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Abstract

Stochastic models of point patterns in space and time are widely used to issue fore-
casts or assess risk, and often they affect societally relevant decisions. We adapt the
concept of consistent scoring functions and proper scoring rules, which are statis-
tically principled tools for the comparative evaluation of predictive performance,
to the point process setting, and place both new and existing methodology in this
framework. With reference to earthquake likelihood model testing, we demonstrate
that extant techniques apply in much broader contexts than previously thought. In
particular, the Poisson log-likelihood can be used for theoretically principled com-
parative forecast evaluation in terms of cell expectations. We illustrate the approach
in a simulation study and in a comparative evaluation of operational earthquake
forecasts for Italy.

Keywords Consistent scoring function - Elicitability - Forecast evaluation - Proper
scoring rule - Statistical seismology

1 Introduction

In many situations, scientific forecasts of uncertain future quantities provide critical
input to societally relevant decision making. For example, criminologists develop
methods for forecasts of criminal offences (Mohler et al. 2011; Flaxman et al. 2019;
Zhuang and Mateu 2019), epidemiologists assess when and where people catch dis-
eases (Meyer and Held 2014; Schoenberg et al. 2019), and seismologists use statisti-
cal models to study and forecast earthquake behaviour (Ogata 1988, 1998; Zhuang
et al. 2002; Bray and Schoenberg 2013). The relevant events in these examples—
criminal offences, infections, and seismic events—occur as random point patterns in
space and time. In probabilistic terms, they are modelled as realizations of point pro-
cesses (Daley and Vere-Jones 2003). Beyond the development of new point process
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models for these phenomena, there is a growing demand for theoretically principled
evaluation methods.

Model evaluation and forecast assessment are subjects of a vast body of scien-
tific literature. Among a plethora of approaches, a simple distinction can be made
between the assessment of absolute and relative performance. Evaluating absolute
performance, or assessing goodness-of-fit, means checking whether the assumed
model is consistent with the data and rejecting it if this is not the case. If two or
more models are available, it is desirable to assess their relative performance and
check whether a model outperforms its competitors. Consistent scoring functions
and proper scoring rules are widely used and well-studied tools that serve this pur-
pose, see e.g. Gneiting and Raftery (2007) and Gneiting (2011). The central objec-
tive of our paper is to demonstrate that this idea and associated statistical methods
transfer to point process forecasts and, consequently, provide practical, yet theoreti-
cally principled tools for comparative forecast evaluation in this setting.

A scoring function or scoring rule assigns a real number to each pair of a forecast
and the respective realized observation of a random variable Y. If the forecast is
expressed as a statistical property, such as the mean or a quantile of the (possibly,
implicit) predictive distribution, this mapping is called scoring function, whereas the
term scoring rule is used when an entire predictive distribution is reported. In either
case, the key requirement to be satisfied is that forecasting the truth yields the best
score in expectation: A scoring function is consistent for a statistical property if the
value of this property for a distribution, F is a minimizer of the expected score with
respect to F. Likewise, a scoring rule is proper if the expected score with respect to
F is minimized by forecasting F. In addition to forecast comparison, propriety and
consistency allow for regression and M-estimation (Gneiting and Raftery 2007).

Thus far, statistical seismology has been a driving force in the development of
methods to evaluate point process models, see e.g. Bray and Schoenberg (2013) for a
review. In particular, the regional earthquake likelihood models (RELMs) initiative
(Field 2007) and its successor, the Collaboratory for the Study of Earthquake Pre-
dictability (CSEP) (Zechar et al. 2010b; Schorlemmer et al. 2018), have set up fore-
cast experiments for the prospective evaluation of models based on a number of sta-
tistical tests. Bray and Schoenberg (2013, p. 518) point out the connection between
some of these tests and the scoring literature by stating that “numerical tests, such as
the L-test, can be viewed as examples of scoring rules [...]”. The paper by Heinrich-
Mertsching et al. (2021) makes this connection explicit and derives consistent scor-
ing functions to compare forecasts in the point process setting. We complement their
simulation-based approach and develop an alternative, computationally much less
intense framework, in which we work with distributional properties for which closed
form expressions under the posited point process model are available. This yields a
flexible approach to forecast comparison, which incorporates existing methods, and
admits new perspectives on the strengths and weaknesses of the CSEP methodology
for earthquake forecast evaluation.

The remainder of the paper is structured as follows: Section 2 recalls fundamen-
tals on scoring functions and their role in forecast evaluation and model selection.
Section 3 rigorously introduces scoring functions for point patterns and compares
to the approach of Heinrich-Mertsching et al. (2021). The use of consistent scoring
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functions for the intensity is illustrated in finite sample simulation experiments in
Sect. 4. In Sect. 5, we evaluate operational earthquake forecasts for Italy and discuss
how scoring functions relate to extant methods in seismology. The paper closes with
a discussion in Sect. 6.

The main article concentrates on scoring functions for the intensity—the most
fundamental first order property of a point process. Scoring functions and simulation
experiments for further standard properties such as moment measures are addressed
in the Supplementary Material.

2 Scoring functions and forecast evaluation

The following overview of consistent scoring functions and their role in comparative
forecast evaluation is primarily based on Gneiting (2011).

Let O and A be subsets of a real vector space, and let .# be a collection of prob-
ability distributions on the Borel-c-algebra of O. We interpret x € A as a forecast
in terms of a single-valued functional T : .# — A that is to be compared to an out-
come in O. A function § : A X O — R is called scoring function if for all x € A the
mapping S(x,-) is F-integrable for all F € .#. The literature usually distinguishes
point forecasts (A C R") and probabilistic forecasts (A = .% and T is the identity)
and uses the term scoring rule in the latter setting. We do not make this distinction
and exclusively use the term scoring function.

