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S1 Discussion of point process scenarios

This section extends the discussion at the end of Section 2.

In the main manuscript we focus on the setting where a spatial point process ® on
some domain X C R? is observed at fixed points in time. For example, the case study
(Section 5) considers daily observations of locations of earthquakes in Italy. However,
forecasting for point processes appears in a variety of other situations, and the use of
strictly consistent scoring functions adapts readily. To clarify this idea, we distinguish
three different point process scenarios. Although motivated by commonly encountered
applications, there might be settings where the distinction is artificial.

Scenario A (purely spatial) In this scenario, the process is defined on either a single
spatial domain (Scenario Al), or several non-overlapping subdomains (Scenario
A2). Examples include points fixated by observers of images (Barthelmé et al.,
2013) and locations of trees in a forest (Stoyan and Penttinen, 2000). Stationarity
is a common simplifying assumption in this context.

Scenario B (purely temporal) In this scenario, there is no spatial component and the
process concerns points in time only. Examples are arrival times of e-mails (Fox
et al., 2016) and times of infection with a disease (Schoenberg et al., 2019). In this
special setting the directional character of time allows for a distinct interpretation
and treatment.

Scenario C (spatio-temporal) In addition to the spatial component, processes in this
scenario possess a temporal component, which could be discrete (Scenario C1) or
continuous (Scenario C2). Examples include locations and times of crimes in a
city (Mohler et al., 2011) and earthquakes observed over time in a specific region
(Ogata, 1998; Zhuang et al., 2002). The main manuscript focuses on Scenario C1.

In order to compare forecasts in each of these scenarios, we can in principle proceed
as in Sections 4 and 5: Choose a strictly consistent scoring function S for a statistical
property of point processes, e.g. the intensity, and find the mean score difference

%Z(S(m,@i) — S(r}, 1))

for forecast reports r; and r} and associated observed point patterns ¢;, where the index
1 = 1,...,n represents repeated observations. Then negative values support forecast
r, while positive values support r*. The mean score difference is an estimator of the
expected score difference E (S(r, ®) — S(r*, ®)), and implementation details vary across
scenarios, also impacting the assessment of the uncertainty inherent in the estimate,



which is of particular importance when tests for superior predictive performance are
sought. To illustrate the key ideas we distinguish whether the point process has a
continuous or discrete time component.

Discrete time Assume that the point process is sampled at fixed points in time, i.e.
it can be modelled by a sequence (®,);cny adapted to a filtration (H;)ien. This setting
includes the special case of i.i.d. realizations and relates to Scenario C1 as well as variants
of Scenario A with repeated observations. Given two forecast sequences (R;)en and
(Rf)ten the score differences (S(Ry, ®:) — S(R}, P;))ien form a sequence of real-valued
random variables, thus the common Diebold-Mariano (DM) tests (Diebold and Mariano,
1995) are directly applicable. We briefly discuss the more general forecast comparison
framework of Nolde and Ziegel (2017) in our setting. Let S be strictly consistent for a
point process statistic I' : P — A and assume that forecasts in terms of I' applied to the
conditional distribution ®, | H,_; are given. These forecasts can be regarded as random
sequences R = (Ry)ieny and R* = (R})ien such that R, and R; are H,_;-measurable.
Their forecast performance can be compared via the mean score difference

An(R,R*) := ZS Ry, ®,) ——ZS Ry, ©;) :—Z(S(Rt,@)—S(R?,@t)% (1)

t=1

which is an estimator for the difference in expected scores. Based on the law of large
numbers and the strict consistency of S, a positive value supports the hypothesis that
R* is superior to R, while a negative value supports the opposite hypothesis. A fur-
ther step is to test whether A, (R, R*) is significantly different from zero. In the simple
situation of an i.i.d. sequence (®;)icn, the forecast sequences reduce to r,r* € A, i.e.
they are constant in time. We can then test for significant differences in expected scores
based on the asymptotic normality of the well-known t-statistic t,, := /nA,(r,7*)/+/62,
where 62 estimates the variance of S(r, ®)— S(r*, ®). For dependent time series (®;)en,
(Rt)ten, and (R} )ien we refer to Nolde and Ziegel (2017), where tests for equal fore-
cast performance rely on suitable asymptotic results developed in Giacomini and White
(2006).

Continuous time If we consider point processes in Scenario C2 or Scenario B, then
temporal dependence between the points of ® becomes an essential feature of the process
and can also be object of the forecast. For instance, the statistic I' might consist of
temporal features of the point process. Also, dependencies need to be accounted for
in estimation and testing, as they affect asymptotic distributions. To illustrate this,
assume for simplicity that ® is a purely temporal process observed over a time period
[0,7] with 0 < ¢; < --- < ty < T denoting the corresponding arrival times. Moreover,



let R; and R} be reports issued at time ¢;_; based on the previous arrivals ty,...,%;_.
This yields a realized score difference

~

)
AT(}%a R*) = (S(Rhtz) - S<R:K7tz)) ) (2>

n(

i

where n(T') := ®((0,T]) is the random number of points in [0, 7. In contrast to (1) we
do not consider averages since n(7") is a random variable depending on ® and dividing
by it will interfere with the consistency of S. The score difference Ar(R, R*) is a
sum of a random number of random variables, usually called a random sum. This
perspective connects the estimation of score differences to the theory of total claim
amount in insurance, see e.g. Mikosch (2009) and Embrechts et al. (1997).

