ≤ n.

(5)CATE(u) ∶= E[(Yit − Yic)|ui = u].

(6)

CATE(u) =E[(Yit − Yic)|ui = u]

=E(Yit|ui = u) − E(Yic|ui = u)

=E(Yit|Ti = t, ui = u) − E(Yic|Ti = c,ui = u)

=E(Yi|Ti = t, ui = u) − E(Yi|Ti = c,ui = u)

=ft(u) − fc(u)

∶=Δ(u).

(7)
Yi =

[
u
(k)

i

�
� (k) + �i

]
I(Ti = t) +

[
u
(k)

i

�
�(k) + vi

]
I(Ti = c),

i = 1,… , n, k = 1,… ,K,



77

1 3

Model averaging for estimating treatment effects﻿	

where �(k) and �(k) are unknown coefficient vectors to be estimated. We call the sub-
samples of Yi comprising the observations of Yi = t and Yi = c the treatment and 
control samples, respectively.

Let Yta ( nt × 1 ) and Yca ( nc × 1 ) be the vectors of observations of Yi in the treat-
ment and control samples, respectively, with the corresponding number of obser-
vations given by nt and nc , respectively. For the kth approximating model, let U(k)

ta
 

( nt × lk ) and U(k)
ca

 ( nc × lk ) contain the covariate observations corresponding to the 
treatment and control samples, respectively. It is assumed that U(k)

ta
 and U(k)

ca
 are of 

full column rank. Under this framework, the least squares estimators of �(k) and �(k) 
are �̂(k)

= (U(k)�

ta
U(k)

ta
)−1U(k)�

ta
Yta and �̂(k) = (U(k)�

ca
U(k)

ca
)−1U(k)�

ca
Yca , respectively. The 

estimator of the treatment effect Δ(ui) under the kth model is thus equal to

As discussed in Sect. 1, Rolling and Yang (2014) proposed the TECV model selec-
tion criterion targeted for treatment effect estimation. Here, instead of drawing infer-
ence based on one model, we derive the estimator of the treatment effect based on a 
weighted ensemble of the candidate models. Now, let w = (w1, ...,wK)

� be a weight 
vector belonging to the set

The model average estimator of Δ(ui) is given by

which combines the estimators from different models. The question is how to deter-
mine w in order to obtain desirable properties of Δ̂i(w) . We address this question in 
the next section.

3 � Weight choice and asymptotic optimality

3.1 � Partition and match

Our estimation of Δ̂i(w) and method for choosing w are based on partitioning the 
feature space. Write n1 = min(nt, nc) . Let U ⊂ R

p be the support of the probability 
density of u , and denote the lower bound of the covariate density by c > 0 . The goal 
is to partition U  into cells of appropriate sizes. Without loss of generality, we let 
U = [0, 1]p , h be the side length of cells, and n2 be the number of cells.

From each cell, we randomly select a treatment–control pair (i, i∗) such that Ti = t 
and Ti∗ = c . Following Rolling and Yang (2014), after choosing a suitable h, a treat-
ment–control pair can be found with high probability. Let ut

m
 and uc

m
 be the vec-

tors of covariates corresponding to the treatment and control observations of the 
mth treatment–control pair, respectively, and Yt

m
 , Yc

m
 , � t

m
 and vc

m
 be the corresponding 

(8)Δ̂
(k)

i
= u

(k)

i

�
�̂
(k)

− u
(k)

i

�
�̂(k).

Hn =
{
w ∈ [0, 1]K ∶

∑K

k=1
wk = 1

}
.

(9)Δ̂i(w) =
∑K

k=1
wkΔ̂

(k)

i
,



78	 Z. Zhao et al.

1 3

responses and errors. Typically, as h goes to zero, ut
m
 approaches uc

m
 . Hence, the 

treatment effect Δ(ut
m
) may be approximated by Yt

m
− Yc

m
 . Let bm = fc(u

t
m
) − fc(u

c
m
) 

and �m = � t
m
− vc

m
 . It is readily seen that

where �m may be interpreted as an error term, and bm can be thought of as the bias 
arising from the approximation of Δ(ut

m
) by Yt

m
− Yc

m
.

After partitioning the feature using h as in Rolling and Yang (2014), the bias 
terms have the uniform bound

where C is a constant. See Lemma 1 in supplementary material of Rolling and Yang 
(2014) for details.