The key concept, which motivates the use of scoring functions, is consistency,
meaning that a perfect forecast should achieve the lowest score in expectation. Spe-
cifically, a scoring function S is consistent for a functional T : % — A if for all
x € Aand F € .F we have

E,S(x,Y) > E,S(T(F), Y), $

where the expectation E, refers to the random variable Y following the distribu-
tion F. It is strictly consistent for T if in addition equality in (1) implies x = T(F).
A central question is which functionals T are elicitable, i.e. possess a strictly con-
sistent scoring function. Many elicitable functionals and corresponding classes of
strictly consistent scoring functions are known, e.g. expectations, quantiles, and
expectiles (Gneiting 2011; Dawid and Musio 2014; Frongillo and Kash 2015, 2021).
For A = .% the most relevant functionals are the identity and restrictions to the tails
(Gneiting and Raftery 2007; Gneiting and Ranjan 2011; Lerch et al. 2017; Holz-
mann and Klar 2017).

A fundamental result is that expectations of integrable functions are elicitable.
For instance, Ej(x — Y)? is uniquely minimized by x = E,Y; thus, the quadratic
score S(x,y) = (x —y)? is a strictly consistent scoring function for the expectation
functional. To state a general theorem on the elicitability of expectations (Savage
1971; Gneiting 2011; Frongillo and Kash 2015), let A,O C R¥ and let Vf(x) denote
the subderivative of a convex function f : A — R¥ at x € R*. The subderivative or
subgradient is a generalization of the derivative that applies to any convex function,
and the two concepts coincide if the derivative exists (Rockafellar 1970). The func-
tionb : AX O — R defined by
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b(x,y) = —f(x) = Vf(x) " (y — x) 2)

is called a Bregman function for f. If fis strictly convex, we call b strict.

Theorem 1 (elicitability of expectations) Let h : O — R* be F-integrable for all
F € Z. Then, the functional T : F — A C R¥ defined via

T(F) = / h) AF () = Ex h(Y) = (Ephy (V). .., Exhy (1))

is elicitable, and consistent scoring functions S : AXO — R are given by
S(x,y) = b(x, h(y)), where b is a Bregman function. If b is strict, then S is strictly
consistent for T.

In general, bijective transformations of the domain A preserve the elicitability of
a functional, a fact which is usually called revelation principle (Gneiting 2011, The-
orem 4). Likewise, if we consider transformations of the observation domain O, we
can state the following simple result, which resembles, but differs from, findings
on weighted functionals as discussed in Gneiting and Ranjan (2011) and Gneiting
(2011, Theorem 5). The proof is a straightforward consequence of integration with
respect to the pushforward measure and thus omitted.

Proposition 1 (transformation principle) Let T : .# — A be an elicitable func-
tional and S : AXO — R a (strictly) consistent scoring function for T. Let
g : O > O be measurable, and let F be a set of distributions on O, such
that {F'og™' |F' € #'}Y C.F. Then, the functional T' : . % — A defined via
T'(F) :=T(F'og™") is elicitable with (strictly) consistent scoring function
§'(x,y) = Sx, g(»).

In case multiple forecasts in terms of an elicitable functional T are available, their
predictive performance can be assessed in a natural way: If S is a strictly consistent
scoring function for 7, then a forecast is considered superior to its competitor if it
achieves a lower expected score with respect to S. This allows for a choice between
two forecasts based on their difference in expected scores, without further assump-
tions on the data-generating process.

To illustrate the idea, we introduce a simple point process scenario, which
is motivated by our earthquake forecasting case study (Sect. 5). Let @ be a spa-
tial point process, which models the locations of earthquake epicentres in a spec-
ified region during a period of seven days. Let S be a scoring function such that
S(r, @) is the score of the forecast report r € A, and assume that S is strictly con-
sistent for a statistical property of point processes, e.g. the intensity measure (see
Sect. 3.3). In this situation, two intensity forecasts r and r* can be compared based
on E(S(r, @) — S(r*, @)), where, due to the consistency of S, negative values support
r, while positive values support r*.

In typical applications, we face forecasts r,, ] and corresponding realizations @,
of the point process for time points r = 1,...,N. With these values, the expected
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score difference can be estimated via the realized average score difference. Substan-
tial deviations from zero then indicate differences in the predictive performance of
the forecast sequences (r,) and (r}). To estimate the uncertainty inherent in the score
differences, it is common to use the Diebold—Mariano test (Diebold and Mariano
1995) or extensions of this testing framework, see e.g. Nolde and Ziegel (2017) and
Hering and Genton (2011).

Although we here focus on the specific scenario of a discretely observed spatial
point process, strictly consistent scoring functions can be used in many other point
process settings, as discussed in Section S1 of the Supplementary Material.

3 Consistent scoring functions for point patterns

We now turn our attention to the situation, where each observation is a finite point
pattern. We first connect to existing theory (Sect. 2) and then derive scoring func-
tions for the distribution and the intensity measure. Scoring functions for further
point process characteristics are discussed in Section S2 of the Supplementary
Material.

3.1 Technical context

We follow the common convention that a finite point process @ is a random ele-
ment in the space M, = M,(Z) of finite counting measures on the Borel set 2°C R¢
and refer to Daley and Vere-Jones (2003) for details. We denote a set of probabil-
ity measures on M, by & and the distribution of @ by P,. Any forecast is issued
for a functional I © &7 — A and is to be compared to an outcome in M,,. We call
a mapping S : AXM, = R a scoring function if EpS(a,®) = fS(a, @)dP(p)
exists for all a € A and P € . Elicitability of I' as well as (strict) consistency
of § is then defined as above via inequality (1), i.e. S is strictly consistent for I' if
EpS(a, @) > EpSUT(P), @) for all a € A and P € & and equality implies a = I'(P).
For ease of presentation and practical implementation, we will usually state how the
score of a realization ¢ = },_, 6, € M is computed from an enumeration of its

.....

points, i.e. from the set {y;,...,y,}, where n = |¢]| is the total mass of the counting
measure ¢ € M. To make this meaningful, we will ensure that for spatial processes
all scoring functions are independent of the enumeration of points (Daley and Vere-
Jones 2003, Chapter 5).

In light of Theorem 1, constructing simple examples for elicitable functionals of
point processes is straightforward: Point processes induce real-valued random vari-
ables in many ways and the expectations of these random variables (provided they
are finite) will be elicitable functionals.

Example 1 (expected number of points) Given a set B € %(Z), the (N,-valued) ran-
dom variable @(B) denotes the number of points of @ in B. According to Theorem 1,
the functional I'; : & — R given by I'y(P) = E,®(B) is elicitable with Bregman
scoring function
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Sp(x, @) = b(x, (B)) = —f(x) = Vf(x) (9(B) — x),

where f : [0, 00) — R is a strictly convex function.