Asymptotic results for the score difference (2) for 7' — oo are desirable to assess how
uncertainty affects forecast evaluation and transfer the DM test to the continuous time
setting. One possible approach to this problem relies on limit theorems for randomly in-
dexed processes due to Anscombe (1952), in particular random central limit theorems: If
the number of points n(7") satisfies a weak law of large numbers, then under Anscombe’s
condition, we only need to ensure that the sequence (S(R;,t;) — S(R,t;))ien satisfies a
central limit theorem in order to obtain asymptotic normality for (2). Such results are
available for strong mixing (Lee, 1997), ¢-weakly dependent (Hwang and Shin, 2012),
and m-dependent (Shang, 2012) sequences. Working these into tests for superior forecast
performance for (spatio-)temporal point processes is an avenue for future work.

S2 Further scoring functions for point processes

The technical context of this section is the same as in Section 3.

S2.1 Simple examples

The subsequent examples are applications of the transformation principle (Proposi-
tion 1).

Example S1 (void probability). For any fixed set B € B(X) the functional I' defined
via I'(P) = P({¢ | ¢ N B = 0}) is elicitable. This follows from Proposition 1 with
T(F) =EpY and g(¢) = 1(p(B) = 0). Strictly consistent scoring functions for I' are
of the Bregman form (2), see also Example 1.



Example S2 (point process integrals). Fix measurable functions f; : X — R, i =
1,...,m for m € N. Define g : My — R™ via

g(p) = (/Xfldso,...,/xfmdso)T - (Zﬁ(xi),...,me(xi))T,

T, €EP T, €0

set g(P) :== {Pog™' | P € P} and let T = idyp). Then the finite-dimensional
distribution functional I'y, ;. (P) = T(P o g™ ') is an elicitable property of the point
process ®. Consistent scoring functions for I' are obtained by applying consistent scoring
functions for distributions (Gneiting and Raftery, 2007) to the m-variate distribution
Pog! see also Heinrich-Mertsching et al. (2021).

S2.2 Distribution and density

This material extends Section 3.2.

General result for the full distribution The law Ps of a finite point process on X
can be equivalently represented by two sequences (py)ren, and (Il )ren. Each py specifies
the probability of finding k£ points in a realization. The II; are symmetric probability
measures on X* which describe the distribution of any ordering of points, given k points
are realized, see Daley and Vere-Jones (2003, Chapter 5.3) for details.

To state the next result, we introduce the notion of symmetric scoring functions,
where S : A x R" — R is called symmetric if S(a,41,...,yn) = (@ Yr1)s - - -+ Yr(n)) for
all a € A, y € R" and permutations 7. Symmetry ensures that the scoring functions in
the subsequent proposition are independent of the enumeration of the realization of ®.

Proposition S1. Let P be a class of distributions of finite point processes, with () € P
decomposed into (T ey and (p©)reny- Set Fir = {11 | Q € P} and let Sy, : Fi x X* —
R be a symmetric consistent scoring function foridr, for allk € N. Let Sy be a consistent
scoring function for distributions on Ng. Then the function S : P x My — R defined via

S<<<HkQ)k€N7 (pk:Q)kGNo)7 {yla cee 7yn}) = STL(Hgv Yty - - - 7yn) + SO<<ka)k€N07 n)

forn € N and S((I)ken, (P2 keno), 0) := So((p2)keny, 0) is a consistent scoring func-
tion for the distribution of the point process ®. It is strictly consistent if So and (Sk)ken
are strictly consistent.

Proof. The result follows by decomposing the expectation EpS(Q, ®) into expectations
on the sets {® = n} for n € N and using the (strict) consistency of S,, on each set. [



Hyviarinen score Assume that a point process model admits explicit expressions
for the Janossy densities (ji)ren, (see Section 3.2), however, only up to an unknown
normalizing constant. In this situation, 0-homogeneous consistent scoring functions for
densities can be of use, as they allow for the consistent evaluation of an unnormalized
density. The most relevant example is the Hyvdrinen score defined via

HyvS(f,9) = Alog f(4) + 5|V log f(y)]

where V denotes the gradient, A is the Laplace operator, and f is a twice differentiable
density on R%. To ensure strict consistency on a class of probability densities £ its
members have to be positive almost everywhere and for all f, g € £ it must hold that
Vieg(f(y))g(y) — 0 as ||y|| = oo, see Hyvérinen (2005), Parry et al. (2012), and Ehm
and Gneiting (2012) for details.

Similar to the logarithmic score, we can transfer the Hyvarinen score to the point
process setting. To do this we assume that for all ) € P and k € N, j,? is defined
on (R%)* and satisfies the aforementioned regularity conditions. Then the function S :
P x My — R defined via

S((ij)lCENoﬂ {y17 s ;yn}) = HyVS<]§7 Y1y ;yn) <3>

for n € N and S((ij)keNO, () := 0 is a consistent scoring function for the distribution of
the point process ®. Observe that we cannot achieve strict consistency for .S, since the
probability of |®| = n is proportional to j, and thus not accessible to the Hyvérinen
score.