3.2 � Weight choice criterion

Unless otherwise stated, all limiting processes discussed in this and subsequent sec-
tions are with respect to n → ∞ . Now, let �̂

(k)
= (Δ̂

(k)

1
,… , Δ̂(k)

n2
)� , 

�̂(w) = (Δ̂1(w),… , Δ̂n2
(w))� , � = (Δ(ut

1
),… ,Δ(ut

n2
))�, and U = (u1,… , un)

�. Define 
the squared error and the corresponding conditional risk of �(w) as 
Ln(w) = ‖�̂(w) − �‖2 and Rn(w) = E

[
Ln(w)

||U
]
 , respectively. Our method of choos-

ing w is based on an approximation of Rn(w).
Let U(k)

t
 and U(k)

c
 , both of dimension n2 × lk , be matrices containing the covariate 

observations within the n2 pairs corresponding to the treatment and control, respec-
tively. Let

Now, write �n = infw∈Hn
Rn(w) . Theorem 1 shows that

(10)

Yt
m − Yc

m = ft(utm) + � tm −
(

fc(ucm) + vcm
)

=
[

ft(utm) − fc(utm)
]

+
[

fc(utm) − fc(ucm)
]

+
[

� tm − vcm
]

= Δ(utm) + bm + �m,

(11)sup
1≤m≤n2

||bm|| ≤ C

{⌊(
cn1

2 log n1

)1∕p
⌋}−1

= O

(
p

(
log n

n

)1∕p
)
,

(12)

Ỹm = Yt
m
− Yc

m
, Ỹ = (Ỹ1,… , Ỹn2 )

�,

P(k)
t

= U(k)
t
(U(k)�

ta
U(k)

ta
)−1U(k)�

ta
, P

(k)

c̃
= U(k)

t
(U(k)�

ca
U(k)

ca
)−1U(k)�

ca
,

Pt(w) =
∑K

k=1
wkP

(k)
t
, P

(k)

t0
=
(
P(k)
t

�
, 0nt×(nt−n2)

)�
,

Pc̃(w) =
∑K

k=1
wkP

(k)

c̃
, P

(k)

c̃0
=
(
P
(k)

c̃

�
, 0nc×(nc−n2)

)�
,

Pt0(w) =
∑K

k=1
wkP

(k)

t0
, and Pc̃0(w) =

∑K

k=1
wkP

(k)

c̃0
.

(13)Cn(w) =‖�̂(w) − Ỹ‖2 + 2𝜎2
t
tr
�
Pt0(w)

�
+ 2𝜎2

c
tr
�
Pc̃0(w)

�
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is approximately an unbiased estimator of the expected squared error of Δ̂(w) save 
for a constant.

Theorem 1  Provided that

then

Proof  See Appendix A.1 in supplementary material. 	�  ◻

Remark 1  Condition (14) places a constraint on the growth rates of �n , n and p. 
Li (1987) used a similar condition. To satisfy Condition (14), it is necessary that 
�n → ∞ . As Hansen (2007) remarked, this simply means there is no finite approxi-
mating model for which the bias is zero. We provide an example in Appendix A.4 
under which Condition (14) holds.

Our optimal weight vector, ŵ , is obtained by minimising Cn(w) , i.e.

Alternatively, one can express Cn(w) as a quadratic function of w by rewriting (13) 
as Cn(w) = w�

�
�
�w + w�g , where � = (�̂

(1)
− Ỹ,… , �̂

(K)
− Ỹ)� and 

g =
(
2�2

t
tr
(
P
(1)

t0

)
+ 2�2

c
tr
(
P
(1)

t0

)
,… , 2�2

t
tr
(
P
(K)

t0

)
+ 2�2

c
tr
(
P
(K)

t0

))�

 . This is a conveni-
ent feature that facilitates the computation of ŵ by software packages.

3.3 � Asymptotic optimality

In this section, we show that our proposed method has an asymptotic optimal prop-
erty. Now, let f t = (ft(u

t
1
),… , ft(u

t
n2
))� , f c = (fc(u

c
1
),… , fc(u

c
n2
))� , f̂ t(w) = Pt(w)Yta , 

f̂ c(w) = Pc̃(w)Yca , Lnt (w) = ‖f̂ t(w) − f t‖2 , Rnt
(w) = E

[
Lnt (w)

||U
]
 , Lnc̃(w) =

‖f̂ c(w) − f c‖2 , and Rnc̃
(w) = E

[
Lnc̃(w)

||U
]
.