This construction is not limited to the expected number of points in a set,
but works for any combination of elicitable functional (e.g. expectation) and
point process feature (e.g. number of points): Let O be an observation domain
and g : My - O a measurable mapping. The transformation principle (Propo-
sition 1) then implies that the functional I'(P) := T(Pog™') is elicitable when-
ever T : {Pog™! | P € &} — Ais elicitable. We recover Example 1 by choosing
T(F) = EpY and g(@p) = @(B). The elicitability of other “simple" properties such
as finite-dimensional distributions and void probabilities is a straightforward
consequence of Proposition 1 and deferred to the Supplementary Material.

Different choices for T and g in Proposition 1 lead to a wide variety of dif-
ferent functionals and consistent scoring functions. The core idea in Heinrich-
Mertsching et al. (2021) is to choose T as the identity on {Pog™! | P € Z}. Two
distributional models P, Q € & of the process @ can then be compared based on
realizations by comparing Pog~! and Qog™! via a consistent scoring function for
distributions. The mapping g : M, — O is selected to be an estimator of some
quantity of interest, e.g. a kernel-based intensity estimator. Since the distribu-
tions of such estimators will usually not be explicitly available, approximating
the scoring functions via simulations becomes necessary. Moreover, as different
P € & may lead to the same law Pog~!, this approach hinges on the ability of g
to discriminate between two distributions P and Q.

Instead of following this approach, we focus on common point process char-
acteristics I' : & — A and develop strictly consistent scoring functions for
them. This allows for a direct comparison of the characteristic I", which includes
distributional models P € & as a special case. In contrast, comparison in Hein-
rich-Mertsching et al. (2021) always depends on specific aspects of the distribu-
tions in & which are determined via the estimator choice g. This arguably leads
to a good discrimination ability, as the whole point process distribution is taken
into account, whereas comparison in our approach focuses on how similar the
property values I'(P) and I'(Q) (e.g. the intensity measures) are. However, this
also means that knowledge of the distribution P is not needed in our setting, as
long as I'(P) is available. In cases where I" can be computed explicitly for mod-
els in &, this avoids point process simulations, which might be prohibitive in
routine applications. Furthermore, this simplifies reporting, since forecasters do
not need to come up with a fully specified point process distribution. For these
reasons the methodology proposed here complements the approach developed
by Heinrich-Mertsching et al. (2021), and which is more suitable depends on the
setting at hand.
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3.2 Distribution and density

In this subsection, we construct consistent scoring functions for the identity func-
tional I" = id, i.e. for the entire point process distribution. To this end, we need to
specify how we represent the law Py, of the finite point process @ on 2. One way
to do so is via sequences (Py)ien, and (IT)ren- Each p, specifies the probability of
finding k points in a realization, and IT, are symmetric probability measures on 2*
which describe the distribution of any ordering of points, given k points are real-
ized (Daley and Vere-Jones 2003, Chapter 5.3). Although this representation already
allows for the construction of consistent scoring functions for P4, we focus on the
case where densities are available, since these are often more convenient to deal
with, especially when multivariate distributions are of interest.

Gneiting and Raftery (2007) formalize density forecasting as follows: Let
(2, o, u be a o-finite measure space and for @ > 1let .Z, consist of all (equivalence
classes of) densities p of probability measures P that are absolutely continuous with
respect to u and such that ||p||, := (pr(a))" du(w)) /% s finite. In this setting,
important examples of strictly consistent scoring functions S : .Z, X £ — R are the
pseudospherical and the logarithmic score, defined via

PseudoS(p, ) = —p(@)*"'/llpll;™"  and  LogS(p,w) = —logp(w),  (3)

respectively. The logarithmic score is the (appropriately scaled) limiting case of the
pseudospherical score as a — 1.

Returning to point processes we follow, Daley and Vere-Jones (2003, Chap-
ters 5.3 and 7.1) and let P, denote the distribution of the Poisson point process with
unit rate on some bounded domain 2" C R?. If P € 2 is absolutely continuous with
respect to P, then the Radon—Nikodym density dP/dP, exists and can be regarded
as the density of P. It can be computed via the identity

JeOps o5 V)
d—PO((p) —CXP(|55|)—,

where | 2] denotes the Lebesgue measure of .2, y,, ..., y, are the points of ¢ € M,
and the (symmetric) function j, given by

jk(.xl,...,xk)dxl"' dxk=k!pkdnk(x1,...,xk) (4)
is the k-th Janossy density of @. For k = 0 this is interpreted as j, = p,. The value
Ji(xy, ..., x;) can be understood as the likelihood of k points materializing, one of
them in each of the distinct locations x, ..., x, € 2.

In principle, plugging the Janossy densities into (3) allows us to obtain scoring
functions for the point process distribution P. However, two important difficul-
ties need to be addressed in the point process setting. First, explicit expressions for
Uiken, are usually hard to determine and known only for some models, see Daley
and Vere-Jones (2003, Chapter 7.1) and Example 2 below. Second, even if explicit
expressions are available, calculating the norm ||dP/dP,||, amounts to comput-
ing (kK)7! [ ji(xp, ..., x)%dx, ... dx, for all k € N, which may be prohibitive. This
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complicates the use of scoring functions relying on || - ||, such as the pseudospheri-
cal score (3). We will thus only consider the logarithmic score here and discuss a
further choice in the Supplementary Material.

Assume that for all distributions Q € & the corresponding Janossy densities
(j,?)keNo are well-defined. Due to the strict consistency of the logarithmic score, the
function S : & X M,, —» R defined via

S ken, 1 -2 a D) = = 10820y - . 3,) )

for n € N and S((ij),(eNo,ﬂ) i= —log(jg) is a strictly consistent scoring function
for the distribution of the point process @. The term —|.Z] + log(n!) can be omit-
ted, since it is independent of the forecast report (jg)keNU. This choice recovers the
log-likelihood of the point process distribution Q from the perspective of consistent
scoring functions.