Example S3 (Gibbs point process). Stemming from theoretical physics, Gibbs processes
are a popular tool to model particle interactions. They are defined via their Janossy
densities

In(y1s - yn) = C(0) exp (=0U (y1, - - -, yn))

where U represents point interactions, € is a parameter often referred to as temperature,
and C is the partition function, which ensures that the collection (ji)ren, is properly
normalized, see e.g. Daley and Vere-Jones (2003, Chapter 5.3) and Chiu et al. (2013,
Chapter 5.5). It is in general difficult to find closed form expressions for C', or even
to approximate it, hence the Hyvarinen score might seem attractive to evaluate models
based on (jx)ren,- Plugging j, into (3) gives

S(Giher U ) =0 (=BG ) + 5190 o))



for n € N, where the derivatives are computed with respect to the coordinates of the
vector (y1,...,yn) € (RY)™. The simplest choice for interactions is to restrict U to first-
and second-order terms

Ulys,ym) =D Ui + >0 0 (Il = wll°)

ij=1

for I : R — R and v : [0,00) — [0,00) with ¥(0) = 0, see e.g. Daley and Vere-Jones
(2003, Chapter 5.3). To apply the Hyvérinen score in this setting, [ and v have to satisfy
regularity conditions detailed above and in Hyvérinen (2005), and in particular admit
second order derivatives almost everywhere. The soft-core models for ¢ introduced
in Ogata and Tanemura (1984) satisfy this condition, while their hard-core model for
1 is not even continuous. An additional technical issue is that Ogata and Tanemura
(1984) consider point processes on a finite domain X and use a constant [. To make
the Hyvarinen score applicable in this setting a possible solution is to approximate their
models via twice differentiable densities on (R%)".

S2.3 Moment measures

Moment measures can be interpreted as the point process analogue to the moments of a
univariate random variable. Strictly consistent scoring functions for these measures can
be constructed in the same way as for the intensity, see Proposition 3.4.

For n € N, let M} = M;(X") be the set of finite Borel measures on X™. For
positive measurable functions f : X™ — (0,00) the n-th moment measure u™ and the
n-th factorial moment measure o™ are defined via the relations

E( Z f(xl,...,xn)): flae, . xy) dp™ (zy, .. ),
T1,e,Tn €D xn

and
E( Zyg f(xl,...,xn)> = fxy, ... xn)da™ (2, ..., 2),

respectively, see e.g. Chiu et al. (2013) and Daley and Vere-Jones (2003). Here ¥7
denotes summation over all n-tuples that contain distinct points of ®. Using the notion
of factorial product defined via

m . ) mm=1)(m=2)(m-n+1) ,m>n
TN 0 ,m<n



for m,n € N we obtain the concise representations ™ (B") = E®(B)" and o™ (B") =
E®(B)" for Borel sets B € B(X), see e.g. Daley and Vere-Jones (2003, Chapter 5).

Proposition S2. Set F* := {P* | P € M}}, let S : F* x X" — R be a consistent
scoring function for idg. and b : [0,00) x [0,00) — R a Bregman function.

(i) The function Sy : M x My — R defined via

S1(s {yt, - Ym}) = Z S, x1, ..y xp) + cb(p(X™), m")

1, Zn €{Y1seesYm

form € N, and Sy (u,0) = cb(u(X™),0) for ¢ >0, is a consistent scoring function
for the n-th moment measure.

(i) The function Sy : M} x My — R defined via

Solay {ymb) = S S, 3a) + eb(a(XT), m)

xl,...,xne{y1,---7ym}

form >n and So(a,{y1,...,Ym}) = cb(a(X™),0) for m < n and with ¢ > 0 is a
consistent scoring function for the n-th factorial moment measure.

Both Sy and Sy are strictly consistent if S is strictly consistent and b is strict.

In many cases of interest a(™ is absolutely continuous with respect to Lebesgue
measure on X™ and its density o™ is called product density, see e.g. Chiu et al. (2013).
A (strictly) consistent scoring function for o™ can be obtained from Proposition S2 (ii)
by choosing S to be a (strictly) consistent scoring function for densities.

Example S4. Let n = 2 and for simplicity consider the product density o of a
stationary and isotropic point process. In this situation, o® depends on the point
distances only, i.e. it can be represented via 0@ (zy,z;) = Q(()Z)(Hxl — x9||) for some
Q((]Q) : [0,00) — [0,00). Analogous to Example 4, we can use the quadratic score for b
and the logarithmic score for S in Proposition S2 (ii). This gives the strictly consistent
scoring function

Sy, g =— 3 log(a (21 — w])))

z1,22€{y1, Ym }

+mPlog [0 + ¢ (0] — mP)?,

where ¢ > 0 is some scaling constant. Simulation experiments in Section S3.2 show how
S compares different product density forecasts.
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S2.4 Summary statistics

Summary statistics of point processes are central tools to quantify point interactions
such as clustering or inhibition. This subsection constructs strictly consistent scoring
functions for the frequently used K-function. Throughout we assume that ¢ is a sta-
tionary point process on RY i.e. any translation of the process by z € R? which we
denote via ®,, has the same distribution as ®. This implies that the intensity measure
of ® is a multiple of Lebesgue measure and can be represented via some A > 0, see e.g.
Chiu et al. (2013, Chapter 4.1).

A common way to describe a stationary point process is to consider its properties
in the neighbourhood of x € R, given that z is a point in ®. Due to stationarity, the
location of x is irrelevant and thus it is usually referred to as the “typical point” of ®.
The technical tool to describe the behaviour around this point is the Palm distribution
of ®, denoted via Py for probabilities and E, for expectations. It satisfies the defining
identity

A W[ Eof () =E< ) f<<1>x>>

zedPNW

for all measurable functions f : M; — R such that the expectations are finite, and it
is independent of the observation window W € B(R?) (Illian et al., 2008, Chapter 4).
When we need to highlight the distribution of the point process, we write Epg for the
Palm expectation given ® has distribution P € P.