Theorem 2  Assume that (14) holds, and for some fixed integer 1 ≤ G < ∞,

(14)p2
(

n

log n

)1−(2∕p)

�−1
n

= o(1), a.s.

(15)E
(
Cn(w)|U

)
= Rn(w)

(
1 + o(1)

)
+ n2(�

2
t
+ �2

c
). a.s.

(16)ŵ = argmin
w∈Hn

Cn(w).

(17)E(𝜂4G
m
|U) ≤ 𝜅 < ∞, m = 1,… , n2, a.s.

(18)K𝜉−2G
n

∑K

k=1

[(
Rnt

(w0
k
)
)G

+
(
Rnc̃

(w0
k
)
)G]

→ 0, a.s.
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and

Then,

where �(A) denotes the minimum singular value of A , C0 and � are constants and wk
0
 

is a K × 1 vector with the kth element taking on the value of unity and all other ele-
ments zeros.

Proof  See Appendix A.2 in supplementary material. 	�  ◻

Theorem 2 shows that the squared error of �̂ resulting from using ŵ is asymptoti-
cally equivalent to that from using the infeasible optimal weight vector, meaning that 
our proposed method has an optimal asymptotic property.

Remark 2  Condition (17) places a bound on the conditional moments. This condi-
tion is similar to Condition (7) of Wan et al. (2010). Condition (18) places a restric-
tion on the rates of increase of the minimum risk �n of the model average estimator, 
the number of candidate models K and 

∑K

k=1

��
Rnt

(w0
k
)
�G
+
�
Rnc̃

(w0
k
)
�G� . If we define 

�n as the maximum of Rnt
(w0

k
) and Rnc̃

(w0
k
) for k = 1,… ,K , it can be seen that 

K2(�n�
−2
n
)G → 0 is a sufficient condition for Condition (18). Now, if �n → ∞ holds, 

then K2(�n�
−2
n
)G → 0 also holds as long as K2�G

n
 tends to infinity at a rate slower 

than that of �2G
n

 to infinity. Under the nested model framework proposed by Hansen 
(2007), Condition (18) is typically implied by the usual condition K = O(nv) (where 
v > 0 is a small constant), as demonstrated in Wan et al. (2010). Specifically, this 
holds automatically when K is bounded. Subsection 3.1 of Zhang (2021) provides an 
extensive discussion of similar conditions. Condition (19) is similar to Condition 
C.4 of Zhang et al. (2016) and Condition 1 of Lv and Liu (2014). Condition (20) 
places a constraint on the growth rates of n and p, where p is allowed to be of 
O((log n)�0) for some 0 < 𝛽0 < 1.

Now, we consider the case where the unknown �2
t
 and �2

c
 are replaced 

by estimates. Denote the K∗ th approximating model as the model such that 
lK∗ = max{l1, l2,… , lK} . Write

(19)0 < C0 ≤ 𝜆

{
U(k)�

ca
U(k)

ca

nc

}
, k = 1,… ,K, a.s.

(20)
p

log n

(
log n

n

)2∕p

= o(1).

(21)
Ln(ŵ)

inf
w∈Hn

Ln(w)
→p 1,
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In addition, let

and

be the estimators of �2
t
 and �2

c
 , respectively.

To facilitate analysis, we introduce notations analogous to those in Subsect. 3.3. 

Let f ta = E(Yta|U) , f ca = E(Yca|U) , Pca(w) =
∑K

k=1
wkP

(k)
ca

 , Pta(w) =
∑K

k=1
wkP

(k)
ta

 , 

f̂ ta(w) = Pta(w)Yta , f̂ ca(w) = Pca(w)Yca , Lnca(w) = ‖f̂ ca(w) − f ca‖2 , Lnta(w) = ‖f̂ ca
(w) − f ta‖2 , Rnca

(w) = E[Lnca(w)|U] and Rnta
(w) = E[Lnta(w)|U] . The following theo-

rem shows that under some mild conditions, Theorem 2 remains valid when �2
t
 and 

�2
c
 are replaced by 𝜎̂2

K∗
t

 and 𝜎̂2
K∗
c

 , respectively.

Theorem 3  When �2
t
 and �2

c
 are replaced by 𝜎̂2

K∗
t

 and 𝜎̂2
K∗
c

 , respectively, Theorem 2 
remains valid, provided that

and

where � is a constant.