Example 2 (Poisson point process) Let @ be an inhomogeneous Poisson point pro-
cess with intensity 4 : 2 — [0, c0). It is well-known that @ admits the densities

s = ([T 400 exp <— [ o dy)

for n € N. In case n = 0 the product is interpreted as one. When reporting the Pois-
son point process distribution Pg via its Janossy densities, (5) gives the score

P (13D = = Doz d0)+ [ i)y ®
i=1 2

forn € Nand S(Py, %) = [, -A(y)dy.

Before turning to the intensity measure, we briefly discuss temporal point pro-
cesses, which demand a special treatment since the dimension “time" possesses a
natural ordering. The instantaneous rate of points occurring in the point process @ is
usually described via the conditional intensity

E(D((t,1 + An) | )
At

A () = }}g}) , 7
where (J%)),cg is the filtration generated by the history of @ (Reinhart 2018; Daley
and Vere-Jones 2003, Chapter 7). Although A*(#) is random, it is deterministic con-
ditional on @, thus a measurable mapping linking it to @ allows for modelling as
well as evaluation via consistent scoring functions.

Specifically, let @ be a point process on R and consider an observation window
Z :=1[0,T] for some T > 0. Given a realization 0 < ¢; < -+ <, of @ the real-
ized values of the conditional intensity can be computed for all ¢t € 2". More pre-
cisely, for a t € 2 with ¢; < --- <1; <t < t;,; we denote the realized value of A*
at t via A*(t|t},...,t,). Since the collection of all mappings t — A*(t | ¢, ...,t,)
for all i=0,...,n and all possible realizations ¢, ...,f, uniquely determines the
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distribution of @ (Daley and Vere-Jones 2003), comparing forecasts for the condi-
tional intensity is equivalent to a comparison of forecasts for the distribution. This
connection is made explicit by the representation of the likelihood of 7, ... , £, occur-
ring in [0, 7] via

n T
Jts 1) = <Hi*(ti)) exp <—/ A*(u)du), ©)
i=1 0

where the product is interpreted as one if no points occur. Consequently, (strictly)
consistent scoring functions for the conditional intensity can be obtained by argu-
ments similar to above.

Example 3 (Recovery of log-likelihood of a temporal point process) Plugging (8)
into the logarithmic score (5), we see that the scoring function

n T
S {t, .., =— Z log (zl*(ti)) +/ A*(u) du,
i=1 0

is strictly consistent for the conditional intensity. This recovers the log-likelihood
of a temporal point process (Daley and Vere-Jones 2003; Reinhart 2018). If @ is a
Poisson point process on R, its conditional intensity A* agrees with its intensity A,
and S coincides with (6).

3.3 Intensity measure

One of the key characteristics of a point process @ is its intensity measure
A @ B — E®(B) that quantifies the expected number of points in any set B € A(Z)
(Daley and Vere-Jones 2003; Chiu et al. 2013). Analogous to the first moment of a
univariate random variable, it describes the average behaviour of the point process
@. For a fixed Borel set B, we have already identified the expected number of points
A(B) = E®(B) as an elicitable functional (Example 1). Here, we focus on construct-
ing scoring functions for the full measure A as a functional on &7 with values in a set
of finite measures .#; on .Z". To this end, we call A* := A/|A|, where |A| := A(Z)
is the total mass of A, the normalized measure of a finite measure A € ..

Proposition 2 Ser . := {A* | A€ ;) and let §' : FX X — R be a (strictly)
consistent scoring function for id z. Let b : [0, 00) X [0, c0) — R be a (strict) Breg-
man function, as in (2). The scoring function S : M; X M, — R defined via

SUA 12,1 1= ) S/ (A%, y) + b (| Al n)

i=1

for n € N and S(A, @) = cb(|A|,0) for ¢ > 0, is consistent for the intensity measure.
It is strictly consistent if S is strictly consistent and b is strict.
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Proof Let W € .#; and @ be a point process with intensity measure A € .#; and
distribution P € £2. The difference in expected scores is

Ep[S(W, D) — S(A, ®@)] = / Z S'(W*,x) — S'(A*, x) dP(¢)

XE@

+ cEp(b(IW], |@]) - b(|Al, |@]))

and the last term is nonnegative since b is a Bregman function. Using Campbell’s
theorem, the second expression equals

/S’(W*,x)—S’(A*,x)dA(x):|A|/S’(W*,x)—S’(A*,x)dA*(x),

and is also nonnegative, due to the consistency of . If the score difference is zero, b
is strict, and ' is strictly consistent, this gives W* = A* and |W| = | A|, showing that
S is strictly consistent for the intensity measure. O

In principle, it is possible to define scoring functions which only depend on nor-
malized measures, by using arguments in Hendrickson and Buehler (1971) who dis-
cuss a connection to homogeneous functions on the cone induced by a set of prob-
ability measures. As we are interested in the full intensity measure, we combine the
total mass |A| = E®@(Z), which is an elicitable property of @ (Example 1), with A*
to obtain a consistent scoring function.

Example 4 As an important special case, assume that each A € .; admits a density
A with respect to Lebesgue measure. Using the common quadratic score for b and
the logarithmic score (3) for §, the strictly consistent scoring function of Proposi-
tion 2 becomes

n

S(A (31s -2, D) = = ) 10g(A)) + nlog | A] + ¢ (|A] = n)?

i=1

for some ¢ > 0. Simulation experiments in Sect. 4 illustrate how S can be used to
compare intensity forecasts.

The choice of the constant ¢ > 0 in Proposition 2 is irrelevant for (strict) con-
sistency of the scoring function S. However, since S evaluates both the shape and
the total mass of the intensity, judicious choices of ¢ serve to balance the scoring
components.

4 Simulation study
In this section, we investigate finite sample properties of scoring function-based

model evaluation via mean score differences, with focus on intensity forecasting for
spatial point processes. All calculations are performed with R (R Core Team 2021),
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including point process simulations with the spatstat package (Baddeley and
Turner 2005; Baddeley et al. 2015).

We compare different intensity reports for a point process @ on the window [0, 1]?
based on N € N realizations, where N could reflect a number of different time win-
dows, e.g. N = 52 for one year of weekly data. We draw N = 100 i.i.d. samples g,
from @ and use the mean score

M=

- .1
sj.:]v‘ lS(f,(p,-)

as an estimator of the expected score ES(f;, @) of a given forecast intensity f; in
the population. We use the scoring function S from Example 4 with scaling factor
¢ = 1/10 such that the logarithmic and squared terms vary at the same order of mag-
nitude. The simulations are repeated M = 500 times to assess the variation in mean
scores.