Denote the d-dimensional ball of radius » > 0 around zero via B, = B(0,r). The
K-function of ® is defined via

|, B (B,\{0})

K : (0,00) — [0, 00), \ ;

and it quantifies the mean number of points in a ball around the “typical point” of ®,
see e.g. Chiu et al. (2013) and Illian et al. (2008) for details. Deriving strictly consistent
scoring functions for the K-function appears challenging since it combines the Palm
distribution and the intensity. However, in many situations both of these quantities
are of interest. We thus derive a result which defines scoring functions for joint reports
of the K-function and the intensity. Our point process property of interest is thus
['(P) := (Ap, Kp), where the subscript denotes the dependence of the quantities on the
distribution P € P of the process ®. Since observation windows are always finite, we
fix some 7* > 0 and let Kp be the restriction of the K-function to the interval (0, 7*).
To derive consistent scoring functions let us fix some r € (0,7*) and assume for now
that A\p is known and that instead of data we directly observe the Palm distribution



of ®. In this simplified situation, Kp(r) is just an expectation with respect to Py, hence
“consistent scoring functions” for it are of the Bregman form

Sz, ) = —f(Apz) — f'(Ap2) (0(B:\{0}) — Apz), (4)

for a convex function f : (0,00) — R, see Theorem 1 and Example 1. This is because
Epob(z, ®) > Epob(Kp(r),®) holds for all x > 0 and P € P. To arrive at a strictly
consistent scoring function for the functional I' three steps remain: Firstly, we have
to include a consistent scoring function for the first component of T', i.e. the intensity.
Moreover, we need to integrate (4) with respect to r in order to evaluate the K-function
on the entire interval (0,7*). Finally, we have to account for the fact that we can
not observe Py, but only points of ® on some closed and bounded observation window
W C R? Hence, we need to compute the expected score EqS(x, ®) via an expectation
of ® on W. Such problems lead to edge corrections, i.e. additional terms to account for
the fact that (unobserved) points outside of W affect the estimation near the boundary
of W, see e.g. Chiu et al. (2013, Chapter 4.7) for details. Since (4) is linear in ¢, edge
corrections for the expected score are equivalent to edge corrections for the expectation
Eo®(B,\{0}), which are well-known in the context of K-function estimation. Before we
formalize these three steps in a proposition, we state a result needed for the proof, see
Gneiting (2011, Theorem 4).

Lemma S1 (revelation principle). Let A, A’ be some sets and g : A — A’ a bijection
with inverse g~'. Let T : F — A and T, : F — A’ defined via T,(F) := g(T(F)) be
functionals. Then T is elicitable if and only if T, is elicitable. A function S: AxO — R
is a (strictly) consistent scoring function for T if and only if S, : A" x O = R, (z,y) —
Sy(x,y) = S(g Hx),y) is a (strictly) consistent scoring function for T,.

Proposition S3. Let by, by : [0,00)%x[0,00) — R be Bregman functions and w : (0, 00) —
[0,00) a weight function. Define C :== {Kp | P € P}, a set of possible K -functions, and
let k satisfy Epk(B,, @ N W) = ApEpo®(B,\{0}) for all P € P and r € (0,7*). Then
the function S : ((0,00) x C) x My — R defined via

SN K), @) = b, (W) W] ) + / (K (), K(By, @)u(r) dr

is consistent for the point process property I'(P) := (Ap, Kp), where the second compo-
nent is restricted to (0,r*). It is strictly consistent if by and by are strict and w is strictly
positive.

Proof. Using Theorem 1, the Fubini-Tonelli theorem, and

Epk(B,, ®) = A\pEpo®(B,\{0}) = A\ Kp(r)
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for r € (0,r*), standard arguments show that the scoring function

*

S (W R), ) = by (A o (W)W ) + / " ba(h(r), k(B,. ) wlr) dr,

where h : (0,00) — (0,00) is an increasing function, is consistent for the property
I"(P) := (Ap, A4Kp(r)). An application of the revelation principle (Lemma S1) gives
(strict) consistency for T O

Similar to Proposition 2, this result blends two scoring components, namely the
expected number of points and their distances. Hence, choosing suitable Bregman func-
tions b; and by in applications, again leads to issues of balancing the magnitudes of
different scoring components. A similarly intricate question is the choice of k. Relevant
choices result from the construction of estimators for the K-function, which are often
based on dividing & by an estimator for A>. A common choice is

L # ILBT (.7}2 — I1>
kat(Bro@) == ) W, AL
z1,22€0NW
where W, := {x + z | © € W} is the shifted observation window and r is such that
|W N W,| is positive for all z € B,, see e.g. Illian et al. (2008, Chapter 4.3) and Chiu
et al. (2013, Chapter 4.7). An alternative arises via minus-sampling, i.e. by reducing the
observation window W in order to reduce edge effects. This yields

1 .
Kvminus(Bru 90) = T Z ILB,«(SU2 - 331),
‘W| r1,22€NW, z0€eWOTr

where W © r = {z | B(x,r) C W} is the reduced observation window and r <
diam(W)/2. For other choices of k, most notably for isotropic point processes, see
Chiu et al. (2013, Chapter 4.7).

Practitioners usually rely on the L-function, a modification of the K-function, which
is defined via L(r) = /K (r)/f4 for r > 0, where 3, := |By|. It satisfies L(r) = r for the
Poisson point process, and thus normalizes the K-function such that it is independent
of the dimension d for a Poisson point process (Chiu et al., 2013). A (strictly) consistent
scoring function for the L-function follows immediately from Proposition S3 and another
application of the revelation principle. The explicit formula follows by replacing the first
component of by by A2L(r)¢3; in Proposition S3. The idea underlying the construction
of scoring functions for the K- and L-function presented here can be transferred to other
summary statistics for stationary point processes.