Proof  See Appendix A.3 in supplementary material. 	�  ◻

Remark 3  Condition (24) is a mild condition on the averages of fit and fic . Shao 
(1997) and Wan et al. (2010) assumed similar conditions. Condition (25) is analo-
gous to Condition (18). Condition (26) places a constraint on the number of regres-
sors in the largest approximating model. Similar assumptions have been made by 
Shibata (1980) and Newey (1997).

P(k)
ta

= U(k)
ta
(U(k)

ta

�
U(k)

ta
)−1U(k)

ta

�
, P(k)

ca
= U(k)

ca
(U(k)

ca

�
U(k)

ca
)−1U(k)

ca

�
,

f̂
(k)

ta
= P(k)

ta
Yta and f̂

(k)

ca
= P(k)

ca
Yca.

(22)𝜎̂2
K∗
t
= (nt − lK∗ )−1‖Yta − f̂

(K∗)

ta
‖2

(23)𝜎̂2
K∗
c

= (nc − lK∗ )−1‖Yca − f̂
(K∗)

ca
‖2,

(24)f �
ta
f ta∕nt = O(1), f �

ca
f ca∕nc = O(1), a.s.

(25)K�−2G
n

∑K

k=1

[(
Rnca

(w0
k
)
)G

+
(
Rnta

(w0
k
)
)G]

→ 0, a.s.

(26)l2
K∗∕n1 ≤ 𝜑 < ∞,
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4 � A simulation study

We label our proposed model averaging strategy as the OPT method to indicate 
that it possesses an optimal asymptotic property. In this section, we compare the 
finite sample performance of OPT with several other estimators, including the 
AIC and BIC model selection estimators and smoothed model averaging counter-
parts, denoted as the smoothed-AIC (SAIC) and smoothed-BIC (SBIC) estima-
tors. Let 𝜎̂2

k
=

1

n

∑n

i=1
(Yi − f̂

(k)

Ti
)2 be the estimator of �2 in the kth model. The AIC 

and BIC scores for the kth model are AICk = n2 log 𝜎̂
2
k
+ 2lk and 

BICk = n2 log 𝜎̂
2
k
+ (log n2)lk , respectively. The AIC and BIC model selection 

estimators select the model with the smallest AIC and BIC scores, respectively. 
The SAIC estimator introduced by Buckland (1997) is a model average estimator 
that assigns the weight

to the kth model. The SBIC estimator is defined analogously. Our analysis also 
includes a comparison with the TECV model selection and the TEEM model aver-
aging methods. For a detailed discussion of these methods, readers may refer to 
Rolling and Yang (2014) and Rolling et al. (2019).

Our simulation study is based on the model setup in (1). We set 
n = 100, 400, 800, p = 2 , P(Ti = t) = 0.5 and (u1i,… , upi)

� ∼ Np(0,�) , where 
the kjth element of � is set to �|k−j| ; k, j ∈ {1,… , p} , � = 0, 0.5, 0.8 . The larger 
the value of � , the stronger the correlation among the covariates. Define 
R2 = var

(
I(Ti = t) × ft(ui) + I(Ti = c) × fc(ui)

)
∕var (Yi) . Consider Ti ∈ {t, c} and 

denote h1(ui) = ft(ui)∕cr , h0(ui) = fc(ui)∕cr and ei = I(Ti = t) × �i + I(Ti = c) × vi . 
Then, we can write R2 = var

(
cr × hTi(ui)

)
∕
(
var

(
cr × hTi(ui) + var (ei)

)
 . In our 

simulations, we vary cr to match the values of R2 = 0.2, 0.3,… , 0.8 . A small 
(large) R2 indicates that the true model has a high (small) noise level. The simula-
tion setting of Rolling et al. (2019) corresponds to our setting with R2 being close 
to 0.5. We assume the following data generating process of Yi:

where the errors are generated from one of the following two designs:

wk = exp
(
−
1

2
AICk

)
∕
∑K

k=1
exp

(
−
1

2
AICk

)

Yi = [0.5u2
i1
+ 0.5ui2 + 0.5ui1 + 0.5u2

i2
+ �i]I(Ti = t) + [0.5u2

i1
+ 0.5ui2 + vi]I(Ti = c),

Table 1   Candidate models for 
Designs 1-2

Number Candidate Model

1 Yi = [�
0
+ �i]I(Ti = t) + [�

0
+ vi]I(Ti = c)