We consider four different data-generating processes for @, all of which have
(approximate) intensity f,(x,y) = 64/x2 + y2, which leads to four different simu-
lation experiments. In the first experiment, @ is an inhomogeneous Poisson point
process. In the second, @ is a determinantal point process (DPP) with Gaussian
covariance such that its points exhibit moderate inhibition. In the remaining two
simulation experiments @ inclines to clustering. For the third one, we choose a log-
Gaussian Cox process (LGCP) with exponential covariance and log-expectation
u such that its intensity equals f;. In the last experiment, @ is an inhomogeneous
Thomas process, i.e. a cluster process which arises from an inhomogeneous Poisson
process as parent and a random number of cluster points which are drawn from a
normal distribution centred at its parent point. Due to this clustering, the intensity of
the Thomas process is only approximately equal to f;,. For details on the processes
see Lavancier et al. (2015), Illian et al. (2008, Chapter 6) and Section S3 of the Sup-
plementary Material.

The study compares six different intensity forecasts, namely f, and

fiG,y) =7.8V(x —0.2)2 + (y - 0.1)2,
Hxy) =230+ 3y),

) =10/(x — 022 + (y — 0.1)2,
fie,y) =7.5exp [-3{(x = 0.6)* + (y — 0.6)* } ],

1
fs(6y) =24 ——=+2(1-y) /.
’ {\/I.Z—x }

these choices are motivated as follows. Intensity f; has the correct shape, up to a
small shift, and f; is a version of f; with too high total mass. Intensity f, is similar to
Jo but linear, while f, and f; have completely different shape, as illustrated by Figure
S1 in the Supplementary Material. Except for f;, all intensities put roughly identical
mass on [0, 1]2. This allows for an assessment of how the scoring function reacts to
misspecifications in shape instead of total mass.
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Figure 1 shows the mean score differences between the five different forecasts
fi»--..fs and the optimal forecast f, for all experiments. The four experiment show
a similar pattern, namely f; is close to the optimal forecast, f, and f; less so, and
the mean score differences of the misspecified functions f, and f; are far from zero.
The fourth experiment shows an increase in variance, which likely stems from the
strong clustering tendency of the process. Moderate clustering or inhibition, as pre-
sent in the third and second experiment, seem to have almost no impact on the score
differences. Overall, varying the intensity forecasts leads to pronounced differences
in realized average scores, highlighting differences in forecast performance. Further
experiments with different scoring functions as well as tests for superior predictive
ability are given in Section S3 of the Supplementary Material.

5 Case study: Earthquake forecasting

In this case study, we illustrate how consistent scoring functions can be used to com-
pare earthquake forecasting models, and we shed new light on extant evaluation
methods in seismology. All calculations are performed with R (R Core Team 2021).

5.1 Earthquake forecasting experiments

Over the past decades it has become consensus that earthquake forecasts ought to be
probabilistic, i.e. instead of specifying whether or not an earthquake will occur, they
provide a respective predictive distribution or aspects thereof (Jordan et al. 2011).
Statistical models to issue such forecasts are based on spatiotemporal point pro-
cesses. They are usually specified via a conditional intensity (see (7)) that exhibits
self-exciting behaviour, reflecting the conjecture that earthquakes trigger each other
and cluster in space and time. An important example is the epidemic-type aftershock
sequence (ETAS) model, see e.g. Kagan and Knopoff (1987) and Ogata (1988,
1998).

The Collaboratory for the Study of Earthquake Predictability (CSEP, see Intro-
duction) evaluates earthquake forecasts prospectively in several regional testing cen-
tres with standardized testing routines. The prospective approach uses only forecasts
submitted in real time before the respective outcomes are realized, which guarantees
independence of the forecasts from actual observations. An important part of these
routines is the earthquake likelihood model testing approach of Kagan and Jackson
(1995) and Schorlemmer et al. (2007), which we discuss in Sect. 5.3. Our case study
relies on data from the operational earthquake forecasting system in Italy (OEF-
Italy, Marzocchi et al. (2014)), which is based on the three independent short-term
forecasting models that were tested prospectively in a CSEP testing centre for the
Italian testing region (Taroni et al. 2018). See Fig. 2 for an illustration.

The three independent models comprise LM (Lombardi and Marzocchi 2010) and
FMC (Falcone et al. 2010), which are ETAS-based models with distinct structure and
calibration choices, and LG (Woessner et al. 2010), which is based on the short-term
earthquake probability (STEP) model of Gerstenberger et al. (2005) and composed of
sub-models. We refer to the original references for more details about the individual
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models. OEF-Italy also includes an aggregated or ensemble forecast, namely SMA,
which predicts a weighted average of the above three models using the score model
averaging (SMA) rule (Marzocchi et al. 2012), with models being weighted inversely
proportional to the log-likelihood of observed data. The SMA model is updated contin-
uously based on new observations and was successfully applied to track the evolution
of the recent earthquake sequence in central Italy in real time (Marzocchi et al. 2017).

Our study considers earthquakes of magnitude greater or equal to four (M4+)
between April 2005 and May 2020 (5520 days) that fall into the Italian CSEP testing
region (Fig. 2). The testing region is divided into 8993 grid cells. On each day, the four
models produce forecasts for the expected number of M4+ earthquakes in the subse-
quent seven-day period for each grid cell. The forecasts are thus nonnegative values
x where Jj denotes the model, i the cell, and ¢ the day. They can then be compared to
the observed number of events in each cell for that upcoming week. Since the forecasts
concern seven-day periods, this number is only known seven days after a forecast was
issued. For the same reason, the number of days available for evaluation reduces to
5514.