11



S3 Extended simulation study

S3.1 Intensity

This subsection extends Section 4. We give more details on the used point processes
and provide a closer analysis of the simulation experiments in the main paper. We
then perform additional simulations with a different scoring function and study the
approximation derived in Proposition 4.

All experiments rely on the six intensities defined in Section 4, see Figure S1 for an
illustration. We consider two strictly consistent scoring functions for the intensity. The
first choice is used in Section 4 and given by

S1(A {1, yn}) = — Zlog()\(yi)) + nlog|Al + ¢ (|A] — n)?, (5)

i=1

see also Example 3.5. Our second choice is

So(0 ) = = D log A (ye) + /X A(y) dy, (6)

which is defined in Proposition 5.1 and appears as the limit scoring function in earth-
quake likelihood model testing, see Section 5.3. The scaling factor ¢ > 0 in (5) is set to
¢ =1/10. We draw N = 100 i.i.d. samples and repeat M = 500 times.

Details on the point process models We consider four different data-generating
processes for ® on [0, 1]2, all of which have (approximate) intensity fo(z,y) = 64/22 + y2.
The models are specified as follows:

1. An inhomogeneous Poisson point process with intensity fj.

2. A thinned Gaussian determinantal point process (DPP), see e.g. Hough et al.
(2006) and Lavancier et al. (2015). In general, a DPP is a locally finite point
process with product densities (see Section S2.3) given by

o (xy, ..., x,) = det (C(z;, ;)

i,j=1,...,n

for n € N, where C' : R x R? — R is a covariance. As a result, the DPP’s intensity
function is = + C(x,x) and it is stationary and isotropic whenever its covariance
is. We choose C(x1,x2) = Cy(||z1 — x2|), where Cp : [0,00) — R is the Gaussian

covariance function
Co(r)=0 exp{ (s> } , (7)
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with variance 0 = max;, yep.1) fo(2,y) and scale s = 6/100. We then apply inde-
pendent thinning to the homogeneous Gaussian DPP in order to obtain the final
point process with intensity function fj.

. An inhomogeneous log-Gaussian Cox process (LGCP), see e.g. Illian et al. (2008,
Chapter 6). A LGCP is a Poisson point process conditional on a random intensity
function arising from a log-Gaussian random field. If y : R — R is the mean
and C' : R? x R? — R is the covariance of the random field, then the LGCP has

intensity function

T — exp (u(m) + %C(x, x)) :

We choose C(x1,x2) = Co(||z1 — x2]|), where Cp : [0,00) — R is the exponential
covariance function

Co(r) = o exp (=< ). (8)

with variance 0% = 1/4 and scale s = 1/5. The mean is set to u(z) = log(fo(x)) —
1/8 such that the intensity equals fj.

. An inhomogeneous Thomas cluster process, see e.g. Illian et al. (2008, Chapter 6).
This is a cluster process which arises from an inhomogeneous Poisson point process
as parent and a random number of cluster points which are drawn from a normal
distribution centred at its parent point. As intensity of the parent process we
choose 2f,/3 and the number of points per cluster follows a Poisson distribution
with parameter 3/2. The location of each cluster point is determined by a normal
distribution which is centred at the parent point and where the components are
uncorrelated and have standard deviation 0.05. As a result of the clustering, the
intensity of the Thomas process is only approximately equal to fj.

Further details for the experiments of Section 4 Section 4 presents four sim-
ulation experiments based on the scoring function S;. Table S1 shows the results of
DM tests (see Diebold and Mariano (1995) and Section S1) for these experiments. For
each of the M = 500 realizations we test whether forecast f; (row) achieves the same ex-
pected score as forecast f; (column). The rejection frequencies in favour of f, against f;,
j=1,...,5 (first row of each table) are generally in line with the mean score differences
in Figure 1. Moreover, the results of the DM tests are similar for all four simulation
experiments. In the third and fourth experiment (lower part of Table S1) the frequencies
of rejection in favour of the optimal forecast fy (first row of each table) decrease slightly
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Table S1: Fraction of replicates where the “row forecast” was preferred over the “column
forecast” by a standard DM test with level & = 0.05 based on the scoring function S (5)
and M = 500 replicates

Poisson DPP
Jo f1 fa /3 Ja s Jo J1 Jo /3 Ja /5

fo 0.45 fo 0.52
fi 0.00 fi0.00 0.39
fo 0.00 0.00 f2 0.00 0.00 0.27
f3 0.00 0.00 f3 0.00 0.00 0.01
fa 0.00 0.00 f+ 0.00 0.00 0.00 0.01
fs 0.00 0.00 0.00 0.00 0.00 fs 0.00 0.00 0.00 0.00 0.00
LGCP Thomas
Jo N fo  Hh fo fs
fo 0.48 fo 0.24 0.52
fi 0.00 0.39 fi0.00 0.26 0.56
f2 0.00 0.00 0.27 fo 0.00 0.00 0.18 0.44

fs 0.00 0.00 0.01 fs 0.00 0.00 0.01 0.14
fa 0.00 0.00 0.00 0.01 fa 0.00 0.00 0.00 0.01
fs 0.00 0.00 0.00 0.00 0.00 fs 0.00 0.00 0.00 0.00 0.00

for the LGCP and substantially for the Thomas process. An intuitive reason for this is
that clustering, which is a feature of both processes, complicates the distinction between
different intensity forecasts.

Experiments with a different scoring function We now investigate how the fore-
cast comparison changes when using the scoring function Ss instead of the scoring func-
tion S from Section 4. Boxplots of mean score differences are given in Figure S2 and
they are generally similar to the ones presented in Figure 1.