2 Yi = [�
0
+ �

1
ui1 + �i]I(Ti = t) + [�

0
+ �

1
ui1 + vi]I(Ti = c)

3 Yi = [�
0
+ �

2
ui2 + �i]I(Ti = t) + [�

0
+ �

2
ui2 + vi]I(Ti = c)

4 Yi = [�0 + �1ui1 + �2ui2 + �i]I(Ti = t)
+ [�0 + �1ui1 + �2ui2 + vi]I(Ti = c)
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Design 1: vi ∼ N(0, 1) and �i ∼ N(0, 1);
Design 2: vi ∼ N(0, 1) and �i ’s are generated from a double-exponential 

(Laplace) distribution with variance equal to one.
The purpose of Design 2 is to examine the robustness of our method when the 

treatment and control groups have different error distributions.
We consider four candidates models given in Table 1. We gauge the estimators’ per-

formance by the average squared errors ASEj =
1

Nnew

∑Nnew

i=1
(Δ̂n(ui) − Δ(ui))

2 , where 
Nnew = 106 is the size of the evaluation sample and Δ̂n(ui) is an estimator of Δ(ui) 
based on a training sample with n observations. We set the evaluation sample size to 106 
following the study of Rolling et al. (2019). Since the evaluation set here is a random 
sample of simulated predictor variables, setting Nnew = 106 is easily achievable. Nota-
bly, the reliability of the results increases with the size of the evaluation sample. Each 
part of our simulation experiment is based on J = 1000 replications. We define the risk 
of the estimator as

When reporting the results, we normalise the risk by dividing it by the risk of the 
infeasible (or best fitting) optimal least squares estimator in each replication.

Remark 4  When conducting our simulations, we originally adopted the partitioning 

approach described in Subsect. 3.1 with h =

⌊(
n1

2 log n1

)1∕p
⌋−1

 . The results show that 

the OPT method generally outperforms other methods. However, in order to draw a 
fair comparison with the method of Rolling et al. (2019), we present the simulation 
results based on a nearest-neighbour pairing approach that has the advantages of 
simplicity and producing a larger number of pairs than the partitioning and matching 
approach, especially when the sample size is small or p is not very small. In the con-
text of estimating the average treatment effect, Abadie and Imbens (2006) showed 
that matching with replacement via nearest neighbour produces better matching 
quality than matching without replacement via partitioning. Rolling et  al. (2019) 
took a similar view. Remark 5 provides a brief description of the nearest-neighbour 
pairing approach. As the two approaches are similar, we do not undertake theoretical 
analysis based on the nearest-neighbour pairing approach here.

Remark 5  With nearest-neighbour pairing, the covariates are scaled so that each 
covariate has a common mean and variance. Let us denote the vector of standardised 
covariates as ũ . For a given observation in a treatment group, the goal of nearest-
neighbour pairing is to find the observation’s ‘nearest neighbour’ from the other 
group. Here, the distances between any two neighbours are calculated by standard-
ised covariates. Specifically, for each i in a treatment group, the method seeks i∗ 
from the other group such that

Risk =
1

J

∑J

j=1
ASEj.

i∗ = argmin1≤i�≤nd(ũi, ũi� ) subject to Ti ≠ Ti�
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and hence Ỹi = Yt
i
− Yc

i∗
 , where d(⋅) represents the Euclidean distance.

The results under Design 1 are reported in Figs. 1, 2 and 3. The results sug-
gest that OPT is the strategy that most frequently achieves the best risk outcomes. 
Without exception, the OPT estimator has the smallest risk when R2 is moderate 
to large. In general, the bigger the sample size, the larger the range of R2 values 
for which the OPT estimator yields the smallest risk, ceteris paribus. When n is 
small, the value of � makes little difference to the performance of the OPT estima-
tor. However, when n is large, a decrease in � commonly has the effect of enlarg-
ing the range of values of R2 where the OPT estimator delivers the best outcomes. 
The TEEM method also enjoys good risk properties. It frequently produces the 
next best estimates when the OPT yields the smallest risk, and can sometimes 
outperform the OPT estimator when R2 is small. Interestingly, while an increase 
in sample size generally benefits the relative performance of the OPT estimator, 
it frequently worsens the performance of the TEEM estimator. The SAIC, SBIC, 
AIC, BIC and TECV estimators never result in the best risk outcomes. When both 