5.2 Model comparison and results

Since the models we consider produce mean forecasts, we have to employ (strictly)
consistent scoring functions for the expectation functional for a sound comparison, see
also Example 1. Such functions are of the Bregman form (2) and a natural choice is
the quadratic score Sy ,q(x,y) = (x — y)%. However, the quadratic score focuses on no
particular forecast cases in the sense of elementary scores (Ehm et al. 2016). As an
alternative that puts more emphasis on small forecast values and connects to the CSEP
methods (see Sect. 5.3) we use the Poisson scoring function S : (0,00) XNy = R
defined via

Spois(x? y) ==y 10g(X) + x. )

It is strictly consistent since it is a Bregman function corresponding to the strictly
convex function f(x) = x(log(x) — 1). Note that (9) can be interpreted as a discrete
analogue to the Dawid—Sebastiani score (Dawid and Sebastiani 1999), but with the
normal distribution replaced by the Poisson distribution (Brehmer 2021). To obtain
a daily score of the forecast models, the individual scores for the 8993 grid cells are
summed up. The daily scores and the mean score of model j are thus given by

8993 1 5514
Sip = ;S( <), 0,(B,)) and 5 = Zs. , (10)

respectively, where ¢,(B;) is the observed number of events in cell B; over the period
from day 7 to 7 + 6. The mean score 5; estimates the expected score of model j and is
thus a measure of the relative forecast performance of this model. Figure 3 depicts
the daily scores (10) based on S, for the four different models. It uses a logarith-
mic scale, because the values are much larger on days when events occur, in com-

parison to days without events. The FMC model consistently achieves the lowest
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Table 1 Summarized

performance of the four models
according to_ the mean score LM 2.68 0.8218
over the testing period 5; from

Model pois quad

(10). The scoring functions used FMC 2.76 0.8269
for evaluation are the Poisson LG 2.98 0.8275
(“pois”) and the quadratic SMA 2.70 0.8248
(“‘quad”) score. Lowest values in
each column are in boldface

Poisson DPP LGCP Thomas

ST L Y

= = = =
o 1 i 8 o BT oE 3 i 3 & = Lo
TEBET - T T8 L CH
NI = - 8 JE L & o N =
ST £ ST ST =% 8 ST 1 1 - 5
‘(‘; o

T T T T T T T T T T T T T T T T T T T T

1 2 B3 4 f5 1 2 3 f4 f5 1 2 3 f4 f5 1 2 3 f4 f5
Fig. 1 Boxplots of the difference in mean scores 5= 35 for j=1,...,5 and the scoring function S from

Example 4. From left to right, @ is a Poisson point process, a Gaussian determinantal point process, a
log-Gaussian Cox process, and an inhomogeneous Thomas process. Means are based on N = 100 reali-
zations, boxplots on M = 500 replicates

scores on days without earthquakes, since it consistently forecasts the lowest number
of events. However, overall the LM model shows the best performance in terms of
mean scores over the whole testing period (10), as can be seen in Table 1. This con-
clusion applies under both the Poisson and the quadratic score.

To understand why the overall scores indicate superior predictive ability of the
LM model, we compute the mean score difference between model j and model ;' for
each grid cell i via

5514

A= X, (S 018D = Syt 0 B). an

1=

The left part of Fig. 4 plots Ai.l’z), i.e. the mean score differences between the LM
and the FMC model per grid cell. It illustrates that the lower mean score of the LM
model stems from its good performance in central Italy in comparison to the FMC
model. The right part illustrates aggregated performance, i.e. each pixel shows the
performance when the forecasts and observed values within a square neighbourhood
centred at this pixel are added up. In this case, the neighbourhood has an edge length
of 11 pixels. Again, better predictive ability of the LM model is most pronounced
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Fig.2 Testing region of the
Italian CSEP experiment. Gray
circles represent locations

of M4+ earthquakes. Figure
reproduced from Herrmann and
Marzocchi (2023)

LM
FMC

SMA

score (log scale)

(I\l — OGD 0000 O MO ®® O OO M O® ®EICTGED @ @O@O OED® ) OWNOW O @ 0O D

Q

/ L)1
I HRY LTV
‘M.:\‘ail: \.,,g Rt

2006 2008

Fig.3 Daily scores s;, from (10) based on §,
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days

for the four forecasting models from 2005 to 2020, loga-

pois

rithmic scale. The circles indicate the days of M4+ earthquakes and the tickmarks on the horizontal axis

mark the first day of each year
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Fig.4 Mean score difference based on S, (11) between the LM and the FMC model, without (left) and
with (right) aggregation. Negative values (blue) indicate that the LM model has superior forecast perfor-
mance, and positive values (red) vice versa

in central Italy and to a lesser extent in the north, i.e. in areas where earthquake
sequences occurred during the study period. The opposite is true for marine regions
around Sicily.

Often, lack of data complicates the forecasting of point processes as well as the
proper testing of proposed forecasting models. This circumstance raises the ques-
tion of how much data are needed to reach valid conclusions on superior predictive
ability. As noted above, a commonly used tool is the Diebold—Mariano test (Diebold
and Mariano 1995), which is a one-sample #-test applied to the score differentials,
with adaptations to time series settings. Standard power calculations for #-tests apply
to independent samples, where rules of thumb for the calculation of a required sam-
ple size or a detectable difference are available (Lehr 1992; van 2008). In time series
settings, rules of this type also require adaptation, as exemplified in Section S4 of
the Supplementary Material, which contains details on the analyses in this section.

5.3 A new perspective on earthquake likelihood model testing

An important element of the CSEP forecast experiments is a model evaluation
approach introduced by Kagan and Jackson (1995) and Schorlemmer et al. (2007),
to which we refer as earthquake likelihood model testing (ELMT). Further concep-
tual and computational improvements are due to Zechar et al. (2010a), Rhoades
et al. (2011), and Ogata et al. (2013).

Put simply, ELMT represents earthquakes by points in some region .2°C R¥,
which is partitioned into grid cells By, ..., By for some N € N, see e.g. Fig. 2. The
data consist of values x;,...,xy € N, which count the earthquakes falling in each
cell. A forecast or “model” is given by values 4, ..., 4y € (0, o) and its “log-likeli-
hood” (Schorlemmer et al. 2007) is defined as a sum of Poisson log-likelihoods, i.e.
via
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N
Eys oy Ay Xy xy) = ) (x;1og A; = log(x,) — 4,). (12)

i=1

This terminology is motivated by the fact that, for a Poisson point process with
intensity measure A such that A(B;) = 4, fori =1,...,N, (12) is the log-likelihood
of the observation x, ..., xy. Based on (12), Schorlemmer et al. (2007) propose dif-
ferent tests. Here, we only consider the test designed to compare forecasts.