The same conclusion holds for the results of DM tests given in Table S2 resemble
those in Table S1. This suggests that in our experiments the choice of ¢ = 1/10 for S
leads to a similar balance of shape and total mass of the intensity as with S;. However, in
other forecast settings, or with a different choice of ¢, the two scoring functions may lead
to differing conclusions. As in the previous experiments, the clustering of the LGCP and
the Thomas process leads to less conclusive decisions between the forecasts. In contrast,
the inhibition of the Gaussian DPP seems to facilitate the comparison between the
forecasts.

A further sequence of experiments considers the speed of convergence in Proposi-

tion 4, i.e. how well score differences based on S;re’il, as defined in (14), approximate
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Figure S2: Boxplot of difference in mean scores 5, — 5, for j = 1,...,5 and scoring

function Sy (6). From left to right, ® is a Poisson point process, a Gaussian determinantal
point process, a log-Gaussian Cox process, or an inhomogeneous Thomas process. Means
are based on N = 100 realizations, boxplots on M = 500 replicates.

score differences based on Sy (6). We select a family of partitions (7,)nen of [0, 1]
which arises from dyadic partitions of both axes. Specifically, each grid cell Bl-(;) e T
is given by [(i — 1)/2",i/2"] x [(j — 1)/2",j/2"] for i,5 € {1,...,2"}. The number of
cells is thus k, = 2*" and we choose n € {1,...,6} for the simulations. As forecasts
we rely on the intensity functions fy, ..., f5 introduced in Section 4 which we transform
into grid-based reports fl%) by integrating f; over the grid cell Bgl). These reports are
then compared to the number of points per cells via SZGZ}I. We study the convergence
of the rejection probabilities of DM tests based on S;re’h for N = 100 i.i.d. samples of
® and increasing n. The corresponding fractions converge to the values in Table S2,
as illustrated in Figure S3 for the comparisons of fy to fi,..., fs. These simulations
suggest that for forecasts which are far from the underlying truth n = 2, i.e. 16 grid
cells, is already enough to obtain DM results based on SZ;”H which are in good agreement
with the results based on Sy (Table 52). For intensity functions closer to the truth, such

as f1, n =3, i.e. 64 grid cells, seems necessary to obtain a good approximation.

S3.2 Product density

This subsection presents simulation experiments for the product density (Section S2.3).
We simulate stationary and isotropic point processes with three different second order
structures corresponding to inhibition, clustering, and no interaction. We draw N = 30
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DM test with level @ = 0.05 based on the scoring function SZ;’h, with n varying along the
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the fractions resulting from the use of Sy (see (6)), as given in Table S2. The legend in
the upper left plot applies to all other plots, too.
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Table S2: Fraction of replicates where the “row forecast” was preferred over the “column
forecast” by a standard DM test with level & = 0.05 based on the scoring function Sy (6)

and M = 500 replicates

Poisson
oo i f2 fs fi [ Jo
Jo 0.46 Jo
fi 0.00 fi 0.00
fo 0.00 0.00 f2 0.00
f3 0.00 0.00 f3 0.00
f+ 0.00 0.00 fa 0.00
fs 0.00 0.00 0.00 0.00 0.00 f5 0.00
LGCP
Jo fi fo
fo 0.44 fo
fi 0.00 0.39 fi 0.00
f2 0.00 0.00 0.27 fa 0.00
f3 0.00 0.00 0.00 f3 0.00
fa 0.00 0.00 0.00 0.01 fa 0.00
f5 0.00 0.00 0.00 0.00 0.00 fs 0.00

DPP
ho o fs i s
0.47

0.43
0.00

0.00 0.01
0.00 0.00 0.01
0.00 0.00 0.00 0.00

Thomas

i fo  fs
0.24 0.53

0.22

0.26 0.53
0.01 0.16 0.42
0.00 0.01 0.15

0.00 0.00 0.01
0.00 0.00 0.00 0.00

i.i.d. samples ; from ® and compare the mean scores for different forecasts, in the same
way as in Section 4. The scoring function S is defined in Example S4 and the scaling
factor ¢ = 1075 is chosen such that the log and squared terms are of the same order of
magnitude. We repeat the simulations M = 500 times to assess the variation in mean

scores.

Details on the point process models We simulate three different stationary and
isotropic data-generating processes ® on the window [0, 1]? with intensity A = 25. The

models are specified as follows:

1. A LGCP which is determined by a stationary and isotropic Gaussian process with
mean p € R and covariance function Cj, see e.g. Illian et al. (2008). Its second

order product density o? : R x RY — R is given by 0 (z1, 3) = ol (|21 — 22]|),

where

o2 (r) = exp (21 + Co(0) + Co(r)) .

We choose Cjy as the Gaussian covariance function (7) with variance o2 = log?2

and scale s = 5/100 and set p = log(\) — 02/2.
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Figure S4: Plot of the five different choices for Q(()Z) : [0,00) — [0,00) on which the

product density forecasts in Section S3.2 are based. The first two (f; and f5) represent
clustering, the last two (f4 and f5) inhibition. The constant f3 implies no interaction.

2. A homogeneous Poisson point process.

3. A DPP defined via the Gaussian covariance function (7), see e.g. Hough et al.
(2006) and Lavancier et al. (2015). Its second order product density is given by

0P (21, 72) = o (|71 — wal]), where

o) (r) = Cy(0)* —

CQ(?”)z,

and Cy is the Gaussian covariance (7) with variance o = A\? and scale s = 0.06.