Fig. 1   Results of simulations under Design 1 with n = 100
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n and R2 are large, the TECV estimator can yield better estimates than the TEEM 
estimator but it cannot outperform the OPT estimator. The AIC estimator nearly 
always delivers the worst estimates when n and R2 are small, but its performance, 
as well as that of the BIC estimator, often improves as the sample size increases. 
In general, the SAIC and SBIC estimators enjoy better sampling properties than 
their model selection counterparts; exceptions occur, for example, at small val-
ues of R2 , where the AIC and BIC estimators can sometimes be the preferred 
strategies. The results under Design 2 are reported in Figs. 6–8 in Appendix A.5 
of supplementary material. Generally speaking, the comments made above under 
Design 1 also apply to Design 2, where the error distributions are different for the 
treatment and control groups. In particular, the OPT estimator remains the best 
estimator most of the time.

We also evaluate the performance of our method when the probability P(Ti = t) 
is related to the covariates. We consider the following design:

Design 3: n = 500 , p = 10, � = 0.7 , and

Fig. 2   Results of simulations under Design 1 with n = 400
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under the following data generating process of Yi:

P(Ti = t) =
exp

1

10

∑10

j=1
uij

1 + exp
1

10

∑10

j=1
uij

,

Fig. 3   Results of simulations under Design 1 with n = 800

Table 2   Candidate models for Design 3

Number Candidate model

1 Yi = [�
0
+ �i]I(Ti = t) + [�

0
+ vi]I(Ti = c)

2 Yi = [�
0
+ �

1
ui1 + �i]I(Ti = t) + [�

0
+ �

1
ui1 + vi]I(Ti = c)

3 Yi = [�
0
+
∑2

j=1
�juij + �i]I(Ti = t) + [�

0
+
∑2

j=1
�juij + vi]I(Ti = c)

4 Yi = [�
0
+
∑3

j=1
�juij + �i]I(Ti = t) + [�

0
+
∑3

j=1
�juij + vi]I(Ti = c)

⋮ ⋮

11 Yi = [�
0
+
∑10

j=1
�juij + �i]I(Ti = t) + [�

0
+
∑10

j=1
�juij + vi]I(Ti = c)
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where vi ∼ N(0, 10) and �i ∼ N(0, 10) . Under this design, we consider eleven 
nested candidates models given in Table 2. We use boxplots to show the results of 
ASEs based on J = 1000 replications for Design 3. The results under Design 3 are 
reported in Fig. 4. The results suggest that when the probability P(Ti = t) depends 
on the covariates, the OPT estimator is still the superior strategy.

5 � An empirical example

This application is based on the same data example considered by Rolling and 
Yang (2014). The data are obtained from the Community Programs for Clinical 
Research on AIDS that contain results of a clinical trial known as FIRST that 
evaluated treatment strategies for patients who were HIV positive. These patients 
were then assigned to one of the two treatment strategies described in MacArthur 
et al. (2006) and Rolling and Yang (2014). The purpose of the study is to com-
pare the difference in the change in CD4-cell counts under the two strategies.

Yi = [3
∑3

j=1
uij + 2

∑6

j=4
uij + �i]I(Ti = t) + [2

∑6

j=1
uij + vi]I(Ti = c),

Fig. 4   Boxplots of average squared errors under Design 3
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We use the same n = 1191 observations as in Rolling and Yang (2014), of 
which 799 observations correspond to patients assigned to the less potent of the 
two strategies and the remaining 392 were assigned to the more potent strategy. 
Our response and baseline covariates are also the same as in Rolling and Yang 
(2014); namely, we use the difference between the square root of the patient’s 
average CD4-cell count over all measurements taken at or after 32 months from 
enrolment and the square root of the patient’s CD4-cell count at the baseline 
enrolment date as the response variable, and the square root of the baseline CD4-
cell count (CD40 ), the logarithm of the baseline HIV ribonucleic acid concen-
tration ( RNA0 ), the patient’s age (Age), and the treatment variable T as covari-
ates. We assign T = t to the more potent strategy and T = c to the less potent 
strategy. For any given model, we consider it mandatory to include the intercept 
and CD40 , and treat all other covariates as optional. In addition, when a covari-
ate is included, the pairwise interaction of that covariate with every of the other 
covariates is also included in the same model. This results in 22 candidate mod-
els, each containing a distinct set of covariates. Table 3 shows the covariates of 
these models.