The R-fest, or ratio test, compares two forecasts A and B specified by their grid
cell values /1? and Af fori =1,...,N, and aims to check whether model A is at least
as good as model B. The R-test considers the “log-likelihood ratio” based on (12),
i.e.

RA,B.xy,....x3) = A, o A Xy, ) = EOAY, A xy, o xy), (13)
and then compares the realized value z := R(A, B, x|, ... ,xy) to the distribution of
the random variable Z := R(A, B, X, ...,Xy), where X,,..., X, are independent

Poisson random variables with parameters ﬂ? fori=1,...,N. If z lies in the lower
tail of the distribution of Z, then model A is deemed worse than model B. As the dis-
tributional assumptions on X, ..., X, demonstrate, there is an asymmetry inherent
in the R-test: If model A is tested against model B, then the X; are assumed to have
parameters A? and if B is tested against A, then /1[1.3 are assumed for X;. As noted by
Rhoades et al. (2011) this implies that the R-test is not really a comparative test, but
rather a goodness-of-fit test. This explains seemingly contradictory results observed
in practice, where R-tests deem A worse than B and vice versa, see also Bray and
Schoenberg (2013) for a discussion. As a remedy, Rhoades et al. (2011) propose two
modifications of the R-test, which do not rely on a Poisson assumption to determine
the distribution of Z.

As pointed out by Harte (2015), ELMT suffers from several drawbacks. First,
relying on a partition leads to a loss of information, since the behaviour of mod-
els inside cells does not affect the evaluation. Moreover, assuming independence
across cells as well as a Poisson distribution leads to a likelihood mis-specification
under general point process models. This prohibits the testing of model character-
istics other than cell expectations, since by reporting (4;),; .y, every forecast is
treated like a Poisson point process. However, as mentioned by Bray and Schoen-
berg (2013), it is unclear how big the impact of the Poisson assumption is on the
testing results.

Taking the perspective of consistent scoring functions, we can answer this
question and clarify the role of the testing assumptions. To formalize ELMT in
our setting, assume that the bounded domain 2" is partitioned into k, grid cells
T, ={By,... ,Bk”}. Based on (12) and (13), we define the cell scoring function

S7 2 (0, 00)f x My — R via

cell

k

7, -
St Cits oo A @) = D, —0(BY log(A) + 4, (14)

i=1
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for each partition .7, n € N. If k, = N and x; = ¢(B,) fori = 1, ..., N, then (13) can
be understood as the score difference between the forecasts Af and /lf with respect
to SZ”H. Since it applies the scoring function (9) to each grid cell, SZ”H is strictly con-
sistent for the collection of cell expectations E®(B;), B; € 7, cf. Example 1. This
shows that the Poisson log-likelihood in (13) can be used for a sound comparison
of cell expectations, since the true expectations obtain the minimal expected score.
We emphasize that this conclusion holds regardless of whether or not the data or the
forecasts are based on Poisson point processes. Moreover, dependence among cells
is irrelevant for this fact, since (strict) consistency concerns only expected scores.
Hence, the validity of statistical methods which rely on the expected scores of (14)
is not limited to Poisson models nor to Poisson point process data. In a nutshell,
these methods assess forecast performance in terms of cell expectations only, since
the scoring function (9) is strictly consistent for the expectation. For instance, the
symmetric modifications of the R-test due to Rhoades et al. (2011) can be seen as
Diebold—Mariano (DM) tests (Diebold and Mariano 1995) based on SZ”H. Hence,
they test whether one model is better than its competitor in forecasting the mean
number of earthquakes in the cells. Note that although such methods are valid for
arbitrary point processes, considerable spatial or temporal dependencies will affect
significance levels and deteriorate their ability to detect differences in forecast per-
formance in finite samples.

It remains to discuss the role of the partitioning of 2 into grid cells. To under-
stand its implications, note that just as the Poisson distribution leads to the scoring
function (9) for the expectation, the Poisson point process can be used to obtain
a scoring function for the intensity (Sect. 3.3). The reason is that every intensity
report induces a Poisson point process with this intensity and these processes can
then be compared via the logarithmic score (5), which attains the value (6) for
Poisson densities. In the setting of Sect. 3.3, we can formalize as follows.

Proposition 3 Let every element of #; admit a density A with respect to Lebesgue
measure. Then, the scoring function S : My X M, — R defined by

SA (1o D = = Flogaop + [ iy 1)
i=1 Z

forn €N, and S(A, 0) = f 2 AW) dy, is a strictly consistent scoring function for the
intensity.

Proof The scoring function (15) corresponds to S from Proposition 2 when choos-
ing the logarithmic score for §’, the Bregman function (9) for b and ¢ = 1. Since &' is
strictly consistent and b is strict, S is strictly consistent for the intensity. O

The scoring function (15) can be interpreted as a point process analogon to the
Dawid-Sebastiani score (Dawid and Sebastiani 1999). While the Dawid—Sebastiani
score relies on the first and second moments of the predictive distribution, this scor-
ing function depends on the intensity only.
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The next result shows that the cell scoring function S Serves as an approxi-
mation to the scoring function (15) Essentlally, if a foreCaster does not report an
intensity 4, but only the integrals /1 of 4 over the collection of grid cells 7, then
forecast comparison using the cell scorlng function S , 1s on par with a comparison
based on the scoring function (15), provided the partltlon is sufficiently fine. The
correction term in (16) does not affect the evaluation, as it is independent of the
reported integrals. To make this precise, we follow Daley and Vere-Jones (2003) and
call a sequence of partitions (.7),),y dissecting if it is nesting and asymptotically
separates every pair of points.

Proposition 4 Let A : & — (0, o) be an intensity and (), a dissecting system of
measurable partitions of % which generates the Borel o-algebra on Z". Let P, € & be
the distribution of the unit rate Poisson point process on 2" and define partition integrals

A = / A(y)dy,
B

foralli=1,...k B(")Eﬂ and n € N. Then,

s s

S (A, A, ) + Z L(pB") > 0)1og(IB™]) — S(A, @), (16)

cell
i=1

for Py-a.e.p € Myasn — oo, where S is the scoring function (15).