Forecast comparison The three simulation experiments compare five different prod-
uct density forecasts, which are based on statlonary and 1sotr0{)1c: point processes, see

ZE17.T2 = QO

(||x1 — x2]|), with the

Example S4. Hence, the forecasts take the form Q

function g( ) given by
fi(r) = exp [2p + 0% {1 + exp(—400r?) }]
fo(r) = exp [2p + 0* {1 + exp(—20r)}]
falr) = A2
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Figure S5: Boxplots of mean scores 5; for different product density forecasts, where
® is a log-Gaussian Cox process (left), a homogeneous Poisson process (centre), or a
Gaussian determinantal point process (right). Means are based on N = 30 realizations,
boxplots on M = 500 replicates.

fa(r) = X2 {1 — exp(—2r/s)}
fs(r) = A2 {1 - exp(—2(r/s)2)} ,

where p = log(\) — 02/2, 02 = log(2), s = 0.06, and A = 25. See Figure S4 for a graph-
ical comparison of the different functions. The forecasts f; and f, represent clustering,
since they arise as product densities of LGCPs with Gaussian or exponential covariance
function (see (7) and (8)). The constant function f3 corresponds to a homogeneous Pois-
son process. The forecasts f; and f5 arise as product densities of DPPs with Gaussian
or exponential covariance function and thus represent inhibition. Our parameter choices
ensure that the point process models corresponding to fi, ..., f5 all have intensity equal
to A, so forecast misspecifications only occur in the product density.

In the first experiment the true ® is a LGCP with a Gaussian covariance function such
that its product density corresponds to f;. In the second experiment ® is a homogeneous
Poisson process with intensity A, such that f3 becomes the optimal forecast in this
situation. Lastly, we let ® be a DPP with Gaussian covariance function and parameters
such that f5 is optimal. We thus perform one experiment for each of the three phenomena
clustering, no interaction, and inhibition.

The simulated mean scores are displayed in Figure S5 for all three experiments. The
optimal forecast consistently achieves the lowest mean score. In the case of clustering
(left subfigure) the LGCP related forecasts f; and fo perform roughly similar, while the
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Table S3: Fraction of times the “row forecast” was preferred over the “column forecast”
by a standard DM test with level & = 0.05 in the product density experiments (Sec-
tion S3.2), based on M = 500 repetitions

LGCP DPP
L Lo s fi S i o s fa [
fi 0.18 fi 0.00 0.00 0.00 0.00
fo 0.00 0.57 fo 0.00 0.00 0.00
f3 0.00 0.00 f3 0.00 0.00
f+ 0.00 0.00 0.00 f1 0.00
fs 0.00 0.00 0.00 0.00 fs 0.57
Poisson

i fo s fa fs

fi 0.01 0.00 0.04 0.43

fo 0.17 0.00 0.06 0.50

fr 077068

fa 0.07 0.05 0.00
fs 0.00 0.00 0.00 0.00

misspecified no interaction and inhibition forecasts f3, fis and f5 lead to considerably
higher mean scores. A similar, but mirrored behaviour is apparent in the inhibition ex-
periment (right subfigure): The forecast f;, which gets the nature of point interactions
right, attains low mean scores, even though it is not optimal. The mean scores of the
Poisson forecast f3 are always in between the “extremes”. The DM test probabilities of
the three experiments are given in Table S3 and support these observations. Addition-
ally, the DM results illustrate that the clustering forecasts f; and f5 are preferred more
often over the inhibition forecast f5 in the case of Poisson data (centre table).

S4 Additional details for the case study

This material extends Section 5.2. Figure S6 reproduces Figure 3 but with the quadratic
score Squaa rather than the Poisson score Spqis. In contrast to Figure 3 we see that there
are periods without events where the LG model rather than the FMC model attains the
lowest scores.

Figures S7 and S8 use the same methods as in Figure 4 to compare the LM model to
the LG and the SMA model. The regions of superior or inferior forecast performance of
the LM model remain generally the same across the three comparisons. The right plots
of these figures compare the forecasts after spatial aggregation, for which we give details
now.
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Figure S6: Daily scores s;; from (10) based on Syuaa for the four forecasting models
from 2005 to 2020, logarithmic scale. The circles indicate the days of M4+ earthquakes
and the tickmarks on the horizontal axis mark the first day of each year.

S4.1 Spatial aggregation

We follow the notation of Section 5.2, except that we introduce a coordinate notation
for the testing region (Figure 2). For each grid cell B; we now write By; where k is the
horizontal and [ the vertical coordinate. A cell with a higher value of k is further east
and a cell with a higher value of [ is further north. Similarly, let xk lt be the forecast
of model j corresponding to cell By; on day t. For combinations of k and [ that fall
outside the testing region we use the convention x,(c] l),t =0 and By,; = 0.

Let 6 € Ny be a given level of aggregation. We define the locally aggregated forecast
and the locally aggregated grid cell at coordinate (k,l) and aggregation level § via

4 0

56
- Z Z xl(cjlu,l+u,t and By = U U By pi v

pu=—06 v=—4 u=—=94 v=—4

respectively. In the interior of the testing region, this is an aggregation of the forecasts
over a square neighbourhood with edge length 25 + 1 centred at (k,[). At the boundary
of the testing region the aggregation neighbourhoods will be smaller, however, as there
are almost no events in this area, this does not affect the plots. Due to the linearity
of expectations, the values a:,(gl)t are again valid mean forecasts that can be compared

via consistent scoring functlons, e.g. the Poisson score (9). The right plots of Figures 4,
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S7, and S8 show this comparison via the mean score difference of the locally aggregated
forecasts

5514

o 1 o _ o _
AP = ERY (Spois(@) s 21(Bra)) = Spois (@) 2(Bra))).
t=1

where 6 = 5. For 6 = 0 there is no aggregation, so Agf ) simplifies to Al(-j J l), the (non-
aggregated) mean score difference (11). For ¢ large enough there is essentially only one
big grid cell and one forecasted number remaining. The corresponding plot would show
only one colour, indicating the forecast performance of the models with respect to the
total number of events in the testing region.