Table 3   Candidate models in 
empirical example

aAll models contain an intercept term

Model Index Covariates

1 CD4
0

2 Age, CD4
0

3 RNA
0
 , CD4

0

4 Age, RNA
0
 , CD4

0

5 T, CD4
0

6 T, CD4
0
 , T*CD4

0

7 T, CD4
0
 , Age

8 T, CD4
0
 , RNA

0

9 T, CD4
0
 , Age, T*CD4

0

10 T, CD4
0
 , Age, RNA

0

11 T, CD4
0
 , T*CD4

0
 , RNA

0

12 T, CD4
0
 , Age, T*Age

13 T, CD4
0
 , RNA

0
 , T*RNA

0

14 T, CD4
0
 , Age, T*Age, T*CD4

0

15 T, CD4
0
 , RNA

0
 , T*RNA

0
 , T*CD4

0

16 T, CD4
0
 , RNA

0
 , Age, T*CD4

0

17 T, CD4
0
 , RNA

0
 , Age, T*Age

18 T, CD4
0
 , RNA

0
 , Age, T*RNA

0

19 T, CD4
0
 , Age, T*Age, T*CD4

0
 , RNA

0

20 T, CD4
0
 , Age, T*RNA

0
 , T*CD4

0
 , RNA

0

21 T, CD4
0
 , Age, T*RNA

0
 , T*Age, RNA

0

22 T, CD4
0
 , Age, T*RNA

0
 , T*Age, T*CD4

0
 , RNA

0
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Following Rolling et al. (2019), we evaluate the various methods by a ‘guided 
simulation’ experiment. We assume three ‘true’ processes based on three esti-
mated regression functions, indexed as Models 14, 2 and 19 in Table 3. Models 2 
and 19 are the models with the smallest AIC and BIC, respectively, while Model 
14 is selected by a focused information criterion (see Rolling and Yang (2014) 
for details). For each regression function, we generate 1191 observations of Y by 
augmenting the estimated regression with an i.i.d. noise variable obtained from a 
zero-mean Gaussian distribution with variance equal to the estimated error vari-
ance estimate of that regression, taking into account the sample values of Ti and 
ui . We apply the same seven model selection and averaging methods considered 
in Sect. 4. Each of these methods produces, for each process and i, an estimate 
of Δ(ui) . For a given method, the performance of the method is evaluated by the 
average of the squared errors (Δ(ui) − Δ̂(ui))

2 across the n = 1191 observations. 
Note that in each case the ‘true’ Δ(ui) can be obtained from the assumed true pro-
cess. We repeat this experiment 100 times, and different realisations of the noises 
are generated for each trial. As we consider three different processes of Y, this 
results in 300 average squared errors for each method.

Figure 5, which displays the boxplots of the average squared errors, shows that 
the OPT method generally results in the best estimates, followed by the TEEM 
and SAIC methods that usually outperform all other methods including the SBIC 
method, whose performance is on par with that of its model selection counterpart 
and the TECV method but generally worse than that of the AIC selection method.

Fig. 5   Boxplots of average squared errors in empirical example
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6 � Discussion

In this paper, we have developed a model averaging strategy for the estimation of 
treatment effects based on a minimisation of the approximate risk of the model 
averaging estimator under a squared error loss function. It is shown that the pro-
posed strategy has an optimal asymptotic property, and fares well compared with 
other model selection and averaging strategies in finite samples. The current work 
can be extended in various ways. First, Condition (20) imposes a stringent constraint 
on the number of model parameters. It would be worthwhile to consider weakening 
this constraint in the theoretical analysis. Also, our analysis is limited to the case of 
binary, or yes-or-no, treatment. There is a need to consider the more complex type 
of multiple treatments, which commonly arise in health and medical research. See 
Cattaneo (2010), Feng et al. (2012), Linden et al. (2016), among others. An inves-
tigation of the distributional properties of the proposed model average estimators is 
another fruitful avenue for further research. The results would enable us to examine 
the implications of model averaging on interval, rather than just point, estimation. 
Recent works by Liu (2015) and Zhang and Liu (2019) may serve as a useful guide 
in this regard. This paper maintains homoskedasticity within each group. A natural 
question is how to extend our procedure to allow heteroskedasticity. Finally, we have 
consider parametric candidate models; model averaging criteria that incorporate 
nonparametric models for treatment effect estimation are yet to be developed.
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org/​10.​1007/​s10463-​023-​00876-4.
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