Proof Let ¢ = {y,,...,¥,} with m € N,, be a point process realization. For a large
n € Nevery set Bl(.") contains at most one point of ¢, and we let i, (j) denote the index

of the set such that y; € B(") for j =1, ..., m. Then, the left-hand side of (16) equals

k}‘l
-y <¢(Bg">>1og( / A(y)dy) - 1B > 0y logB") - | z(y)dy)
B B

=1

=~ Ylog( 1B / Ap)dy | + / Ay) dy
J=1 ' Bﬁ':zn z

— = ) Tog(A(y)) + / A(y)dy
J=1 =3

forn — oo and Py-a.e. ¢ € M. The last line follows from an approximation result for
the Radon—-Nikodym derivative A (Daley and Vere-Jones 2003, Lemma A1.6.11I).
O

Propositions 3 and 4 show that comparisons based on the Poisson log-likeli-
hood (13) can be understood as approximations to a comparison of intensity fore-
casts with the scoring function (15). In particular, we can conclude that partition-
ing is not essential for model evaluation: A straightforward generalization of ELMT
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relies on models that produce intensities 4 : 2 — (0, c0) on the testing region,
which can then be compared via consistent scoring functions (Sect. 3.3), with (15)
giving one possible choice. However, in some situations partitioning might be desir-
able, e.g. when no explicit expression for the intensity is available. This also applies
to our case study, where only the expected numbers per grid cell were produced
by the forecasting models. In light of Proposition 4, our evaluation is essentially a
comparison of the point process intensities forecasted by the four competing models.

6 Discussion

Assessing forecast accuracy and comparing the performance of several competing
forecasts is a non-trivial task that poses challenges across disciplines and sectors.
In this paper, we have demonstrated that consistent scoring functions allow for the
comparative evaluation of point process forecasts. Our methods are complementary
to the simulation-based approach of Heinrich-Mertsching et al. (2021), encompass
existing techniques for model comparison, and yield a novel understanding of earth-
quake likelihood model testing. In particular, we have shown that the Poisson log-
likelihood can be used for theoretically principled comparative forecast evaluation in
terms of cell expectations. This is an important finding, as it supports current prac-
tice in comparisons between Poisson models, for which the interpretation in terms
of log-likelihood is useful and welcome, and other types of models, which might
generate cell expectations only. When one ignores the possibility of multiple events
in a cell, the cell expectation equals the probability of an event, and we are in the
setting studied by Serafini et al. (2022).

To conclude our study, we continue the discussion of methods for model com-
parison that are based on the log-likelihood, i.e. the model log-density evaluated at
the observations, distinguish relative and absolute performance assessment, and hint
at future work.

The entropy score considers the log-likelihood of probability forecasts induced by
a point process model (Daley and Vere-Jones 2004; Harte and Vere-Jones 2005). It
can be interpreted as an application of the logarithmic score to probabilistic predic-
tions in terms of numbers of events. The expected value of the entropy score differ-
ence between a model of interest and a reference model yields the information gain.
Daley and Vere-Jones (2004) note that the information gain is an inherent charac-
teristic of a point process model that quantifies predictability and relates closely to
entropy. A detailed discussion of the relationships between proper scoring rules,
entropy, and divergences is available in Section 2.2 of Gneiting and Raftery (2007).

Information criteria such as AIC or BIC assess the relative quality of compet-
ing models, and can be applied to point process models, provided that densities
are available, see e.g. Chen et al. (2018). They connect naturally to consistent
scoring functions through their goodness-of-fit component, which usually con-
sists of a log-likelihood and thus finds the logarithmic score (3) for the model at
hand. The penalty component, which depends on the number of fitted parameters,
is a necessary correction when operating in-sample, i.e. relying on the same data
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as used for model fitting. In contrast, comparative forecast evaluation via scoring
functions is tailored to out-of-sample settings, as in our case study.

In Bayesian settings, a standard approach to model comparison is the use
of Bayes factors of a model vs. a competitor, as employed by Marzocchi et al.
(2012) in earthquake likelihood model testing. Similar to information criteria,
Bayes factors are closely connected to the logarithmic score (Gneiting and Raft-
ery 2007, Section 7).

A further likelihood-based method for point processes uses deviance residu-
als, as proposed by Clements et al. (2011). In general, point process residuals form
an empirical process arising from fitting a conditional intensity to data (Schoen-
berg 2003; Baddeley et al. 2005; Bray et al. 2014). Residuals can be used to assess
goodness-of-fit and especially indicate in which regions a model fits well or poorly.
Clements et al. (2011) propose a graphic comparison of models for the conditional
intensity by plotting the log-likelihood ratio across a partition of the spatial domain,
which can be interpreted as visualizing local differences in the logarithmic score.

Consistent scoring functions, as well as the just discussed methods, compare
competing models or forecasts. This contrasts with many existing point process
model evaluation tools, which focus on absolute performance, e.g. based on calibra-
tion (Thorarinsdottir 2013) and goodness-of-fit. Although this is important in model
building, a selection among the available competitors has to be done eventually, and
measures of absolute performance are not designed, and hence tend to be poorly
positioned, for this task. Moreover, as pointed out by Nolde and Ziegel (2017),
focusing on absolute performance may lead to misguided incentives in designing
candidate models.

Earthquake likelihood model testing, a central element of the CSEP forecasting
experiments, is tacitly based on strictly consistent scoring functions for expecta-
tions. A principled use of these functions, as illustrated in our case study, provides
valid comparisons of forecasted intensities. Importantly, common assumptions in the
context of CSEP tests are not needed for such an evaluation: Neither the forecast-
ing models, nor the data, need to follow any Poisson or independence assumption,
and with suitably adapted models, partitioning the testing region can be avoided.
As these conclusions apply to intensity forecasts, a natural next step is to employ
consistent scoring functions to compare earthquake forecasts in terms of other statis-
tical properties. In particular, dependence properties or full distributions are natural
candidates for forecast evaluation in the CSEP framework (Schorlemmer et al. 2018;
Nandan et al. 2019). The choice and implementation of consistent scoring functions
in settings of this type pose challenges for future work.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s10463-023-00875-5.
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