S4.2 Sample size considerations

Point process forecasting is often challenged by a lack of data, and particularly a lack
of data to properly test newly proposed prediction models. In this light, a critical
question is how much data is required to reach valid conclusions on superior predictive
ability. As discussed, a commonly used tool is the Diebold-Mariano (DM) test, which
is a one-sample t-test applied to the score differentials, with adaptations to time series
settings. Standard power calculations for t-tests apply to independent samples, and a
well known, crude rule of thumb (Lehr, 1992; van Belle, 2008) states that for a one-
sample, two-tailed t-test with level 0.05, a sample size n = 8s%/d? yields an approximate
power of 0.80, where s? is the variance of the score differentials, and d is the difference
to be detected. Phrased differently, if the variance s? and the sample size n are given,
a difference d,, = (8s2/n)'/? is detectable, subject to the above specifications of the size
and the power of the t-test.

In Tables S4 and S5 we return to Table 1 in the main paper, where we compare
the predictive performance of the LM, FMC, LG, and SMA models, respectively. We
show the mean score differential and its variance, and find the detectable difference
dss14 at the given sample size of n = 5514 daily forecasts of earthquake activity over the
subsequent seven-day period, for the Poisson score and the quadratic score, respectively.
Figures S9 and S10 show the sample autocorrelation function for the score differentials.
Not surprisingly, there is considerable dependency at lags up to about seven to nine days
ahead, due to the overlap in the seven-day outlook, though autocorrelations are small to
negligible at higher lags. As standard power calculations assume independent samples,
a more appropriate quantification of a detectable difference is based on a sample size of
[5514/7] = 787. A further alternative is to use an estimate of the effective sample size
(Thiébaux and Zwiers, 1984), which reduces the regular sample size according to the
autocorrelation of the series, in line with the handling of dependencies in DM tests.
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Table S4: Mean m and variance s? of the score differential, and detectable difference d,,
for sample size n = 787 and n = 5514 according to the rule of thumb by Lehr (1992),
under the Poisson score and for the models from Table 1 in the main paper.

Poisson score

LG-LM LG-SMA LG-FMC FMC-LM FMC-SMA SMA-LM

Mean m 0.307 0.285 0.221 0.086 0.064 0.022
Variance s? 11.936 6.438 4.885 2.542 0.695 0.983
dss514 0.132 0.097 0.084 0.061 0.032 0.038
drs7 0.348 0.256 0.223 0.161 0.084 0.100
LG-LM LG-SMA LG-FMC
3 3 3
S ._::_::_::::liilif::]::::::'il p= Z:::_:::::::'.':liii‘:::::‘ifi'il = ._::_::_::::Iiilif:::::::::::
T T T T T T T T T T T T
0 5 10 15 0 5 10 15 0 5 10 15
FMC-LM FMC-SMA SMA-LM
3 3 3
= ._::_::_IZLJZIZZIZf:‘:::‘::':f:':f = ._::_::J:LJ:f:':I:‘::‘:C:‘:E:':_ 3 ._::_::_:LJ:I::':I::]::::::':I
T T T T T T T T T T T T
0 5 10 15 0 5 10 15 0 5 10 15

Figure S9: Sample autocorrelation function of the Poisson score differentials for the
forecasts from Table 1 in the main paper, with lag in days
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Table S5: Same as Table S4, but under the quadratic score. All entries are to be divided
by a factor of 100.

Quadratic score LG-LM FMC-LM SMA-LM LG-SMA FMC-SMA LG-FMC

Mean m 0.563 0.505 0.293 0.270 0.211 0.058
Variance s° 1.690 1.303 0.605 0.295 0.159 0.152
ds514 0.495 0.435 0.296 0.207 0.152 0.149
drsgy 1.311 1.151 0.784 0.548 0.402 0.393
LG-LM FMC-LM SMA-LM
3 - S 7 S
S| RN N - ::::_::J::::;:::::J:H:E:':f 3 ::::_::!:::.:;:lz;:.:::cj:t:'::
° -I- ------- —— I---I -------- I-- T T T T T T T T
0 5 10 15 0 5 10 15 0 5 10 15
LG-SMA FMC-SMA LG-FMC
= ::::_:‘:J:U:t:':z::::::::::: 3 IJII-IIJIIJI:III'IfIHILIlIf 3 :::l::Iz':t:':::'::':ﬁx;:':
T T T T T T T T T T T T
0 5 10 15 0 5 10 15 0 5 10 15

Figure S10: Same as Figure S9, but under the quadratic score
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Interestingly, under both the Poisson and the quadratic score, and for each of the
six binary model comparisons, the actual mean score differential m tends to be nested
in between the (overly) optimistic estimate ds514 and the (arguably) realistic estimate
dg7 for a detectable difference, which indicates that the comparative evaluation might
reasonably be considered to be based on sufficient data. Evidently, this current analysis
is crude and preliminary, using default specifications from the biostatistical literature
for size and power, and we encourage follow-up studies.
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